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A Multigrid Algorithm for Elliptic Problems 

Loyce Adams 

A second order accurate strategy, called the Immersed Interface Method was 
proposed by Randall LeVeque and Zhilin Li for solving elliptic problems that 
have possible jumps in the forcing function, the solution, the flux, or the 
coefficients across some internal interface that is not necessarily aligned 
with the computational grid. In this paper, we describe a FMG (full 
multigrid) strategy that works well with the immersed interface approach. 
Results for a variety of model problems are given. 



Physically-inspired multigrid for electric power grids 

Fernando L. Alvarado 

The University of Wisconsin 
Department of Electrical and Computer Engineering 

Madison, Wisconsin 

The key idea of this paper is that the physics of the power system provide a 
natural and effective way of performing multi-grid. In particular, power 
systems are generally built as an overlayed assembly of several voltage 
levels, It is inherent in these systems that higher voltage levels carry more 
power and are thus more influential to the large scale behavior of the system. 
The proposed multi-grid approach it to take advantage of this insight to 
design unique but general multi-grid techniques. The method is applied to 
least squares and least absolute value solutions in electric power grids. The 
paper tests these ideas and relates them to other more general notions for 
performing multi-grid solutions in arbitrary irregular structures. 

-- 
Fernando Alvarado 
alvarado@engr.wisc.edu 
ECE Department, The University of Wisconsin 
1415 Johnson Drive, Madison, Wisconsin 53706 
Phone: (608) 262-8900 FAX: (608) 262-1267 

mailto:alvarado@engr.wisc.edu


Multigrid Methods for Optimal Shape Design Problems 

Eyal M a n  
ICASE, Mail 
Stop 132C, 

NASA Langley Research Center, 
Hampton, VA 23681 

and 

Shlomo Ta’asan 
Dept. of Mathematics, 

Pittsburgh, PA 15213 
Camegie-Mellon University, 

We present a multigrid algorithm to solve optimal shape design problems 
goveined by elliptic PDEs. The computational complexity of the proposed 
algorithm is 0 0 ,  independent of the number of design parameters, where N is 
the number of grid points on the finest level. 

The necessary conditions for a minimum are obtained using Lagrange multipliers 
and are given as a set of three equations: state, costate and design. These 
equations are represented on coarser levels using the full approximation 
scheme (FAS). On each level the residuals of the design equation are used in 
the optimization step to up date the design parameters (which determine the 
shape position). 

The optimization step is performed in a local region neighboring the boundary, 
using the elliptic characteristics of the problem where a high frequency 
perturbation on the boundary has an exponential decaying effect on the 
solution in the interior of the domain. Thus a crucial p oint in the method 
is to construct an optimization step which reduces effectively the 
high-frequency errors in the design parameters. 

Numerical results include shape optimization of a 2D nozzle geometry using 
Dirichlet and Neumann boundary conditions. 



Multigrid as a Preconditioner for Conjugate Gradients in 
the Numerical Simulation of Groundwater Flow on the 

Cray T3D Massively Parallel Computer 

S. F. Ashby and R. D. Falgout 

Abstract 

The numerical simulation of groundwater flow plays an important role in the 
modeling of various environmental remediation procedures. In this paper, we 
will discuss the use of multigrid as a preconditioner for conjugate gradients 
in the computation of the fluid pressure for single phase, saturated flow. 
The problems of interest are three-dimensional, and the subsurface medium is 
heterogeneous in composition and spatial distribution. To adequately resolv e 
the fine-scale heterogeneities (which can have a profound impact on 
contaminant migration), it is necessary to use computational grids with 
millions of spatial zones. We will investigate the effect of different 
smoothers, boundary condition types, and coarse grid operators on the 
convergence of the MGCG solver in the context of this application area. In 
addition, we will demonstrate the code’s scalability on the Cray T3D and show 
a video that summarizes the role of this type of simulation in environmental 

. 

. modeling. 



ON A VARIANT OF MULTIGRID METHODS 
FOR SOLVING ELLIPTIC BOUNDARY VALUE PROBLEMS 

S.D. Balashova, L.L. Tavadze 
(Ukraine, Dnepropetrovsk University) 

The class of multigrid methods occupies an important pla- 
ce in solving boundary value problems for elliptic differential 
equations. It is possible to attribute to this class the pro- 
jection-iteration methods either, according to which the ini- 
tial differential problem is approximated by the finite dif- 
ference problems on the sequence of grids. Each of the systems 
of finite difference equations is solved by some iterative me- 
thod and what’s more only several approximations are found. 
The last of them with attracting idea of linear interpolat- 
ing is used as initial approximation for the next finite dif- 
ference system. 

A general scheme of the projection-iteration methods for 
solving linear and nonlinear operator equations in Banach and 
Hilbert spaces is worked out. The convergence theorems are 
proved, the error estimates are obtained. 

A number of concrete problems is solved by the projection- 
iteration methods: the Dirichlet problems for Poisson’s equa- 
tion, for elliptic equation with the variable coefficients, 
for the system of the equations of Lame in the two-dimension- 
al and three-dimensional cases (and also mixed boundary prob- 
lem), for elliptic mildly nonlinear equation.‘ 

The results of numerical realization show that the pro- 
jection-iteration methods have essential advantages as compar- 
ed with the traditional finite difference one. 

* 

Address for correspondence: 
Ukraine, 320121, Dnepropetrovsk, per.Ekipagny, d.12, kv.8, 

S.D. Balashova 
Ukraine, 320027, Dnepropetrovsk, ul.Kirova, d.6, kv.20, 

L.L. Tavadze 

E-mail: 
fpm@uni .tiv.dnepropetrovsk.ua 



A NUMERICAL GLOBAL SHALLOW WATER MODEL BASED ON THE 
SEMI-LAGRANGIAN ADVECTION OF POTENTIAL VORTICITY 

J. R. Bates and Yong Li 

Greenbelt, Maryland. 
NASNGoddard Laboratory for Atmospheres 

A. Brandt 
Weizmann Institute of Science, Rehovot, Israel. 

S. McConnick and J. Ruge 
University of Colorado, Boulder, Colorado. 

Potential vorticity (PV) is coming to be seen as the most important 
dynamical quantity in large scale atmospheric dynamics. Existing numerical 
atmospheric models that use primitive equations do not predict the PV 
directly. 

We are engaged in a project aimed at predicting the PV directly, by 
using its evolution equation as one of the governing equations in the 
primitive equation set. The semi-Lagrangian approach is used, thus giving 
high accuracy for PV advection and offering the prospect of a more 
faithful simulation of the PV evolution than is otherwise possible. 
The approach is made feasible by the use of an efficient multigrid 
method for solving the nonlinear implicit finite-difference equations 
that arise at each time step. 

The model is integrated for periods of up to 50 days using a variety of 
initial conditions. Comparisons with an existing semi-Lagrangian finite 
difference shallow water model and an Eulerian spectral model indicate the 
advantages of the PV approach, especially in cases of highly nonlinear flow. 



A Finite Element Method for Inhomogeneous Problems 
Using a Multigrid Algorithm for Eliminating the Boundary 

Condition 

Dana M. Bedivan 

Department of Mathematics, University of Texas at Arlington 
BOX 19408, Arlington, TX 76019, U.S.A. 

Abstract 

A finite element method is used for discretizing an elliptic problem with 
inhomogeneous essential boundary conditions posed on a bounded convex 
polyhedral domain. The approximation of the inhomogeneous boundary condition 
is made by a projection of the the given data on a finite dimensional space. 
The error analysis shows that using a multigrid algorithm for finding the 
approximating projection and eliminating the boundary condition does not 
affect the optimal error rate for the finite element solution of the problem. 
Sample computations are provided. 
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Multigrid With Overlapping Patches 

M. Berndt, University of Colorado 
K. Witsch, University of Duesseldorf 

Abstract: 

Solving boundaiy value problems with optimal efficiency requires adaptive 
grids and multilevel techniques. Both are combined by adding appropriate 
refinement grids as fine levels in the multigrid process. Often this is done 
using block structured refinement regions. We investigate the use of 
overlapping patches. In this case less patches are necessary compared to non 
overlapping refinement patches. With overlapping patches a Schwarz type 
procedure is necessary in the solution phase. We use Schwarz iteration as an 
approximative solver or in the relaxation step of multigrid, both additively 
and multiplicatively, latter with coloring to allow efficient parallelization. 

These methods, FAC, M A C  and MLAT and different geometric situations are 
compared. In some cases this approach yields relatively bad convergence 
rates. We tiy to improve them. 

The implementation in C++ is based on the A++/P++ package of Dan Quinlan and 
Max Lemke. Due to that we could use high level constructs and it was possible 
to proceed from the serial version to a parallel one within a few days. 



Analysis of Least Squares Methods for Velocity Flux-Pressure-Velocity 
Form of the Navier-Stokes Equations 

Pave1 Bochev 

Department of Mathematics 
University of Texas at Arlington 
Box 19408, Arlington TX 76013-0408 

Abstract. We present error analysis of a finite element method for the 
Navier-Stokes equations based on least squares variational principles. The 
method is formulated for the first order velocity flux-pressure-velocity form 
of the Navier-Stokes equations suggested recently by Cai, Manteuffel and 
McCormick. It is based on minimization of LA2 norms of the equation residuals. 
The main results are optimal HA1 error estimates for all regular branches of 
solutions of the respective Euler-Lagrange equations. 

Unlike some other first order forms of the Navier-Stokes equations, the new 
form permits coer-civity estimates in HA1 (Omega) norms for all unknowns even 
for the velocity boundary condition. As a result, the new formulation can be 
effciently used in the context of the multigrid methods. 



MGLab: An Interactive Environment for Multigrid Methods 

James Bordner and Faisal Saied 
Department of Computer Science 

University of Illinois at Urbana-Champaign 

Abstract: 

MGLab is a set of Matlab functions that define an interactive environment for 
experimenting with multigrid algorithms. The package solves two-dimensional 
elliptic partial differential equations using finite differences and includes 
several built-in problems (Poisson, Helmholtz, discontinuous coefficient 
problems and non-self adjoint problems). A number of parameters controlling 
the V-cycle can be set using a point-and-click mechanism. The menu-based user 
interface also allows a choice of several Krylov subspace accelerators (PCG, 
GMRES(k), BiCG-STAB). The package exploits Matlab’s visualization and sparse 
matrix features and has been structured to be extensible -- users can add 
other cycles, smoothers, Krylov accelerators, problems, etc. MGLab can also 
serve as an on-line aid to teaching multigrid. 



A full multi-grid method for the solution of the 
cell vertex finite volume Cauchy--Riemann equations 

A. Borz\'{\i}, K.W. Morton, E. SY'uli and M. Vanmaele 

Oxford University Computing Laboratory 
Numerical Analysis Group 

Wolfson Building, Parks Road 
Oxford, England OX1 3QD 

Abstract 

1 The system of inhomogeneous Cauchy--Riemann +ations defin-3 on sqi 
domain and subject to Dirichlet boundary conditions is considered. This 
problem is discretised by using the cell vei-tex finite volume method on 
quadrilateral or triangular meshes. The resulting algebraic problem is 
overdetermined and the solution is defined in a least squares sense. By this 
approach a consistent algebraic problem is obtained which differs fiom the 
original one by $0(hA2)$ perturbations of the right-hand side. 

A suitable cell-based convergent smoothing iteration is defined which is 
naturally linked to the least squares formulation. Hence a standard 
multi-grid algorithm is presented and discussed which combines the given 
smoother and cell-based transfer operators. Some remarkable reduction 
properties of these operators are examined. 

are 

A full multi-grid method is constructed which solves the discrete problem to 
the level of truncation error by employing one multi-grid cycle at each 
current level of discretisation. 

Experiments and applications of the full multi-grid scheme are presented. 



ANALYSIS OF THE INEXACT UZAWA ALGORITHM FOR SADDLE 
POINT PROBLEMS 

JAMES H. BRAMBL.E*: JOSEPH E. PASCIAI?: AKD APOSTOL T. YA4SSIL.EV* 

Abstract. In this paper: we consider the so-called "inexact Uzawa?' algorithm for iteratively 
solving block saddle point problems of the type 

A BT 
( B  (I)(;)=(:)' 

where H I  and Hz are Hilbert spaces: P E H I  and G E H2 are given and X E HI and Y E Hz are the 
unknowns. Here A HI H H I  is assumed to be a linear: synimetric: and positive definite operator. In 
addition, tlie linear map BT : Hz w HI is tlie adjoint of B: Hl H Hz. 

Sucli saddle point problems arise: for example: in finite element and finite difference discretizations 
of Stokes equations, the equations of elasticity and mived finite element discretization of second order 
problems. We consider both tlie linear and nonlinear variants of the iiievact Uzawa algorithm. 

ALGORITIIM 1.1 (INEXACT CZAWA). FOT -;Yo E HI and 15 E Hz given, the sequence {(Xi: I<)) is 
define(l? for i = 1: 2,. . .; by 

We sliow that tlie linear riiethod always converges as long as the preconditioners QA and QB defining 
tlie algorithm are properly scaled. Bounds for the rate of convergence are provided in terms of t.lie rate 
of convergence y for tlie preconditioned Uzawa algorithm and the reduction factor 5 corresponding to 
tlie preconditioner for the upper left hand block. The main result of t.liis paper is in the following 
theoreill 

TIIEORE.M 1.2. Assunae that QA an.d QB are scaled properly. i .e .  BA-'BT 5 QB imd A < QA 
hold in the sense of appropriate inn.er products. Let {-x:Y} be the solution pwir for (I), {Xi:l:) be 
defined by the inexact Uznwa ulgorithne and set  

Then, for i = 1: 2,. . . : 

where 

y(1- 5) + J - j Z ( 1 -  5)2 + 45 
2 P =  

In tlie nonlinear case: tlie inexact Uzawa algorithm is shown to converge provided that tlie nonlinear 
process approximating tlie inverse of the upper left hand block is of sufficient accuracy. Bounds for 
tlie nonlinear iteration are given in terms of this accuracy parameter and the rate of convergence 
y of tlie preconditioned Uzawa algorithm. Applications to the Stokes equations and mixed finite 
eleiiient discretization of second order elliptic problems are discussed and finally: t-he results of numerical 
experiments iiivolviiig tlie algorithms are presented. 

* Department of Matlieniatics, Texas AkM University: College Station: T X  77843. 
f Brookhaven National Laboratory: Upton, NY 11973. 
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Effective Boundary Treatment for the Biharmonic 
Dirichlet Problem* 

A. Brandt 
J. Dymt 

Department of Applied Mathematics and Computer Science 
The Weizmann Institute 
Rehovot, 76100, Israel 

December 18, 1994 

Abstract 

The biharmonic equation can be rewritten as a system of two Pois- 
son equations [8, 61. Multigrid solution of this system is expected to  
converge with the same amount of work as solving two Poisson equa- 
tions. For periodic boundary conditions, this goal is attained by simple, 
straightforward application of multigrid. For Dirichlet boundary con- 
ditions, however, convergence is impeded by poor interaction with the 
boundaries, Attempts to overcome the slowness without specifically 
addressing the boundaries have resulted in multigrid algorithms not 
attaining the Poisson rate [5, 91. 

We present three methods of boundary treatment with which full 
multigrid efficiency can be obtained. All implement an approach de- 
scribed by Brandt [3], concentrating some additional effort near the 
boundary. The first approach [ll, 71 simply adds a number of relax- 
ation sweeps over points close to the boundary. The second [lo] uses 
joint relaxation on near-boundary points. The third method [7] takes 
something from each of the first two methods, resulting in a solver 
more suitable for highly parallel applications. 

*Research Supported by Israel Ministry of Science Grant 4135-1-93 
'Present Address: Department of Mathematics DRB 155, USC, 1042 W. 36* Place, 

LA, Calif., 90089-1113. 
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Multilevel Algorithm for Atmospheric Data Assimilat ion 

ACHI BRANDT AND LEONID Yu. ZASLAVSKY 

Department of Applied Mathematics and Computer Science, 
The  Weixmann Institute of Science, Rehovot, 761 00, Israel 

E-mail: zaslewisd om. weizmann. ac.il 
FAX: +972-8-3M 22 

The problem of optimal statistical interpolation of the observed data includes the 
calculation of the vector of the “analyzed” (best estimated) atmosphere flow field w, by 
the formula 

W, = t o j  + P f  HTy ,  
where the quantity y is defined by the equation 

( H P f H T  + R)y = w o - Hwj,  

using the given model forecast first guess w j  and the vector of observations 20,. 
Typically, w j  is defined on a regular spherical grid, while the set of observations w, is 

defined on an irregular network of observation points. H is an interpolation operator from 
the regular grid to the observation network. P f  is the forecast error covariance matrix, 
and I3 is the observational error covariance matrix. 

At  this initial stage the case of univariate analysis of single level radiosonde height 
data is considered. The matrix R is supposed to be diagonal, and the matrix P f  to be 
given by the formula P: = C T ~ , ! L + T ~ ,  where pij is a smooth decreasing function of the 
distance between the ith and the j t h  points. 

The present algorithm used two multigrid constructions: a technique for fast evaluation 
of the integral transform xi P&, and a fast iterative process which effectively works with 
a sequence of spatial scales. 

The present technique of fast integral transform is a spherical modification of the 
Brandt & Lubrecht multigrid fast summation technique. 

The multiscale iterative process includes an implicit version of the first order distribu- 
tive relaxation technique, and interesting relations between relaxing w, and y. 

It will be explained in detail why a multiscale algorithm is necessary for this problem, 
and how the regular grid and the irregular observation network are coarsened. 

f f  

This paper presents part of a joint work with S. Cohn, G. Gaspari and A. da Silva of 
the Data Assimilation Office, NASA/Goddard Space Flight Center. 



CONVERGENCE OF NONCONFORMING OR NONNESTED MULTIGRID METHODS WITHOUT FULL 
ELLIPTIC REGULARITY 

Susanne C. Brenner 

Department of Mathematics 
University of South Carolina 

Columbia, SC 29208 
brenner@math.scarolina.edu 

Abstract. We consider nonconforming or nonnested multigrid methods for second 
and fourth order elliptic boundary value problems which do not have full 
elliptic regularity. We prove that the contraction number df the W-cycle 
algorithm with a suffciently large number of smoothing steps is bounded away 
from 1 uniformly. We also show that the symmetric variable V-cycle algorithm 
is an optimal preconditioner. 

mailto:brenner@math.scarolina.edu


APPLICATION OF MULTIGRID TO TURBULENT COMPRESSIBLE FLOWS 

Jan Broeze, Bernard Geurts, Hans Kuerten, Martin Streng 

Department of Applied Mathematics, University of Twente, 
P.O. Box 217,7500 AE Enschede, The Netherlands. 

email: j .broeze@math.utwente.nl 

Algorithms for accurate and efficient numerical simulation of compressible 
turbulent flows are a subject of intensive research. 

Time-accurate direct numerical simulations of the Navier-Stokes equations 
require a sufficiently fine grid to accurately capture the wide range of 
length-scales encountered in turbulent flows. Furthermore, a large number of 
time steps is required to simulate the transition from laminar to fully 
developed turbulent flow. 

Numerical stability requirements impose serious restrictions on the time step, 
if explicit time integration methods are used. Therefore, we have decided to 
apply an implicit second order accurate time integration method. The system 
of equations resulting from the implicit discretization is solved by means of 
a pseudo-time stepping method (a five-stage Runge-Kutta method with frozen 
dissipation) and accelerated by local pseudo-time stepping and a multigrid 
technique. 

We observed that, compared to an explicit time integration method, a speed-up 
by a factor of 5 can be obtained for a wall-bounded flow. The convergence of 
the relaxation method depends strongly on the prolongation of the correction. 
The high frequency components in the error which are created by the 
prolongation process are veiy slowly damped, since no artificial dissipation 
is added to the Navier-Stokes equations. We consider the application of other 
relaxation methods to improve this behaviour. 



Remarks on the Practical Use of Overlapping Schwarz Algorithms 

Xiao-Chuan Cai 
Department of Computer Science, 

University of Colorado at Boulder, 
Boulder, CO 80309. 

email: cai@cs.colorado.edu. 

In this presentation, we shall discuss several issues related to the practical 
use of the overlapping Schwarz algorithms for solving large linear systems 
arise from the finite element discretization of partial differential 
equations. 

mailto:cai@cs.colorado.edu


DOMAIN DECOMPOSITION ALGORITHMS for COMPRESSIBLE 
EULER’s and N. S. EQUATIONS on UNSTRUCTURED MESHES 

Xiao-Chuan Cai 
Department of Computer Science 

University of Colorado at Boulder 

Charbel Farhat 
Department of Aerospace Engineering 
University of Colorado at Boulder 

Marcus Sarkis 
Department of Computer Science 

University of Colorado at Boulder 

In this presentation, we shall discuss recent results on the use of 
overllaping Schwarz methods for the numerical solution of steady and 
time-dependent compressible Euler and Navier-Stokes equations. The partial 
differential equations are discretized by a combined finite elemenvfinite 
volume methods on unstructured meshes and using a MUSCL method. Several 
simulations are reported to compare the performance of domain decomposition 
preconditioners for different geometries and regime flows. 



FIRST-ORDER SYSTEM LEAST SQUARES FOR THE STOKES 
EQUATIONS, WITH APPLICATION TO LINEAR ELASTICITY 

2. Cai (USC), T. A. Manteuffel (UC-Boulder), and S. F. McCormick (UC-Boulder) 

Abstract 

Following our earlier work on general second-order scalar equations, here we 
develop a least-squares functional for the two- and three-dimensional Stokes 
equations, generalized slightly by allowing a pressure term in the continuity 
equation. By introducing a velocity flux variable and asso ciated curl and 
trace equations, we are able to establish ellipticity in an H1 product norm 
appropriately weighted by the Reynolds number. This immediately yields 
optimal discretization error estimates for finite element spaces in this norm 
and optimal algebraic convergence estimates for multiplicative and additive 
multigrid methods applied to the resulting discrete systems. Both estimates 
are uniform in the Reynolds number. Moreover, our pressure-perturbed form of 
the generalized Stokes equations allows us to develop an analogous result for 
the Dirichlet problem for linear elasticity, with estimates that are uniform 
in the Lam{\’e} constants. 



Quasi-Optimal Schwarz Methods for the 
Confoiming Spectral Element Discretization 

Mario Casarin 
Courant Institute of Mathematical Sciences 

Abstract 
’ Fast methods are proposed for solving the system K-{N}x = b generated by the 

discretization of elliptic self-adjoint equations in three dimensional domains 
by the spectral element method . The domain is decomposed into hexahedral 
elements, and in each of these elements the discretization space is formed by 
polynomials of degree N in each variable. Gauss-Lobatto-Legendre (GLL) 
quadrature i-ules replace the integrals in the Galerkin formulation. This 
system is solved by the preconditioned conjugate gradients method. The 
conforming finite element space on the GLL mesh consisting of piecewise Q-{ 1 } 
elements produces a stiffness matrix K-h that is spectrally equivalent to the 
spectral element stiffness matrix K-N. The action of the inverse of K-h is 
expensive for large problems, and so is replaced by a Schwarz preconditioner 
B-h of this finite element stiffness matrix. The preconditioned operator is 
B-h*{-l} K-N. 

The technical difficulties stem from the non-regularity of the mesh. The 
tools to estimate the convergence of a large class of new iterative 
substructuring and overlapping Schwarz preconditioners are developed and 
applied in a few examples. This technique also provides a new analysis for an 
iterative substructuring method proposed by Pavarino and Widlund for the 
spectral element discretization. 

Keywords: domain decomposition, Schwaiz methods, spectral element method, 
preconditioned conjugate gradients, iterative substructuring 

A M S ( M 0 S )  subject classifications: 41A10,65N30,65N35,65N55 



First-Order System Least Squares Methods for 
Convection-Diffusion Equations on Unstructured Meshes 

Tony F. Chan, Graeme Fairweather and Jian Ping Shao 

Abstract 

This paper studies first-order system least squares finite element methods for 
solving convection-diffusion equations on a mesh which is shape regular only. 
We do not assume that the mesh is quasi-uniform in our discussion. We give a 
general description of least squares finite element methods for first-order 
systems resulting from second-order elliptic equations by introducing the 
derivatives of the solution as new variables. We apply optimal iterative 
methods, such as multigrid methods and domain decomposition methods, to solve 
the associated discrete linear systems arising from least squares finite 
element methods. Several numerical results are presented to examine condition 
numbers, convergence behavior and error bounds. We also investigate the least 
squares functional with various weighted everal numerical results are 
presented to examine 

' We compare the least squares methods with the standard Galerkin method and 
discuss how the small diffusion coefficient affects the error in each method. 
To overcome difficulties caused by a boundary layer, we apply an adaptive 
technique in the least squares finite element methods. 



RECENT DEVELOPMENT OF MULTIGRID ALGORITHMS FOR 
MIXED AND NONCONFORMING METHODS 
FOR SECOND ORDER ELLIPTIC PROBLEMS 

Zhangxin Chen and Richard E. Ewing 

Due to its saddle point property, it is known that the linear systems arising 
from the mixed method are generally harder to solve than those arising from 
comparable Galerkin methods. In particular, there has been little theory for 
constructing good preconditioners and developing efficient multigrid methods 
for solving the system of algebraic equations arising from the mixed method. 
An alternate approach was suggested by means of a nonmixed formulation. 
Namely, it is shown that the mixed finite element method is equivalent to a 
modification of the nonconforming Galerkin method. The author will talk about 
recent development of multilevel preconditioners and multigrid methods for 
solving the mixed method system. Based on the nonmixed formulation for the 
mixed method, we shall show that optimal order V and W-cycle multigrid 
algorithms and algebraic multilevel preconditioners can be developed for the 
system of algebraic equations. 

Institute for Scientific Computation 
and Department of Mathematics, 
Texas A&M University, 
326 Teague Research Center, 
College Station, TX 77843--3404 
Phone number: (409)847--9086 
Fax: (409)845--6077 
Email: zchen@isc.tamu.edu 

ewing@ewing.tamu.edu 

mailto:zchen@isc.tamu.edu
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The Use of Self Adaptive Techniques in 
Determining Blow-up Sarameters in Solutions. 

G. Comer, C. Grant, and S. McKay 
Brigham Young University 

The solutions to some partial differential equations "blow-up in finite time". 
This means that the solution or its derivative take on an infinite value at 
some point in time. In certain cases, the blow-up time can be estimated 
analytically but these estimates may be quite rough. Standard finite 
difference methods can be used to increase the accuracy of these estimates 
numerically. As the solution approaches the blow-up time, more accuracy is 
needed in the critical region due to the larger gradients of the solution. 
This leads to expensive solutions which require refinement of the grid. Since 
some solutions behave nicely away from the critical region, irregular grids 
may provide a more efficient solution while retaining the accuracy of the 
blow-up time and behavior of the solution near blow-up (which are known as 
"blow-up parameters"). 

The fast adaptiv ecomp osite grid method (FAC) is a multigrid-like algorithm 
which achieves fast solutions of various boundary value problems by combining 
adaptive grid techniques with multi-level solutions. The FAC method can also 
be combined with the spectral method (used as a local solver) to yield better 
accuracy. 

A rescaling algorith'm for self-similar blow-up solutions has been proposed by 
Berger and Kohn (see [ 11). The goal of the current paper is to show how FAC 
type algorithms can provide information about blow-up parameters in an 
eficient manner which does not rely on the self-similarity of the solution. 
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Multigrid methods for finite element convection-diffusion problems 
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Several problems arise when applying multigrid methods to find the solutions 
of discrete systems arising from the finite element approximation of 
convection-diffusion equations. Firstly, of course, if the mesh Peclet number 
is high, the standard Galerkin method will not produce a good approximation, 
and secondly if we do not use an up winding which is defined by the mesh size 
when calculating our coarse mesh corrections then these corrections themselves 
will b e inaccurate. Typically these inaccuracies will appear as oscillations 
in the numerical approximation. 

Recently [ 13 it has been shown that there exists a class of exponentially 
upwinded finite element methods which produce particularly accurate 
approximations on the boundaries of the elements in 2- and 3-dimensions. In 1 
dimension this method reduces to using the Hemker test functions [2]. 
Accurate solutions on element boundaries imply oscillation-free 
approximations . 
In this paper we describe the multigrid method derived from these upwinded 
methods and show its rapid convergence. The method can be applied to any 
Petrov-Galerkin (including, of course, plain Galerkin) approximation of a 
stationary convection diffusion equation. 
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Parallel Element-by-Element Spectral Multilevel 
Techniques for Finite Elements 

M. B. Davis and G. F. Carey 
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Abstract 

A parallel element-by-element multilevel strategy is developed and applied to 
two candidate PDE systems. Spectral (p) finite elements are used to 
discretize the problem and the multilevel solution strat-egy uses projections 
between bases of different degree (level). Hierarchic bases are particularly 
well suited since the element matrices and vectors are nested and the 
projections easily defined and performed. The projection methods for p-m 
ultilevel are particularly important and are developed and analyzed for 
Lagrange and hierarchic bases. The element-by-element (EBE) parallelization 
is natural for the finite element method, and if basis degree is used to 
specifjl the multigrid level, an EBE strategy is natural for the multilevel 
technique as well. Algorithm scalability and efficiency is analyzed and 
tested. Results are presented for two candidate nonlinear elliptic transport 
problems: the augmented drift-diffusion equations of semiconductor device mo 
deling and the stream function-vorticity equations of incompressible fluid 
dynamics. 

. 



REVENGE OF THE SEMICOARSENING FREQUENCY DECOMPOSITION 
MULTIGRID METHOD 

J. E. Dendy, Jr. 
Theoretical Division, MS-B284 
Los Alamos National Laboratory 
Los Alamos, New Mexico 87545 

The frequency decomposition multigrid method was previously considered and 
modified so as to obtain robustness for problems with discontinuous 
coefficients while retaining robustness for problems with anisotropic 
coefficients. The application of this modified method to a problem arising in 
global ocean modeling was also considered. For this problem it was shown that ' 

the discretization employed gives rise to an operator with a nontrivial null 
space, for which point relaxation is not robust. In fact alternating line 
relaxation is required for robustness, negating the main advantage of the 
frequency decomposition method: robustness for anisotropic operators using 
only point relaxation. In this talk a semicoarsening variant, which requires 
line relaxation in one direction only, is considered, and it is shown that 
this variant works well for the global ocean modeling problem. 



AN OPTIMAL ORDER NONNESTED MIXED MULTIGRID 
METHOD FOR GENERALIZED STOKES PROBLEMS 

Qingping Deng 

Department of Mathematics 
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Knoxville, TN 37996 
deng@math.utk.edu 

Abstract, A multigrid algorithm is developed and analyzed for generalized 
Stokes problems discretized by various nonnested mixed finite elements within 
a unified framework. It is abstractly proved by an element-independent 
analysis that the multigrid algorithm converges with an optomal order if there 
exists a ''good'' prolongation operator. A trick to construct a "good" 
prolongation operator for nonnested multilevel finite element spaces is 
proposed. Its basic idea is to introduce a sequence of auxiliary nested 
multilevel finite element spaces and define a prolongation operator as a 
composite operator of two single grid level operators. This makes not only 
the construction of a prolongation operator is much easy (but the final 
explicity forms of such prolongation operators are fairly simple), but also 
the verification of the approximate propertis for prolongation operators is 
much simplified. Finally, as an application, the fiamewoek and trick is 
applied to eight typical nonnested mixed finite elements. 
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Abstract 

In this paper, we extend some results from an earlier paper (SIAM J. Numer. 
Anal., 30 (1993), pp. 136-158) of the first two authors. We provide a 
unified theory for multilevel and multigrid methods when the usual assumptions 
are not present. For example, we do not assume that the solution spaces or 
the grids are nested. Further, we do not assume that there is an algebraic 
relationship between the linear algebra problems on different levels. 

What we provide is a computationally useful theory for adaptively changing 
levels. Theoiy is provided for multilevel correction schemes, nested 
iteration schemes, and one way (i.e., coarse to fine grid with no correction 
iterations) schemes. We include examples showing the applicability of this 
theory: finite element examples using quadrature in the matrix assembly and 
finite volume examples with non-nested grids. Our theory applies directly to 
finite difference, wavelet, and collocation based multilevel examples as well. 
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EFFECTIVE NUMERICAL METHODS FOR SOLVING 
ELLIPTIC PROBLEMS IN STRENGTHENED SOBOLEV SPACES 

Eugene G. D’yakonov 

Moscow State University 
Moscow, 119899, Russia 

Department of Computer Mathematics and Cybernetics 

Abstract 

Fourth-order elliptic boundary value problems in the plane can be reduced to 
operator equations in Hilbert spaces $G$ that are certain subspaces of the 
Sobolev space $W_2A200mega)\equiv GA((2)}$. Appearance of asymptotically 
optimal algorithms for Stokes type problems made it natural to focus on an 
approach that considers rot $w\equiv[D-2w,-D-lw]\equiv \vec u$ as a new 
unknown vector-function, which automatically satisfies the condition 
div $\vec u=O$. In this work, we show that this approach can also be 
developed for an important class of problems from the theory of plates and 
shells with stiffeners. The main mathematical problem was to show that the 
well-known inf-sup condition (normal solvability of the divergence operator) 
holds for special Hilbert spaces. This result is also essential for certain 
hydrodynamics problems. 



The Effects of Dissipation and Coarse grid Resolution 
for Multigrid in Flow Problems 

Peter Eliasson 
FFA, Aeronautical Research Institute, Bromma, Sweden 

and 

Bjorn Engquist 
KTH, 

Royal Institute of Technology, Stockholm, Sweden; 
UCLA, California, USA 

Abstract 

The objective of this paper is to investigate the convergence properties of 
the Euler equation approximations. The convergence is accomplished by 
multi-stage explicit time-stepping to steady state combined with FAS multigrid 
for different spatial discretizations. 

The theoretical investigation is carried out for linear hyperbolic equations 
in one and two dimensions. Using a Fourier decomposition, special attention 
is paid to the low and high frequencies. The spectra reveals that for 
stability and hence robustness of spatial discretizations with a small amount 
of numerical dissipation the grid transfer operators have to be accurate 
enough and the smoother of low temporal accuracy. 

Numerical results give grid independent convergence in one dimension. This is 
proved in special cases. For two-dimensional problems with a small amount of 
numerical dissipation, however, only a few grid levels contribute to an 
increased speed of convergence. This is explained by the small numerical 
dissipation leading to dispersion. Increasing the mesh density and hence 
making the problem over resolved increases the number of mesh levels 
contributing to an increased speed of convergence. If the steady state 
equations are elliptic, all grid levels contribute to the convergence 
regardless of the mesh density. 2D subsonic mixed hyperbolidelliptic and 
supersonic hyperbolic Euler computations confirm the results. 
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MULTIGRID AND KRYLOV SUBSPACE METHODS FOR THE DISCRETE STOKES EQUATIONS 

Howard C. Elman 
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Abstract. Discretization of the Stokes equations produces a symmetric 
indefinite system of linear equations. For stable discretizations, a variety 
of numerical methods have been proposed that have rates of convergence 
independent of the mesh size used in the discretization. In this paper, we 
compare the performance of four such methods: variants of the Uzawa, 
preconditioned conjugate gradient, preconditioned conjugate residual, and 
multigrid methods, for solving several two-dimensional model problems. The 
results indicate that where it is applicable, multigrid with smoothing based 
on incomplete factorizaton is more efficient than the other methods, but 
typically by no more than a factor of two. The conjugate residual method has 
the advantages of being both independent of iteration parameters and widely 
applicable. 
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A Coarsening Operator for the Optimal Preconditioning 
of Diiichlet and Neuman Domain Decomposition Methods: 

Application to Problems with Coefficient Jumps 
and Bad Subdomain Aspect Ratios 

Charbel Farhat 
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Daniel Rixen 
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Rue Ernest Solvay, 21, B-4000 Liege, Belgium 

We present an optimal preconditioning scheme for the Dual Schur Complement and 
Balancing domain decomposition methods that addresses the problems of 
coefficient jumps and bad subdomain aspect ratios. This preconditioner is 
derived from energy principles and embeds a coarse problem that propagates the 
error globally and accelerates convergence. The resulting domain 
decomposition method is illustrated with the solution of several realistic 
large-scale problems arising from the finite element discretization of . 
structural and solid mechanics applications, and its optimal convergence rate . 
is demonstrated for arbitrary mesh partitions and heterogeneous structures. 



High Performance Parallel Multigrid Algorithms 
for Unstructured Grids 

Paul 0. Frederickson 
Math Cube Associates, Inc. 

PO Box 66, Los Alamos, NM 87544 

We describe a high performance parallel multigrid algorithm for a rather 
general class of unstructured grid problems in two and three dimensions. The 
algorithm PUMG is related in structure to the parallel multigrid algorithm 
PSMG introduced by McBryan and Frederickson, for they both obtain a higher 
convergence rate through the use of multiple coarse grids. Another reason for 
the high convergence rate of PUMG is its smoother, an approximate inverse 
developed by Baumgardner and Frederickson. 



Experiments with a Self-Adaptive Multigrid Hurricane Track Model 

Scott R. Fulton 
Department of Mathematics and Computer Science 
Clarkson University, Potsdam, NY 13699--5815 

ABSTRACT 

Accurate prediction of hurricane tracks may require resolving the flow both 
within and around the storm. Since the spatial scales in these two regions 
differ substantially, uniform resolution is inherently inefficient: the grid 
should be refined only near the storm. 

This paper describes and evaluates improvements to a hurricane track 
prediction model (MUDBAR) described previously. Based on the nondivergent 
barotropic vorticity equation, this model uses an adaptive multigrid scheme to 
automatically refine the mesh around the storm as it moves. The original 
model used grid patches of fixed size centered on the storm; we now introduce 
a fully self-adaptive version, using estimates of the local truncation error 
obtained during multigrid processing to control where to refine or coarsen the 
grid, Improvements to the time stepping algorithm and extension of the model 
to spherical geometiy will also be described. Numerical results for a variety 
of test cases show up to an order of magnitude improvement in efficiency over 
that obtained on a uniform grid. 
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A CELL-CENTRED MIJLTIGRID ALGORITHM FOR ALL GRID SIZES 
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email: Thor.Gjesdal@cm.no 
phone: +47-55 57 40 40, fax: +55-57 40 41 

Multigrid methods are optimal; that is, their rate of convergence is 
independent of the number of grid points, because they use a nested sequence 
of coarse grids to represent different scales of the solution. This nesting 
does however usually lead to certain restrictions of the permissible size of 
the discretised problem. In cases where the modeller is free to specify the 
whole problem, such constraints are of little importance because they can be 
taken into consideration from the outset. We are here considering the 
situation where there are other competing constraints on the resolution. 
These restrictions may stem from the physical problem, for example if the 
discretised operator contains experimental data measured on a fixed grid; or 
fiom the need to avoid limitations set by the hardware. In this paper we 
discuss a modification to the cell-centred multigrid algorithm, so that it can 
be used for problems with any resolution. We discuss in particular a 
coarsening strategy and choice of intergrid transfer operators that can handle 
grids with both an even or odd number of cells. The method is described and 
applied to linear equations obtained by discretisation of two- and 
three-dimensional second-order elliptic PDEs. 



Numerical study of multigrid methods with various smoothers 
for the elliptic grid generation equations 

W. L. Golik 

ABSTRACT 

A robust solver for the elliptic grid generation equations is sought via a 
numerical study. The system of nonlinear PDEs is discretized with finite 
differences and multigrid methods are applied to the resulting nonlinear 
algebraic equations. Linear and nonlinear multigrid iterations are compared 
with respect to the robustness and efficiency. Different smoothers are tried 
to improve the convergence of iterations. The methods are applied to three 2D 
grid generation problems over a wide range of grid distortions. The results 
of the study help to select smoothing schemes and the overall multigrid 
procedures for eliptic grid generation. 
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SOME ASPECTS OF MULTIGRID METHODS ON NON-STRUCTURED MESHES 
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France 

Abstract 

To solve a given fine mesh problem, the design of a multigrid method requires 
the definition of the coarse levels, the associated coarse grid operators and 
the inter-grid transfer operators. For non-structured simplicial meshes, 
these definitions can rely on the use of non-nested triangulations. Another 
possibility is to base these definitions on agglomeratiodaggregation 
techniques in a purely algebraic manner. In this type of method, the 
informations on the differential problem at hand are usually lost, resulting 
in a decrease of the efficiency of the multigrid algorithm. We show that 
provided the inter-grid transfers are properly defined, the m ultigrid 
agglomeration method is in some sense equivalent to a non-nested multi-grid 
algorithm. This all0 ws to analyze the multigrid agglomeration method in a 
classical setting. 
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Schwarz methods: 
to symmetrize or not to symmetrize 

Mike Holst, Stefan Vandewalle 

Pasadena, CA 91 125, USA 
Caltech, Applied Mathematics 217-50, 

We present a preconditioning theory for Schwarz methods. The theory 
establishes sufficient conditions for multiplicative and additive multi-level 
Schwarz methods to yield self-adjoint positive definite preconditioners. It 
is applied to multigiid and domain decomposition methods. The theoiy does not 
require any variational conditions to be satisfied, and allows for the use of 
non-convergent Schwarz methods as preconditioners. 

We show that symmetrizing may be a bad idea for linear methods. We conjecture 
that enforcing minimal symmetry achieves the best results when combined with 
conjugate gradient acceleration. Also, it is shown that absence of symmetry 
in the linear preconditioner is advantageous when the linear method is 
accelerated by using the Bi-CGstab method. Numerical examples are presented 
for two test problems which illustrate the theory and conjectures. 

. 



A Multilevel Elliptic Solver with Applications 
to Incompressible Flow and Astrophysics 

Louis H. Howell 
Lawrence Livermore National Laboratory 

Livermore, CA 94550 

I will discuss a multilevel algorithm for solving elliptic equations on 
three-dimensional adaptive meshes, where refined cells are grouped in to 
regular patches to avoid difficulties associated with unstructured grids. The 
emphasis will be on software design, numerical efficiency, and applications. 
A flexible object hierarchy written in C++ helps organize the geometry- 
dependent operations required along the faces, edges and comers of each 
coarse-fine interface. 

Two time-dependent applications will be presented, both of which involve 
collaborative efforts with other researchers. For incompressible flow, the 
algorithm projects each velocity update on to the space of divergence-free 
fields. The coefficients of the elliptic operator may have strong 
discontinuities in some variable-density flow problems. Fine levels are 
advanced with smaller time steps than coarse levels, so projections are 
required both on individual levels and to synchronize solutions between 
adjacent levels . 
For the astrophysics application, the multilevel scheme is coupled to a 
Godunov method for gas dynamics to solve problems involving self-gravitating 
gas clouds. It solves Poisson’s equation for a gravitational potential, which 
then appears as a source term in the advection scheme. This code is currently 
run with all time steps equal, so the Poisson solution must span all levels of 
refinement. 



Finite Element Multigrid Solution of the Initial Value Problem 
in Numerical Relativity 
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Einstein’s equations of General Relativity are a complex system of partial 
differential equations for which analytical solutions are known only for a few 
idealized situations. There is considerable interest in computing numerical 
solutions (spacetimes) to Einstein’s equations for modeling black holes and 
other problems. In this paper we consider the Initial Value Problem of 
Numerical Relativity. This problem has traditionally been solved by finite 
differences. We show that this two dimensional non-self-adjoint elliptic 
problem can be solved efficiently with the PLTMG package, which uses a 
hierarchical basis multigrid method as a preconditioner in conjunction with 
adaptive mesh refinement. We compare the effectiveness of the solution 
process in two different coordinate systems and quantify the gains from the 
adaptive refinement procedure. 



An ELLAM-Based Domain Decomposition and Local Refinement 
Algorithm for Second-Order Hyperbolic Equations with Interfaces 

Hong Wang 
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Second-order hyperbolic partial differential equations arise in the 
mathematical modeling of wave propagation in elastic solids or inviscid 
fluids, vibration of elastic materials, seismic simulation, electrical 
engineering and many other important applications. Unfortunately, their 
numerical simulation is plagued with difficulties. Moreover, practical 
hyperbolic equations often have various interfaces that introduce further 
complexities. Physical interfaces arise when the media properties change 
abruptly, leading to hyperbolic equations with discontinuous coefficients. 
Numerical interfaces arise in the applications of domain decomposition and 
local refinement techniques. 

Many domain decomposition and local refinement techniques have been reported 
for the solution of elliptic and parabolic equations. However, it is much 
more difficult to develop these techniques for hyperbolic equations due to the 
propagation properties and strongly local behavior of the exact solutions. In 
this case, locally generated numerical errors at the interfaces can be 
propagated in to the domain so that the overall accuracy is decreased; 
improper treatment of the interfaces might destroy the stability of the 
numerical methods. In this paper w e develop an ELLAM-based nonoverlapping, 
noniterative domain decomposion and local refinement algorithm to solve the 
initial-boundary value problems for second-order hyperbolic equations with 
various physical and numerical interfaces in parallel in a universal way . 



A Mixed Finite Volume Element Method for Flow Calculations in 
Porous Media 

Jim E. Jones 
Institute for Computer Applications in Science and Engineering . 

NASA Langley Research Center 

ABSTRACT 

A key ingredient in the simulation of flow in porous media is the accurate 
determination of the velocities that drive the flow. The large scale 
irregularities of the geology, such as faults, fractures, and layers suggest 
the use of irregular grids in the simulation. Work has been done in applying 
the finite volume element (FVE) methodology as developed by McCormick in 
conjunction with mixed methods which were developed by Raviart and Thomas. 
The resulting mixed finite volume element discretization scheme has the 

, potential to generate more accurate solutions that standard approaches. The 
focus of this paper is on a multilevel algorithm for solving the discrete 
mixed FVE equations. The algorithm uses a standard cell centered finite 
difference scheme as the ‘coarse’ level and the more accurate mixed FIE scheme 
as the ‘fine’ level. The algorithm appears to have potential as a fast solver 
for large size simulations of flow in porous media. 
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M. Jung 
Fakultat fur Mathematik, 

D-09 107 Chemnitz, Germany 
Technische Universitat Chemnitz-Zwickau 

e-mail: Dr.Michael.Jung@mathematik.tu-chernnitz.de 

U. Ruede 
Institut fur Infonnatik, 

Technische Universitat Munchen 
D-80290 Munchen 2, Germany 

e-mail: ruede@informatik.tu-muenchen.de 

Abstract 

Implicit extrap olation methods for the solution of partial differential 
equations (see [ 11) are based on applying the extrapolation principle 
indirectly. Multigrid tau-extrapolation is a special case of this idea. In 
the context of multilevel finite element methods, an algorithm of this type 
can be used to raise the approximation order, even when the meshes are non 
uniform or locally refined. For the case of piecewise constant coefficients 
this algorithm has been introduced and analyzed in [ 11. Here these results 
are generalized to the variable coefficient case and thus become applicable 
for nonlinear problems. The analysis is based on studyingthe local 
quadrature formulas for each finite element. Implicit extrapolation multigrid 
is an iteration converging to the solution of a higher order finite element 
system. This is obtained without explicitly constructing higher order 
stiffness matrices but by applying extrapolation in a natural form within the 
algorithm. This is easy to implement because it requires only a small change 
of a basic low order multigrid method. 

' 
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A PRESSURE BASED MULTIGRID PROCEDURE FOR THE 
NAVER-STOKES EQUATIONS ON UNSTRUCTURED GRIDS 

R. Jyotsna and S. P. Vanka 
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ABSTRACT 

We present details and performance of a pressure based multigrid solution 
procedure for the Navier-Stokes equations discretized on triangular grids. 
The discretization uses a control volume methodology, with linear inter-nodal 
variation of the flow variables. The use of the multigrid technique provides 
rapid and grid-independent rates of convergence. Three model driven cavity 
flows are computed, and the performance of the method at several grid 
densities and Reynolds numbers is reported. Representative flow fields 
characterizing the viscous eddies are also presented. 



A SUBSPACE DECOMPOSITION METHOD FOR 
ELLIPTIC AND HYPERBOLIC SYSTEMS 
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Abstract 

A robust subspace decomposition method for solving first order systems of 
partial differential equations is presented. The algorithm is based on a 
carefully constructed sequence of subspaces. Parallel additive and sequential 
multiplicative subspace correction methods are applied. The additive approach 
is well suited for parallel processing. - 
The discretisation is based on a vertex centered finite volume method for a 
tiangular grid. The discrete system is obtained by minimizing the residuals 
of the discrete flux equations. 

Robust methods with uniformly bounded asympotic error reduction rates are 
obtained. Convergence rates are only slightly dependent of parameters of 
elliptic and hyperbolic model system. 

Convergence rates for the elliptic case are of approximately 0.1 for isotropic 
and 0.4 for anisotopic cases. For the isotropic elliptic case, error 
reduction rates are similar to results of standard twogrid methods. 
Convergence is slightly larger in the hyperbolic cases and is of order 0.8 but 
still uniformly bounded for all characteristic directions. 

The approach enables the fast solution of the Euler equations which comprise a 
nonlinear system of composite elliptichyperbolic type. 
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We consider a family of nonsymmetric matrices $A-\omega = A-0 + \omega B,$ 
with a noninvertible matrix $A-O,$ an invertible matrix $B,$ and a nonnegative 
parameter $\omega \leq 1 .$ The matrix $A-{\omega}$ is expected to be poor 
conditioned for $\omega = 1 .$ Small $\omega$ leads to jumps in the 
coefficients and makes the condition number even larger. Using a special 
preconditioning and a symmetrization we convert the original system with the 
matrix $A-{\omega}$ into a system with a symmetric matrix. A standard 
iterative method, e.g. the conjugate gradient method, can be used for the new 
system. We show, with a proper choice of the initial guess, the uniform in 
${\omega}$ convergence of the method, even though the new matrix is still poor 
conditioned for small $\omega.$ 
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Abstract 

A multigrid-mask method for solution of incompressible Navier-Stokes equations 
in primitive variable form has been developed. The main objective is to apply 
this method in conjunction with pseudospectral element method solving flow 
past multiple objects. There are two key steps involved in calculating flow 
past multiple objects: The first step utilizes only Cartesian grid points. 
This homogeneous or mask method step permits flow into the interior 
rectangular elements contained in an object, but with the restriction that the 
velocity for those Cartesian elements within and on the surface of an object 
should be small with respect to the object. This step easily produces an 
approximate flow field on Cartesian grid points covering the entire flow 
field. The second or heterogeneous step corrects the approximate flow field 
to account for the actual shape of the objects by solving the flow field based 
on the local coordinates sutrounding each object and adapted to it. The noise 
occuiiing in data communication between the global (low frequency) coordinates 
and the local (high frequency) coordinates is eliminated by the multigrid 
method when the Schwarz Alternating Procedure ( S A P )  is implemented. 

Two dimensional test problems will be presented to demonstrate the versatility 
of the proposed method. 



Implementation of Hybrid V-cycle Algebraic Multilevel 
Methods for Mixed Finite Elemen t Systems with Penalty 
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December 1994 

Abstract 

The hybrid V-cycle algebraic multilevel methods proposed by Vassilevski [ 11 
are robust for solving scalar finite element equations of the second order, in 
teims of the cost per iteration and the rate of convergence. These methods 
are based on the hierarchical decomposition of the finite element spaces 
together with some inner iterations on certain levels of given (fixed) 
multiplicity. Our goal in this paper is the implementation of the hybrid 
V-cycle hierarchical algebraic multilevel methods for the indefinite discrete 
systems which arise when a mixed finite element approximation is used to solve 
elliptic boundaiy value problems. 

By introducing a penalty parameter, the perturbed indefinite system can be 
reduced to a symmetric positive definite system containing the small penalty 
parameter for the velocity unknown alone. We use the hierarchical spatial 
decomposition approach prop osed y Cai, Goldstein and Pasciak [2] for the 
reduced system. We demonstrate that the hybrid V-cycle multilevel iterative 
scheme is uniformly convergent with respect to both the penalty parameter and 
the number of discretization levels used. 
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Multigrid Methods for the Pure Traction Problem of Linear 
Elasticity: Mixed Formulation 

Chang-Ock Lee 

Department of Mathematics 
University of Wisconsin-Madison 

Nov. 30,1994 

Abstract 

For the two-dimensional pure traction boundary value problem of linear 
elasticity, a multigrid method using conforming P-1 finite element is 
developed. Moreover, it is used to solve the nonconforming discretization of 
the pure traction problem as a coarser-grid correction in multigrid algorithm. 
In both cases the convergence is uniform even as the material becomes nearly 
incompressible. A heuristic argument for acceleration of the multigrid method 
is discussed and computational results are included. 
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MULTIPLE SCALE SIMULATION FOR TRANSITIONAL AND TURBULENT FLOW 

Chaoqun Liu and Zhining Liu 

Denver, CO 80217-3364 
Front Range Scientific Computations, Inc. 

Abstract 

A new concept, multiple scale simulation (MSS), is initiated in this work. 
The basic idea is that the flow is decomposed into several component groups 
according to spatial and temporal length scales. Each group has its own 
subdomain, governing system, mesh size, and discretization method. The 
simulation is then performed group wise. This approach has been successfully 
applied in combination with our new intergrid dissipation technique for 
simulation of transitional and turbulent flow in 3-D boundary lay ers, and it 
is feasible for 3-D airfoils and other more complex configurations. MSS 
should prove to ameliorate the scale problems associated with conventional 
direct numerical simulation and is, therefore, a potential tool to solve the 
problem associated with the numerical simulation of finite-rate turbulent 
combustion with detail chemistry 



Parallel Coinputatioii and Multigrid Method for Modeling 
Multi-Dimensional Combustion with Detailed Chemistry 

C. Liu, X. Zheng, C. Liao, 2. Liu and S. McCormick 
Front Range Scientific Computations, Inc. 

Denver, Colorado 

A highly accurate and efficient numerical method is developed for modeling 3-D reacting 
flows with detailed chemistry (e.g., 48 species and 229 finite-rate reaction steps) in general 
curvilinear coordinates. The prediction of NOx formation is made by solving a fully-coupled 
system of flow and chemistry equations. 

A contravariant velocity-based governing system is developed for general curvilinear coor- 
dinates to maintain simplicity of the continuity equation and compactness of the discretiza- 
tion stencil. We use a fully-implicit backward Euler technique and a third-order monotone 
upwind-biased scheme on a staggered grid for the respective temporal and spatial terms. An 
efficient semi-coarsening multigrid method based on line-distributive relaxation is used as 
the flow solver. The species equations are solved in a fully coupled way and the chemical 
reaction source terms are treated implicitly. A preselected-direction least squares iterative 
method is developed for solving the species equations. A parallel version of the code (P4 
form) is used to enhance efficiency on advanced architectures. 

Calculations were performed for 3-D plane and axisymmetric co-flow diffusion flames and 
for strong swirling combustion in a 3-D gas turbine combustor. The current computational 
method is found to be two to three orders of magnitude faster than traditional iterative 
methods. For a 49x65~65 grid of 207,025 grid points, the total calculation takes about 200 
time steps and 21.3 CRAY-YMP hours to reduce residuals by three orders of magnitude 
for the momentum, continuity, energy, and species equations for laminar diffusion flame (16 
species and 45 reaction steps) in a 3-D model combustor. 3-D turbulent combustion with 
48 species and 229 reaction steps was also calculated for prediction of pollutant formation; 
the k-e turbulence model was used for the flow here and an algebraic model was used for 
the reaction. The parallel computation code developed for an IBM sp2 was found to be 4-6 
times faster than the sequential code when 14 processors were used. This translates to a 
requirement of about 5 CRAY-YMP hours for a finite-rate laminar combustion problem and 
about 15 GRAY-YMP hours for turbulent combustion case with 200k grid points. These 
calculations provide a clear picture of pollutant formation. Calculations on an axisymmetric 
co-flow diffusion flame compared well with experimental results and other computations. 
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Computational Results for 

Inflow Speed 
0.045(fuel) ,0.0988( air) 

with 

Fuel Oxidizer Species Number Reaction Steps Gravity 
Methane Air 16 45 Yes 

Case 

Grid 

General Geometry 
Chemistry 

Iteration Number 
Cold Flow I Fast Reaction I Finite Rate Convergence CPU Time Machine 

I Asymmetric Co-flow 

33x13~17 
(7,293) 

and 

- 
IBM 

5 40 145 4.03 orders 210m RS6000/360 

Combust ion 
Detailed 

Iiiflow Speed Fuel 
O.OSSS(average), 30" swirling angle Methane 

Diffusion 

Oxidizer Species Number Reaction Steps 
Air 16 45 

Flame 

[teration Number 
Fast Reaction Finite Rate 

Table 1.1 Working Conditions 

Convergence 

30 

Table 1.2 Computation Results 

200 3.21 orders 

Case I1 Stron Swirling Combustion 
in a 3-D h ode1 Combustor 

Table 2.1 Working Conditions 

Grid 
49x21~21 
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53x29~29 

(207,025) 

Cold Flow 

10 

10 

20 

- 
i 

Table 2.2 Computation Results 
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MULTILEVEL SUBSTRUCTURZNG PRECONDITIONING 
OF NONCONFORMING FINITE ELEMENT APPROXIMATIONS 

OF SECOND ORDER ELLIPTIC PROBLEMS 

SERGUEI MALIASSOV 
Institute for Scientific Computation and 

Department of Mathematics, 
Texas A&M University, 

326 Teague Research Center, 
College Station, TX 77843-3404. 
E-mail: malyasov@isc.tamu.edu 

Abstract. A new approach to constructing algebraic m ultigrid preconditioners 
for nonconforming finite element approximations of difision op erators on 
tetrahedral grids is presented. 

First, using an idea of partitioning (decomposing) a parallelepiped grid into 
tetrahedral substructures a two-level preconditioner is constructed and the 
condition number of the preconditioned matrix is estimated. Then, it is shown 
that on the coarser level the system is reduced to 7-point-scheme problem with 
one unknown per parallelepiped. For such a system standard multigrid domain 
decomposition method is used. 

Explicit estimates of condition numbers are established for the constructed 
two-level and multigrid methods. It is shown that condition numbers do not 
depend on jump of the coefficients of the diffusion operators. 

The preconditioner constructed may be considered to belong to the class of 
optimal preconditioners since it is spectrally equivalent to the original 
stiffness matrix and its arithmetic cost is proportional to the dimension of 
the problem with the proportionality factor independent of the grid step size. 
Finally , estimates of arithmetic complexity of the method suggested and 
results of numerical experiments are presented to illustrate the theory being 
considered. 

Key words. Domain decomposition methods, multilevel substructuring 
preconditioners, superelements, iterative methods. 
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Convergence of a Substructuring Method with Lagrange multipliers 

Jan Mandel and Radek Tezaur 

We analyze the convergence of a substructuring iterative method with Lagrange 
multipliers, proposed recently by Farhat and Roux. The method decomposes 
finite element discretization of an elliptic boundary value problem into 
Neumann problems on the subdomains plus a coarse problem for the subdomain 
nullspace components. For linear conforming elements and preconditioning by 
the Dirichlet problems on the subdomains, we prove the asymptotic bound on the 
condition number $C (l+\log (H/h))*\alpha$, $\alpha=2$ or $3$,where $h$ is the 
characteristic element size, $H$ subdomain size, and $C$ is independent of the 
number of subdomains. 
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First-Order Systems Least Squares: 
A methodology for solving systems of PDEs 

Thomas A. Manteuffel 
University of Colorado at Boulder 

The process of modeling a physical system involves creating a mathematical 
model, forming a discrete approximation, and solving the resulting linear or 
nonlinear system. The mathematical model may take many forms. The particular 
form chosen may greatly influence the ease and accuracy with which it may be 
discretized as well as the properties of the resulting linear or nonlinear 
system. If a model is chosen incorrectly it may yield linear systems with 
undesirable properties such as nonsymmetry or indefiniteness. On the other 
hand, if the model is designed with the discretization process and numerical 
solution in mind, it may be possible to avoid these undesirable properties. 

, This talk will discuss a methodology for solving systems of partial 
differential equations. The methodology involves expanding the original 
system as a system of first-order equations by introducing new variables, 
adding extra constraints, and constructing a least-squares functional. If it 
can be shown that the least-squares functional is V-elliptic in a convenient 
norm, then Lax-Milgram theoiy guarantees that the minimization problem 
associated with the functional has a unique solution. In other words, the 
minimization problem is well posed in the V-norm. 

In this context, discrete approximations to the minimum of the functional can 
be easily addressed through restricting the minimization to a finite element 
space in V. Cea’s Lemma and interpolation theory now yield discretization 
error estimates. 

Any basis for the finite element space leads to a symmetric positive definite 
linear system for the solution of the discrete minimization problem. If the 
basis has local support, then the condition of the system will be $0(hA{-2})$ 
because the functional involves only first-order differential operators. 
Moreover, if the functional can be shown to be V-elliptic in an $HA1$ product 
norm, then optimal multigrid performance is guaranteed. 

This methodology has been applied to a variety of applications including 
advection-diffusion equations, transport of neutral particles, Helmholtz 
equations, Stokes and Navier Stokes equations and linear elasticity. This 
talk will attempt to describe the basic methodology. The following talks will 
present results on specific applications. 



First-Order System Least Squares for Elliptic 
Problems with Discontinuous Coefficients 
Tom Manteuffel Steve McCormick Gerhard Starke* 

Consider the boundary value problem 

-V.(aVp) = f ,  i n n ,  
p = 0 ,  o n r o ,  

n.Vp = 0 ,  o n r N .  

in R c Et2, where a(zl ,  22) may have large jump discontinuities across interfaces. In many 
physical applications one is not only interested in an accurate approximation of the pressure 
p but also in the flux variables aVp. This can be achieved by considering the first-order 
system 

u-aVp = 0, i n R ,  
-V-u = f ,  i n n ,  

V x (u /a )  = 0 ,  i n n ,  
p = 0 ,  o n r o ,  

n - u  = 0 ,  o n r r .  
A least-squares methodology for this problem was developed and analyzed in [l] and [2]. 
An important advantage of this least-squares approach over standard mixed methods is that 
the finite element spaces approximating the pressure and flux variables, respectively, are not 
restricted by the inf-sup condition of Ladyzhenskaya-Babiiska-Brezzi. 

An appropriate scaling of the least-squares functional is necessary in order to get good 
results in the case of large jumps in the coefficients. This scaling depends on the size of a 
in different parts of the domain and on the order of singularities encountered at interface 
corners or cross-points. The performance of this scaled least-squares approach will be studied 
using bilinear finite elements for pressure and fluxes, and a full multigrid algorithm for the 
solution of the resulting discrete system. 
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Least-Squares Finite-Element Solution of the Neutron Transport 
Equation in Diffusive Regimes 

Thomas A. Manteuffel 
Program in Applied Mathematics, 
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and 
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A systematic solution approach for the single group, steady state isotropic 
neutron transport equation is considered that is based on a Least-Squares 
variational formulation and includes theory for the existence and uniqueness 
of the analytical as well as for the discrete solution, bounds for the 
discretization error and an efficient multigrid solver for the resulting 
discrete system. 

In particular, the solution of the transport equation for diffusive regimes is 
studied. In these regimes the numerical solution of the transport equation is 
more difficult since the equation becomes singularly perturbed with a limit 
solution that is a solution of a diffbsion equation. Therefore, to guarantee 
an accurate discrete solution, a discretization of the transport operator is 
needed that is at the same time a good approximation of a diffusion operator 
in difisive regimes. Only few discretizations are known that have this 
property. 

A Least-Squares discretization converts the first-order transport equation in 
to a self-adjoint variational problem. However, in combination with piecewise 
linear elements in space, this discretization fails to be accurate in 
diffusive regimes. For this reason a scaling transformation is applied to the 
transport operator prior to the discretization, which is increasing the weight 
for the important components of the solution in the Least-Squares functional 
and guarantees thereby an accurate discrete solution in difisive regimes even 
for piecewise linear elements. 

Not only for slab geometry but also for x-y-z geometry it is proven that the 
scaled Least-Squares bilinear form is continuous and V-elliptic with constants 
independent of the total cross section and the scattering cross section. For 
a variety of discrete spaces this leads to bounds for the discretization error 
that stay also valid in diffusive regimes. Thus, the Least-Squares approach 
in combination with the scaling transformation represents a general framework 
for the construction of discretizations that are accurate in diffusive 
regimes. 

For the discretization with piecewise linear elements in space and slab 
geometry a multigrid solver was developed that gives V-cycle convergence rates 

mailto:tmanteuf@sobolev.colorado.edu
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in the order of 0.1 independent of the size of the total cross section. 
Therefore, one full multigrid cycle of this algorithm computes a solution with 
an error in the order of the discretization error. 



Multi-Level Preconditioners for the Parallel PCG Package. 

R. T. McLay and G. F. Carey 

In this study we consider parallel solution of sparse linear systems arising 
from discretized PDE's. The main problem of in terest in the present work is 
the construction of preconditioners in the context of the parallel PCG solver 
we are developing [ 1,2]. Here the problem is partitioned over a set of 
processors subdomains and the matrix-vector product for PCG is carried out in 
parallel for overlapping grid subblocks. For problems of scaled speedup, the 
actual rate of convergence of the unpreconditioned system deteriorates as the 
mesh is refined. Multigrid and subdomain strategies provide a logical 
approach to resolving the problem. We consider the parallel trade-offs 
between communication and computation and provide a complexity analysis of a 
representative algorithm. Some preliminary calculations using the parallel 
package and comparisons with other preconditioners are provided together with 
parallel performance results. 

Acknowledgement: This research is supported by ARPA Grant DABT63-92-C-0024. 

References 

[ 11 Joubert, W. et al, PCG Reference Manual, CNA-274, Center for Numerical 
Analysis, University of Texas at Austin, January 1995. 

[2] McLay , R. T., Swift, S., and G. F. Carey, "Maximizing Sparse 
Matrix-Vector Product Performance in MTMD Computers", Colorado Conference of 
Iterative Methods, Breckenridge CO, April 1994. 



On Distributed Gauss-Seidel Relaxation 

A. J. Meir 
Department of Mathematics 
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Multigrid methods have proven to be efficient methods for solving partial 
differential equations (especially those of elliptic type). There is also 
growing experience with multigrid solvers for fluids problems, e.g., the 
Stokes and Navier Stokes equations (using both finite element and finite 
difference discretizations). 

It is also well known that at the heart of any multigrid method is the 
smoother. In this work we look at a smoother introduced by Brandt and Dinar, 
we examine some of its properties and consider some possible modifications to 
it. 

It is well known that multigrid performance using DGS relaxation is sensitive 
to the treatment of boundaries; this issue is addressed. 



MULTIGRID ACCELERATION OF TIME-ACCURATE NAVIER-STOKES CALCULATIONS 

N. Duane Melson 
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A three-dimensional steady Navier-Stokes code for industrial-research has been 
modified to calculate unsteady flows. The original code used multigrid 
acceleration, coupled with an explicit multistage Runge-Kutta scheme to obtain 
steady solutions in O(n) operations. Physical time derivative terms are added 
to the scheme, and an iterative-implicit scheme is employed to advance the 
solution in time. The iterations at each time step are accelerated using the 
multigrid strategies of the original three-dimensional solver. 

The initial development of this scheme was presented at the 6th Copper 
Mountain Conference on Multigrid Methods. The proposed paper will describe 
enhancements to the algorithm presented previously and will present some 
results from recent applications of the algorithm to unsteady aerodynamic 
flows. 
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N Duane Melson 
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NASA, Langley Research Center 
Hampton VA 23681 
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LEAST-SQUARES ALGEBRAIC MULTILEVEL METHODS FOR 
NONSYMMETRIC PROBLEMS 

EYA D. MISHEV 

Texas A & M University, 
College Station, Texas 77843 

Abstract. Algebraic two and multilevel preconditioning methods based on 
least-square polynomial approximation of the inverses of the stiffness 
matrices at any discrete level of nonsymmetric second order elliptic problem 
are proposed. The theory requires HA2-regularity of the problem. The method 
is illustrated by numerical examples. 

199 1 Mathematics Subject Classification. 65N20,65F10. 

Key words and phrases. Finite Element Method, Nonsymmetric elliptic problem, 
Multi-level preconditioning. 



An Interleaved Adaptive Refinement Multigrid Algorithm 

William F. Mitc hell 
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Abstract 

Multilevel adaptive methods that combine the full multigrid method with 
adaptiv e refinement of finite element grids have been shown to be an 
effective 0 0  method for elliptic partial differential equations. The 
traditional approach is to begin with a very coarse grid and alternate between 
phases of adaptive refinement and multigrid cycles until some termination 
criterion is met. In this talk we will describe more tightly in terleaved 
approach in which the alternation between adaptive refinement and multigrid 
steps occurs at each grid of the multigrid cycle. While this should have no 
effect on the convergence rate or operation count, it can be advantageous in a 
distributed memory parallel computing environment by providing increased 
opportunity to overlap communication with computation. 

, 
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Multigrid Methods for Fully Implicit Black-Oil Reservoir Simulation. 

H. Molenaar 

In industry the black oil model is widely used for numerical reservoir 
engineering. In this model it is assumed that water, oil and gas are present 
in the reservoir, and that gas can dissolve into the oil. The standard 
approach for the numerical solution of these equations is a first order upwind 
space discretization, combined with an implicit time integration. This means 
that large systems of nonlinear equations have to be solved in every time 
step. Usually this is done by Newton’s method. The resulting system of 
linear equations is then either solved by a direct method or by some conjugate 
gradient type method. 

In this talk we discuss the possibility of applying multigrid methods for the 
iterative solution of the systems of nonlinear equations. We will present two 
different multigrid methods: a linear multigrid method for the solution of 
the linear systems that appear in Newton’s method, and a nonlinear multigrid 
method. A simple 2D problem in which the local disappearance of the gas phase 
occurs, serves as a test problem to compare these two methods. 

H. Molenaar 

Faculty of Technical Mathematics and Informatics 
Delft University of Technology 
P.O.Box 503 1 
2600 GA Delft, The Netherlands 
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COARSENING STRATEGIES 
FOR UNSTRUCTURED MULTIGRID TECHNIQUES 

WITH APPLICATION T O  ANISOTROPIC PROBLEMS 

E. Morano, D. Mavriplis, V. Venkatakrishnan 
ICASE, NASA Langley Research Center 

Hampton, VA, USA 

Multigrid techniques have proved to be very effective for solving elliptic equations. Conver- 
gence rates of 0.1 have been demonstrated for such equations when discretized on uniform structured 
meshes with a weighted Jacobi smoother. When used in conjunction with non-stretched unstructured 
meshes the elliptic theory has been successfully applied to Euler and low-Reynolds number Navier- 
Stokes equations [l]. Yet, when the equations are discretized on stretched meshes the convergence 
rate deteriorates, up to almost no convergence. The common cure to this problem is the use of the 
semi-coarsening technique for producing coarse meshes. An algorithm such as MSG (Multiple Semi- 
coarsened Grid) may be used to solve the equations [a]. However, the semi-coarsening technique, 
even though “natural” for structured meshes is impossible to implement for unstructured meshes and 
becomes unpractical for solving 3D problems because of its complexity. 

The purpose of this work is to demonstrate new coarsening methods for solving diffusion problems 
througli the use of unstructured multigrid techniques. We deal with highly stretched grids by propos- 
ing a semi-coarsening algorithm based on the value of the coefficients of the discretization matrix 
of a Laplace equation. This method may be seen as a blend of AMG (Algebraic Multigrid) [3] and 
usual FAS (Full Approximation Scheme) technique. The AMG phase of this technique appears like 
a preprocessing stage for generating the coarse meshes. The discretized equations are then solved 
through an FAS method. 

The Laplace equation is discretized through a Galerkin finite-element formulation on unstructured 
triangular meshes. Because of its good damping properties of high frequency errors, the smoother 
is a weighted Jacobi. The relaxation parameter is generally set equal to 0.85. Several 2-grid and 
multigrid experiments are performed on structured squares and on unstructured meshes. 

As shown in Fig.1, the standard full coarsening algorithm applied to a triangulated Chebyshev 
mesh results in a convergence rate of 0.52, while the new directional coarsening strategy delivers a 
rate of 0.14 . 

In order to be applicable to more practical problems such as the resolution of the Navier-Stokes 
equations the coarsening algorithm may be used either for agglomeration multigrid purposes [4] or 
for re- triangulation met hods. 

lThis research was supported by the National Aeronautics and Space Administration under NASA Contract No. 
NAS1-19480 while the authors were in residence at the Institute for Computer Applications in Science and Engineering 
(ICASE), NASA Langley Research Center, Hampton, VA 23681 (USA). 
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Figure 1: Multigrid Convergence Histories. 
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Preconditioning Operators on Unstructured Grid 

S.V. Nepomnyaschikh 
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Russia 
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Abstract: Preconditioning operators for the iterative solution of systems of 
grid equations approximating elliptic boundary value prodlems in domains with 
piecewise-smooth boundaries are presented. This construction is based on the 
fictitious space method. Using this method, the original problem is reduced 
to the problem on structured but not hierarchical grid. Then, using the 
multilevel technique on the fictitious hierarchical grid, the final 
preconditioner is suggested. The rate of convergence of the preconditioned 
iterative process is independent of the grid size and the cost of the action 
of the preconditioning operator is proportional to the number of nodes of the 
grid domain. 
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Multigrid methods for EHD problems 
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ABSTRACT 

The numerical solution of Elasto-Hydrodynamic (EHD) problems involves the 
calculation of lubricant pressure and film thickness through the coupled 
Reynolds (differential) and the Elastic Deformation (integral) equations. 
This highly nonlinear system of equations has a dense sparsity pattern and 
thus poses a formidable computational challenge for direct Newton solvers. 
Multigrid methods, Venner and Lubrecht [ 11, provide one efficient method for 
EHD problems. A recent alternative is the powerful Effective Influence Newton 
Method of Wang [2] which is based on the combination of more traditional 
iterative methods with a greatly reduced Jacobian matrix. This presentation 
compares the strengths and weaknesses of these two methods and so constructs a 
robust algorithm which has the best properties of both methods. This new 
algorithm uses the FDMG software [3] as a starting point and includes the 
extensions used to couple the iterations of the differential and integral 
parts, Numerical results on demanding test problems show the success of the 
new approach and suggest future developments needed to produce robust 
multigrid solvers for this demanding class of problems. 
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FAST MULTIGRID TECHNIQUES IN TOTAL VAIUATION-BASED IMAGE 
RECONSTRUCTION 

MARY ELLEN OMAN 

Abstract. Existing multigrid techniques are used to effect an effcient method 
for reconstructing an image from noisy, blurred data. Total Variation 
minimization yields a nonlinear integro-differential equation which, when 
discretized using cell-centered finite differences, yields a full matrix 
equation. A \fixed point iteration is applied with the intermediate matrix 
equations solved via a preconditioned conjugate gradient method which utilizes 
multi-level quadrature (due to Brandt and Lubrecht) to apply the integral 
operator and a m ultigrid scheme (due to Ewing and Shen) to invert the 
differential operator. With effective preconditioning, the method presented 
requires O(n) operations. Numerical results are given for a two-dimensional 
example. 



Robustness of MILU with respect to 
the Coefficients of the PDE 

Maria Elizabeth G. Ong 
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Tarek P. Mathew 
University of Wyoming 

Preconditioned conjugate gradients is a popular method for solving symmetric 
positive definite linear systems; the preconditioner is used to accelerate 
convergence. One indicator of the rate of convergence is the condition number 
of the preconditioned coefficient matrix. Good preconditioners reduce the 
condition number andor cluster the eigenvalues of the coefficient matrix. In 
addition, they should be simple to implement and applicable to a wide class of 
problems; that is, they should be robust. 

A popular preconditioner is the modified incomplete LU (MILU) factorization. 
In this talk, we show the robustness of MILU for problems with anisotropic or 
discontinuous coefficients. We demonstrate robustness by showing that the 
condition number of the preconditioned coefficient matrix is independent of 
the coefficients of the underlying partial differential equation. 



A Multi-Level-Algorithm for the Solution of Second Order 
Elliptic Differential Equations on Sparse Grids 

Christoph Pflaum 
Institut flur Informatik, Technische Universitl'at M'unchen 

D-80290 Mlunchen, Germany 
e-mail: pflaum@informatik.tu-muenchen.de 

A multilevel algorithm is presented that solves general second order 
elliptic partial differential equations on adaptive sparse grids. 
The multilevel algorithm consists of several V-cycles. 
Suitable discretizations provide that the discrete equation system 
can be solved in an efficient way. 
Numerical experiments show a convergence rate of order $0(1)$ for the 
multilevel algorithm. 
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ERROR AND COMPLEXITY ANALYSIS FOR A COLLOCATION-GRID-PROJECTION PLUS 
PRECORRECTED-FFT ALGORITHM FOR SOLVING POTENTIAL INTEGRAL EQUATIONS 

WITH LAPLACE OR HELMHOLTZ KERNELS 

J. R. PHILLIPS 

Abstract. 

In this paper we derive error bounds for a collocation-grid-projection scheme 
tuned for use in multilevel methods for solving boundary-element 
discretizations of potential integral equations. The grid-projection scheme 
is then combined with a precorrected-FFT style multilevel method for solving 
potential integral equations with l/r and eA{ik r}=r kernels. A complexity 
analysis of this combined method is given to show that for homogenous 
problems, the method is order nlogn nearly independent of the kernel. In 
addition, it is shown analytically and experimentally that for an inhomogenity 
generated by a very finely discretized surface, the combined method slows to 
order n^{4/3}. Finally, examples are given to show that the collocation-based 
grid-projection plus precorrected-FFT scheme is competitive with 
fast-multipole algorithms when considering realistic problems and l/r kernels, 
but can be used over a range of spatial frequencies with only a small 
performance penalty. 



INTERIOR PENALTY PRECONDITIONERS FOR MIXED FINITE 
ELEMENT APPROXIMATIONS OF ELLIPTIC PROBLEMS 

TORGEIR RUSTEN, PANAYOT S. VASSILEVSKI, AND RAGNAR WINTER 

Abstract 

The purpose of this talk is to discuss the construction of preconditioners for 
the discrete problems arising from mixed finite element discretizations of 
second order elliptic boundary value problems. It is necesany to build a 
preconditioner for a nonconforming, nonlocal discretization of the second 
order elliptic equation. The main observation is that, under suitable 
assumptions, there is a spectral equivalence between a local operator arising 
from an interior penalty method studied by Arnold and the above mentioned 
nonlocal operator. Hence, any reasonable preconditioner for the interior 
penalty operator is also a suitable preconditioner for the corresponding mixed 
system. As an example of this approach we will use the interior penalty 
method to build additive Schwarz and multigrid preconditioners for the mixed 
system. 

SINTEF, P. 0. Box 124 Blindern, N-03 14 Oslo, Norway. E-mail address: 
Torgeir.Rusten@si .sintef.no 

Center of Infomatics and Computer Technology, Bulgarian A cademy of Sciences, 
"Acad. G. Bontchev" street, Block 25 A, 11 13 Sofia, Bulgaria E-mail address: 
panayot@bgearn.bitnet 

Department of Informatics, University of Oslo, P. 0. Box 1080 Blindern, N-0316 
Oslo, Norway. E-mail address: Ragnar. Winther@ifi.uio.no 

199 1 Mathematics Subject Classification. 65F10,65N20,65N30. 

Key words and phrases. second order elliptic problems, mixed finite elements, 
interior penalty method, domain decomposition. 

The work of all authors was partially supported by The Research Council of 
Norway (NFR), program no. 100998/420 and STP .29643. The work of the second 
author was also partially supported by Bulgarian Ministry for Science and 
Education under grant MM-91#78. 



MULTIGRID TECHNIQUES FOR HIGHLY INDEFINITE EQUATIONS 

Yair Shapira 

Technion 
Haifa 32000 

Israel 

Computer Science Department 

SUMMARY 

A multigrid method for the solution of finite difference approximations of 
elliptic PDEs is introduced. A parallelizable version of it, suitable for two 
and multi level analysis, is also defined, and serves as a theoretical tool 
for deriving an optimal implementation for the main version. For indefinite 
Helmholtz equations, this analysis provides a prediction of the optimal mesh 
size for the coarsest grid used. Numerical experiments show that the method 
is applicable to diffhion equations with discontinuous coefficients and to. 
highly indefinite Helmholtz equations. 
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A GEJWINELY MULTIDIMENSIONAL UPWIND SCHEME 
AND EFFICIENT MULTIGRID SOLVER 

FOR THE COMPRESSIBLE EULER EQUATIONS 

David Sidilkover 
ICASE, Mail Stop 132C 

Hampton, VA 2368 1 
NASA Langley Research Center 

ABSTRACT 

We present a new approach towards the construction of a genuinely 
multidimensional high-resolution scheme for computing steady-state solutions 
of the Euler equations of gas dynamics. The unique advantage of this approach 
is that the Gauss-Seidel relaxation is stable when applied directly to the 
high-resolution discrete equations, thus allowing us to construct a very 
efficient and simple multigrid steady-state solver. This is the only 
high-resolution scheme known to us that has this property. The 
two-dimensional scheme is presented in detail. It is formulated on triangular 
(structured and unstructured) meshes and can be interpreted as a genuinely 
two-dimensional extension of the Roe scheme. The quality of the solutions 
obtained using this scheme and the performance of the multigrid algorithm are 
illustrated by the numerical experiments. Construction of the 
three-dimensional scheme is outlined briefly as well. 

. 



A Schur complement method for eigenvalue problems 

Andreas Stathopoulos Yousef Saad Charlotte F. Fischer* 

Many domain decomposition algorithms for linear systems of equations are based on the 
Schur complement technique. Linear systems involving only the internal points of domains are 
solved independently, and the initial problem reduces to a problem on the interface points. For 
the eigenvalue problem this reduction is not as obvious because both the eigenvector and the 
eigenvalue are unknown. Consider the eigenvalue problem Az = Xz, with A in the following form: 

Writing each block equation separately and solving for x~ = (xi, i = 1,. . . , k), we derive the 
S chur complement analogue for the eigenvalue problem: 

(A,  - C(B - XI)-lCT)z, = AX, (2) 
This system is of the same order as A, and the eigenvalue problem is reduced. Unfortunately, 
eq. (2) is not an eigenvalue problem because the matrix depends on the unknown eigenvalue A. 
In 1958, Abramov proposed a fixed point iteration, where the current eigenvalue estimate is used 
for computing ( B  - XI)-1, and the new eigenvalue estimate is obtained by solving the eigenvalue 
problem of eq. (2). Under certain assumptions, the eigenvalues of the Schur matrix converge to 
the corresponding outer eigenvalues of A. 

However, the above fixed point method is not efficient. The following method uses the Rayleigh 
quotient of the current eigenvector approximation derived from the Schur complement problem to 
compute the new eigenvalue estimate. Thus, it improves the efficiency of the Abramov's method. 

Algorithm DD 
For i  = 0,1,2, ... 

1. Conlpute = .(i)T~z(i)/z(i)Te(i). 
2. Compute S = (A ,  - C(B - X(i)I)-lCT). 
3. Solve the eigenvalue problem Sz?+l) = p(i)z?+l). 
4. Compute z(i+l) = (zp'), z?+'))T, with = ( B  - A(i)I)-lCTzP+'). 

There are several ways to prove that this method converges to some eigenvalue, and that 
convergence is quadratic. First, the eigenvalue iterates produced by the DD can be written as: 

Convergence of DD falls from the convergence of the Abramov's method. Moreover, it  has been 
shown by Saad that if Newton's acceleration is applied to the Abramov's method, the new eigen- 
value in each iteration is given by eq. (3). Thus, DD converges quadratically. 

*Computer  Science Department,  Vanderbilt University, Nashville, T N  37235 
'Computer  Science Department,  University of Minnesota, Minneapolis 
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The DD method can also be viewed as a Preconditioned Lanczos (PL) method by Morgan and 
Scott, with a specific domain decomposition preconditioner. The PL applies the Lanczos method 
on the preconditioned system ( M  - XI)-'(A - X I ) ,  where M is the preconditioner. Since X is 
not known, the Rayleigh quotient of the Lanczos approximate eigenvector is used to compute a 
better approximation to the eigenvalue. A new preconditioned system is obtained and the Lanczos 
process is repeated. The only difference between the DD and PL algorithms is that PL solves a 
full size eigensystem rather than a reduced one. It is well known that (A - X I )  can be written as: 

I 0 ]  [ B o X I  S ]  [ I  (B-XI)-'CT] I [ C(B - XI)-' I 0 A-XI  = 

If a preconditioner is chosen as: 

I M - X I  = 

it can be shown that 

I -  [ ; ( B  - XI)-lCT(I- S) 
S (M - XI)-l(A - X I )  = 

(4) 

( 5 )  

In this case, the Lanczos in the PL algorithm is applied on the Schur compLiment anL thus, PL 
with this preconditioner and DD are equivalent. Provided that the preconditioner is bounded in 
norm, the asymptotically quadratic convergence of PL applies on DD as well. 

Despite the equivalence of the DD with other methods, the new method provides a more 
succinct and clear presentation of the method and it is formed in a more robust way. PL method 
works only for the extreme eigenvalues while the theory behind the Abramov's method implies 
convergence for interior eigenvalues as well. Several other possibilities exist that can improve the 
robustness of the method. The eigenvector approximations can be saved and orthonormalized, 
so that a Rayleigh Ritz procedure is used instead of a simple Rayleigh quotient. This guarantees 
faster and more robust convergence to the lowest or highest eigenvalues. Since ultimately, the 
method converges quadratically, only a few vectors need to be stored. Another option is to  couple 
the method with some other subspace method such as Davidson's method. Preliminary results 
with these modifications have shown that DD coupled with Davidson is more robust than, and 
usually as efficient as the Rayleigh Quotient Iteration. It also reduces the number of iterations 
from both Davidson and PL methods and the original DD method. Compared to the Davidson 
method using a, similar domain decomposition preconditioner, it is more robust since an eigenvalue 
problem is solved instead of a linear system. 

Finally, since the reduced problem is an eigenvalue problem the process can be repeated in a 
multi-level fashion. The realistic problem with this approach is that after only a few levels the 
Schur complement becomes dense and not efficiently further reducible. 
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Locating centers for radial basis function neural networks using 
multigrid methods 

by 
Marietta J. Tretter 

Department Business Analysis 
Texas A&M University 

College Station TX 77843-421 7 
E021 MT@tamvml .tarnu.edu 

Radial basis function approximation is well known. This method 
has gained some popularity more recently as a neural network 
technique. It offers generally faster convergence than 
backpropagation neural networks and tends to produce better results 
in the context of time series forecasting. One problem with radial 
basis functions is the location of centers for interpolation. This 
paper explores the use of multigrid methods in improving radial 
basis function neural networks in the context of business time 
series forecasting. 
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OBJECT-ORIENTED METHOD FOR MULTIGRID SOLVERS DESIGN 

by Alexander Trofmov 

Dnepropetrovsk State University, Dnepropetrovsk, Ukraine 

Method of the building the multigrid programs, based on treatment of 
the multigrid complex as a hierarchy system, was distinguished. This technique 
allows: i) to effectively design the kernel of a multigrid system; ii) to 
quickly adapt the program complex to the concrete class of problems, to use 
the existent interface and graphics libraries and as a result to effectively 
produce the commercial packages. The main features of the considered method 
was demonstrated on the working out of the multigrid system for the problems 
of the stress concentration in a solid body. 
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ALGEBRAIC MULTIGRID. BY SMOOTHED AGGREGATION 
FOR SECOND AND FOURTH ORDER ELLIPTIC PROBLEMS 

Petr Vanek, Jan Mandel, and Marian Brezina 

Abstract 

An algebraic multigrid algorithm is developed based on prolongations by 
smoothed aggregation. Coarse levels are generated automatically. Guidelines 
for the selection of method components are presented based on energy 
considerations. Efficiency of the resulting algorithm is demonstrated by 
computational results. 



K~ylov Subspace and Multigrid Methods applied to the Incompressible 
Navier-Stokes Equations 

C. Vuik, P. Wesseling, and S. Zeng 
Faculty of Technical Mathematics and Informatics 
Delft University of Technology 
Mekelweg 4,2628 CD Delft, The Netherlands 

Abstract 

Krylov subspace and Multigrid methods are two types of promising iterative 
methods for the solution of large unsymmetric non-diagonally dominant 
linear systems of algebraic equations 
resulting from discretization of partial differential equations. We apply these 
methods to the solution of the incompressible Navier-Stokes equations 
discretized on staggered grids in general coordinates. 

The two types of method can both be regarded as powerful techniques to 
accelerate basic iterative methods, but they have different advantages and 
disadvantages. For solving non-symmetric problems, a Krylov subspace method 
called GMRESR has been developed, which is based on GMRES and GCR. An obvious 
advantage of GMRESR is its easy vectorization, since most of its arithmetic 
operations are vector updates, vector-vector and matrix-vector multiplications. 
Furthermore, vector lengths become large as the grid is refined, which improves 
speed on vector computers. However, the number of iterations grows 
significantly as the grid gets finer. Multigrid methods do not have this 
problem. A distinguishing feature of multigrid is that in principle its 
computational cost is $Om$, where $NV$ is the number of 
(discrete) unknowns. But the perfoimance of a multigrid 
method strongly depends on the smoother used. A simple smoother like point 
Jacobi is easily vectorizable but not robust. For difficult problems, as in 
general coordinates, multigrid methods using simple smoothers often fail, and 
therefore more complicated but robust smoothers are required. A complicated 
smoother like ILU is robust but hard to vectorize. Furthermore, another 
problem for multigrid methods is that occurrence of vectors of short length is 
inevitable, since use of coarser grids is necessary. This hampers multigrid 
efficiency on vector computers. 

In this paper, we compare the two types of method on an HP 735 workstation and 
on a Convex 3840 mini supercomputer. This makes it possible to compare rates of 
convergence and vectorizability. 

The foregoing observations on the advantages and disadvantages of the two 
types of method suggest that combinations of them may be profitable. 
We specify a combination of a Krylov subspace method with a multigrid 
method. This combination is applied to the incompressible Navier-Stokes 
equations and its performances are compared with the original methods. 



A Parallel Domain Decomposition Method for the Finite Element 
Approximation of Convection-Diffusion Problems 

Junping Wang 
Department of Mathematics 
University of Wyoming 
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and 

Ning-Ning Yan 
Institute of Systems Science 

Academia Sinica 
Beijing, China 100080 

Abstract 

This talk will address a new domain decomposition method for the finite 
element approximate solution of convection-dominated convection-diffusion 
problems. The model problem will be discretized by using a combination of the 
mixed finite element method and the discontinuous Galerkin method for 
first-order hyperbolic equations. Nonoverlapping domain decomposition will be 
employed to design a parallel iterative procedure. Convergence and numerical 
experiments will be discussed in the talk. 



An Algebraic Multigrid Solver for the Navier-Stokes Problems 
in the Discrete Second-Order Approximation. 

R Webster 
Roadside, Harpsdale, Halkirk, Caithness, KW12 6U1. UK. 

G Robinson 
Northeast Parallel Architectures Centre, Syracuse University, 

Syracuse, NY 13244, USA. 

An algebraic multigrid scheme is presented for solving the discrete 
Navier-Stokes equations to second-order accuracy using the defect-correction 
method. Solutions for the driven cavity and for the asymmetric, sudden 
expansion test problems have been obtained for both structured and 
unstructured meshes, the resolution and resolution grading being controlled by 
global and local mesh refinements. 

The solver is efficient and robust to the extent that no under-relaxation of 
variables is required to ensure convergence but rates of convergence can be 
improved with small amounts of under-relaxation of the velocity-pressure 
coupling. Providing the computational mesh can resolve the flow field, 
convergence characteristics are almost mesh independent. Rates of convergence 
actually improve with refinement, asymptotically approaching mesh independent 
values. For extremely coarse meshes where dispersive truncation errors would 
be expected to prevent convergence (or even induce divergence), solutions can 
still be obtained by using explicit under-relaxation in the iterative cycle. 

KEYWORDS: Algebraic Multigrid, Defect Correction, Unstructured Meshes. 
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Remarks of domain decomposition algorithms for higher order 
and mortar finite elements 

Olof B. Widlund 

25 1 Mercer Street 
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Courant Institute of Mathematical Sciences 

Abstract 

Domain decomposition methods have been developed quite systematically and 
successfully for lower order finite element approximations of elliptic 
problems. These algorithms are preconditioned conjugate gradient-type methods 
based on solvers on subregions and certain low dimensional global models. 
Until recently, relatively less attention has been paid to the large linear 
algebraic systems of equations that arise in discretizations based on spectral 
elements, the $p-$version finite elements, and the mortar methods. 

In this talk, some remarks will made on recent work on spectral elements, 
carried out jointly with Luca Pavarino. This work has focused on iterative 
substructuring methods, which form one of two most important families of 
domain decomposition algorithms for elliptic finite element problems. Fast 
methods have been designed and analyzed both for Galerkin and variational 
methods based on Gauss-Lobatto-Legendre quadrature. Numerical evidence 
suggests that these preconditioners are just as powerful as similar, 
previously known methods for $h-$version finite elements. 

The success and obstacles encountered in extending these algorithms and the 
analysis to $p-$version finite element methods will then be examined. Real 
challenges to the theoretician arises primarily in three dimensional problems; 
the two dimensional case was treated successfilly in a 1991 paper by 
Babu\v{s}ka et al. 

Finally, the mortar finite elements are considered. A description will be 
given of recent joint work with Yvon Maday in which a {\it face-based} 
iterative substructuring method has been designed and analyzed. 

The goal of all these studies is to develop iterative methods with an 
iteration count that is independent of the number of subregions into which the 
given domain is partitioned, and grows at most polylogarithmically in the size 
of the local subproblems. 



Multiple Coarse Grid Multigrid Methods for Solving Elliptic Problems 

Shengyou Xiao 
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and 
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In this paper we describe some classes of multigrid methods for solving large 
linear systems arising in the solution by finite difference methods of certain 
boundary value problems involving Poisson’s equation on rectangular regions. 
If parallel computing systems are used,then with standard multigrid methods 
many of the processors will be idle when one is working at the coarsest grid 
levels. We describe the use of multiple coarse grid multigrid (MCGMG) methods. 
Here one first constucts a periodic set of equations corresponding to the 
given system. One then constucts a set of coarse grids such that for each 
grid corresponding to the grid size h there are four grids corresponding to 
the grid size 2*h. Multigrid operations such as restriction of residuals and 
interpolation of corrections are done in parallel at each grid 1evel.For 
suitable choices of the multigrid operators the MCGMG method is equivalent to 
the parallel superconvergent multigrid (PSMG) method of Frederickson and 
McBryan; The convergence properties of MCGMG methods can be accurately 
analyzed using spectral methods. 



NEW NONLINEAR MULTIGRID ANALYSIS 

DEXUAN XIE 
Department of Mathematics 
University of Houston 
Houston, TX 77204-3476 

E-mail: xie@math.uh.edu 

Abstract. 

The nonlinear multigrid is an efficient algorithm for solving the system of 
nonlinear equations arising fiom the numerical discretization of nonlinear 
elliptic boundary problems [7], [8]. The purpose of this paper is to provide 
a new nonlinear multigrid analysis as an extension of the linear multigrid 
theory presented by Bramble, et al. in [5], [6] and [16]. 
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The auxiliaiy space method and optimal multigrid preconditioning 
techniques for unstructured grids 

Jinchao Xu 

Abstract: 

An abstract framework of auxiliary space method is proposed and, as an 
application, an optimal multigrid technique is developed for general 
unstructured grids. The auxiliary space method is a (nonnested) two level 

I preconditioning technique based on a simple relaxation scheme (smoother) and 
an auxiliary space (that may be roughly understood as a nonnested coarser 
space), An optimal multigrid preconditioner is then obtained for a 
discretized partial differential operator defined on an unstructured grid by 
using an auxiliary space defined on a more structured grid in which a further 
nested multigrid method can be naturally applied. This new technique make it 
possible to apply multigrid methods to general unstructured grids without too 
much more programming effort than traditional solution methods. Some simple 
examples are also given to illustrate the abstract theory. 
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COARSE-GRID CORRECTION OF VERY SMOOTH ERROR-COMPONENTS 

Irad Yavneh 

Coarse-grid correction operators are evaluated in the context of their ability 
to correct asymptotically smooth error components. The requirements for 
elliptic and nonelliptic problems are compared for both Galerkin coarsening 
and coarsening schemes based on the differential operator. For Galerkin 
coarsening minimal requirements for the orders of the intergrid transfers used 
in defining the coarse-grid operator are given, and questions are raised 
regarding the usability of the so-called "approximation property" as a 
practical criterion. Various well-known coarsening schemes are compared in 
the present context for first-order accurate advection operators and a winner 
is declared. 


