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1 Introduction 
There are numerous techniques for Cooling beams of charged particles including 
stochastic cooling, electron beam cooling, ionization (foil) cooling (for lepton 
beams .only), and laser cooling which works only with ions with some electrons 
still attached. The successful implementation of laser cooling at Aarhus, [5], has 
led to interest in crystalline beams (see 161 and references contained therein), and 
it certainly seems that crystallization of small numbers of stored particles should 
be possible. There are limits, however, that may restrict the total number of 
charged particles stored; these include the limit on the space-charge tune shift, 
lAvl < 0.25 (though the precise number is subject to debate) and intrabeam 
scattering. 

In this paper we will be concerned with the possibility of intense crystalline 
beams; for simplicity we treat only the nonrelativistic case, thocgh the relativis- 
tic case is a simple extension of this work. In the next section we review the 
limits on the number of particles stored and observe that the beam size scaling 
with beam temperature is the important dependence that determines the limits 
on the stored current as a function of beam temperature. In section 3 we use 
a general formalism to determine the beam size scaling and apply it to various 
kinds of focusing lattices and determine the relevant limits. In section 4 we 
use simulations that include lattice elements, a cooling model, and an N-body 
space-charge model to confirm the predictions of section 3 and to explore the 
details of various schemes. In the final section we summarize and discuss our 
results. 

Note: Though we are interested ultimately in crystalline beams in this 
paper, the word Zuttice will refer throughout to an arrangement of magnetic 
elements in a beam lime or storage ring and not to the arrangement of beam 
particles. 
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2 Limits 
2.1 Space Charge 
In general it is believed that one limit on the charge density in a storage ring 
arises from the space-charge tune shift induced by the collective interaction of 
the beam particles with themselves and the resulting crossing of lattice imper- 
fection resonances by individual particles. To discuss this phenomenon, let us 
consider a simple one-dimensional model of the beam. Let us assume that the 
particle beam is an infinitely long cylinder of charge with a uniform particle 
density, no, (a charge density po = em), out to a radius ro. Note that we 
are assuming that there are enough particles at each azimuthal location that 
the beam can be described by a continuous distribution function; in some cases 
the total number of particles in a ring is so small that this assumption can be 
violated. With this assumption, Poisson's equation is 

In cylindrical coordinates the solution is clearly 

(2)  
+{ - 7 w 2  i f O < r s r o  
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The equation of motion for a nonrelativistic beam particle in the resulting 

field and in constant, linear, external focusing forces is 

&X 2 ? r e 2 ~ x  -+w2 x =  
&2 PO m '  (3) 

where m is the mass of the particle, w ~ o  is the angular betatron frequency due 
to-external focusing, and a similar equation holds in y. This can be rewritten 
as 

where wg = 4?mn.oe2/rn is the beam plasma frequency squared. We thus see 
that in this simple model particles undergo simple harmonic oscillations with a 
reduced betatron frequency given by 

If we write the betatron frequencies in terms of the angular circulation frequency, 
WO, using the betatron tunes, YO, Y ,  as 



wp = vwo, (7) 
then the tunes satisfy 

If the external force is strong compared to the space-charge defocusing (the 
usual case, but not necessarily the one we are interested in) then we can expand 
the square root to get 

with a resulting 'tune shift' given by 

The plasma frequency can be expressed in terms of the number of particles in 
the ring, N ,  the ring radius, R, and the beam radius, TO, as 

2Ne2 4 = q- 
The circulation frequency, tor,, can be expressed in terms of the particle velocity, 
21, and the ring radius as 

21 

wo = x- 
Combining equations 10, 11, and 12 we find that the tune shift can be reex- 
pressed as 

which is easily seen to be identical to the expression usually quoted, [l], in the 
limit of nonrelativistic beams. 

Obviously this simple model has omitted a number of effects. For higher 
energy beams than we are considering in this paper it is essential to include 
relativistic effects; in the same regime the influence of the beam generated mag- 
netic field must be included. Together these effects add a factor of? to the 
denominator of 13; one factor of 7 comes from the m a s  increase and two factors 
of gamma come from the cancellation of electric and magnetic fields (if there is 
no neutraliiation). In addition, the electromagnetic boundary conditions used 
above are obviously not realistic; one can include the effects of image charges 



and image currents in the walls, the fact that the walls are not perfectly con- 
ducting (field penetration), and the presence of structures such as cavities in 
the walls. 

The beam model used above is also too simple. Real beams have different 
sizes at different azimuthal locations in the ring; the above model should thus 
be considered some sort of azimuthal ‘average’ of the true situation. In addi- 
tion, real beams are usually asymmetric, sometimes extremely so, in the two 
transverse directions, leading to the need to include geometric factors. Finally, 
beams are often bunched, i.e. nonuniform in the azimuthal direction; note that 
for bunched beams one must correctly take into account the time dependent 
penetration of magnetic field into the wall in order to have a completely 8ccu- 
rate model. The paper by Bryant, [2], gives formulae that include most of these 
effects. Nevertheless, equation 13 is, in general, the largest term in the tune 
shift and certainly dominates for the nonrelativistic ion beams we consider in 
this paper. 

In almost all cases beams are not of uniform density; this implies that the 
electric and magnetic fields do not vary linearly and also that the equation of 
motion is not adequately represented by equation 4, nonlinear terms must be 
added. In fact, particles near the ‘core’ of most beams will nearly obey equation 
4, while particles near the periphery will experience a much reduced average 
space-charge field; thus the ‘effective’ tune shift will be given approximately 
by equation 10 for particles with low transverse energy and will be close to 0 
for particles with high transverse energy. Thus, the formula, 10, for the tune 
shift is more accurately described as a formula for the tune j p d  in realistic 
beams; thus, individual particles will have tunes that range from 4 to yo + AY. 
However, particles that resonate with one of the imperfection resonances of the 
machine lattice are usually rapidly lost, and since low order machine resonances 
occur at least at every quarter, half, and full integer tune, the usual l i t  cited 
for the allowable tune shift is 1A.I < 0.25, though the precise value is debatable. 

However, resonances cause particle loss only when there is a driving term 
that excites the resonance; there is the possibility that such driving terms might 
be measured and corrected so that resonance crossing is possible. Some very 
nice experimental work showing that this is possible has been done at the AGS, 
see reference [4]. Nevertheless, it becomes much more diilicult to cross suc- 
cessive resonances and crossing of the very strong integer resonances has not 
been accomplished. Thus, it is reasonable, for now, to say that the maximum 
allowable tune shift is given by 

(14) lAvl < 1.0. 
If we combine equation 14 with equation 13 we see that the space-charge limit 
can be written as 



where E = mv2/2 is the beam kinetic energy. As one would expect, one can 
confine more particles at higher energy, but the strong dependence in equation 
15 is on the beam radius; as TO becomes smaller the number of particles that 
can be confined decreases quadratically in a linear lattice. It is thus important 
to determine the dependence of the beam size on the beam temperature if one 
is interested in intense crystalline beams; we return to this question in section 
3. 

I 

2.2 Intrabeam scattering 
It is not our intention to present even a barely adequate treatment of intrabeam 
scattering; we mention it only because it is one of the fundamental limits on 
stored beam intensity and because of its relevance to some of the simulation 
results to be presented later. A much better treatment can be found in Scirensen, 
[8], and in the references contained therein. 

Intrabeam scattering is the process of two body scattering that occurs be- 
cause the beam is, in fact, a collection of discrete particles. The most dramatic 
result of this occurs for bunched beams when two particle scattering transfers 
transverse momentum into longitudinal momentum shifts so large that the par- 
ticles fall outside the longitudinal bucket and are lost h m  the machine; this 
is the Touschek effect. Even when this effect is negligible, two body scattering 
results in a diffusion of particles in phase space and effectively acts as a heating 
mechanism that tends to counteract externally imposed cooling. 

We will not present a detailed model of intrabeam scattering but will simply 
extract some of the relevant parameter dependencies by examining the scattering 
rate. The sate of two body scattering is 

%c e w V t h 7  (16) 
where n is the beam density, u is the scattering crw section, and 21th is the 
magnitude of the thermal velocity in the beam frame of reference. The density, 
n, can be expressed in terms of the number of particles in the ring, N, the ring 
radius, R7 and the beam radius, ro, as 

The cross section in equation 16 is a complicated function of Vth. At higher 
thermal energies (> 1 eV) there are numerous atomic resonances. Below 1 eV 
the cross section is nearly the Rutherford cross section which increases rapidly 
as Vth decreases until the temperature becomes low enough that screening ef- 
fects, Le. multiparticle scattering, dominate and the cross section drops again. 
Nonetheless, even in the resonance region of the cross section the dependence 
on beam density is unchanged and so we can conclude that at least 
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Thus the heating rate due to intrabeam scattering increases quadratically with 
a decrease in beam size. We see that both beam space-charge tune shift limits 
and intrabeam scattering heating rate depend crucially on the beam size and 
its scaling as a function of beam temperature. 

3 Derivation of Beam Sizes 
Though for linear lattices the dependence of beam size on beam temperature is 
well known we will rederive it using a technique that is general enough to allow 
us to treat nonlinear lattices as well. 

3.1 Multitime Scale Approximation 
Particles in a periodic transport lattice or periodic storage ring typically traverse 
several periods of the external focusing force in the course of a single betatron 
oscillation, i.e. the period of the external force is small compared to the betatron 
period; of course this is not true for very strong focusing lattices (ones where 
the phase advance per cell exceeds 90’) so we will not consider such lattices in 
this paper. If we do have this separation of periods then it is natural to use 
the method of averaging due to Krylov-Bogoliubov-Mropolsky (KBM) [7]. For 
linear lattices the result of this analysis will just be the well known ‘smooth’ 
appraximation. 

Let us consider the equations of motion in the beam fiame of reference; 
for the nonrelativistic beams we are considering the transformation back to 
laboratory coordinates is straightforward. If the equation of motion can be 
written as 

83 
dt2 - + @, t )  = 0, 

where &t) includes the spatial dependence of the forces and is a ‘rapidly’ 
oscillating function oft, then we can apply the KBM averaging technique. Thus, 
let 5 = 3 + &, where 3 is a slowly varying term (that is, slow compared to 
the variation of the forces) and 3; is a rapidly oscillating term and where we 
assume that 

Note that because 3; is rapidly oscillating 



If we plug these definitions into equation 19 we find 

Expanding this equation in a Taylor series, using equation 20, and keeping the 
zeroth and linear terms we find 

If we now split this equation into a slowly varying part and a rapidly varying 
Part we get 

(23) 
82 -+ &r Vf(2, t)>= 0, 
dt2 

and 

where the angle brackets denote an average over the rapidly oscillating period 
and where we have dropped a small term that oscillates at twice the fast period. 
It is straightforward to solve equation 24 for j; since 2 is constant on the fast 
time scale; integrating once we find 

The initial value term can be determined by requiring that the rapidly oscillating 
2,- have no secular term, i.e. that 

This gives 

Using equation 27 and integrating equation 25 once more we find 

Given the solution, 28, it is now easy to evaluate the term involving Sy in 
equation 23. Note that with this KBM approximation technique there is no need 
to assume that the forces are linear; we will, in fact, examine some nonlinear 
examples after we establish that the technique gives the usual well known results 
in the linear case. 



3.2 Application to AG Quadrupole 
Let us begin by considering an alternating gradient (AG) quadrupole system. 
The equations of motion for 3 = (z, y) are given by 

d2X - + g(s)z = 0, 
ds2 

and 
(29) 

where we now use as independent variable s, the path length, and where g(s) = 
eBh(s)/m/? is related to the magnetic field gradient, BA(s), and is a rapidly 
oscillating function of 8. Comparing equations 29 and 30 with equation 19 and 
using equation 28 we find that 

z v  = XR(s). 
and 

% M -YR(8). 
where 

If we use these solutions in equation 23 we find that the 'slow' part of the 
solution satisfies 

. .  
6LX - + x <g(s)R(s)>= 0, 
dt2  

and 

d2Y + Y <g(s)R(s)>= 0, (35) 
We thus see that the slow variables evolve according to the Hamiltonian 

given by 

F2 9 2  = -+ <g(s)R(s)> 2, 2 
As a particular example, suppose we have a thin lens model of an AG 

quadrupole system with g given by 



where 

with LQ the quadrupole length and L the period, and where Sp denotes the 
periodic delta function of period L. We then find that 

G2 <g(s)R(s)>= - 4 '  (39) 

This result is identical to that usually found for thin-lens AG quadrupole lines 
in the limit of small phase shift per cell. 

Fkom equation 36 we can extract the scaling of the beam size with the 
transverse thennal velocity. A particle with a given transverse energy &I has a 
maximum transverse momentum, P (.: d), given by 

The maximum spatial excursion for this same particle is 

which implies that ro oc Vth. This scaling is exactly what one would expect. S h -  
ulations of a number of particles with MARYLIE of a thick-lens AG quadrupole 
line, (i.e. tracking 12 particles for 2048 periods, recording the maximum excur- 
sions in momentum and position, and fitting the resulting data with a nonlinear 
fit routine) confirm this scaliig to several decimal places. 

If we now examine the formula, 15, for the space-charge limit in a ring and 
use the scaling ro a Vth, we see that the maximum number of particles that 
can be confined in a ring decreases linearly with the beam temperature. Of 
course, when the number of particles has decreased to the point where there are 
only.on or two particles at a given azimuthal location, the continuous density 
model used in deriving the limit, 15, fails and one must resort to simulations to 
establiih the real limits; we are interested, however, in confining considerably 
more particles than result in this case and will not consider this limit. As a 
particular example, let us consider the parameters of the quadrupole ring to be 
considered in section 4.2, i.e. 

R = 13.18 m, (42) 

/9 = 3.736 * (43) 
.. 

BA = 20 T/m, (44) 



Le = 0.2 m, 

mc2 = 21.415 GeV, 

(45) 

(46) 
and a tune 

~0 = 4.2. (47) 
We find, using equations 38,40,41, and 15, that the space charge limit is 

N c 4.9 * 107~,, (48) 
where the transverse energy in the beam ffarne, E l ,  is measured in eV. In other 
words, a beam with a transverse temperature of 1 K (5. 10-4eV) could only 
hold about 5000 particles; clearly in this case the space charge limit no longer 
applies as there are only one or two particles at each azimuthal location. 

If we use the scaling ro a vth in equation 18 we find that the intrabeam 
scattering heating rate is proportional to l/& Overcoming this heating with 
external cooling thus becomes more difficult as the beam temperature decreases. 

It thus seems that both the heating rate due to intrabeam scattering and 
the space-charge tune shift increase as the beam is cooled in a linear focusing 
lattice and that these effects will severely limit the number of stored particles 
in such a cooling ring. 

3.3 Application to AG Octupole 
Because the application of KBM averaging does not require the original equa- 
tions of motion to be linear, we c a i ~  apply the results, equations 23 and 28, to 
AG nonlinear system. Thus, let us now consider an AG octupole system; the 
equations of motion are given by 

d 2 X  

ds2 
- + g(s)x(z2 - 3y2) = 0, 

and 

8 3  - - g(s)y(32 - 32) = 0, ds2 
where now 

(49) 

is related to the third derivative of the magnetic field on axis. The solution in 
equation 28 is immediately applicable and, upon plugging the result into equa- 
tion 23, a tedious but straightforward calculation shows that the slow variables 
evolve according to the Hamiltonian 



$2 (Z2)>” H = -+ 2 <g(s)R(s)> - 2 .  

Repeating the analysis of the previous subsection we now find that 

PAE 
(<g(s)R(s)>)’/6 ’ xm, = (53) 

Note that the scaling of size with thermal velocity given by this formula is 
considerably different from that given by equation 41. Equation 53 indicates 
that a considerable change in the temperature, say by a factor of lo6, which 
will give a change of a factor of lo3 in the thermal velocity, will give a change 
of only a factor of 10 in the beam size; but this weaker dependence on the beam 
temperature is mcUy what is needed to ameliorate the effects of space charge 
and intrabeam scattering because these effects depend crucially on the beam 
size, not the thermal velocity! The limit on the allowed number of particles, 
equation 15, now scales as the cube root of the beam temperature rather than 
linearly; in fact the applicability of equation 15 to such a nonlinear lattice is 
highly questionable and, in fact, in the next section we will see that when space 
charge is included the beam can be cooled to essentially zero temperature with 
no deleterious effects from space charge or intrabeam scattering. 

Of course, the conclusion that AG octupole lattices can confine extremely 
cold beams rests on the validity of equation 53. To test the validity of this scaling 
we again ran simulations with MARYLIE of an AG octupole lattice. Again 
we tracked 12 particles for 2048 periods, recorded the maximum excursions in 
momentum and position, and fit the resulting data with a nonlinear fit routine; 
the results are shown in figure 1 

L o o l r o D I D p I I ~  

Figure 1. Maximum transverse velocity vs. maximum 
transverse displacement for an AG octupole line. The 
best fit curve (X3*04) is also shown. Lengths are in 
meters, momenta in radians. 

where the results are plotted along with the fit curve, where the best fit was 
found to be 

P,, 0: x;:, 



i.e. very nearly the scaling of equation 53. The KBM averaging technique again 
WBS successful. 

As a final note in this subsection, observe that the dependence of the beam 
size on the strength of the machine focusing parameters given by equation 53 is 
also considerably weaker than the dependence on the machine parameters given 
by equation 41 for AG quadrupoles. One can thus expect that machine strength 
errors in an AG octupole machine will have less effect than equivalent emrs  in 
an AG quadrupole machine. 

3.4 Application to AG Duodecapole 
Let us consider in this section an even more nonlinear system, an alternating 
duodecapole line. Note that simulations will show that an AG octupole system 
is already adequate to store ultracold beams when space charge is taken into 
account, so that the considerations of this section are unnecessary; nevertheless, 
the analysis does serve to emphasize the conclusions of the previous section 
rather nicely. The equations of motion in an AG duodecapole line are given by 

and 

where 

d2X 2 + 9 ( s ) 3 4  - 10x232 + 594) = 0, 

- @Y - g(s)$5x4 Y - 1ox2y2 + g4) = 0, ds2 

(55) 

(56) 

is now related to the fifth derivative of the magnetic field on axis. The solution 
in equation 28 is again immediately applicable and, upon plugging the resuit 
into equation 23, a very tedious but straightforward calculation shows that the 
slow variables evolve according to  the Hamiltonian 

H = -+ $2 cg(s)R(s)> - (Z2)>" 
2 2 .  

The scaling analysis of this equation now gives 

The dependence of the beam size on temperature is now so weak that to get 
a change in the beam size by a factor of 10 one must change the beam tem- 
perature by a factor of 10". Clearly the remarks made about space charge 
and intrabeam scattering for AG octupole systems apply to this case 8s well, 



though, as remarked above, it will turn out not to be necessary to consider AG 
duodecapoles. 

4 Simulations 
. The prediction that AG octupole systems should have greatly relaxed space 

charge limits at very low temperature must be checked with simulations in order 
to correctly include space charge effects in a realistic setting; in this section we 
will carry this out and develop realistic designs for nonlinear rings with enhanced 
limits. The simulations we present were carried out with the code MAR-, 
[3], a third order particle tracking code that can simulate fairly realistic models 
of drifts, dipoles, quadrupoles, and octupoles. In addition, the ability to add 
user written subroutines to MARYLIE was employed to include models of both 
cooling and space charge effects. 

To be specific, throughout this section we will investigate designs suitable for 
an 80 MeV singly charged sodium beam, Nu+; the energy and ion were chosen 
so that the beam is nonrelativistic but with a significant Bp so that the lattice 
design 3 definitely nontrivial. 

. 

4.1 Simulation Model 
In addition to the simulation of standard lattice elements in MARYLIE, user 
subroutines were used to add models of two physical effects, namely cooling 
and space charge. The cooling routine was quite simple; each time the cool- 
ing routine was called the transverse momenta were decreased by an amount 
proportional to the transverse momentum, i.e. 

Spi =  pi i = (2, y), (60) 
so that the transverse energy was damped exponentially by this routine. In 
principle, the damping in the two transverse directions could have been different, 
but in all cases actually run the two damping rates were taken to be the same. 

Space charge was modeled in two dimensions using N-body techniques, i.e. 
the space-charge force on a particle was just the sum of the spacecharge forces 
due to all the other particles; in all the simulations reported here, 100 particles 
were used. However, in order to avoid the usual singularities associated with 
point particle collisions, each particle was modeled as a charge cloud with a 
potential given by 

where 50 is the location of the particle, and X is an adjustable cutoff parameter 
that can be used to control the amount of ‘smoothing’. This model for the single 
particle potential has a couple of advantages over other smooth models such as 



Gaussian potentials or Gaussian densities with potentials given by 'erf' func- 
tions, namely, 1) the continuous particle density associated with this potential is 
everywhere positive, and 2) the potential and associated fields can be evaluated 
in terms of functions that are a part of standard FORTRAN and can thus be 
evaluated quickly. The logarithm appears in equation 61 because we are using a 
two dimensional space-charge model rather than a three dimensional one. Note 
that MARYLIE is fully three dimensional; our restriction to a two dimensional 
model arises because of the computing time that would be required to simulate 
tens of thousands of particles in order to achieve a reasonable resolution for a 
three dimensional model. Simulating even 100 particles using an N-body model 
required hours of CPU time, almost all of which were spent in the spacecharge 
routine. Clearly further work in three dimensions will require the development 
of a much more efficient spacecharge routine, probably a particle-in-cell (PIC) 
model. 

4.2 Simulation Results 
Numerous runs with the code were done to ensure that the results obtained 
were reasonable, i.e. runs with all combinations of (no damping - damping) and 
(space charge - no space charge). In this paper we will only present results that 
included all lattice effects, full symmetric damping, and full space charge. 

We first consider two lattices that consisted of drifts and either 1) AG finite 
length quadrupoles, or 2) AG finite length octupoles. Element lengths, damping 
coefficients, and space-charge intensity were taken to be identical in both cases. 

Figure 2. Simulation results for an AG quadrupole line (a-d) and an AG octupole line (e-h) 
with both cooling and space charge. The results are shown after IO00 periods (a and e), after 
4000 periods (b and f),  after 7ooo periods (c and g), and after loo00 periods (d and h). 



The results are shown in figure 2. Figure 2-h is reproduced at higher resolution 
in figure 3, where the ( 2 , ~ ' )  transverse phase space is also shown; note that the 
crystallization is essentially complete. 
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Figure 3. Simulation results for an AG octupole line with both cooling and space charge. 
Figure 3a is the same as figure 2h and Bgure 3b is the associated (2,~') phase space. 

As one can see from figure 2, the quadrupole lattice results in a beam that 
is significantly smaller than the beam that results from an octupole lattice. On 
the other hand, the beam in the octupole lattice has 'frozen' into a crystal 
configuration while the beam in the quadrupole lattice has not settled down 
even after 10 cooling times. 

In fact, the beam in the quadrupole lattice cannot cool further because of 
the heating effect from numerical intrabeam scattering. Note that the intra- 
beam scattering present in the simulation is stronger than the real intrabeam 
scattering for the same charge density; this is because each simulation particle 
has the total charge of hundreds or thousands of real particles, i.e. the simu- 
lation beam is more discrete than the real beam. Nonetheless, the behavior of 
the quadrupole lattice beam in the simulation does represent qualitatively the 
behavior of a real beam, even though the real beam would encounter the in- 
trabeam scattering limit at a lower temperature. The important point to note, 
however, is that the octupole lattice beam is not limited even by the artificially 
large numerical intrabeam scattering heating because it does not get smaller; 
the tendency to become slightly smaller in the octupole line is more than offset 
by the space-charge defocusing. 

Though the intrabeam scattering limit for the quadrupole lattice beam oc- 
curs at too high a temperature for this simulation, this quadrupole lattice beam 



could not have become smaller than it is anyway because of the need to l i t  
the tune shift in a real lattice. These simulations did not include errors so that 
in the simulation the temperature could have been lowered further in the ab- 
sence of intrabeam scattering, but in a real lattice structure resonances would 
have driven the beam to the wall. Again, the important point to note is that 
the space-charge defocusing tune shift for the octupole lattice beam strictly 
limited because the beam does not get smaller. 

In general, a linear lattice must have linear external forces larger than the 
linear term from space-charge defocusing in order for the beam to be confined, 
i.e. the total Hamiltonian must have a quadratic term that is net focusing; as a 
result, for cool beams the quadratic terms will dominate and the space-charge 
tune shift and intrabeam scattering must increase as the beam is cooled. On the 
other hand, a nonlinear lattice will have a Hamiltonian with quadratic terms 
that are net defocusing (due to space charge), and as a result the beam cannot 
continue to shrink as it is cooled; confinement is due instead to the nonlinear 
terms. The simulations above dramatically confirm this picture. 

Of course, one must worry about the effects of errors in the octupole lattice 
as well. As we remarked earlier, strength errors should be less of a problem with 
an octupole lattice than with a quadrupole lattice, not only bescuse the size is 
more insensitive to the strength than in a quadrupole lattice, but also because 
there are no significant linear resonances in an octupole lattice to cause losses; 
nonlinearly created resonances tend to be smaller and to cause less particle loss 
than linear resonances. However, one might worry about roll errors. 
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Figure 4. Simulation results for an AG octupole line with a 0.5' roll error, (a), and with 
a 3.0' roll error, (b). 



In figure 4 we show the results of introducing roll errors of 0.5O and 3.0" in one 
octupole into the simulation above. As can be seen, in neither case does the 
error interfere with crystallization, though the larger error does dramatically 
affect the shape of the crystallized beam. 

Up to now the lattices we have discussed have consisted of focusing elements 
and drifts; a realistic ring design must, of course, also include bends, i.e. dipoles. 

0 = Dipole(2O') 

0 = Quadrupfe 
o = Octupofe 

Figure 5. AG octupole ring. The lattice is a regular array of alternating octupolffi except 
for the bend magnets and the quadrupoles at each end of the 180° bends that make the 
linear terms defocuiiag. 

In the vertical direction a bend acts like a drift and thus does not interfere 
with the overall focusing properties of the lattice. However, in the horizontal 
(bend) plane a dipole generally acts like a focusing element and thus will give 
overall linear focusing which can make the beam shrink with lower temperatures 
and exacerbate the problems of space charge and intrabeam scattering. Note, 
though, that a 1800 normal entry bend has a horizontal effect that is a negative 
identity, i.e. acts like there is no net focusing. As a result if we consider a lattice 
such as that shown in figure 5, where a 180" bend is perturbed only slightly 
by a periodic array of focusing elements in the bend and by the effects of finite 
dipole gaps, the behavior should be the same as found above; figure 6, which 
compares the results from the lattice of figure 5 with the results from a lattice 
with the octupoles replaced by quadrupoles, confirms this. 

Note that the weak quadrupoles introduced at the ends of the 180" bend for 
the lattice of figure 5 were inserted to slightly decrease the vertical defocusing 
of the dipoles due to finite gaps and to introduce an equal amount of horizontal 
defocusing. Thus, the resulting lattice of figure 5 has liinear tunes that are 
small and nearly equal, but imaginary; the net confinement is provided by the 
nonlinear elements, of course. 

Though, as pointed out before, the space charge limit doesn't strictly apply 
to the AG octupole lattice because of the lack of linear driving resonances, let 
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Figure 6. Simulation with cooling and  pace charge of a beam in the lattice of rtgure 5 with 
quadrupoles i d  of octupoles (a) and with odupoles as in figure 5 (b). The simulation 
was run for 70 damping times; the quadrupole beam has clearly not cooled down. 

us apply equation 15 to this lattice anyway, using the beam radius of figure 6 
(ro ss 0.006), a beam energy of 80 MeV, machine radius given by equation 42, 
a particle mass given by equation 46, and a machine tune given by equation 47; 
we find that the space charge limit in this case, 15, is 

N < 8.0 * 10'2, (62) 
considerably larger than the limit found for the equivalent quadrupole ring even 
though the octupole ring beam is considerably colder than the quadrupole ring 
beam. 

5 Summary and Discussion 
We have shown that theory predicts a drastically different scaling of beam 
size with beam temperature for AG octupole lattices as compared with AG 
quadrupole lattices. As a result, the effects of the space-charge tune shift and 
of intrabeam scattering are greatly ameliorated; in fact, simulations show that 
these effects are negligible for AG octupole lattices and beams can completely 
crystallize at high intensity. We have also seen that AG octupole lattices are 
relatively insensitive to errors and that in a realistic ring the effects of dipoles 
need not interfere with crystallization. 

By far, the most glaring omission in this paper is the lack of realiiic three- 
dimensional space charge simulations of beams in AG octupole lattices. Though 



3D space-charge effects cannot significantly change the transverse scaling of the 
beam size with beam temperature and thus cannot change the conclusion that 
space charge and intrabeam scattering effects will be strictly limited in an AG 
octupole lattice, 3D space charge might introduce enough coupling of the beam 
with the lattice, particularly in the bends, that the regular beam structure 
repeatedly 'breaks' and the beam fails to completely crystallize. Developing and 
benchmarking a 3D PIC code to accurately model these effects and investigate 
the extent of the crystallization is a task for future development. 
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