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An Alternate Method for Prediction of the Macromechanical 
Properties of Laminated Composites 

Joel G. Bennett, Mark A. Kenamond, Keith S .  Haberman’ 

Abstract 
The theory for an alternate method to classical laminate theory for the prediction 

of the macromechanical properties of laminated composite materials is developed and 
verified by comparing the predicted lamina stresses to those from a detailed finite 
element calculation. The usefulness of the method is demonstrated by comparing the 
load-displacement calculation using the equivalent properties to experimentally 
measured data from a 4-point bending experiment. 

Introduction 
Typically, if an analyst is faced with prediction of the mechanical properties of a 

laminated composite plate or shell-like structure, he will use classical laminate theory 
to develop the extensional [A], coupling [B], and the bending [D] stiffness matrices 
(Jones, 1975). The development of these matrices assume thin lamina and a state of 
plane stress, and the Kirchhoff-Love hypothesis regarding the variation of the stress 
and strain through the laminate thickness. However, occasionally the analyst must 
provide calculations for structural configurations which are not thin and for which the 
lamina may not be in a state of plane stress. For example, this calculation may be a 
finite element (FE) analysis of a structure made from a laminated material. If there are 
many layers, the use of a layered shell or layered continuum element, calling out each 
lamina’s properties can result in enormously long run times for any significant detail, 
and may not be warranted, (or even possible, being machine or storage limited). On 
the other hand, if the analyst would like to model the structure with continuum 
elements and specify a set of equivalent material properties for an element that may be 
modeling several lamina, he must supply the equivalent local constitutive stiffness or 
compliance matrix. Classical laminate theory can be used for the in-plane extensional 
matrix, but the other constants must be computed for the constitutive matrix by other 
means. Various approximations, some involving volume averaging, can be and are 
used, but they usually do not leave one with a very “warm feeling”. The method 
described in this paper uses the concept of a representative volume model (RVM) in a 
state of “generalized plane strain” in two directions. The methodology is developed in 
the remainder of this paper. 

The Rearesentative Volume Model (RW and the Assumptions 
A unit volume model is assumed that is composed of layers of lamina, and is 

representative of the composite material lay-up. Furthermore, we assume that the 
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RVM is subject to an overall displacement field that is perturbed by each lamina, with 
the perturbations being only a function of the coordinate perpendicular to the lamina. 
We state this assumption as : 

RVM 
w = w o  + w  (y) 

RVM 
v = v o + v  (y) 

RVM 
u = u o  + u  (y) 

where U,Y, and w are the total displacements in the x,y ,  and z directions with y being 
the coordinate through the thickness of the lay-up (in a local principal curvature 
direction, if a curved lay-up), and x and z forming the tangent plane to the lamina. 
x,y, and z are orthogonal coordinates and u ~ , Y ~ ,  and w0 is the overall displacement 
field. Thevariables u RVM , vRVM,  and wRVM are the lamina perturbation displacements 
and are, in effect, the unknown “layer-variables”. It is convenient to redefine the 

and = { E , , E ~ , E ~ .  y V ,  y z ,  yp, I‘ where yii = 2eii , i ?c j .  Then using the usual small 
strain-displacement relationships and the assumed displacement fields, we can write 
the strain vector components as: 

stress and strain tensors to be in vector form such that ai {ux. by, uZ, rxy ,  cz. rp, >I 

my EMS 
E3 = - = EZ 

EMS+- hRVM 
E2 = - = EY 

EMS 
El  = - = E X  

h ay ay m 
(1) 

EMS 
E 5  = Y ,  

RVM 

au 
The superscript EMS stands for equivalent material strain and these terms are the 
a~ /ai result, and are assumed known. Examination of the strain vector reveals that 
the strain is known and specified in the x and z directions and thus this state is called 
“generalized plain strain” in two directions. This designation does not mean that there 
is no strain gradient in the material in these directions. It only means that at the 
position within the material that the layer RVM represents, the equivalent material 
strains are known. 

Oi 

Constitutive Eauations and Governing Partial Differential Eauations TPDEs) 
as an initial strain, the constitutive law for the local RVM stresses 

is written oi = C , ( L $ ~  -E?) , i , j  =1,6 , and the &iRVM vector can be obtained in 
terms of the RVM displacements from Eq’s.1. The PDEs for equilibrium in the 
absence of body forces are the familiar & ~ ~ / a ~  = o in Cartesian tensor notation, 
(i,j=1,3). Substituting the constitutive law written in terms of the RVM displacements 
and recognizing that at the RVM level the stress is only a function of y the governing 
PDEs for the RVM displacements can be obtained. For example, in the x direction, 

Treating 

and similar equations for the y and z directions. 
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Element WeiPhted Residual Equations 
If the RVM is now considered to be made up of “elements7~, each element 

representing a “layer” in the y direction, a conventional weighted residual method and 
Galerkin approach (Bathe, 1982) can be used to develop the following matrix equation 
for the “element”: 

The procedure is quite straight-forward and the only detail that needs to be noted here 
is that I ,  J represent “nodal” quantities, iv,(e> are the isoparametric interpolation 
functions, 5 being the isoparametric coordinate, and the summation convention 
applies for both the lower and upper case subscripts ( I ,  J =1, no. nodes, j =1,6). 
The constitutive matrix cii for fiber reinforced tape used in laminated composites, is 
specified for a principal coordinate system with one coordinate in the fiber direction 
and is normally an orthotropic matrix and must be transformed into the RVM 
coordinate system, and becomes monoclinic for symmetry about y = o for the stress 
and strain vectors as defined. The transformation matrices are discussed in the 
literature (Cook, 1981). The “element” matrix equations are “assembled” for each 
layer to form the RVM. 

Euuivalent Material Properties 
The laver element euuations are assembled into an RVM which has periodic 

symmetry b‘bundary condkons and can be solved for - the - -  “layer-variables”. The 
equivalent RVM constitutive matrix is given by in oi = cijej where the barred 
stress and strain are the volume-averaged layer stress and strain, given for example, by 
zi = 1 I vX I aidve. The volume-average strain is .$es by the average strain theorem 

(Aboudi, 1992). The is found from the RVM by varying to obtain each 
column a~ C.g = aoi/aEj . 

V C  

- -  

ComDarison With a Detailed FE Calculation 
The RVM program was written as a FORTRAN program to run on a 

workstation. One method of verifying that the code is to compare the layer variables 
from the RVM output with the output from a detailed FE calculation that models each 
lamina for a specified composite lay-up. A model was prepared for comparison 
purposes and Fig.l shows the the layer of stresses from the RVM calculation 
compared with 3D-FE model that enforced the generalized plane strain condition in 2 
directions and periodic symmetry BC in the layer direction for a 5-lamina lay-up with 
a “matrix rich” region (thickness estimated from micrographs) between each lamina. 
For this comparison, the axial equivalent material strain was 0.001 and the properties 
for a commonly used tape composed of a 62 % carbon fiber in an epoxy resin were 
used. The lay-up orientation called out on Fig. 1 is with the 0 degree fiber oriented in 
the axial direction. 
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Four Doint Beam Exwriment Simulation Using RVM Predicted Macro-nronerties 
Fig. 2 illustrates the comparison of an experimental load-displacement result 

from a 4-point bending experiment with a FE calculation that used the constitutive 
matrices obtained from the RVM. This small specimen contained 47 layers that 
generally had a 0, 45, -45, and 90 degree principal fiber orientations. The 
experiment was modeled with a FE computer code using ten 3D continuum elements 
through the layer direction. The (generally) monoclinic equivalent compliance matrices 
for each element, which modeled 5-6 layers, were supplied using the method as 
developed. The comparison illustrates that the method gives an excellent 
representation of the equivalent property constitutive matrices 
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Fig. 1 A comparison of the RVM 
predicted lamina stress to a FE 
equivalent model for uniform 
extensional strain and a 5 layer lay- 
up with a matrix rich region 
between lamina. 
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Fig. 2 The 4-point beam 
simulation predicted using the 
RVM equivalent material matrices 
versus the test data. 

Conclusions 
A methodology for obtaining the equivalent material constitutive law for 

layered composite materials has been formulated, verified and demonstrated. 
Current research is directed at having representative micromechanical models that 
can be embedded at an integration point in general purpose FE computer codes. 
Which can model limited material damage effects, Yet predict global structural 
response. This model is one candidate for capturing delamination damage. 
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