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COUPLED ELASTIC-PLASTIC THERMOMECHANICALLY ASSISTED DIFFUSION: 
THEORY DEVELOPMENT, NUMERICAL IMPLEMENTATION, AND APPLICATION 

by 

Daniel J. Weinacht 

ABSTRACT 

A fully coupled thermomechanical diffusion theory describing the thermal 
and mechanically assisted mass  transport of dilute mobile constituents in an elastic 
solid is extended to include the effects of elastic-plastic deformation. Using the 
principles of modern continuum mechanics and classical plasticity theory, balance 
laws and constitutive equations a re  derived for a continuum composed of an 
immobile, but deformable, parent material and a dilute mobile constituent. The 
resulting equations are cast into a finite element formulation for incorporation into a 
finite element code. This code serves as a tool for modeling thermomechanically 
assisted phenomena in elastic-plastic solids. A number of simplified problems for 
which analytical solutions can b e  derived are used to benchmark the theory and 
finite element code. Potential uses of the numerical implementation of the theory 
are demonstrated using two problems. Specifically, tritium diffusion in a titanium 
alloy and hydrogen diffusion in a multiphase stainless steel are examined. 
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1. INTRODUCTION 

The degradation of engineering materials throughout their service lives 
results in significant challenges to the materials scientist, mechanical designer, and 
engineering analyst. Considerable resources have been invested in research 
addressing the various types of material degradation, and some understanding of 
microstructural damage mechanisms has been achieved. Relatively limited 
progress, however, has been made in the area of damage modeling on a 
continuum mechanics level. Such modeling would make it possible for known 
phenomena to be examined and characterized during the design and analysis 
phases of a project. 

One specific material degradation process that could be characterized is 
hydrogen-assisted fracture. The damaging effects of solute hydrogen and 
hydrogen environments on numerous materials have been recognized for many 
years. Hydrogen damage in common high-strength steels was identified in the late 
1860s [I]. More recently, hydrogen degradation problems in sophisticated "space- 
age" alloys utilized in aerospace applications have resulted in delays of national 
programs such as the space shuttle [2]. 

Traditionally, the deleterious effect of hydrogen within structural materials 
was referred to as hydrogen embrittlement. This choice of terminology emphasized 
the fact that typical structural metals fracture at reduced stress-strain levels while in 
the presence of hydrogen. More recently, the characterization of hydrogen 
damage processes as hydrogen-assisted fracture has come into vogue. This 
terminology implies that mechanisms other than "embrittlement" can cause 
materials degradation [3]. Considerable controversy exists in the materials science 
community about the prevailing mechanisms in hydrogen-assisted fracture. The 
consensus seems to be that, in fact, no universal hydrogen damage mechanism 
exists [4]. Rather, hydrogen-induced damage processes depend on a number of 
factors, including the material system and the operating (environmental) conditions. 
Thus, considerable controversy and effort are likely to continue evolving in the 
materials science community as researchers characterize various microstructural 
phenomena. 

While microstructural details may be heatedly debated, the transport of 
mobile hydrogen atoms into highly strained regions within a material (such as 
those surrounding a defect or crack) appears to be established and accepted as 
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the basis for hydrogen damage processes [5]. As with damage mechanisms, the 
actual microstructural transport and distribution mechanisms are controversial [6,7]. 
Although both normal interstitial lattice site diffusion and dislocation transport 
occur, recent works by Ladna and Birnbaum [8] and Frankel and Latanision [9] 
argue that the dislocation transport mode is negligible. Other studies claim that 
microstructural traps may significantly affect the hydrogen distribution within an 
affected zone [lo]. 

The current controversies and uncertainties among materials scientists 
provide limited assurance to mechanical designers and engineering analysts. 
These individuals are called upon to design and analyze components that, 
frequently, are subjected to hostile environments. Although they may appreciate 
the microstructural mechanisms under rigorous examination by materials scientists, 
engineering analysts typically choose (by necessity) to pursue their endeavors on 
a continuum mechanics scale. Unfortunately, few tools exist with which 
mechanical designers and engineering analysts can address the impurity 
redistribution phenomenon and its effects that, at least on a continuum mechanics 
level, form the basis for hydrogen-assisted fracture. 

This dissertation develops the theory and numerical tool for an engineering 
analysis of the impurity redistribution phenomenon. Specifically, an elastic 
coupled thermomechanical diffusion theory and finite element code are extended 
to include plasticity effects. This theory is incorporated into a finite element code, 
and potential applications of the theory and code are demonstrated. Because the 
emphasis of this work is the theoretical development and numerical implemen- 
tation of a coupled elastic-plastic thermomechanical diffusion theory, extensive 
modeling and simulation, including parameter studies of the various coupling 
coefficients, is not within the scope of the present effort. Thus, the applications 
problems examined are intended to serve only as illustrations of the potential 
capabilities of the analytical and numerical formulations. 

Chapter I I  presents a review of the literature that addresses coupled 
deformation-diff usion theories and presents the justification for the present work. 
The development of the coupled elastic-plastic thermomechanical diffusion theory 
is outlined in Chapter 111. Because this work is a direct extension of the strain- 
based fully coupled elastic thermomechanically assisted diffusion theory 
developed by Girrens [I 13, his work is thoroughly reviewed. The theoretical 
formulation includes discussions of the fundamental continuum mechanics balance 
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laws, the thermodynamical considerations for a mixture composed of a dilute 
mobile constituent in an immobile, but deformable, elastic-plastic solid, and the 
development of the constitutive equations for the mixture. Also included in Chapter 
Ill is a comparison of the theory developed in this work with published theories. 
The implementation of the fully coupled elastic-plastic thermomechanically 
assisted diffusion theory in a finite element formulation is presented in Chapter IV. 
Theoretical details of the numerical incremental elastic-plastic formulation, as well 
as practical considerations, such as the choice of an existing code for implemen- 
tation, are discussed. Demonstrations of the finite element numerical tool are 
presented in Chapter V. Introduced first are the series of benchmark problems that 
were used to validate the theory and finite element code. Because of the 
"background" nature of these problems, the detailed discussions concerning them 
have been placed in APPENDIX B. The practical applications problems described 
in Chapter V include the coupled deformation-diffusion of tritium in a titanium 
fracture mechanics specimen and hydrogen transport in two austenitic stainless 
steel alloys. The first problem is modeled quantitatively and the numerical results 
are in very good agreement with experimental observations. Although the 
analyses of hydrogen transport in the stainless steel alloys are more qualitative in 
nature, the numerical trends also match experimental observations quite well. 

In summary, the completely coupled thermo-elastic-plastic-diff usion theory 
developed in this dissertation, and its implementation into a finite element 
computer program for a problem solving tool, is an original contribution to the 
engineering research literature. As demonstrated by the two example problems, it 
is a valuable contribution for addressing hydrogen-assisted degradation problems. 
Finally, support for this project was provided by the Laboratory Directed Research 
and Development program at the Los Alamos National Laboratory. 
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II. BACKGROUND 

Thermodiffusion theories are typically extensions of the mathematical theory 
of mixtures. Based on fundamental continuum mechanics laws, including the 
conservation of mass, conservation of momentum, and conservation of energy, 
mixture theory is used to describe the interactions of bodies composed of 
identifiable constituents. Although the constituents are distinct, the fundamental 
continuum mechanics laws can be applied to the mixture as if it were a single body. 
Girrens [I I] classified thermomechanical diffusion theories into two categories: 
those subscribing to classical nonequilibrium thermodynamics theory and those 
following the rational thermodynamics ideas of Truesdell [I 21. The basis for the 
distinction between these two classifications is the approach used to enforce the 
restrictions required by the second law of thermodynamics. 

Early work subscribing to classical thermodynamics principles was 
performed by Podstrigach and Pavlina [I31 and Podstrigach and Shevchuk [14]. 
Podstrigach and his colleagues developed the relations for coupled thermal 
diffusion effects in solids by selecting strain, entropy, and concentration as 
independent variables and then using a Gibbs free energy formulation to derive 
governing equations and equations of state for stress, chemical potential, and 
temperature. Taking a slightly different approach, Nowacki [I 5-1 71 developed 
constitutive relations for stress, concentration, and entropy using strain, chemical 
potential, and temperature as the independent variables. His heat and mass flux 
expressions included thermal and diff usive coupling effects. However, an 
uncoupled theory resulted when certain nonlinear terms were neglected. 

The fundamental driving force for mass flux in classical diffusion theory is the 
gradient of chemical potential. Additionally, when thermal effects are considered, a 
temperature gradient term is usually incorporated into the mass flux expression 
[I 81. This modification is accepted practice. However, the treatment of the coupling 
between deformation and diffusion is not as straight-forward. In fact, several 
different approaches have been employed. One such approach, described by 
Shewmon [I81 in his classical text on diffusion and utilized by Liu [I91 and van 
Leeuwen [20], includes a stress gradient term in the expression for mass flux. 
Alternatively, Li, Oriani, and Darken [21] developed a stress-dependent expression 
for chemical potential. Waisman, Sines, and Robinson [22], in an extension of this 
concept, derived a diffusion equation that is dependent on the gradients of 
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concentration, temperature, and hydrostatic stress. They and others [23,24] then 
applied this formulation to the study of stress-assisted diffusion in solids. 

A second major class of thermomechanical diffusion theories subscribe to 
the rational, or continuum, thermodynamics approach attributed to Truesdell [I 21. 
The theory of mixtures proposed by Truesdell and refined by Bowen [25] adheres 
to fundamental continuum mechanics principles. Specifically, constitutive 
equations are formulated as functional dependencies of selected independent 
variables. These constitutive relationships are required to satisfy the fundamental 
laws of thermodynamics, such as the Clausius-Duhem inequality, as well as the 
basic axioms of constitutive theory proposed by Eringen [26]. Aifantis and 
Gerberich [27,28], using the mixture theory of Bowen, proposed a theory for 
gaseous diffusion in stressed thermoelastic solids. Aifantis [29] further developed 
the theory by deriving constitutive equations for stress, heat flux, entropy, specific 
internal energy, and a diffusive force vector in the gas. However, some rather 
severe restrictions and assumptions were made in their theoretical development. 
For instance, the chemical potential of the gas was assumed to depend solely on 
the gas stress tensor. Furthermore, the thermomechanical response of the elastic 
solid was assumed to be completely independent of the gas characteristics. 

Girrens [I 1,301 argued that an applied fully coupled thermomechanical 
diffusion theory did not exist. All previous developments had neglected some 
coupling effect or physical aspect of the diffusion process. Consequently, he 
formulated a completely coupled thermomechanical diffusion theory within the 
framework of modern continuum thermodynamics and mechanics principles. 
Using the mixture theory of Bowen [25] as a starting point, he developed the 
continuum mechanics balance laws for a mixture composed of a dilute mobile 
constituent suspended in an immobile parent solid. The assumption of a dilute 
mixture implied that the mobile constituents exchanged negligible momentum and 
supported negligible stress. Constitutive equations for stress, internal mixture 
energy, specific mixture entropy, mixture specific free energy, chemical potential, 
and heat and mass fluxes were postulated as being functionally dependent on the 
independent parameters of temperature, gradient of temperature, concentration, 
gradient of concentration, deformation tensor, and gradient of the deformation 
tensor. Further development, using the fundamental laws of continuum mechanics, 
showed that the deformation tensor and its gradient could be replaced in the 
constitutive development by the right Green strain tensor and its gradient, 
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respectively. Restrictions imposed on the constitutive equations by the second law 
of thermodynamics were thoroughly investigated using the Clausius-Duhem 
inequality. Girrens restricted his development to linear elastic materials. He 
assumed a free energy function that was expanded in a power series in terms of 
temperature, concentration, and the infinitesimal strain tensor. Balance and 
constitutive equations for coupled thermomechanical diffusion processes of dilute 
mobile constituents in an immobile elastic isotropic solid were then derived. 

theory incorporated the results of previous investigators. The fact that his theory 
was strain-based is an important distinction. In a continuum mechanics 
development, strain is a fundamental quantity. It relates directly to the deformation 
gradient, which is the tensor used to map the material response from an initial state 
to a deformed configuration. Furthermore, the laws of thermodynamics are more 
conveniently applied when a strain-based, as opposed to a stress-based, 
approach is used in the theory development [31]. Finally, unlike stress, strain is a 
quantity that can be directly inferred from experimental measurements. Dudziak 
and Kowaski [32] later developed a thermodiffusion theory for elastic solids that is 
essentially identical to that proposed by Girrens. 

element formulation. Using the balance and constitutive equations, coupled 
governing equations for equilibrium, diffusion, energy, and strain dilatation were 
developed. Nodal degrees of freedom at each node of a finite element included 
two displacements (the formulation was restricted to planar problems), 
temperature, concentration, and dilatation. Carrying dilatation as a nodal degree of 
freedom emphasized its importance as the coupling agent between mechanical 
deformation and heat or mass flux. In his dissertation, Girrens [I I ]  applied his 
coupled theory and finite element code to the problem of hydrogen diffusion in 
titanium beams subjected to four-point bending. Girrens and Bennett [34] further 
demonstrated the practical application of the coupled finite element code by 
investigating the thermomechanically driven diffusion of hydrogen around elliptical 
notches in P-phase titanium alloys. 

Other finite element modeling simulations of mechanically assisted diffusion 
were undertaken by Sofronis and McMeeking [4,10]. They examined hydrogen 
transport through metals, using a coupled large-deformation elastic-plastic 
formulation. In their work hydrogen diffusion was affected by two mechanisms: 

Girrens [I I] showed that his general strain-based continuum mechanics 

Girrens' work [I 1,331 also included the incorporation of his theory into a finite 
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hydrostatic stress and trapping at microstructural defects. The usual stress-based 
approach [21] was employed to modify the mass flux equation. Thus, a gradient in 
hydrostatic stress was the mechanical driver for diffusion. Recall that Girrens' 
strain-based approach employed strain dilatation as the mechanical driver for 
diffusion. Obviously, hydrostatic stress and dilatation are related, implying that 
Girrens' theory embodies the work of Sofronis under isothermal conditions. As 
already stated, a strain-based approach to coupled elastic-plastic deformation- 
diffusion problems has certain advantages over a stress-based approach. Thus, a 
meaningful contribution to the suite of available analysis tools would be an elastic- 
plastic extension of Girrens' coupled thermomechanical-diff usion theory. 
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111. COUPLED THERMOMECHANICAL DIFFUSION THEORY 

The coupled elastic-plastic thermomechanical diffusion theory is developed 
in this chapter. Based on fundamental continuum mechanics and rational 
continuum thermodynamics principles, it is a direct extension of an elastic strain- 
based coupled thermomechanical diffusion theory [I I]. The fact that the theory is 
strain-based is an important distinction from other coupled deformation-diff usion 
theories. Specifically, the gradient of strain dilatation, rather than hydrostatic 
stress, serves as the coupling agent between mechanical deformation and the 
diffusion of the mobile constituent. Because the theoretical development is a direct 
extension of previous work by Girrens [Il l ,  a thorough review of his theory is given. 
Presented in the following pages are the fundamental continuum mechanics 
balance laws, thermodynamical restrictions, and constitutive relations constituting a 
theory that describes the thermomechanically assisted diffusion of a dilute mobile 
constituent in an immobile deformable elastic-plastic solid. Finally, the concepts of 
classical plasticity theory are shown to be embodied in the present theory. 

A. Balance Laws 

which an immobile parent material and N mobile constituents occupying a volume 
V with surface S form the mixture. The kinematics of each constituent can be 
defined by 

The mixture theory of Bowen [25] provides the basis for a development in 

where R is the reference position of a particle of the constituent, t is the time, and 1: 
is the spatial position at time t of the particle being mapped. The coordinates of 
point B in the referential description (also referred to as the Lagrangian or material 
frame of reference) are XA. Coordinates of 1: in the spatial frame of reference (also 
referred to as the Eulerian description) are xi. If rectangular Cartesian coordinate 
systems are used, then RA = XA and q = 3. Note that different frames of reference 
can be used to describe the motion of a continuum. In the Lagrangian represen- 
tation, the time, t, and the position of a material point, E, at some reference time 
(usually t = 0) are the independent variables. Thus, future motion (deformation) of 
the continuum is referenced to the initial configuration that existed at t = 0. This 
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approach is frequently employed in solid mechanics. Alternatively, the spatial 
representation, which is frequently utilized in fluid mechanics, assumes that the 
independent variables are the time, t, and the position, 1, of a material point at time 
t. It will be shown later that for small deformations the two frames of reference 
become superimposed. In the following theoretical development, capital letter 
subscripts imply a Lagrangian representation, while lower case subscripts indicate 
a spatial frame of reference. In each case, the ranges of the indices are 1, 2, 3, 
because rectangular Cartesian coordinate systems are being used. Finally, the 
usual tensorhndicial notation conventions apply (e.g., repeated indices are 
summed, etc.) 

The constituent velocities are 

and 

&= a (B,t)rn . 

Subscripts p and a refer to the immobile, but deformable, parent and the mobile 
constituents, respectively. 

Mapping between the Lagrangian and Eulerian frames of reference, 

is achieved through the deformation gradient, E ,  - defined as 

- - F = ~ V O = & B X A ~ @ ~  , (4) 

where V, signifies the gradient operator with respect to the undeformed (reference) 
configuration. Note that ei and & denote the base vectors associated with the 
spatial and material frames of reference, respectively, and @ signifies a tensor 
product. In addition to the usual continuity and differentiability assumptions 
associated with mappings in Euclidean point spaces, we note that J > 0, where 
J = det E - , if the deformation described in Eq. (3) is to be possible in a real material. 
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If a density of pp is assigned to the parent solid and a density of p a  is 
assigned to the mobile constituent, then the mixture density, p, the mixture velocity, 
L, and the diffusion velocities, y, are defined respectively, as 

N 

CX=l 
P = P p + C  pa 9 

and 

The mass concentration of the mobile constituent is 

and the specific mass flux of the mobile constituent is defined as 

Bowen [25] presented the local forms of the basic conservation laws. The 
balance of mass for the mixture 

the balance of mass for each constituent 

c ,= -V*  - ja+ma , 

the balance of momentum for the mixture (neglecting inertia) 
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the balance of angular momentum for the mixture 

and the balance of energy for the mixture 

E 1  

were all developed in his formulation. Note that m, is the specific mass supply for 
the mobile constituent. Heat supply r, specific internal energy e, body force b, total 
heat flux g, and stress tensor - I are, respectively [25], - 

and 

1 N 
(pa e, + 1/2 pa v,*) 

Constituent partial stress is denoted by - I,. Equations (16), (18), (19) have terms 
containing squares of the constituent diffusion velocities. These terms are second- 
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order effects and are neglected. Restricting the theory to situations where the body 
force &for each constituent is identical permits the mixture energy equation (Eq. 
14) to be written as 

pe = - div g + I grad + div I + pr + pb f , - - 

where div and grad signify the spatial divergence and the spatial gradient, 
respectively. Defining the spatial velocity gradient, L, - as 

- - L = V y = V L  

allows Eq. (20) to be written in compact tensor notation as 

p r -pe -V .  - g +trK*LJ=O - -  , 

where tr indicates the trace of the quantity inside the parentheses. 

earlier work by Bowen [25]. At this point the theory development by Girrens 
departed from the work of Bowen. Specifically, the mixture consisting of an 
immobile parent solid and N mobile constituents was treated as a single body. 
This assumption implicitly required that the continuum satisfy the basic con- 
servation laws of continuum mechanics. Girrens further restricted his theory 
development by considering the mobile constituents to be dilute in the solid 
solution. While this assumption is not true for all mixture systems, it was valid for 
the type of problems to which the theory was being directed (such as hydrogen 
transport within metals). Deductions that follow directly from the diluteness 
simplification include the facts that the mobile constituents exchange negligible 
momentum and support negligible stress. These conclusions are very compatible 
with a hydrogen-metal mixture system. Girrens proceeded to demonstrate the 
implications of the assumption of diluteness. Namely, if pa e< p, then 

The development so far has directly paralleled Girrens' [I 13 review of the 

a=l 

and the local form of the mass balance can be shown to be 
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The subscript o in the above equation refers to the undeformed (material) config- 
uration. The quantity under the radical, IIIc, - is the third invariant of the right Green 
deformation tensor for the parent body. By definition, the right Green deformation 
tensor is a function of the deformation gradient as follows: 

The dilute mobile constituent assumption also results in the simplification of the 
expressions for mixture velocity, diffusion velocities, mixture velocity gradient, and 
mixture stress tensor. Specifically, the mixture velocity (Eq. 6) becomes 

the diffusion velocities become 

and the velocity gradient of the mixture is 

Finally, the stress tensor becomes 
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At this point Girrens followed the formulation of Gurtin and Vargas [35] by 
redefining the total heat flux vector, g. Specifically, g = q + h, where q is the heat 
flux associated with thermal diffusion and h is the energy flux due to mass 
transport. Substituting this definition into the energy equation (Eq. 22) results in 

- - - -  - 

pe = -V (q + h) + tr & o b )  +pr . - -  

Recognizing that the spatial velocity gradient, I-, can be decomposed into the sum 

of a symmetric and a skew-symmetric tensor, we have 
- 

- L = Q + W ,  - - -  

where the rate of deformation tensor, E, is given by - 

and the skew-symmetric vorticity tensor, W, - is defined by 

The tr ON) - = 0 because &/ - is skew-symmetric, and, therefore, the energy equation 
can finally be written as 

pe = -V 0 (q + h) +tr & ~ & ) + p r  . - -  

At this point the conservation equations developed by Girrens for a solid 
solution (assuming a dilute mixture) can be summarized. They are presented 
below in both compact tensor notation and indicia1 notation: 

Po 
P 
-=,.Am - - 

ca= - div j, 

- -  
-_ ~ , .  

c a = - V * j a  - 
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p e = - V . q  - -V.h - + t r ( T p ~ I l p ) + p r  (39) 

B. Mixture Thermodynamics 

equations. Girrens summarized these restrictions as follows: 
The laws of thermodynamics impose certain restrictions on the constitutive 

All constituents present at  a given place and time have the s a m e  
temperature. 
The internal energy, U, and specific entropy, s, of the mixture are state 
functions determined by the independent parameters. 
A Helmholtz (mixture specific free energy) function exists and is defined 
by 

v = u - e s .  

An entropy production inequality prescribed by the second law of 
thermodynamics will restrict the form of the constitutive relations. 
The local form of this inequality for the mixture is 

20. 

Finally, Girrens defined the diffusive energy flux, h, to be 

h i = p  Mai , 

16 



where the constituent chemical potentials, pa, describe the free energy changes in 
the mixture caused by diffusion. This definition was based on the work of Gurtin 
and Vargas [35]. It was made so that the modern continuum mechanicshational 
thermodynamics-based theory could be compared with classical thermodynamics 
formulations in the materials science literature. 

C. Constitutive Relations 

[I I ]  work, which was based on the mixture theory of Bowen [25]. His theoretical 
development was repeated here because it forms the fundamental basis for the 
work of this dissertation. Derivation of constitutive equations in the work of Girrens 
rigidly conformed to the constitutive theory formalism proposed by Eringen [26]. 
General functional forms were assumed for all constitutive quantities. These 
functional forms were then demonstrated to satisfy the basic continuum mechanics 
axioms of causality, equipresence, and objectivity. The thermodynamical 
restrictions outlined in the previous section were imposed, resulting in the general 
governing constitutive equations for a homogeneous nonlinear anisotropic mixture. 
These relations were expressed in terms of the Lagrangian strain tensor of the 
parent material. Further restricting his development, Girrens simplified the 
constitutive equations by assuming infinitesimal deformation linear elastic material 
response. His constitutive equations for coupled thermomechanical diffusion of 
dilute mobile constituents in an immobile isotropic elastic solid are summarized 
below: 

Up to this point the theoretical development has directly paralleled Girrens' 

-Pc 
pa = - I C  + ca + 0 e 

P =  
(45) 
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where I, is the dilatation or first invariant of the infinitesimal strain tensor given by - - 

I E  = Eii - - 

and Eij are the components of the infinitesimal strain tensor defined as 

Numerous coefficients are present in the above constitutive equations. The 
identities of some, such as the shear modulus G, the second Lame constant h, the 
specific heat the thermal conductivity k, and the diffusivity D, are readily 
apparent. Less common are the Dufour coefficient, B, and the Soret coefficient, A. 
The other parameters, 5, a, N, and M, are coupling coefficients that result from 
Girrens' formulation. These coupling coefficients will also appear in the following 
theoretical development and, thus, will be described later. 

Now a general theory for an elastic-plastic continuum including thermal and 
concentration effects is developed. A "rate-type" theory, based on the work of 
Green and Naghdi [36] and Kratochvil and Dillon [31], is proposed. Green and 
Naghdi used this terminology to distinguish their theory from one developed via a 
general class functional theory subscribing to the functional formalism proposed by 
Eringen [37]. Although a "rate-type" theory is developed, it is exact and complete 
from both thermodynamics and continuum mechanics perspectives. 

strain tensors are required. Girrens' theory was formulated in a spatial (Eulerian) 
representation, which was appropriate for an infinitesimal linear elastic treatment. 
The Cauchy stress tensor satisfies the principle of material frame indifference 
(objectivity). However, an extension of the theory to include plasticity effects 
requires that stress and strain rates be employed. The Cauchy stress rate does 
not, in general, satisfy objectivity. Requiring that the constitutive equations satisfy 
the fundamental continuum mechanics principles, they can be expressed in a 
number of different but equivalent ways [38]. Because the present development 
will not initially assume infinitesimal deformations, care must be exercised in 

At this point the work within this dissertation departs from that of Girrens. 

Before proceeding with the development, a few words about stress and 
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defining the stress and strain tensor quantities so that fundamental continuum 
mechanics principles are not violated. 

material frame of reference, is by definition 
The Lagrangian strain tensor, which is the strain representation in the 

Recalling the mapping from one frame of reference to another through the use of 
the deformation gradient 

the expression for the Lagrangian strain tensor can be more succinctly given as 

Because this tensor is expressed in the reference configuration, it automatically 
satisfies the principle of material frame indifference. For a plasticity theory, we will 
be utilizing strain rates. The Lagrangian strain rate can be shown to be 

where E - is the rate of deformation tensor previously defined in Eq. (32). 
A general constitutive relationship between stress and strain is 

C where Z= is the Piola-Kirchoff stress tensor of the second kind, = - is the material 

constitutive tensor, and E is the Lagrangian strain tensor. The operational symbol 

between the constitutive tensor and the strain tensor in Eq. (54) denotes the inner 

tensor product operation. The second Piola-Kirchoff stress tensor is not, in 

- 
- 

general, equivalent to the Cauchy stress tensor, 0, - although they are related as 

follows: 
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If infinitesimal deformation is assumed, _F - -  = 1 and J = 1, resulting in the second 
Piola-Kirchoff stress tensor and the Cauchy stress tensor being equivalent. 
Although this simplification will eventually be invoked, for the present time the 
Piola-Kirchoff stress tensor will be used so that the theory can be developed in the 
reference configuration. The major reason for expressing the constitutive 
equations in terms of material tensors is to satisfy the principle of material frame 
indifference. A stress rate using the Piola-Kirchoff stress tensor of the second kind 
satisfies objectivity while the Cauchy stress rate does not. This fact is theoretically 
demonstrated below: 

If a rigid body motion is mapped by 

d c = Q * d l  - , 

where Q is an orthogonal tensor (Q - -  l QT =IJ, - then - 

and 

Obviously, the material tensors given in Eq. (57) are invariant under rigid body 
motion, while the spatial tensors (Eq. 58) are not invariant under rigid body motion. 
In summary, the theory will initially be formulated in the reference configuration so 
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that objectivity is automatically satisfied. Later simplifications will restrict the theory 
to the infinitesimal deformation case. 

tensor format, we have 
Restating the balance equations developed by Girrens [I 1,301 in material 

for the mixture mass balance equation, 

C = - V , . &  

for the constituent mass balance equation, 

v, 2 + p b = 0 

for the mixture equilibrium equation, 

for the conservation of angular momentum equation, and 

for the mixture energy equation. The entropy production (Clausius-Duhem) 
inequality becomes 

p o s + v , .  - -- 2 0 .  (3 p: 
If the Helmholtz free energy function (Eq. 40) is utilized, the energy equation and 
the entropy inequality can be written as 
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and 

J = J(E, VOE, e, voe, c, voc) * 

respectively. 
Initially, we can propose the form of the constitutive equations to be: 

2 = 2 (E, voE, e, voe, C, V,C) 

u = u (E, VoE, e, voe, c, voc) 

s = s (E, voE, e, voe, c, voc) 

Note that although the a subscript notation has been dropped, the concentration of 
the dilute mobile constituent is still denoted by c. Conceptually, we could express 
the inverse of the first functional in the above list as 

- - -  E = _E (Z, VoZ, 0, VoO, c, Voc) . 

We assume that this unique inverse relationship exists between Eqs. (67.1) and 
(68). Furthermore, accepting that the total strain tensor _E - can be expressed as the 
sum of an elastic and a plastic component, we have 
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Note that the elastic strain tensor, Ee, - and the plastic strain tensor, E P ,  - cannot be 
directly expressed in terms of the displacements. Only their sum, the total strain 
tensor, can be directly related to the displacements through Eq. (52). 

We postulate the existence of a function 

where f is a continuously differentiable (regular) function of the specified independ- 
ent variables. The parameter K is a deformation-history-dependent scalar quantity. 
For a given value of the scalar parameter K and the plastic strain tensor _EP, the 
above function represents a surface in eight-dimensional space defined by six 
independent stress components (recall z - -  = zT), one component of temperature, 
and one component of concentration. As deformation occurs, the parameters 3, _EP, 

8, c, and K may vary. Thus, Eq. (70) represents a sequence of surfaces. Following 
the development of Green and Naghdi [36], we can now postulate a constitutive 
equation for the plastic strain rate 

- 

- -  

that applies whenever the function given by Eq. (70) is satisfied. We also specify 
the constitutive postulate that 

This postulate applies whenever the stress z, temperature 8, and concentration c 
are such that the corresponding point in the eight-dimensional space lies inside or 
on the surface given by 

- 

f = K * .  (73) 

Equation (72) is valid until the point in the mathematical space is about to "cross" 
the surface defined by Eq. (73). At this juncture the constitutive equation given by 
Eq. (71) is employed until K reaches another particular value K** for which K = 0. It 
is apparent that expressions are needed to characterize the position of the point 
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relative to the surface in the eight-dimensional space. Thus, a point lies on the 
surface given by Eq. (70) if 

a f .  af 
Z A B + - e + - C = O ,  f = K * ,  af 

 TAB ae ac 
(74) 

because Ep=Q on the surface. When the left-hand side of Eq. (74) is less than 
zero, the point is ready to move inside the surface. Conversely, when the quantity 
on the left-hand side of the above equation is greater than zero, the point is about 
to move outside the mathematical surface. Summarizing to this point, we have 

- -  

a f .  af 
Z A B + - e + - C > O  ; af when f = K  ( K f 0 )  , and - 

 TAB ae ac 

and 

a f -  a f .  af when f l K  ( K = O )  , and - T A B + - ~ + - C I O .  
 TAB ae ac 

(75) 

Note that G - in Eq. (75.1) is a homogeneous tensor function of degree one in i, e - , 
and C. 

Employing traditional plasticity terminology, the surfaces in eight-dimen- 
sional mathematical space are referred to as yield surfaces. Furthermore, Eq. (75) 
describes a loading state and Eq. (76) is applicable during a neutral state or an 
unloading state. Note that rather than defining the yield surface to be a function of 
stress state, it could be postulated to be a function of strain state. Such was the 
approach taken by Naghdi and Trapp [39]. Alternatively, there is a plasticity 
formulation being developed, referred to as the endochronic theory, that does not 
require an explicit yield function at all [40-431. However, the implementation of 
these concepts is beyond the scope of this dissertation. For reasons that will 
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become obvious in the numerical implementation section of this thesis, the 
concepts of classical plasticity theory will be utilized. 

To complete the plasticity constitutive formulation, we postulate that 

as in Green and Naghdi’s development [36]. This scalar function is homogeneous 
and of degree one in 2, 5, 0, and c. We also note that K is independent of the 
time scale used and must be consistent with the constitutive relationships previ- 
ously postulated. Specifically, 

K = O  when Ep=O . - 

Restricting the development to the case where K is a linear function of i, EP, 0, and 

C, and G is a linear tensor function of I, 0 and C, we assume that 
- -  

- - 

and 

The quantities HA,, aABCD, aAB, and 
Tensor function G must vanish during neutral loading if the constitutive relations 
given by Eqs. (75) and (76) are to be continuous throughout the eight-dimensional 
mathematical space. Thus, 

are tensor functions of 5, EP, 0, and c. - -  
- 

when ever 
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Setting Eqs. (81) and (82) equal to each other yields 

Note that PAB is a symmetric tensor function and h is a scalar function of 5, _ -  EP, 0, 
and c. Treating the quantities ~ P A B  as Lagrangian multipliers, we can independ- 
ently set each coefficient in Eq. (83) equal to zero. Then, 

1 af ~ A B = W A B -  , ae 

2 af ~ A B = W A B -  , 
ac 

and the constitutive equation for plastic strain rate that applies during neutral 
loading 

or during loading 

f = K ,  K # o ,  a f -  af 
+AB + -8 +-C > 0 ,  

af 
  TAB ae ac 

becomes 
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Conceptually, h is a nonnegative parameter because the components of the plastic 
strain rate tensor cannot all vanish during loading once plastic deformation has 
been initiated. 

Restating the functional forms of the constitutive relationships for internal 
energy, entropy, Helmholtz free energy, chemical potential, heat flux, and mass 
flux, we have, respectively: 

u = u (Ee, v, =Ee, =Ep, vo =Ep, e, voe, c, v,c) 

s = s (E e , v, =E e P  , =E , v, =E P , e, voe, c, v,c) 

ql= &", v, =Ee, =Ep, v, =Ep, e, voe, c, v,c) 

h = h (Ee, v, =Ee, =Ep, v, =Ep, e, voe, c, voc) 

Q = v, =Ee, =Ep, v, =Ep, e, voe, c, v,c) 

J=J(E e ,v,=E e ,=E~,V,=E P ,e,v,e,c, V,C) . 

The second law of thermodynamics requires that certain restrictions be imposed on 
the constitutive equations. These restrictions may be investigated after the direct 
substitution of Eqs. (88.3) and (42) into Eq. (66), resulting in 
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Using Eqs. (60) and (69) and grouping like terms, the entropy production inequality 
can be written 

The above equation must not be violated for all independent thermomechanical- 
diffusion processes during loading as well as unloading. Considering the 
unloading case (where E!& = 0), we have 

Noting that Eq. (91) must hold for all values of time derivatives and that the 
coefficients are not functions of the time derivatives, then the coefficients must 
vanish separately, providing the following relations: 

= O  aw 
~GB,A 

av 
ae 

s = - -  
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3 = O  

aw 
ac 

Pa =- 

(95) 

Equations (92), (94), and (96) give the functional dependence of the parent stress, 
mixture entropy, and constituent chemical potential on the mixture free energy, y~. 
Furthermore, the free energy function is independent of all gradients of strain, 
temperature, and concentration as indicated by Eqs. (93), (95), and (97). The 
entropy production inequality, which must be satisfied for every thermodynamic 
process, can now be written 

The Clausius-Duhem inequality also restricts the forms of the heat and mass 
flux vectors. Again, the inequality must be satisfied for all processes, including 
loading as well as unloading. Considering the particular case of unloading and 
allowing the mass flux in Eq. (98) to be zero, the inequality reduces to the classical 
restriction on heat flux 

The second law restriction on mass flux, 

can be obtained in an analogous manner. These simplifications suggest that the 
heat and mass flux vectors are functions of gradients. Therefore, the functional 
constitutive representation for these quantities will be assumed to be the following: 
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- J = J(V, E", vo E ~ ,  vo e, v,c) (1 01) 

The energy equation for the mixture (Eq. 65) can also be simplified. Using 
Eqs. (42), (60), and (69) and the time derivative of Eq. (88.3), it can be expressed 
as follows: 

Summarizing to this point in the analysis, we have the following: 

Balance equations 

c = - V0.& 

Clausius-Duhem inequality 

r -2 
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Constitutive equations 

du/ 
ae 

S=- -  

aw 
ac 

Pa=- 

E ~ B  = 0 during unloading, (1 16) 

The above balance and constitutive equations provide the basis for a 
general coupled elastic-plastic thermodiffusion theory that satisfies fundamental 
continuum mechanics principles. At this juncture the development will be restricted 
to the infinitesimal deformation case. This assumption implies that the deform- 
ations are small enough that the Lagrangian and Eulerian frames of reference 
become superimposed (i.e., ~ = l ) .  Therefore, the material tensors and vectors in 
the above equations can be replaced by the corresponding spatial tensors and 
vectors. Specifically, the second Piola-Kirchoff stress tensor can be replaced by 
the Cauchy stress tensor, and the Lagrangian strain measure is replaced by the 
infinitesimal strain tensor. The equations then can be represented as follows: 

- -  
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Balance equations 

- = 1 +  Po I& 
- - P 

v g + p12. = 0 

T o=o - -  

Clausius-Duhem inequality 

Constitutive equations 

S=- -aw 
ae 
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af . 
during loading, 

47 = 0 during unloading, 

f(g, gp, e, c) = K . 

Following Girrens [I 1,301, we now assume a free energy function 

@ = pw(gT, gp, e, c) . 

Note that in the assumed functional form for the free energy potential, the 
relationship between the total, elastic, and plastic strain tensor components 
(Eq. 69) has been invoked. As in Girrens' development, the temperature 0 is 
redefined as the increment of absolute temperature T over the reference 
temperature To. The temperature is then given by 

e = T - T o .  

Concentration, c, is also the local increment. With these definitions, the reference 
state of the mixture is characterized by 8 = 0, c = 0, ET= ,Ep =(I, and - B = 0. 
Finally, Girrens assumed that the increments of temperature and concentration 
were small relative to their reference values (Le., (lel/T,) <e1 and (Icl/co) eel). 
Accepting that @ may be expanded in a power series of the independent 
parameters, and neglecting all terms higher than second order, we have 

- - _  - -  
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Arguing that in the reference state the free energy vanishes, we may set Qo to zero. 
Also, following Green and Naghdi [36], we will specialize the results to the case 
where the elastic and the plastic components of the strain tensor are independent. 
Then, using Eq. (135) in Eq. (127) yields the following expression for Cauchy stress 
tensor 

In the reference state Oij = 0, which implies that aij = 0. Although the elastic and 
plastic strain tensors are independent, their sum still defines the total strain tensor. 
Because the total strain tensor and the plastic strain tensor were employed in the 
functional definition for the free energy potential, the expression for the Cauchy 
stress tensor (Eq. 136) is a function of these two parameters. This choice of 
functional parameters results in a constitutive relationship suitable for an incre- 
mental implementation. Alternatively, the elastic strain tensor and the plastic strain 
tensor could have been specified in the free energy functional definition. However, 
this choice would have resulted in a total deformation theory. Recognizing that an 
incremental stress-strain relationship will be required for the numerical plasticity 
implementation, Eq. (1 36) becomes 

The incremental stress-strain relation from classical plasticity theory (including 
thermal and diffusive effects) is 

where G is the shear modulus (first Lame constant), h is the second Lame constant, 
6, is the Kronecker delta, pe = 3Kae, and pc = 3Kac. In the coefficients for thermal 
and diffusive effects, K is the bulk modulus (K = h + 2G/3), and and ac are the 
coefficients of linear thermal and diffusive expansion, respectively. 

If the tensor coefficients (aijkl, Kjkl, dij, and fij) in Eq. (1 37) are 
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and 

dij = - 6ij , 

then Eq. (1 37) becomes identical to the incremental stress-strain relationship from 
classical plasticity theory (Eq. 138). Based on the reference state arguments and 
Eqs. (1 39)-(I 42), the expression for the free energy potential (Eq. 135) can be 
written 

The constitutive equations for entropy and chemical potential can be derived 
by substituting Eq. (143) into Eqs. (125) and (126), respectively. Then 

and 

Again imposing reference state arguments, coefficients a. and a2 in Eqs. (1 44) and 
(145) can be set to zero. By definition [I I] the specific heat at constant strain and 
concentration can be expressed as 
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which gives the coefficient a1 to be 

Coefficients a3 and a4 in Eqs. (144) and (145) represent material parameters that 
relate concentration to chemical potential and concentration to entropy, respec- 
tively. Girrens [I 1,301 used the symbols 5 and o to represent these coupling effects 
as follows: 

The tensor coefficients gij and hij in Eqs. (1 44) and (1 45) provide the coupling 
between plastic deformation and entropy production and plastic deformation and 
chemical potential, respectively. It is an accepted concept in thermodynamics that 
internal entropy production is the result of irreversible dissipative processes. If we 
assume that the plastic work, given below in incremental form 

is totally dissipated [44] in a deformation process, then the last term in Eq. (144) 
represents the internal entropy production associated with the dissipation of the 
plastic work. The nature of the coefficients gij and hij can be further explored 
through an examination of the energy equation (Eq. 122), which has been 
repeated below for convenience: 
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To evaluate the coefficient associated with the plastic strain rate (increment) in Eq. 
(151), we must differentiate the free energy potential (Eq. 143) with respect to 
plastic strain. This operation yields 

Again invoking reference state arguments, we can set bij to zero. Furthermore, if 
we assume that we are loading a virgin material that has just reached the yield 
point, then the plastic strains are zero (but the plastic strain rate is not zero). Thus, 
Eq. (152) reduces to 

and the energy equation becomes 

pr - Pes - qi,i - p jai pa,i + [ q j  - gij 8 - hij C] 4; = O . 

As defined in Eq. (150), the product Oij d&i is a scalar quantity (dWP) known as the 

increment of plastic work. This quantity is the plastic work attributed to mechanical 
deformation. In the current theory, two additional contributions to the total plastic 
work are present due to thermal and diffusive effects. The thermal plastic work 
contribution can be designated 

and the diffusive plastic work component can be expressed as 

dWC = (hij de[) c = Wc c . 

With these definitions, the equations for entropy, chemical potential, and energy 
can be stated, respectively, as follows: 
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and 

Note that the superscript T has been dropped on the dilatational terms (third term 
on the right hand side of the equal sign) in Eqs. (157) and (158). The distinction 
between total dilatation and elastic dilation is unnecessary because they are the 
same for incompressible materials (Le. del= 0). The tensor coefficients gij and hij 
have been incorporated into the scalar parameters We and W,, respectively. These 
tensor coefficients result from the fully coupled elastic-plastic formulation, and, as 
previously stated, gij couples the plastic strain to entropy and hij couples plastic 
strain to chemical potential. Girrens' formulation [I 1,301 did not contain these 
coupling coefficients because his development was restricted to linear elastic 
material behavior. If dimensional consistency is to be maintained throughout all 
equations, then gij has dimensions of M/(LBT2) where M indicates mass, L indicates 
length, 0 indicates temperature, and T indicates time. Tensor coefficient hij has 
dimensions of M/(LT*). 

Equations (1 28) and (1 29) indicated that the heat and mass fluxes were 
functions of the gradients of elastic strain, plastic strain, temperature, and 
concentration. Expanding each constitutive equation for heat flux and mass flux in 
a linear series of the independent parameters results in 

and 

where the coefficients 6, bj, Bij, Nijl, Pijl, Di, Aij, Dij, Mijl, and Rijl are, in general, 
functions of temperature, concentration, strain, and position. If the material is 
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isotropic and incompressible and the restrictions (Eqs. 99 and 100) imposed by the 
Clausius-Duhem inequality (Eq. 123) apply, then the heat flux and mass flux 
equations are 

and 

respectively. The symbol IE - denotes the first invariant of the strain tensor, which is 
also known as the dilatation. Coefficients K, B, D, and A are the thermal conduc- 
tivity, the Dufour coefficient, the diffusion coefficient, and the Soret coefficient, 
respectively. The piezothermal coefficient N relates heat flux and gradient of 
dilatation. Mass flux and gradient of dilatation are coupled through the piezo- 
diffusive coefficient M. Note that, on a continuum mechanics level, both heat and 
mass flux are independent of plastic strain gradients. Further discussion of this 
phenomenon will be presented later. 

Finally, through a quick review of classical plasticity theory, the general 
expressions for the plastic strain rate and yield function (Eqs. 130-1 32) can be 
shown to embody classical theoretical concepts. Following classical plasticity 

- 

theory, we assume a plastic potential of the form 

g (g, gp, 0, c) = constant . 

The general flow rule that provides an expression lar the plastic strain rate 
increment) is 

or 

where h is a positive scalar that depends, in general, on the stress, stress incre- 
ment, strain, and strain history. 
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We have already postulated the existence of a yield function (Eq. 132) that is 
repeated here for convenience 

f (a, gp, e, c) = K . 

Plastic potential theory (i.e., the relationship of the flow rule and the yield function) 
was originally proposed by Richard von Mises [45]. Existence of the plastic poten- 
tial function has been demonstrated by Drucker [46] for stable plastic materials. His 
material stability definition was formulated in terms of the work done by the stress 
increment on the plastic deformation increment. Two important conclusions follow 
directly from this work; namely, the yield surface must be convex for a stable plastic 
material and the yield function is a plastic potential function. 

by Eqs. 164 and 166) are identical, then the resulting flow rule 
If we assume that the plastic potential function and the yield function (given 

is known as an associated flow rule. This assumption is valid for the deformation of 
polycrystalline solids where the deformation mechanism within individual crystals 
is slip on preferential planes. 

Drucker [46] also argued that the scalar parameter h could be expressed as 

where A may be any positive scalar function of stress, strain, and loading history 
but is independent of stress increment. Then, the isothermal flow rule can be 
expressed as 

If the effects of temperature and concentration are incorporated, then the following 
flow rule results: 
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Note that this expression corresponds directly to the constitutive equation (Eq. 130) 
derived earlier for the plastic strain rate. Thus, the previous development is 
consistent with a classical plasticity theory formulation. 

by the parameter K) is a function of plastic strain, we can drop the explicit depen- 
dence of the yield function on plastic strain, rewriting Eq. (1 66) as 

Finally, recognizing that the hardening behavior of the material (denoted 

where k is a material parameter to be determined. This expression (Eq. 171) can 
be rearranged to yield 

In summary, the balance and constitutive equations that will be used to 
model coupled thermomechanical-diffusion processes of a dilute mobile con- 
stituent in an immobile isotropic elastic-plastic solid are as follows: 

Balance equations 

Po 
P 

- = I  +& - 

7 - .  

.. . 
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Constitutive equations 

doij = 2G d&; + h d&Lk 6ij - 2G d$ - 8 6ij - Pc C 6ij 

ac 
aF d&p = A E (z damn + - de + during loading 

aoij dornn ae 

d&; = 0 during unloadingheutral loading 

F @ ,8, C, K) = f @, - 8, C) - k(K) - 

Kinematic relationships 
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D. Comparison with Published Theories 

[11,30] fully coupled thermomechanical-diff usion theory for isotropic elastic solids 
to include plasticity effects. Thus, the theory should reduce to Girrens' theory if 
elastic behavior only is considered. Under this restriction the plastic strain terms 
are neglected. Then the balance equations (Eqs. 173-177) reduce to those 
developed by Girrens (Eqs. 35-39). If the incremental notation is dropped and the 
plastic strain increment is neglected, then the constitutive equations (Eqs. 178, 
182-1 85) match those derived by Girrens (Eqs. 43-47). Therefore, the fully coupled 
formulation proposed by Girrens [I 1,301 is embodied in the present theoretical 
development. Within his dissertation, Girrens [I 11 demonstrated that his general 
theory incorporated the uncoupled/partially coupled results of previous investi- 
gators, including Nowacki [15,16,1 71, van Leeuwen [20], Hack [24], and Aifantis 
and Gerberich [27,28]. Thus, by direct deduction, the general fully coupled elastic- 
plastic thermomechanical diffusion theory formulated in this dissertation also 
incorporates the work of these previous investigators. 

diffusion processes was performed by Sofronis and McMeeking [4,10]. Their 
development was an extension of Hack's [24] isothermal elastic formulation that 
included elastic-plastic behavior. Additionally, a major part of their work was the 
incorporation of trapping effects on mobile constituent diffusion and distribution. 
They advanced the argument that microstructural traps play a very significant role 
in determining the transport and distribution characteristics of a mobile constituent 
(such as hydrogen) in a solid. These microstructural traps are created by plastic 
straining and, therefore, are a function of the amount of plastic strain. Recall that 
both the heat and mass flux expressions derived in the general development of this 
thesis were shown to be independent of plastic strain gradients. From a continuum 
mechanics perspective, this conclusion is plausible. However, important micro- 
structural effects can be present, as proposed by Sofronis [I 01. These effects can 
be incorporated in a continuum-level development through the definition of 
"effective" coefficients in the constitutive equations. Sofronis incorporated both 
normal interstitial lattice site diffusion and trapping effects by defining an effective 
diffusion coefficient, D,ff. Trapping effects could be incorporated into the present 
development in a similar fashion. The elastic-plastic mechanically assisted diff u- 
sion theory of Sofronis and McMeeking [4], in addition to being isothermal, also 

The theory development just presented is a direct extension of Girrens' 

Other work addressing coupled elastic-plastic mechanically assisted 
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neglected the coupling of concentration to the mechanical response of the solid 
material. Furthermore, the coupling between deformation and diffusion was based 
on the traditional materials science approach which considers gradient of hydro- 
static stress to be the mechanical driver for diffusion. The theoretical development 
presented in this dissertation is a nonisothermal strain-based approach that sub- 
scribes to the fundamental tenets of continuum mechanics and rational continuum 
thermodynamics. While the present development incorporates aspects of the work 
of previous researchers (including Sofronis and McMeeking), it represents a 
unique and original contribution that includes all coupling effects on a continuum 
mechanics level. 
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IV. FINITE ELEMENT FORMULATION 

The balance and constitutive equations governing coupled thermo- 
mechanical diffusion processes of dilute mobile constituents in an immobile 
isotropic elastic-plastic solid were previously developed. Details of their 
implementation in a numerical finite element scheme are now presented. The 
governing equations, which consist of an equilibrium equation, a diffusion 
equation, an energy equation, and the dilatation equation, are combined with an 
incremental stress-strain relationship, a plastic flow rule, and a yield function to 
provide a numerical problem solving tool. Details of the discretization of these 
equations using either a virtual work approach or a Galerkin weighted residual 
technique are given. Overviews of post-yield material behavior modeling 
approximations and specific yield criteria are presented. In general, the system of 
finite element equations resulting from the coupled formulation is nonlinear. Thus, 
details of the nonlinear solution algorithm and the numerical time integration 
scheme are also discussed. Finally, an overview of the choices made and 
problems encountered during the implementation process is included. 

A. Finite Element Equations 

(Eq. 175). Substituting the mass flux expression (Eq. 185) into the conservation of 
mass expression (Eq. 174) results in the diffusion equation. The nonlinear energy 
equation can be obtained by substituting the equations for entropy, chemical 
potential, heat flux, and mass flux (Eqs. 182-1 85, respectively) into the energy 
equation (Eq. 177) and applying the assumption of small temperature and 
concentration increments. The equilibrium equation, diffusion equation, and 
nonlinear energy equation are 

Mechanical equilibrium is governed by Cauchy's first equation of motion 

and 
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respectively. Note that e has been substituted for the increment in dilatation that 
previously was designated d&kk. Following Girrens [I 1, 301, the standard kinematic 
expression for the strain dilatation 

is included in the set of governing equations. Neither the constitutive equations for 
stress and strain, nor the dilatation equation can be directly substituted into the 
equilibrium equation (Eq. 188), as in Girrens' formulation, because of the incre- 
mental nature of the present formulation. The incremental constitutive equations 
for stress and strain are repeated below: 

d&[ = 0 (neutral loading/unloading) . 

These equations provide the required explicit relationship between stress and 
strain for both elastic material behavior and post-yield (Le., elastic-plastic) material 
behavior. The yield criterion 

provides the relationship that differentiates these two regimes of material behavior. 
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In addition to the governing equations, constitutive equations, and yield 
condition, boundary and initial conditions are needed to completely specify a 
problem. Mechanical boundary conditions can be specified either as prescribed 
surface tractions or as prescribed displacements of points on a surface of the body. 
If the entire surface of the body, S, is composed of a portion that has prescribed 
surface tractions, S,, and a portion that has prescribed displacements, Su, such that 
S = S,+ Su, then the mechanical boundary conditions can be specified as 

and 

- 
u = u  onS, . - (1 97) 

Note that 
field, and II is a unit vector normal to the surface. 

specified either as a prescribed heat flux 

is the prescribed surface traction, 6 - is the prescribed displacement 

In a completely analogous manner, the thermal boundary conditions can be 

- 

or as a prescribed temperature 

0 = e S  onSe , (1 99) 

where Sq is the portion of the boundary that has a prescribed heat flux, and Se is 
the portion of the boundary that has a prescribed temperature. Again, - n is a unit 
vector normal to the surface. The prescribed heat flux and temperature are gn and 
€Is, respectively. 
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Finally, the diffusive boundary conditions can be specified as a prescribed 
mass flux 

onSj , 

or as a prescribed concentration 

c =  cs 

where Sj is the portion of the boundary that has a prescribed mass flux, and Sc is 
the portion of the boundary on which the concentration is specified. The prescribed 
mass flux is - in and the specified concentration is cs. Initial conditions include: 

where eo, eo, and co are the initial prescribed functions. 

equations through the use of various techniques, including direct methods, 
variational calculus methods, and weighted residual methods. Each of these 
techniques has a range of applicability that is dependent on the nature of the 
equations to be discretized. Not all approaches are always applicable to the 
system of equations being considered. In the following development, two 
techniques are employed. Specifically, a variational method is used for the 
equilibrium equation, and the traditional Galerkin method of weighted residuals is 
employed for the diffusion, energy, and dilatation equations. The Galerkin method 
is utilized because functionals that could be incorporated into a variational 
derivation were not readily apparent for the diffusion equation, nonlinear energy 
equation, or dilatation equation. 

A finite element expression for the equilibrium equation can be developed 
by employing the variational principle of virtual work. This fundamental mechanics 
principle states that the total work of internal and external forces must vanish when 

The finite element expressions can be developed from the governing 
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a body experiences any admissible infinitesimal displacement from an equilibrium 
configuration. Note that an admissible configuration is any configuration that does 
not violate internal compatibility and essential boundary conditions [47]. Consider 
a solid body that has internal stresses, 2 , distributed loads per unit volume, b, and 
externally applied forces, f ,  to be in equilibrium. If this body undergoes an arbitrary 
virtual displacement pattern 6d* that results in compatible strains 6 ~ *  and internal 
displacements 6u*, then the principle of virtual work requires that 

- 

I ( 6 ~ * ~  (3 - 6u*Tb) dV - f = 0 . (205) 

If the normal finite element approximation to the exact solution for a field variable @ 
is given as 

m=l 

where Nm are the assumed basis functions and @m are the unknown field variable 
values at n discrete locations, then the following expressions for the virtual 
displacements and strains within any element result: 

6 ~ *  = N 6d*, 6 ~ *  = B 6d* . (207) 

Note that N is the elemental shape function matrix and B is the strain-displacement 
matrix. Equation (205) can be rewritten as 

6d*T ( BT 0 - NT b) dV - 6d*T f = 0 , (208) 

where the integration over the entire volume of the solid body is the sum of the 
individual element contributions. The expression given by Eq. (208) must hold for 
any arbitrary virtual displacement pattern, 6d*. Thus, 

I v B T Q d V - f - I  NTbdV=O . 



Recall the stress-strain constitutive relationship given in indicia1 tensor 
notation in Eq. (192). This constitutive relationship can now be restated in matrix 
notation (dropping the incremental notation for the moment) as follows: 

In this expression, the stress and strain "vectors" are defined as 
( o}T = (ox, oy, oz, zxy} and (cjT = ( cx, cy, cZ, yxy} , respectively. The elastic-plastic 
constitutive matrix is [Dep] and {I} is an identity "vector" defined as {I}T = (1, 1, 1, 0). 
Temperature and concentration are denoted by 8 and c, respectively, and the 
material coefficients Pe and Pc are as previously defined (i.e., Pe = 3Kae, Pc = 3Kac;  
K = material bulk modulus and a = coefficient of thermal or diffusive expansion). 
Furthermore, the strains {E} can be related to the displacements {u} through the 
strain-displacement matrix, [B], as follows: 

After approximating the field variables 8 and c using the normal discretization 
procedure, and substituting the results along with Eq. (21 1) into Eq. (21 0), Eq. 
(209) can be rewritten as follows: 

where [B'IT= [ 
ar\rl/ay 

Recognizing that in a finite element formulation the integration over the entire 
volume of the solid body is accomplished by summing the individual element 
contributions, we finally arrive at 
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where the integrations are now performed over the element volume V and the 
surface area S. The individual element contributions are summed over R finite 
elements, as indicated. Note that the force vector f from Eq. (21 2) has been 
decomposed into a surface integral for applied tractions and an applied nodal force 
vector {F} in Eq. (213). Thus, the terms on the right-hand side of the equal sign in 
Eq. (21 3) represent mechanical loads caused by body forces, surface tractions, 
and point loads applied at nodes, respectively. 

problems for which one knows the differential equation but not the functional or the 
variational principle [48], will be utilized to derive the finite element equations for 
diffusion, energy, and dilatation. The Galerkin method is a two-step process. In the 
first step, the unknown exact solution for the field variable $ is approximated as in 
Eq. (206). This approximation to the field variable (as well as any other field 
variable approximations) is then substituted into the governing equations. The 
Galerkin method determines the unknowns at discrete points ($,,,) by requiring that 
the weighted average of the residual (i.e., error) vanish over the solution domain. 
The weighting function utilized in the weighted average is chosen to be identical to 
the function used to approximate th.e field variable. This choice distinguishes the 
Galerkin method from other weighted residual techniques. In the second step of 
the method, the weighted-average residual expression is solved for the $,,, 
unknowns. 

approximated as 

The Galerkin method, a weighted residual technique that can be applied to 

As a demonstration of the technique, the field variables c, 0, and e are 

m =1 
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and 

respectively. These approximations are then substituted into the equation 
governing mass diffusion (Eq. 189) to yield 

where the integration is performed over the domain that has volume V and surface 
S. This domain is the region for which the diffusion equation is valid. Note that the 
weighting function in the above integral (Nm) is the same as that used to approx- 
imate the field variables, as stipulated by the Galerkin technique. Equation (215) is 
valid at any point in the solution domain. Therefore, by deduction, it must also hold 
for any set of points that defines an arbitrary subdomain (i.e., element) of the whole 
domain. Recognizing that the above integral (Eq. 215) can then be expressed as 
the summation of integrations performed over a number of discrete regions that 
compose the body, Eq. (215) can be rewritten as 

C [cft - D - A 87i + M e:i] NZ dVe = 0 m =I,  2, ..,n , (21 6) 
R 

where the integration is performed on an element-by-element basis (as indicated 
by the e superscripts on the integrand terms) and the individual contributions are 
then summed for R finite elements. The field variable approximations over each 
element have the same form as Eq. (214), 

n 

m =1 
c ~ = C  N&c& , 

m =1 

and 
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n 

m =1 
e e = x  Nkeft, , 

where Nk are the elemental shape functions, c#, are the nodal values of the field 
variable c, 0; are the nodal temperatures, e: are the nodal values of dilatation, and 
n is the number of nodes per element. Applying the Galerkin technique to the 
remaining governing equations (energy and dilatation - Eqs. (1 90) and (1 91), 
respectively) results in the following expressions: 

- (pDw + pAc) 07 c? + (pMw + A pc) 0; e?} N; dVe = 0 , 

Equations (216), (218), and (219) are the discretized forms of the governing 
differential equations for diffusion, energy, and dilatation, respectively. These 
elemental equations are assembled into a global system of equations so that the 
governing differential equations may be numerically solved over the entire domain. 
If a numerically convergent solution is to be obtained, then the choice of the 
elemental shape functions Nk must satisfy the necessary requirements of 
compatibility and completeness. Compatibility is satisfied across element 
interfaces if Cn-1 continuity exists where n designates the highest order of 
differentiation in the integrand. Completeness requires Cn continuity within an 
element. Thus, the diffusion equation (Eq. 216) requires C1 continuity for the 
compatibility requirement to be satisfied across an assemblage of elements. 
However, elemental expressions containing lower-order derivatives can be 
developed by applying the Green-Gauss divergence theorem to Eqs. (216) and 
(21 8). In addition to relaxing the interelement continuity restrictions on the shape 
functions, the use of the Green-Gauss theorem results in the introduction of the 
natural boundary conditions into the element equations [49]. For example, 
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applying the divergence theorem to the diffusion equation (Eq. 216) results in the 
following expression: 

-Is Nm ( A- ae) n jdS+ I  Nm ( M- ::)j njdS=O 1 m=1=1,2 ,..., n .  
axi j 

Although the e superscript has been dropped, only element equations are being 
considered. Note that the highest order derivative in Eq. (220) has been reduced 
to first order and, therefore, only Co interelement continuity is required for numerical 
solution convergence. As pointed out by Girrens [I I], the substitution of the 
dilatation equation (Eq. 191) into the diffusion equation (Eq. 189) would have 
resulted in a diffusion equation possessing second-order derivatives, even after 
applying the divergence theorem. For this reason, Girrens included the dilatation 
equation (Eq. 191) as one of the governing equations and treated e as an 
independent nodal variable. Thus, only Co interelement continuity was required, 
rather than C1 continuity, and simpler element shape functions could be employed. 
Finally, the mass flux equation (Eq. 185) can be substituted into Eq. (220) to obtain 
an expression containing the natural boundary condition on mass flux. Although 
the terms for the natural boundary conditions appear in the equations for each . 

element, only the elements on the boundary of the domain will have nonvanishing 
boundary contributions when the element equations are assembled. 
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At this point the finite element system equations approximating the solutions 
to the field equations (equilibrium, diffusion, energy, and dilatation) can be 
summarized as follows: 

Diffusion 

Energy 
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where 

+ I, Nm[WP-WC] d v }  , 

Dilatation 

-Iv NmNIdVel=O (Plane 0) . (226) 

Note that the discretized dilatation equation for plane stress given in Eq. 
(226) differs from the one derived by Girrens [I I]. Because his formulation was 
restricted to elastic material behavior, the Poisson effect in the z-direction that 
would cause out-of-plane displacements or strains could be described using the in- 
plane displacements and strains. However, under elastic-plastic deformation, the 
out-of-plane effects can no longer be completely characterized using in-plane 
variables. Thus, the total strain increment in the out-of-plane direction must be 
included in the dilatation expression (Eq. 226). This additional term ensures that. 
plastic incompressibility is satisfied in plastically deformed regions. 

6 
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B. Post-Yield Material Modeling 

will occur. This functional relationship, repeated below for convenience, 
The yield criterion (Eq. 195) determines the stress level at which plastic flow 

F@, - 0, c, IC) = f@, - 0, c) - k (K) , 

can be differentiated to yield 

aF aF aF aF 
dF =-do + - de + -dc + - dK 

ao ae ac aK 

or 

(a)T(do) - A dh= 0 , 

where the flow vector, {a}, is defined to be 

and 

aF 1 A=--- r-dB+-dC+-dK . aF aF 

Recall that the total strain tensor is composed of the elastic strain, plastic strain, 
thermal strain, and diffusive strain components. Neglecting the thermal and 
diffusive strain components for the moment, we can examine the mechanical 
(elastic and plastic) strain components 

dET - = dge - + dgp - 9 - 

which can be alternatively expressed in matrix notation as 

57 



(d&T)=[D]-’(do)+dh - , [::) (233) 

where [D] is the elastic constitutive matrix and the last term is the Prandtl-Reuss 
plastic flow rule (Eq. 167). An expression for the plastic multiplier, dh, can be 
derived by premultiplying both sides of Eq. (233) by {a}T [D], and then using Eq. 
(229) to eliminate {a}T {do}. Thus, 

dh = 1 aTDds . 
[A + aT Da] 

Equation (234) can be substituted into Eq. (233) and rearranged to yield the 
incremental stress-strain relationship (Eq. 21 0) 

where 

dD=Da . 

(234) 

Note that the thermal and diffusive effects have been reintroduced into Eq. (235). 
The scalar parameter A in Eq. (236) incorporates the fundamental dependencies of 
the yield function F on temperature, concentration, and work or strain hardening 
into the elastic-plastic constitutive matrix, [Dep]. The general form of A has been 
given in Eq. (231). 

Work or strain hardening (or softening) in a material is the phenomenon 
whereby, after initial yielding, the stress level at which further plastic deformation 
occurs may be dependent on the current degree of plastic straining [50]. Several 
models are available to describe the dependency of the yield surface on plastic 
deformation. Three of these models, elastic-perfectly plastic, isotropic hardening, 
and kinematic hardening are presented in Fig. 1. In an elastic-perfectly plastic 
material model, the yield surface remains static in stress space, thus indicating that 
the yield strength is independent of plastic deformation. Isotropic hardening 
describes the process in which the yield surface undergoes a uniform expansion in 



stress space. Finally, kinematic hardening is a model in which the subsequent 
yield surfaces retain their original shape and orientation, but translate in the stress 
space. This hardening model is used to capture important cyclic loading 
phenomenon such as the Bauschinger effect [51]. Only isotropic hardening is 
considered in this formulation. In addition to mechanical plastic straining, 
temperature and concentration can also influence the behavior of the yield surface. 
For example, a commonly observed phenomenon is that the yield strength of most 
metals is reduced at elevated temperatures [52]. In an analogous manner, the 
concentration of a mobile constituent may also affect the yield behavior of a 
material. For instance, numerous researchers [53-591 have performed studies on 
hydrogen-enhanced plasticity where the presence of hydrogen affects the flow 
stress of certain metals. Although these phenomena have been empirically 
observed, they are only infrequently modeled. In the absence of thermal or 
diffusive effects, the progressive development of the yield surface can be defined 
by relating the yield stress to the plastic deformation by means of the hardening 
parameter K [50]. The work hardening can be postulated to be a function of the 
total plastic work 

where Wp is the summation of the increments in plastic work 

that were previously described. In the uniaxial case, the scalar parameter A can be 
related to a hardening function (H’) as follows: 

ET 
1 - ET/E ’ (239) 

where ET is the elastic-plastic tangent modulus. Thus, A is related to the local 
slope of the uniaxial stress-plastic strain curve [50]. 

to capture all of the aspects of the inelastic deformation process. At best, these 
criteria are modeling approximations to the observed behaviors. For metals, the 

A number of specified yield criteria have been proposed, each of which fails 
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two simplest yield criteria that are based on empirical evidence are the Tresca 
criterion and the von Mises criterion. The von Mises yield criterion (also referred to 
as the distortion energy theory or octahedral shear stress theory) can be stated as 

where 0 is the equivalent stress and Sij are the components of the deviatoric stress 
tensor. This relationship is referred to as a J2 criterion because it depends on the 
second invariant of the deviatoric stress tensor. A yield criterion based on the 
deviatoric stress tensor is consistent with experimental observations by Bridgeman 
[60] indicating that the plastic deformation of metals is essentially independent of 
the hydrostatic state of stress. Although the von Mises criterion is based on 
deviatoric stress components, it can also be expressed in terms of total stress 
components, as follows: 

This yield criterion will be utilized in all elastic-plastic calculations presented in this 
thesis. 

C. Nonlinear Equation Solution and Numerical Time Integration 
The finite element equations previously developed are now combined to 

form an elemental system of equations. Nodal degrees of freedom at each node of 
the element include two displacements, a temperature, dilatation, and concen- 
tration (u, v, 8, e, c). Thus, the elemental "stiffness" matrix includes not only 
mechanical effects, but also heat transfer and mass diffusion phenomena. The 
elemental system of equations has the form 
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if a nine-node Lagrangian finite element is utilized. This element, which Girrens 
[I I ]  chose for his numerical implementation, tends to be more accurate than an 
eight-node isoparametric element. Although all isoparametric elements lose 
accuracy when distorted from a rectangular configuration, the nine-node 
Lagrangian element is much less sensitive than the eight-node element to 
nonrectangularity, to curvature of sides and to placing side nodes away from 
midpoint locations [48]. Details of this particular finite element are presented in 
Appendix A. Note that the "stiffness" matrix in Eq. (242) is a function of the 
displacements, {@}. Thus, the system of equations is nonlinear. For the numerical 
solution of a nonlinear problem, the system of equations given by Eq. (242) will not 
generally be satisfied. Rather, some residual {Y} may exist, as depicted below: 

The numerical nonlinear solution scheme attempts to drive the residual "force" 
vector {Y} to (0). Basically, the residual forces are measures of the departure of the 
system of equations from equilibrium. Therefore, the numerical solution scheme 
will continue to iterate until the solution is "good enough," as measured by some 
accepted convergence measurement. Commonly used convergence measures 
are usually based on a norm of the nodal unknowns, although a more restrictive 
criterion, such as the node-point-by-node-point technique used in the commercially 
available code ABAQUS [61], can be employed. 

Numerical time integration of the system of equations 

was performed using the unconditionally stable Euler backward difference 
technique [62]. If the first order derivative is approximated as 

then the generic system of equations (Eq. 245) can be rewritten as follows: 
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, (247) 

where [C] is the "capacitance" matrix, [K] is the "stiffness" matrix, and {R} is the 
generic "load" vector. Recall that in an incremental formulation the total variable at 
the present time (t+At) is the sum of the total variable at a previous time (t) and the 
incremental change from that time to the present. This relationship, which also 
holds for the generic "loads" {R}, is as follows: 

Incorporating these relationships into Eq. (247) results in 

which is the equation that permits the incremental displacements {A@} that result 
from an application of incremental load to be calculated. Although not explicitly 
indicated in Eq. (249), the matrices [C] and [K] are functions of the "displacements" 
{@}, thus rendering the system of equations nonlinear. The iterative nonlinear 
solution scheme employed in the modified PLANET code is the tangential stiffness 
method. This technique is generically depicted in Fig. 2. 

D. Practical Considerations 

formulation. Although a finite element code could have been written from scratch, a 
more reasonable approach was to incorporate the coupled formulation into an 
existing code. Several preliminary attempts were made to accomplish the 
numerical implementation of the coupled theory, including attempts to incorporate 
plasticity subroutines into Girrens' [I 1 ] existing fully coupled elastic finite element 
code and an examination of the feasibility of dropping the theory into the 
commercially available finite element code ABAQUS [61]. 

At this point, the coupled theory was implemented in a finite element 
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The extension of Girrens' finite element code was abandoned because his 
nonlinear solution scheme of successive substitution was deemed to be inad- 
equate for elastic-plastic problems. A more powerful technique, such as a Newton- 
Raphson scheme, would be necessary for such an extension. Additionally, 
programming the incremental algorithm would have required major modifications 
to Girrens' [l 11 program. Some time was also invested in assessing the suitability 
of ABAQUS for performing the elastic-plastic thermomechanical calculations. The 
initial thinking was that the full power of the ABAQUS nonlinear solution techniques 
and plasticity routines could be utilized. However, modifying ABAQUS to carry all 
five nodal degrees of freedom (u, v, 8 ,  e, c), incorporating a discretized governing 
equation for dilatation, and programming all coupling effects appeared to be 
formidable programming tasks. Although the ABAQUS source code (several 
hundred thousand lines) was available, the substantial time investment that would 
be required to modify it was not within the scope of this research effort. Finally, 
implementation of the coupled theory into a code called PLANET was deemed to 
be the most feasible alternative. This elastic-plastic finite element code, presented 
in Owen and Hinton's book Finite Elements in Plasticity: Theorv and Practice [50], 
performs elastic-plastic plane stress, plane strain, and axisymmetric analyses. It 
was determined that the FORTRAN source code for this program (approximately 
2500 lines) could be modified through a manageable level of effort. 

Incorporation of the coupled thermomechanical-diff usion theory into 
PLANET required some major modifications to the FORTRAN source code. Many 
storage problems were created by increasing the number of nodal degrees of 
freedom from two to five, requiring almost subroutine-by-subroutine debugging. 
Additionally, the stiffness matrix for the coupled theory is not symmetric. PLANET 
uses a frontal equation solution procedure that assumes symmetric stiff ness 
matrices. Therefore, another equation solver (TRIMSS) was incorporated into the 
modified PLANET. The new solver required an assembled global stiffness matrix, 
so an assembler was included. The boundary conditions were treated differently 
by the new algorithm, and thus, required some additional programming. Finally, 
some problems (conceptual and programming) were encountered in the plane 
stress case. Elastic-plastic theory requires that incompressibility be satisfied in 
regions of the mesh that have plastically deformed. PLANET satisfies this 
requirement. It does not, however, explicitly calculate the displacement or strain in 
the thickness direction because these quantities are not usually needed in a planar 
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analysis. Recall that the coupled thermomechanical diffusion theory uses strain 
dilatation as the mechanical driver for diffusion, implicitly requiring some 
knowledge of the third principle strain. The correct calculation of dilatation in all 
regions of the mesh (elastic and plastic) is critical if accurate concentration profiles 
are to be calculated. Calculation of the dilatation in an elastic-plastic finite element 
code required some thought and careful programming. 
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V. APPLICATIONS 

The objective of the coupled thermomechanical diffusion theory develop- 
ment and finite element implementation was to contribute to the suite of tools 
available for addressing hydrogen-assisted cracking problems. Because this time- 
dependent phenomenon is not well understood, contributions that provide either 
qualitative or quantitative insight are useful to mechanical designers and 
engineering analysts. Furthermore, the fully coupled theory (with its specifiable 
coupling coefficients) permits different effectdparameters to be studied indepen- 
dently. Although the nature of some of the coupling coefficients may not be readily 
obvious, or even currently observed, their retention in the theory provides the 
potential for characterizing newly observed or important phenomena. For materials 
that have well-defined coupling behavior, the less important coupling terms can 
simply be "shut off." Thus, the analyst must exercise some discretion and must 
have at least a rudimentary knowledge of the physics of the problem at hand. A 
number of simplified problems were employed to demonstrate various coupling 
effects. Additionally, these problems served as verification of the correct numerical 
implementation of the theory. Finally, the theory and finite element code were 
applied to two practical mechanically assisted hydrogen diffusion problems. 
Specifically, tritium diffusion in a titanium fracture mechanics specimen and 
hydrogen diffusion in a stainless steel specimen were examined. The intent was 
not to provide the "final" answers to these problems, but rather to demonstrate the 
potential of the present formulation to the solution of these types of problems. 

A. Benchmarking Problems 

which analytical solutions could be derived to benchmark his coupled develop- 
ment. These benchmarking activities included not only verifying numerical results 
against theoretical predictions, but also investigating the effects of various coupling 
coefficients. The problems included the following: 

Girrens [I I ]  used a number of simplified one-dimensional problems for 

Steady State Concentration-induced Expansion in a Rod 
Steady State Stress-Induced Diffusion in a Rod 
Transient Concentration-Induced Expansion in a Rod 
Transient Stress-Induced Diffusion in a Rod 
Steady State Stress-induced Thermodiffusion in a Rod. 
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Each of these problems was examined using the theory and finite element code 
developed in the present formulation. Details of the analytical and numerical 
solutions to each of these problems are presented in Appendix B. Finally, several 
problems were devised to verify the elastic-plastic performance of the present 
formulation. These problems are also described in Appendix B. 

B. Tritium Diffusion in a Titanium Specimen 

notch fracture mechanics specimen by researchers at the Sandia National 
Laboratory in Livermore, California. A wedge-open-loading (WOL) fracture 
mechanics specimen (Fig. 3), with dimensions of a/W = 0.500, W = 56.9 mm, 
a = 28.44 mm, B = 22.22 mm, and a notch root radius of 762 pm, was machined 
from a Ti-30% Mo titanium alloy. This material has a Young's modulus of 103 GPa, 
a Poisson's ratio of 0.32, a yield strength of 690 MPa, a fracture toughness of 76 
MPam, and a room-temperature hydrogen diffusivity of approximately 1 .O x 10-6 
cm*/s. This diffusivity causes relatively rapid diffusion of the mobile constituent to 
the root of the notch. Additionally, this particular titanium alloy can absorb large 
quantities of hydrogen without experiencing phase changes [64]. Finally, plane 
strain conditions were assumed by the researchers based on the specimen 
dimensions. 

of 672 appm. It was then loaded to an effective Mode I stress intensity of 60.4 
MPam using a calibrated load tup. Tritium is a radioactive isotope of hydrogen 
that decays to a larger helium atom in a well-characterized process. The larger 
helium atom is more restricted in its movement through the lattice of a metal than is 
a tritium isotope, and it, effectively, becomes immobilized. This nuclear decay 
phenomenon and the subsequent trapping of the decay products allowed the 
researchers to characterize the distribution of tritium ahead of the notch root using 
a microbeam accelerator. Specifically, they bombarded a sectioned specimen with 
a 24 MeV deuterium beam having a maximum beam current of 5 nA. The collision 
of the deuterons with the trapped decay products resulted in the scattering of 
protons. This proton yield, which is directly proportional to helium concentration, is 
presented in Fig. 4 as a normalized profile ahead of the notch root. The tritium 
profile is then directly related to the helium profile [63]. Based on the initial uniform 
tritium concentration and the proton yield profile shown in Fig. 4, one can generate 

Reference [63] describes an experimental study of tritium diffusion in a blunt 

The specimen was precharged with tritium to a uniform initial concentration 
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the tritium profile ahead of the blunt notch. Specifically, the proton yield of 550 
counts/pC remote from the notch root was assumed to correspond to the initial 
uniform tritium concentration of 672 appm. The other coordinates on the ordinate 
of Fig. 4 were then converted accordingly to appm of tritium. 

constructed using PATRAN [65], a commercially available solids modeler-mesh 
generator. The mesh is composed of 105 nine-noded Lagrangian elements and 
461 nodes. Because the specimen is symmetric about the notch plane, only the 
top half of the specimen was modeled. Mechanical symmetry boundary conditions 
were imposed at all nodes on the symmetry plane. A concentrated load, 
corresponding to a Mode I stress intensity of 60.4 MPam, was applied to the mesh 
at the proper location. Plane strain conditions were invoked. Material response 
was modeled as elastic-perfectly plastic, and the von Mises yield criterion was 
employed. An initial uniform concentration of 672 appm was assigned to all of the 
nodes in the finite element mesh, and all boundaries were assumed to be 
impervious to tritium diffusion (i.e., the mass flux through the boundaries was zero). 
The only nonzero coupling coefficient was the piezodiffusive coefficient, M, which 
links mass diffusion to gradient in dilatation. An initial estimate for this parameter of 
M = 1.55 x 10-8 cm*/s was obtained from Girrens' dissertation [I I ]  for a Ti-31V 
titanium alloy. This estimate was assumed to be valid for the Ti-30 Mo titanium 
alloy being investigated. 

using the finite element code developed in this dissertation. The mechanical load 
was applied in the first ten increments during the time span 0 I t I 1. Once the 
mechanical load was fully applied, thirty more time increments were taken to model 
the transient mass diffusion process. During this time, the mechanical load was 
held steady. Although a total time period of 5.5 x 106 seconds (= 64 days) was 
simulated, steady state conditions were achieved in approximately 3 x 106 seconds 
(= 35 days). The attainment of a steady state is graphically depicted in Fig. 6, 
where the concentration at the elastic-plastic boundary is plotted as a function of 
time (on two different time scales). 

The von Mises stresses ahead of the root of the notch are plotted in Fig. 7 
and graphically displayed in Fig. 8. The plastic zone extends approximately 0.6 
mm ahead of the notch root. Note that this plastic zone size agrees quite well with 
several comparisons. Specifically, an approximation from Hertzberg [52], 

A finite element mesh (Fig. 5) of the WOL fracture mechanics specimen was 

Coupled elastic-plastic deformation-diffusion calculations were performed 
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where K is the Mode I stress intensity and cy is the yield stress, results in a plastic 
zone size (2 rp) of 0.8 mm. Additionally, an elastic-plastic analysis was performed 
using ABAQUS. This analysis yielded deformation results nearly identical to those 
calculated with the code developed in this work. Plastic zone size was 0.6 mm. 
Finally, the technique employed by Robinson, et al. [63] , where the plastic zone 
size was estimated by intersecting the stress field ahead of the blunt notch (as 
given by the Creager-Paris equations [66]) with a von Mises yield surface, provided 
x = 0.6 mm. Note that x is the extent of the plastic zone ahead of the root of the 
notch. 

Figure 9 shows the dilatation ahead of the notch root for both elastic and 
elastic-plastic material behavior. Because dilatation is the coupling agent between 
deformation and diffusion, the elastic dilatation profile indicates that concentration 
enhancement at the root of the notch would be overpredicted in an elastic analysis. 
Thus, the need for an elastic-plastic capability provided the motivation for the 
extension of Girrens' [30] elastic fully coupled thermomechanical diffusion theory. 

Concentration ahead of the notch root under elastic-plastic material 
behavior is depicted in Fig. 10. Note that a second finite element analysis was 
performed with a coupling coefficient M of 0.775 x 10-8 cm2/s (one-half the value of 
that used in the first analysis). Concentration profiles for both analyses are 
superimposed on the experimental data from Ref. [63]. Note that both cases 
display the correct trends in the notch root region. In fact, the peak concentration 
calculated at the elastic-plastic boundary for the M=l.55 x 10-8 cm2/s case very 
closely matches the experimentally measured value. Figure 11 shows the 
concentration contours, as plotted by PATRAN, for this case. The peak concen- 
tration at the elastic-plastic boundary is readily apparent. Contrasted in Fig. 12 are 
the concentration results from an elastic-plastic analysis and an elastic analysis. 
As shown in this figure, an elastic analysis would tend to predict the highest 
concentration right at the root of the notch (where the dilatation is the largest). 
Alternatively, the elastic-plastic analysis predicts a peak concentration at some 
point ahead of the root of the notch very near the elastic-plastic "boundary." The 
experimental data tend to substantiate the results from an elastic-plastic analysis. 
Finally, the numerically calculated decrease in concentration as one moves away 
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from the root of the notch (Fig. I O )  is not as pronounced as that experimentally 
measured. One plausible explanation for this behavior is that the deformation was 
modeled as elastic-perfectly plastic (i.e., no hardening). In fact, some work 
hardening would occur that may tend to reduce the dilatation as one moves away 
from the elastic-plastic boundary. Because dilatation serves as the driver for mass 
diffusion, a reduction in dilatation would result in a reduction in concentration 
enhancement. 

C. Hydrogen Diffusion in Two Stainless Steel Alloys 

was initially precharged with tritium to a uniform concentration and then loaded. 
Thus, this modeling problem simulated the redistribution of internal hydrogen. 
Alternatively, the mobile constituent can be continuously supplied to the 
component from an external hydrogen environment. Such situations are frequently 
encountered in practice and, in fact, are usually observed to be more damaging 
than internal hydrogen charging. This observation has led researchers to postulate 
that a critical hydrogen concentration or distribution in a process zone very near a 
crack tip serves as the driver for hydrogen-induced crack growth in structural 
materials [3,5]. As stated in the Introduction, considerable controversy exists about 
the actual damage mechanisms occurring in this process zone. In fact, it may not 
be realistic to expect a universal hydrogen damage mechanism. However, a 
reasonable conclusion is that hydrogen degradation in structural materials is a 
direct function of the rate of supply and accumulation of hydrogen near a crack, 
flaw, or structural discontinuity [5]. Thus, the material characteristics that affect the 
transport and accumulation of the mobile constituent can be controlling factors in 
the hydrogen-assisted degradation process. 

near-crack-tip material characteristics on hydrogen transport and degradation 
processes is the stainless steel family. These widely used materials, which 
possess composition and processing-dependent microstructural configurations, 
can exhibit significantly different behaviors in hydrogen environments. For 
instance, austenitic stainless steels are generally less susceptible to hydrogen- 
assisted degradation than are ferritic steels [67]. However, the mechanical 
designer needs to carefully consider this apparently broad observation because 
several researchers [67-701 have shown that, while stable austenitic alloys 

The application problem examined in Section B considered a specimen that 

One class of structural materials that vividly demonstrates the importance of 
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(AISI 31 0, for example) are resistant to hydrogen embrittlement, unstable alloys, 
such as AIS1 301, can be susceptible to hydrogen degradation. 

Mechanically metastable at low temperatures, many common austenitic 
stainless steel alloys experience a phase transformation from the face-centered- 
cubic (fcc) configuration of austenite to a body-centered-cubic (bcc) martensitic 
structure. This spontaneous transformation, which is one of the prevailing 
mechanisms in the heat treatment of steels, is temperature and deformation 
dependent. A number of interesting and important phenomena accompany this 
transformation process, including a large change in the diffusivity, a change in 
solubility, and a volumetric expansion and shear of the lattice. These changes 
have important implications for the hydrogen degradation and crack growth 
processes. For instance, the bcc martensitic structure has a diffusion coefficient (D) 
that is several orders of magnitude larger than that of the austenitic (fcc) micro- 
structure. Perng and Altstetter [71,72] have performed studies of the effects of 
deformation and other factors on hydrogen permeation in stainless steels. They 
used these background investigations and other studies to make a comparison of 
hydrogen gas embrittlement in austenitic and ferritic stainless steels. A specific 
conclusion of their investigations was that the relatively high subcritical crack 
growth (SCG) rate of an unstable stainless steel alloy (AISI 301) was controlled by 
the fast transport of hydrogen through the martensitic structures surrounding the 
crack path and the low escape rate of the mobile constituent into the austenitic 
phase surrounding the enclave of transformed material [67]. Figure 13 presents a 
photomicrograph of a 301 stainless steel specimen that was tested in a hydrogen 
environment [73]. The transformed region of material surrounding the crack tip is 
easily distinguished from the bulk material of the specimen. Huang [68] and Huang 
and Altstetter [69] also examined hydrogen-induced subcritical crack growth in 
austenitic stainless steels under internally charged conditions. Finally, the effects 
of deformation-induced martensite on fatigue crack propagation in stainless steels 
have been investigated [74,75]. These studies show that the volumetric change 
associated with the transformation process can cause a crack closure effect to 
occur. 
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While future enhancements to the coupled thermomechanical diffusion 
theory and finite element code developed in this work may be necessary to model 
specific aspects of the deformatioddiff usion processes in dual phase stainless 
steels, these contributions in their present form can be used to simulate certain 
phenomena of interest. Specifically, the change in diffusion coefficient associated 
with the martensitic transformation has been investigated. Thus, the tools 
developed in this work add not only qualitative confirmation to the hypotheses of 
the materials science community, but, also some level of quantitative support. 
Again, the intent was not to provide the "final" answer to this particular hydrogen 
degradation problem or even to match specific experimental data. Rather, it was to 
demonstrate the potential of the present formulation. 

A finite element mesh of a particular stainless steel specimen (Fig. 14) 
employed by researchers at the University of Illinois [68,69,73] was constructed 
using PATRAN [65]. The mesh, which is composed of 98 nine-node Lagrangian 
elements and 435 nodes, is shown in Fig. 15. Because the specimen is symmetric 
about the notch plane, only the top half of the specimen was modeled. Mechanical 
symmetry boundary conditions were imposed at all nodes on the symmetry plane. 
A uniform traction corresponding to a Mode I stress intensity of 25 MPam was 
applied to the elements at the top of the specimen. The thinness of the specimen, 
as indicated in Fig. 14, dictated that plane stress conditions be invoked. Material 
response was modeled as elastic-plastic with isotropic hardening, and the von 
Mises yield criterion was employed. A bilinear approximation to the uniaxial stress- 
strain curve (Fig. 16) was used. The yield strength was taken to be 205 MPa and 
the hardening modulus was H' = 1995 MPa. Other material properties included a 
Young's modulus of 200 GPa, a Poisson's ratio of 0.3, a diffusion coefficient for the 
austenite of 1 .I x 10-6 mm2/hr (3 x 10-12 cm%), and a diffusion coefficient of 
1 .I x 10-2 mm2/hr (3 x 10-8 cm%) for the transformed martensitic structure. The 
piezodiffusive coupling coefficient, M, which links mass diffusion to gradient in 
dilatation, was selected to be 3.3 x 10-2 mm2/hr (9.2 x 10-8 cm2/s). Room- 
temperature fracture toughness for this material is approximately 80 MPam. An 
initial uniform concentration of zero was assigned to all of the nodes in the mesh. 
To simulate an external hydrogen environment, nodes on the crack face, including 
the crack tip node, were held to a concentration of 10. All other boundaries were 
assumed to be impervious to hydrogen diffusion. (i.e., the mass flux through the 
boundaries was zero). 
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Transient coupled elastic-plastic deformation-diffusion calculations were 
performed using the finite element code developed in this dissertation. The 
mechanical load was applied in the first twelve increments over the time span 
0 < t < 1. Initially, the diffusion coefficient for all of the elements in the mesh was set 
to the low D corresponding to an austenitic microstructure. During the mechanical 
loading, the deformation at each gauss point of each element was monitored for 
plastic deformation by examining the effective plastic strain calculated at that point. 
As soon as plastic deformation was detected at a gauss point, the diffusion 
coefficient at that gauss point was set to the higher D corresponding to a marten- 
sitic structure. Thus, the change in diffusion coefficient associated with the 
martensitic transformation was simulated "on the fly" during the analysis. Although 
this deformation-dependent model change resulted in nonlinear behavior, no 
convergence problems were encountered because diffusion effects occur over 
long periods of time, rather than in the interval 0 c t e 1. Certainly, this change 
made the problem no more nonlinear than the plastic deformation that was already 
being experienced. This novel approach to modifying material properties in the 
course of the simulation could have interesting implications for future crack growth 
modeling efforts. The end effect of this modeling approximation was a plastic zone 
of material with a relatively high diffusion coefficient in the near-crack-tip region 
surrounded by the bulk austenitic (low diff usivity) structure comprising the 
remainder of the specimen. 

taken to model the transient mass diffusion process. During this portion of the 
analysis, the mechanical load was held steady and the time was stepped from 
t = 1 hr to t = 102,301 hr . Increment 13 had a time step of 100 hr, and for each 
subsequent increment, the time step was doubled. 

these results were compared with those from an elastic-plastic analysis of the 
specimen using ABAQUS and were found to be in good agreement. The plastic 
zone size and shape are also in good agreement with analytical estimates from 
Hertzberg [52], 

Once the mechanical load was fully applied, ten more time increments were 

Figure 17 presents the von Mises stresses ahead of the crack tip. Note that 

1 K2 rp=-- , 6 
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where K is the Mode I stress intensity and oy is the yield stress, that place the 
plastic zone size (2 rp) at approximately 5 mm. Figures 18 and 19 display 
concentration profiles for increment 15 (t = 301 hours = 12.5 days) and increment 
22 (t = 102,301 hours = 12 years). These figures show that the transformed region 
in the near-crack-tip vicinity does, in fact, serve as a low-resistance conduit that 
transports the hydrogen into the process zone immediately ahead of the crack tip. 
Furthermore, Fig.19 substantiates the claim that the mobile constituent becomes 
essentially trapped in the transformed enclave (Le., diffusion into the austenitic bulk 
of the specimen is practically nil, even after a time period of approximately twelve 
years). Figure 20 shows the concentration profiles ahead of the crack tip (on the 
crack plane) for increment 15, increment 18 (t = 6301 hours = 262 days), and 
increment 22. The gradual attainment of a steady concentration in the transformed 
region is observed. 

To provide a direct comparison and to further examine the claims made by 
the materials science community, a second finite element analysis was performed. 
Problem parameters were identical to those just described, with the exception of 
the diffusion coefficient. In this analysis, the specimen was modeled as a stable 
stainless steel alloy with a diffusion coefficient (D) corresponding to that of an 
austenitic structure. The analysis was performed in exactly the same way as the 
previous analysis with regard to load application and time incrementation. The 
concentration results for increment 15 and increment 22 are presented in Figs. 21 
and 22, respectively. Note that the times corresponding to these increments are 
identical to those of the previous analysis. A comparison of Figs. 18 and 21 shows 
that the transport of hydrogen into the near-crack-tip region is substantially 
diminished when the microstructure remains entirely austenitic. This conclusion 
can also be drawn by comparing Figs. 19 and 22. Relatively slight concentration 
enhancement on a plane 45" from the crack plane is observed in Fig. 22. This 
behavior is probably a function of the coarse finite element mesh employed, and 
such behavior would be expected to diminish if the mesh were refined. Thus, the 
numerical modeling correctly predicts the observed and postulated phenomena. 
The transport of hydrogen into and, subsequent hydrogen-assisted damage of 
unstable austenitic stainless steel alloys is greatly enhanced by the presence of the 
"low-resistance" martensitic structure surrounding the immediate crack tip. 
Furthermore, this process zone is surrounded by a "high-resistance" austenitic 
microstructure that tends to keep the mobile constituent concentrated in the 
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process zone. The numerical analyses qualitatively and quantitatively verify the 
experimental and practical observation that stable austenitic stainless steel alloys 
are relatively resistant to hydrogen environments, while unstable stainless steel 
alloys are susceptible to degradation. 

Note that only a preliminary examination of this application problem was 
made within the context of this work. A rather coarse mesh was employed, and 
other modeling approximations were made. For example, the diffusion coefficient 
(D) for the transformed region was assumed to be uniform. In reality, the marten- 
sitic structures are interspersed with the austenitic phase, and the diffusion 
coefficient for the transformed region should probably be some integrated average 
value. Other important phenomena have been neglected that may need to be 
incorporated to address specific problems. For instance, the change in solubility 
that would make the transformed region act like a source was not considered. 
Furthermore, the volumetric expansion and shear effects associated with the 
martensitic transformation have not been modeled, even though they are important. 
However, the intent was to model on an isotropic continuum level in an effort to 
demonstrate the potential capabilities of the formulation. To this end, a particular 
parameter (D) was selected for investigation. The accomplishments of this 
dissertation provide the basis for future extensions of the theory and numerical 
code for modeling and simulating a myriad of deformation-diff usion problems. 
Increasing levels of complexity can be added, as necessary, to address the 
intricacies of particular material damage problems. 
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VI. CONCLUSIONS 

A fully coupled elastic-plastic thermomechanically assisted diffusion theory 
that follows the fundamental tenets of modern continuum mechanics and thermo- 
dynamics, and embodies classical plasticity theory concepts, has been developed. 
This theory is unique because it is strain-based and it uses the gradient in strain 
dilatation as the coupling mechanism between deformation and diffusion. The 
theory has been implemented in a finite element formulation to provide a numerical 
tool for addressing deformation-diff usion problems. A number of benchmark 
problems were presented that verify the correct numerical implementation of the 
theory. Potential applications of the theory and finite element code have been 
demonstrated through the examination of two practical problems. Numerical and 
experimental results for the first application problem (tritium diffusion in a titanium 
alloy fracture mechanics specimen) were in excellent agreement. Numerical 
simulation of hydrogen transport in stable and unstable stainless steel alloys 
provided qualitative and quantitative insight that confirms the observations by 
researchers in the materials science community. Specifically, the rapid rate of 
hydrogen transport into the transformed martensitic "process zone" immediately 
surrounding a crack, and the subsequent build-up in that region caused by the 
inability of the mobile constituent to migrate into the austenitic bulk of the specimen, 
qualitatively explain the propensity of unstable stainless steel alloys to experience 
hydrogen degradation. Alternatively, the simulation of hydrogen transport 
processes in a stable stainless steel alloy showed the relatively limited ingress of 
hydrogen into the material. Thus, the tools developed within the context of this 
work provide both quantitative and qualitative insight into deformation-diff usion 
problems. They were developed on a continuum level and were implemented in a 
finite element formulation. Therefore, they can be used to model components on a 
scale that suits mechanical designers and engineering mechanics analysts. 
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Figure 2 Tangential Stiffness Method for Nonlinear Equation Solution 
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Figure 14 Stainless Steel Specimen 
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Figure 18 Hydrogen Concentration Contours at t = 301 hours 
for Dual Phase Stainless Steel Specimen 
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Nine-Node Lagrangian Finite Element 
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Shape Functions: 
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APPENDIX B 

One-dimensional problems for which analytical solutions can be derived 
provide the ability to assess the consistency of the finite element implementation 
with the coupled thermomechanical theory. Additionally, the effects of various 
coupling coefficients can be independently evaluated. Girrens [l 11 devised a 
number of one-dimensional test problems to accomplish these objectives. 
Because the present formulation directly descends from his development, the 
problems he proposed provide an excellent benchmark for the current numerical 
implementation. Additionally, the new elastic-plastic capability was characterized 
using a couple of additional test problems. Especially important was the verifi- 
cation of the correct calculation of the dilatation, an essential quantity in the strain- 
based formulation. The benchmarking problems described in this appendix 
include the following: 

Steady State Concentration-Induced Expansion in a Rod 
Steady State Stress-Induced Diffusion in a Rod 
Transient Concentration-Induced Expansion in a Rod 
Transient Stress-Induced Diffusion in a Rod 
Steady State Stress-Induced Thermodiffusion in a Rod 
Steady State Stress-Induced Diffusion in an Elastic-Plastic Rod 
Steady State Inflation of an Elastic-Plastic Cylinder. 

Descriptions of both the analytical and the numerical solutions to each of these 
problems are presented. All numerical analyses were performed using the finite 
element implementation developed in this dissertation. 

A. Steady State Concentration-Induced Expansion in a Rod 
Figure B.l shows an elastic isothermal rod that is free to move at the origin 

and mechanically restrained at the right-hand end (x = L). No external loads are 
applied to the rod and, for convenience, the Poisson's ratio of the material is 
assumed to be zero. The rod is assumed to be "thin" in the thickness (z) direction 
such that plane stress conditions prevail. Concentration boundary conditions 
include: c = co at x = 0 and c = 0 at x = L. Under steady state conditions, the 
equilibrium, diffusion, and dilatation equations reduce to 
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0 = E u,, - p c  c,x 9 

0=-Me,,+ Dc,, , 

and 

e=3Pcc/E , 

respectively. Note that with elastic material behavior, Girrens [I 11 was able to 
incorporate the displacements into the governing equations directly. These 
differential equations can be solved to yield the following solutions for axial and 
lateral displacement, concentration, and dilatation, respectively: 

and 

3Pc co e=- 
E 

As pointed out b! 

(1 -9 . 

Girrens [ l l ] ,  the piezodiffusive coefficient (M) which couples the 
mechanical response to the concentration distribution has no effect in this problem. 
In fact, the coupling is "one way." The mechanical response is linked to the 
concentration distribution (which is independent of mechanical response) through 
the coupling coefficient Pc. Equation (B.4) shows that an expanding quadratic 
displacement response in the axial (x) direction results because of the linear 
concentration profile. Girrens [I 11 drew an analogy between this behavior and a 
thermal strain problem in which a rod subjected to a linear temperature profile 
would expand due to the increase in temperature. 

114 



A finite element mesh with five elements in the axial direction was 
constructed using PATRAN [65]. Problem parameters were selected as follows: 
L = 10 in., E = 1.0 x 106 psi, v = 0.0, pc = 1 psi, D = 1.0 x 10-6 in.%, and co = 1. 
Numerical results for concentration and displacement are represented by the data 
points in Figs. B.2 and B.3, respectively. The analytical solutions for concentration 
and axial displacement (Eqs. B.6 and B.4, respectively) are represented by the 
curves in these two figures. The agreement between the analytical and numerical 
results is excellent. 

B. Steady State Stress-Induced Diffusion in a Rod 
Girrens [l I] posed this problem to isolate the contribution of the piezo- 

diffusive coupling coefficient (M) on stress-induced diffusion. Thus, the coupling 
coefficient pc examined in the previous problem was set to zero. This choice 
eliminated the effect of the concentration profile on the mechanical solution. Again, 
an elastic isothermal rod, mechanically constrained at x = L and free at x = 0, was 
considered. A linearly varying body force, bx, acting in the positive x-direction was 
imposed on the rod. This load, which is the one-dimensional equivalent of the 
centrifugal force in a rotating disk, results in a gradient in dilatation. Again, plane 
stress conditions and a Poisson's ratio of zero were assumed. Concentration- 
Diffusion boundary conditions were as follows: c = 0 at x = 0 and j, = 0 at x = L. 
This problem is schematically depicted in Fig. B.4. Assuming steady state 
conditions, the equilibrium, diffusion, and dilatation equations are respectively: 

0 = -M e,= + D cy= , (B.9) 

and 

e =  uYx . 

The solutions to these differential equations for the axial displacement, 
concentration, and axial stress are as follows: 
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and 

u = - 1 - -  b L3 , 
6 E (  

(Jx=-bx2 . 
2 

(B.11) 

(B.12) 

(B.13) 

Equation (B.12) indicates that in this problem, the concentration distribution was 
coupled to the mechanical response through the piezodiffusive coefficient, M. The 
linear gradient in dilatation along the length of the rod resulted in a mass flux 
because the mechanical compression of the rod tended to drive the mobile 
constituent out of the parent material. However, the steady state mass flux was 
zero, indicating that mass flow ceases when the dilatation gradient is in equilibrium 
with the concentration gradient [l 11. As pointed out by Girrens [ l l ] ,  the cubic axial 
displacement profile (Eq. B.11) and the quadratic axial stress distribution (Eq. B.13) 
are unaffected by the concentration. Thus, through the judicious choice of the 
coupling coefficients, a “one-way” coupling phenomenon has again been effected. 

The finite element mesh developed for the problem in Section A was also 
employed for this analysis. Problem parameters were selected as follows: 
L = 10 in., E = 1.0 x 106 psi, v = 0.0, pc = 0 psi, D = 1.0 x 10-6 in.%, M = 0.5 in.Z/s, 
and b = 5 Ibhn.4. Numerical results for concentration and displacement are 
represented by the data points in Figs. B.5 and B.6, respectively. The analytical 
solutions (Eqs. B.12 and B.11) are represented by the curves in these two figures. 
Exact agreement exists between the numerically calculated and the analytically 
predicted cubic displacement profiles. As observed by Girrens [l 11, the numerical 
quadratic concentration profile oscillates between an exact prediction at the corner 
nodes of the elements and a consistent concentration difference of 1.25 at the 
element midside nodes. He attributed this response to the fact that the Lagrangian 
interpolation functions associated with the elements were more complete in cubic 
than quadratic terms. 
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C. Transient Concentration-Induced Expansion in a Rod 
This problem was developed to benchmark the capability of the theory and 

finite element code to model time-dependent concentration distribution effects. 
Specifically, the mechanical response of an elastic isothermal rod subjected to a 
varying concentration profile was evaluated. The geometry and mechanical 
constraints were identical to those of the problem posed in Section A (see Fig. 
B.l). Again, plane stress conditions were invoked and Poisson's ratio was chosen 
to be zero. An initial uniform concentration of co = 0 was assumed. The driving 
"force" in this problem was introduced by setting the concentration at the free end of 
the rod to c = 1 at time equal to zero. The governing equations for this problem are 

and 

c,t = - M e,= + D c,= , 

e=3pcc/E . 

(B.14) 

(B.15) 

(B.16) 

This system of differential equations can be solved by substituting Eq. (B.16) into 
Eq. (B.15). The resulting linear partial differential equation on concentration can be 
solved for the concentration distribution and the dependence of the displacements 
on concentration can then be determined using Eq. (8.14). Girrens [I I ]  reported 
the solutions for concentration and x-displacement to be as follows: 
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where a = 3PcM/E + D and hn = ndL, n=l,2,3, ... . These transient solutions reduce 
to the steady state solutions previously derived (Eqs. B.6 and B.4) as time 
approaches infinity. The analytical solutions indicate that as the concentration 
distribution changes from the initial uniform profile to the steady state linear 
gradient, the length of the rod should increase. Intuitively, this phenomenon is 
plausible because the imposition of a concentration gradient should result in an 
expansion of the material. 

this analysis were identical to those employed in the steady state benchmark 
problem described in Section A of this appendix. The initial time step for the 
numerical simulation was specified as 1000 seconds. For each subsequent time 
increment, the time step was doubled. A steady state condition was achieved in 
approximately twenty three time steps. Numerical results for concentration and 
displacement at selected times are represented by the data points in Figs. B.7 and 
B.8, respectively. The analytical solutions (Eqs. B.17 and B.18) at the same 
selected times are depicted by the curves in these two figures. Agreement 
between the numerical and analytical results is good, indicating that the finite 
element code can accurately track the transient behavior predicted by the coupled 
thermomechanical diffusion theory. Only a slight amount of numerical oscillation 
occurs, and it is observed to "damp out" with increasing time step. Such behavior 
is characteristic of the unconditionally stable backward Euler time integration 
scheme [I I]. 

The finite element model, material properties, and coupling coefficients for 

D. Transient Stress-Induced Diffusion in a Rod 

elastic isothermal rod subjected to an instantaneous loading [I I]. The geometry, 
boundary conditions, material properties, coupling coefficients, and mechanical 
loading were identical to those for the problem described in Section B and 
schematically depicted in Fig. B.4. Specifically, recall that Pc was set to zero so that 
the effects of the piezodiffusive coupling coefficient, M, could be independently 
evaluated. The concentration was initially uniformly zero throughout the rod. 
Concentration-Diffusion boundary conditions were as follows: c = 0 at x = 0 and 
j, = 0 at x = L. Plane stress conditions and a Poisson's ratio of zero were again 
assumed. At t = 0 the entire linearly varying body force was instantaneously 

This problem was devised to examine the transient mass diffusion in an 
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imposed on the structure. For this situation the governing equations for 
equilibrium, diffusion, and dilatation are as follows: 

O=Eu,,+bx , (B.19) 

c,t = -M e,= + D c,, , (B.20) 

e = uIX . (B.21) 

The instantaneous application of the mechanical load at t = 0 results in an 
instantaneous compression of the rod. Thus, the mechanical response of the rod 
is independent of time, and the expressions for the displacement and stress 
distributions are given by Eqs. B . l l  and B.13, respectively. The transient 
concentration solution is given by the following equation 

(B.22) 

where hn = (2n+l) n/2L, n = 0,1,2, ... . This expression shows that as time 
increases, the mobile constituent is gradually "squeezed" out of the rod until a 
steady state concentration profile (given by Eq. B.12) is achieved [I I]. 

A finite element analysis of this problem was performed using a model 
identical to the one used for the steady state analysis described in Section B. The 
initial time step for the numerical simulation was chosen to be 100 seconds. This 
time step was doubled for each subsequent time increment until the maximum time 
step of 5 x IO7 seconds was reached. Steady state behavior was realized after 
approximately thirty-six time increments. Numerical results for concentration at 
selected times are represented by the data points in Fig. B.9. The analytical 
solutions given by Eq. (B.22) at the selected times are portrayed by the curves in 
the figure. Again, a small amount of numerical oscillation is evident, but overall the 
agreement between the analytical and numerical results is quite good. 
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E. Steady State Stress-Induced Thermodiffusion in a Rod 

stress-induced diffusion in an elastic rod. These effects were predicted by the fully 
coupled thermomechanical diffusion theory. The geometry of the rod, displace- 
ment boundary conditions, and body force loading were identical to those defined 
for the problem described in Section B and shown in Fig. B.4. Temperature and 
concentration boundary conditions were prescribed as follows: 8 = 0 at x = 0, 
0 = 0 at x = L, c = 0 at x = 0, and c = 0 at x = L. Coupling coefficients pc, pe, A, 
and B were equated to zero, while ( and o were now the coupling coefficients of 
interest. For convenience, Poisson's ratio was set to zero and, again, plane stress 
conditions were assumed to exist. Under steady state conditions, the equilibrium, 
diffusion, dilatation, and energy equations for this scenario reduced to the 
following: 

Girrens [ l  11 posed this problem to study the thermal effects that result from 

O=Eu,,+bx , (B.23) 

0 = -M e,xx + D c,, , (B.24) 

e = u,x I (B.25) 

o = K e,, - N e,= + (D cIX - M (5 c + 0 elx - (B.26) 

Because Eqs. (B.23)-(B.25) are directly equivalent to Eqs. (B.8)-(B.10), respec- 
tively, and because the displacement boundary conditions are also identical to 
those in the second benchmark problem, the displacement solution (Eq. B.11) and 
the stress solution (Eq. B.13) previously determined are also applicable to the 
present problem. The concentration solution is 

c=- MbLx ( I-- L") , 
2DE 

and for To = 0 the temperature solution is 
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(B.28) 



where 

MbL Q=---- bN 6 (MbLr __ . 
EK DK 2E 

cL Mb2 , x = - ~ -  , 
R=-(-) 2DK E 2KE 

Recall that the coupling coefficient 6 links concentration to chemical potential 
(Eq. 183). Concentration is coupled to entropy and temperature is coupled to 
chemical potential through the coupling coefficient a, as shown in Eqs. (182) and 
(1 83), respectively. Girrens [I I ]  reported that when both of these coupling 
coefficients are zero (6 = 0, w = 0), then the temperature solution must satisfy the 
boundary conditions and the reduced energy equation 

0 = K €I,= - N e,= , 

resulting in the following expression 

(B.29) 

(B.30) 

for the temperature profile. Note that the form of Eq. (B.30) is the same as that for 
the concentration solution (Eq. B.27). When the coupling coefficient 6 is zero and 
the other coupling coefficient (a) is nonzero, the energy equation can be reduced 
to yield the following temperature solution 

(B.31) 

Alternatively, when w = 0 and 6 + 0, the temperature distribution is given by the 
following expression: 

T=-x (x -  Q L ) + R x ( x ~ -  L ~ )  . 
2 6 (B.32) 

Thus, the temperature solution in a coupled thermomechanical diffusion problem 
has various responses, depending on which coupling coefficients have been 
activated. 
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The numerical finite element calculation was performed using the same 
mesh as in all previous problems. Parameters for the problem were as follows: 
L =  10 in., E = 1.0 x 106 psi, v =  0.0, p e = O  psi, p c = O  psi, D = 1 . 0 ~  10-6 in.2/s, 
K = 1 .O x 10-6 BTU/s/in./"F, A = 0, B = 0, M = 0.5 in.%, N = 0.5 BTU/s/in. and b = 5 
Ib/in.4. Activation of certain coupling coefficients resulted in this problem being 
nonlinear. Thus, the nonlinear iterative solution procedure was required to solve 
this problem. Numerical displacements are compared with analytically predicted 
displacements in Fig. B.lO. As before, the data points represent the numerical 
results, while the analytical profile is depicted by the curve in the figure. The 
numerical concentration profile represented by the data points in Fig. B . l l  
compares well with the analytically predicted curve. Finally, the temperature 
profiles for four different coupling cases are presented in Fig. B.12. Again, the data 
points are the numerically calculated values and the curves represent the 
analytical temperature profiles. The varied temperature responses in this figure 
emphasize the significance of the various coupling coefficients. Finally, the good 
agreement between the numerical and analytical results indicates that the thermo- 
mechanical diffusion theory has been successfully implemented in the finite 
element code. 

F. Steady State Stress-Induced Diffusion in an Elastic-Plastic Rod 

exhibit linear elastic material response. Alternatively, this benchmark problem 
examines stress-induced diffusion in a rod that experiences plastic deformation. 
Except for the elastic-plastic material behavior, the problem constraints are 
identical to those specified in the second benchmark problem (Section B). 
Because the applied linearly increasing body force results in a stress field that 
varies from zero at the free end of the rod to some maximum at the fixed end of the 
rod, a finite length plastic zone can exist in the structure. This problem was utilized 
to ensure that the dilatation was being correctly calculated in all regions of the 
mesh, including both elastic and plastic regions. Correct calculation of the 
dilatation is important because dilatation is the coupling agent between 
deformation and diffusion. 

The isothermal rod examined in benchmark problems A-E was assumed to 
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Again, plane stress conditions and a Poisson's ratio of zero were assumed. 
Concentration-Diff usion boundary conditions were as follows: c = 0 at x = 0, j, = 0 
at x = L. Assuming steady state conditions, the equilibrium, diffusion, and 
dilatation equations are 

and 

0 = o,,,+pbx , 

0 = -M erxx + D c , ~  , 

(B.33) 

(8.34) 

(B.35) 

respectively. Under uniaxial conditions, the equilibrium equation (Eq. B33) can be 
directly integrated to yield an expression for the axial stress 

o x = - ,  - bX2 
2 (B.36) 

where a unit density has been assumed. If the uniaxial deformation response can 
be represented using the bilinear uniaxial stress-strain curve depicted in Fig. 16, 
then expressions for the total axial strain, E;, can be developed for both the elastic 
and the elastic-plastic regions in the rod. The expression for the total axial strain in 
the elastic portion of the bar is given by 

&, T -0, --=--- -bX2 -du 
E 2E -dx  (B.37) 

and the expression for the total axial strain in the elastic-plastic portion of the bar is 

(B.38) 

By definition, the total axial strain is the derivative of the axial displacement with 
respect to position along the bar (x). Thus, the above expressions can be 
integrated to yield the axial displacement profile along the length of the rod. 
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Performing this operation yields 

for the elastic region (0 5 x 5 a) and 

u= -  1 - -  +y 1-1 (x-L) 
6ET bL3 [ [ET E] 

for the elastic-plastic region (a I x I L). Note that the location of the plastic 
zone (x=a) is given by 

x = a = m .  

(B.39) 

(B.40) 

(B.41) 

Also note that the expressions for axial displacement (Eqs. B.39 and B.40) reduce 
to the expression given for the axial displacement in an elastic bar (Eq. B. l l )  when 
ET + E. 

The dilatation expression (Eq. B.35) can be expanded to yield 

au av aw 

ax ay az 
e=Ui,i=-+-+- , (B.42) 

where u is the axial displacement and v and w are the lateral displacements in the 
y and z directions, respectively. Alternatively, Eq. (B.42) could be written in terms of 
the strains as follows: 

Recall that the total strain can be expressed in terms of the elastic and plastic 
components so that 
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(B.43) 

(B.44) 



For incompressibility to be satisfied, the last three terms in the above expression 
must sum to zero. Finally, recall that for the uniaxial benchmark problem under 
consideration Poisson's ratio was specified as zero. This choice implies that 
&8 = &: = 0. Therefore, the strain dilatation is equal to the elastic component of the 
axial strain as follows: 

(B.45) 

Thus, the expression for the concentration profile is the same as for benchmark 
problem B. It is repeated below for completeness 

c = - - .  -M bX2 
D 2E (B.46) 

The numerical finite element calculation was performed using the same mesh as in 
all previous benchmark problems. Parameters for this problem were as follows: 
L=lOin., E=1.0x106psiJv=0.0, pe=Opsi,pc=Opsi, D=1.0x10-6in.2/sJ 
M = 0.5 in.%, and b = 5 Ibhn.4. A bilinear uniaxial stress-strain curve with a yield 
point of Y = 200 psi and a hardening modulus H' = 1 .OlxlO5 psi was specified. A 
von Mises yield criterion and isotropic hardening were employed. Numerical 
results for stress, dilatation, and displacement are represented by the data points in 
Figs. B.13-B.15, respectively. The analytic solutions (Eqs. B.36, B.45, B.39 and 
B.40) are represented by the curves in these three figures. Reasonably good 
agreement exists between the analytically predicted and the numerically calculated 
quantities in Figs. B.13-B.15. In all cases, the relative difference between the 
analytical solution and the numerical solution is less than ten percent. Considering 
the coarse finite element mesh used and the numerical "severity" of this particular 
elastic-plastic problem, this agreement is quite good. 
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G. Steady State Inflation of an Elastic-Plastic Cylinder 

calculation of the dilatation under plane strain conditions. Owen and Hinton pose 
this problem as a demonstration calculation in their book, Finite Elements in 
Plasticitv: Theorv and Practice, [50]. A quarter segment of a thick cylinder is 
subjected to an internal pressure, as schematically depicted in Fig. B.16. 
Symmetry boundary conditions were imposed at the boundaries at x = 0 and y = 0. 
The cylinder is assumed to be long (in the z-direction) such that plane strain 
conditions prevail. Although an analytical solution for this problem could be 
developed from a standard plasticity textbook, it was chosen to compare the 
numerical results from the finite element code developed in this dissertation directly 
with numerical results from the commercially available code, ABAQUS [61]. 

To this end, finite element meshes were constructed for both numerical 
codes. Figure B.17 depicts the finite element mesh. Pertinent problem parameters 
were selected as follows: E = 2.1 XI 04 dN/mm2, v = 0.3, Y = 24.0 dN/mm2, H' = 0. 
Note that a hardening parameter of H' = 0 indicates that elastic-perfectly plastic 
deformation was specified. An internal pressure of p = 14 dN/mm2 was applied 
and the von Mises yield criterion was employed. 

in the present work are presented in Fig. B.18. This figure shows dilatation plotted 
as a function of radius for elastic and elastic-plastic analyses. The data points are 
the numerical results from the modified version of PLANET, while the solid curves 
are the results from ABAQUS. In the elastic case, the dilatation is approximately 
constant (as it should be). It varies slightly because of the coarseness of the finite 
element mesh (Le., a finer mesh would tend to "smooth out" the dilatation profile). 
The numerical results from the elastic-plastic analysis are also as expected. 
Approximately constant dilatation in the elastic region (at a slightly higher level 
than calculated in a purely elastic analysis), coupled with a dilatation that rapidly 
approaches zero in the plastic region, are observed. Thus, the finite element code 
developed in this dissertation correctly calculates the dilatation in both the elastic 
and plastic portions of the finite element mesh under plane strain conditions. 
Again, the correct calculation of this quantity is imperative because it is the 
coupling agent between deformation and diffusion in the coupled thermo- 
mechanical diffusion theory. 

This elastic-plastic benchmark problem was employed to verify the correct 

Numerical results from both ABAQUS and the finite element code developed 
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Figure B.l Schematic Depiction of Benchmark Problem A 
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Figure B.2 Comparison of Analytical and Numerical Concentration Profiles 
for Steady State Concentration-Induced Expansion in a Rod 
(analytical - curve; numerical - data points) 
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for Transient Concentration-Induced Expansion in a Rod 
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(analytical - curve; numerical - data points) 

I36 



20 

S 
0 
ra 
C 
Q) 
0 
S 
0 
0 

.- 
c 

L c 

C 

Q) m 
C 
Q 
c 

.- 

0 

I 

0 2 4 6 8 10 

Distance from end of rod, x (in) 

Figure B.9 Comparison of Analytical and Numerical Concentration 
Change for Transient Stress-Induced Diffusion in a Rod 
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Figure B.10 Comparison of Analytical and Numerical Displacement Profiles 
for Steady State Stress-Induced Thermodiffusion in a Rod 
(analytical - curve; numerical - data points) 
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Figure B.11 Comparison of Analytical and Numerical Concentration Profiles 
for Steady State Stress-Induced Thermodiffusion in a Rod 
(analytical - curve; numerical - data points) 
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Figure B.12 Comparison of Analytical and Numerical Temperature Profiles 
for Steady State Stress-Induced Thermodiffusion in a Rod 
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Figure B.13 Comparison of Analytical and Numerical Axial Stress Profiles for 
an Elastic-Plastic Rod (analytical - curve; numerical - data points) 
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Figure B.17 Finite Element Mesh for Benchmark Problem G 
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