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Abstract 

We study the efficient approximability of two general class of problems: (1) Opti- 
mization versions of the domino problems studied in [Ha85, Ha86, vEB83, SB84] and 
(2) graph and satisfiability problems when specified using various kinds of periodic spec- 
ifications studied in [Or82a, HT95, Wa93, HW94, Wa93, MH+94]. Both easiness and 
hardness results are obtained. Our efficient approximation algorithms and schemes are 
based on extensions of the ideas in [Ba83,HM85,MH+94]. Two of properties of our 
results obtained here are: 

1. For the first time, efficient approximation algorithms and schemes have been developed 
for natural NEXPTIME-complete problems. 

2. Our results are the first polynomial time approximation algorithms with good per- 
formance guarantees for “hard” problems specified using various kinds of periodic 
specifications considered in this paper. 

Our results significantly extend the results in [HW94, Wa93, MH+94]. 
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1 Introduction and Motivation 
Periodic specifications can be used to define large scale systems with highly regular structures. 
Using periodic specifications, large objects are described as repetitive connection of a basic module. 
Frequently, the modules are connected in a straight line but the basic modules can also be repeated 
in two or higher dimensional patterns. Periodic specifications have applications in such diverse areas 
as transportation planning [Or82a, HLW92, Ma941, parallel programming [HLW92, KMW671 and 
VLSI design [IS87, IS88]. They model periodic problems where the constraints or demands for any 
one period is the same as those for preceding or succeeding periods. Orlin has studied periodically 
specified problems over an infinite horizon; i.e the objects considered are infinite [Or82a]. Ford and 
Fulkerson [FF58] and Wanke [Wag31 have studied the finite horizon versions of periodic problems 
and Gale [Ga59] has studied problems for periodic specifications with fixed starting points. All 
the above mentioned studies are for 1-dimensional periodic specifications. Other researchers have 
studied 2-dimensional and more generally &dimensional periodic specifications. (See [CM91, IS87, 
K091, KS88, Wa931.) Hoppe and Tardos [HT95] have considered 1-dimensional wide specifications: 
i.e. specifications in which there is a relationship between objects placed exponentially apart on the 
1-dimensional grid. Toroidal periodic specifications were introduced by Hofting and Wanke [HW94] 
as extensions of periodic specifications. 

Domino (or Tiling) problems were introduced by Wang ma611 and Biichi [Bu62] and have been 
studied extensively in the literature. (see for example [vEB83, SB84, Ha85, Ha86, Fu841.) They 
have proven useful in obtaining hardness results, especially for decision problems for various logical 
theories. Usually a domino system is described as a finite set of tiles or dominoes, every tile being 
a unit square with a fixed orientation and colored edges; we have an unlimited supply of copies of 
every tile. A domino problem asks whether it is possible to tile a prescribed subset of the Cartesian 
plane with elements of a given domino system, such that adjacent tiles have matching colors on 
their common edge and perhaps with certain constraints on the tiles that are allowed on certain 
specific places (e.g. the origin). 

2 Summary of results 
Here we study the approximability of the following two general class of problems: 

1. several optimization versions of domino problems studied in [Ha85, Ha86, vEB83, SB84] and 

2. problems specified using the following kinds of periodic specifications. 

(a) The 2-dimensional finite periodic narrow specifications of Wanke [Wa93], (referred as 2- 

(b) The 2-dimensional finite periodic narrow specifications with explicit boundary conditions 

(c) The 2-dimensional finite toroidal periodic narrow specifications of Hofting and Wanke 

(d) the c-uniform 1-dimensional finite wide periodic specifications of Orlin [Or84b] (referred as 

F( B, B) PN-specifications) , 

(referred as 2-F(B, B) PN(BC)-specifications) 

IHW941, (referred as 2-F(B,B)PTN-specifications) and 

1- F ( B ) P W ( c) specifications). 

Let 11 be a problem. We use the term standard specification to refer to the method or methods 
commonly used it the literature to specify an instance of II. For instance, one standard specification 
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2p 
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log b 

2 

3 

(IVHl/2 + E )  

1.137 

Table 1: Performance Guarantee Results for Optimization Problems for problems specified using 2- 
F(B,B)PN-specifications. A formal definitions of the problems stated in the Table is given in the Ap- 
pendix. Similar results hold for problems specified using 2-F(B,B)PN(BC) 2-F(B,B)PTN and 1-F(B)PW(c)- 
specifications respectively. 6 denotes the degree bound. p denotes the maximum arity of a relation in 5’. The 
approximation results for the standard case for arbitrary and planar instances can be found in [CK94]. 

for an instance of a CNF satisfiability problem is a set of clauses where each clause is a set of liter- 
als. For problems in graph theory, the adjacency matrix and the adjacency list specifications of the 
edges in the graph are standard specifications of the graph. We use the notations 2-F(B,B)PN-l-I, 
2-F(B,B)PN(BC)-III, 2-F(B,B)PTN-II and 1-F(B)PW(c)-II to denote the problem 11 when instances 
are specified using 2- F( B, B) P N , 2- F( B, B) PN ( B  C) 2- F( B, B) PTN, l-F( B) PW(c)-specifications respec- 
tively. For example, 2-F( B,B)PN-3SAT denotes the problem 3SAT when instances are specified 
using 2-F(B,B)PN-specifications and 2-F(B,B)PTN-3SAT denotes the problem 3SAT when instances 
are specified using 2-F(B,B)PTN-specifications. We let a denote any of the four specifications 2- 
F(B,B)PN, 2-F(B,B)PN(BC), 2F(B,B)PTN, or 1-F(B)PW(c) and we use the notation a-II to refer to 
problem II specified by any of the four specifications. We also refer to any of the fours specifications 
mentioned above as succinct specifications. 

We now summarize the results obtained in this paper and point out their significance. 

2.1 

In [MH+95], we study the decision complexity of a number of graph and generalized CNF satisfi- 
ability problems specified using various kinds of periodic specifications. We prove that a number 
of naturh problems, including all the problems stated in Table. 1, are NEXPTIME-complete, when 
instances are specified by one of the periodic specifications considered here. Given these hardness 
results, we investigate the existence of polynomial time approximation algorithms for these prob- 

Approximation Algorithms for Succinctly Specified Problems 
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lems. We present a uniform approach for developing efficient approximation algorithms and/or 
schemes for a number of optimization problems when specified using one of the specifications a. 
The following theorem summarizes our first main result. 

Theorem 2.1 For each fixed Z 2 1, and for each of the problems II listed in Table l.3 the problem a-II, 
has a polynomial time approximation algorithm with running time O(RTn(Z2 - /GI)) with performance 
guarantee4 ( y )2 .FBESTn .  Here IGJ denotes the size of the specification, FBESTn denotes the best 
known performance guarantee of an algorithm for the problem II for non-succinctly specified instances 
and RTn(n) denotes the running time of the algorithm with input size n which guarantees a performance 
of FBESTn for the problem II. 

As an example, using recent results in [GW94], we get that for all e > 0, the problems 2- 
F(B,B)PN-, 2-F(B,B)PN(BC)-, 2F(B,B)PTN- and 1-F(B)PW(c)-MAX 2SAT have polynomial time 
approximation algorithms that output solutions within a factor of (1 + e )  ' 1.137 of an optimum 
solution. As a corollary of Theorem 2.1, using the recent nonapprcximability results of [AL+92] 
we get the following: 

Theorem 2.2 For al l  the problems Il listed in Table 1, the problems a-II have polynomial time 
approximation schemes if and only if P = NP. 

As a second result which follows from the proof of Theorem 2.1, we get that all of the above problems 
11 have a polynomial time approximation scheme (PTAS), when restricted to planar instances. We 
can show that many of these problems remain NEXPTIME-complete, even when restricted to planar 
instances. 
Theorem 2.3 For all the problems II listed in Table 1, the problems a-II have polynomial time 
approximation schemes when restricted to  planar instances. 

2.2 Approximability of Domino Problems 
We consider the following two optimization versions of the domino or tiling decision problems 
studied in [Ha85, Ha86, vEB83, SB841. 

1. Maximum Area Tiled (MAT): Given a fixed collection of dominoes of size 1 x 1, the aim is to 
tile the plane so as to maximize the area covered by the tiles or the dominoes. (Observe that 
we do not demand the area be contiguous.) 

2. Contiguous Maximum Area Tiled (CMAT): Given a k e d  collection of dominoes of size 1 x 1, 
the aim is to tile the plane so as to maximize the contiguous area covered by the tiles or the 
dominoes. 

When the bounds on the area to be tiled are specified in unary, we show that 

1. the problem MAT has a polynomial approximation scheme, and that 

2. there exists E > 0 such that approximating the problem CMAT within performance guarantee 
of n' is NP-hard. 

The contrast between the complexities of approximating the problems MAT and CMAT becomes 
more pronounced when bounds on the area to be tiles are specified in binary. In this case, we show 
that 

In fact we can show that the theorem holds for most problems a-II such that II is in syntactic MAX SNP. 3 

*For the sake of uniformity we assume that the performance guarantee is 2 1. 
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1. the problem MAT still has a polynomial approximation scheme and that 

2. there exists E > 0 such that the approximating the problem CMAT with performance guar- 
antee of n‘ is NEXPTIME-hard; thus CMAT provably does not have a polynomial time 
approximation algorithm with “good7’ performance guarantee. 

Non-approximability results similar to those obtained for CMAT can also be obtained for periodically 
specified graph and satisfiability problems. We omit the discussion due to lack of space. 

2.3 Significance of results 

In the following, we discuss the significance of our results and make additional observations. 

1. Our results are the first polynomial time approximation algorithms and approximation schemes 
in the literature for problems specified using the specifications 2(a), 2(b), 2(c), or 2(d) and 
also for optimization versions of “hard” domino problems. Our approximation algorithms are 
based on extensions of the ideas in [MH+94]. The approximation algorithms given in this 
paper have three desirable features: 

(a) they are conceptually simple, 
(b) they apply to large classes of problems TI, and 
(c) they apply to problems specified using any of the periodic specifications considered here. 

2. 

3. 

4. 

For the first time, polynomial time approximation algorithms are developed for natural 
NEXPTIME-hard problems. Thus our results provide the first natural problems for which there 
is a proven exponential ( and possibly doubly exponential) gap between the time complexities 
of finding exact and approximate solutions6. Only very recently has there even been work on 
the efficient approximability of PSPACE-hard problems (See [AC94, Co95, CF+93, CF+94, 
HM+94a, MH+94]). 

Our NEXPTIME-hardness results in [M+H95] show that the very regular structure of problems 
specified periodically by the specifications 2(a)-2(d) do not suffice to make problems easy. 
But, the efficient approximation algorithms and schemes developed here show the following: 

The very regular structures of problem instances specified by the periodic specifications 
of 2(a)-2(d) suffice to make approximating many basic optimization problems easy. 

Approximating many of the optimization problems considered here, when instances are speci- 
fied using he small circuit specifications of [PY86,LB89] can be shown to be NEXPTIME-hard 
by extensions of the arguments in [Ar94]. Thus our results high-light one important difference 
between multiple-dimension finite periodic specifications and small circuit specifications. 

Due to lack of space, the remainder of the paper consists of preliminary definitions and selected 
proof sketches. 

5Previous non-approximability results show that many optimization problems are NP-hard or PSPACE-hard to 
approximate beyond a certain factor. While these hardness results point out that it is unlikely in general to find 
“good” polynomial time approximation algorithms, they does not rule out this possibility. The results presented here 
show a provable gap between approximation and decision since the decision problems are NEXPTIME-complete and 
hence requires at least 2’” steps and possibly 22cn steps (if NEXPTIME + DEXPTIME) to solve. 

6 0 f  course, it is easy to construct artificial problems, whose decision versions are NEXPTIMEhard, that have 
polynomial time approximation algorithms with good performance guarantees. 
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Figure 1: (a)The static graph with '2-dimensional integer vectors associated with each edge. (b) 
The graph G2i1 specified by I' = (G, 10,Ol). 
(c) The toroidal periodic graph G2,' specified by the same specification. Observe the wrap around 
edges that are present. Note that we can specify that edges wrap around in only a some of the 
dimensions. 

3 Preliminary Definitions 
In order to understand the results in this paper, it is useful to understand the concept of period- 
ically specified instances. In what follows, we formally define 2-F( B,B)PN-specification. A brief 
description of other specifications can be found in relevant sections. We also refer the reader to 
[HW94, HW95, CM91, Wag31 for formal definitions of the periodic specifications considered in 
this paper. For the rest of the paper, we use 2 and N to denote integers and natural numbers 
respectively. 

2-F ( B , B) P N-S peci f ied Graphs 

Given a labeled finite directed graph G(V, E )  (called the static graph) such that each edge (u, v) 
has an associated 2-dimensional integer vector (1 ,  b) ,  the 2-dimensional infinite periodic graph 
Gm(V',E') is defined as follows: V' = {v ( i , j )  I PI E V and i , j  are integers } E' = {(u( i , j ) ,v( i  + 
I ,  v + b) I ( I ,  b)  is the label associated with (u, u )  E E }. For a non-negative integer vector (m, a) ,  
the 2-dimensional finite periodically specified graph Gmin is the subgraph of G" induced 
by the vertices VI = {v(i , j )  I 21 E V and 0 5 i _< m , 0 5 j _< n }. For a non-negative integer 
vector (m, a),  the 2-dimensional finite periodic toroidal specified graph Gm,n consists of the 
vertices VI = {v ( i , j )  I PI E V and 0 5 i 5 m , 0 5 j 5 n }. There is an edge between u(il,jl) 
and v(i2,jz) if and only if there is an edge between u and v in the static graph with the associated 
integer vector satisfying the condition il = i2 mod (m + 1) and j ,  = j 2  mod (n + 1). 

A %-dimensional finite periodic specification' (denoted by 2-F(B,B)P-specification) of a 
graph Gmyn is a three tuple I' = (G(V,E),M,N), where G is a static graph, and M and N ,  
are binary numerals denoting non-negative integers m and n respectively. (It is important to 
observe that m and n are specified using binary notation.) The size of the 2-F(B,B)P-specification 
I' = (G(V,E),M,N) (denoted by size(I')) is given by size(I') = IVl+lEl+bits(M)+bits(N), where 
bits(M) and bits(N) are number of bits in the numerals M and N .  In the rest of the paper we will 
use M and N to denote the number and its binary representation; the intended meaning should be 
clear from the context. A 2-dimensional periodic specification I' = (G(V, E ) , M , N ) ,  is narrow if 
for all integer vectors y =< y1 , y2 > associated with the edges of G, yi E {-l ,O,  l}, 1 5 i 5 2. We 
denote 2 dimensional finite periodic narrow specifications by 2-F( B,B)PN-specifications. Figure l(a) 

'In the appendix, we briefly discuss the naming convention used to name the problems considered. 
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shows a static graph G and the Figure l(b) shows the periodically specified graph G2>l specified by 
I' = (G, 10,01).8 

It is sometimes useful to imagine a 2-F(B,B)PN-specified graph as being obtained by placing a 
copy of the vertex set V at each non-negative integral grid point (q y), 0 5 3: 5 A4 and 0 <_ y 5 N , 
and joining vertices placed at neighboring grid points in a manner specified by the edges of the 
static graph. 

4 Approximation Algorithms for 2-F( B,B)PN-specified problems 
4.1 Meaning of Approximat ion Algorithms for Periodically Specified Problems 

It is important to understand what we mean by a polynomial time approximation algorithm for a 
problem 11, when II's instances are specified by 2-F(B,B)PN-specifications. We illustrate this by 
the following example: 

Example: Consider the maximum independent set problem, when graphs are specified be 
2-F(B,B)PN-specifications. We provide efficient algorithms for the following versions of the Ap- 
proximate Maximum Independent Set Problem: 
(1) The Approximation Problem: Compute the size of a near-maximum independent set in G. 
(2) The Query Problem: Given any vertex 'u of G determine whether 'u belongs to the approxi- 
mate independent set so computed. 
(3) The Construction Problem: Output a 2-F(B,B)PN specification of the set of vertices in the 
approximate independent set. 
(4) The Output Problem: Output the approximate independent set computed. 

Our algorithms for (l), (2) and (3) above run in time polynomial in the size of the 2- 
F( B,B)PN-specification rather than the size of the graph obtained by expanding the specification. 
Our algorithm for (4) runs in time linear in the size of the expanded graph but uses space which is 
linear in the size of the periodic specification. H 

We provide results with similar time bounds for the Approximation, Query, Construction, and 
Output problems associated with the problems II in Table 1, when instance are specified by 2- 
F( B , B) P N-, 2- F( 6, B ) P N ( BC)-, 2F( B , B) PTN-, or 1- F( B) PW( c)-specifications. 

4.2 Basic Technique 
The basic idea behind our approximation algorithms involves the conversion of solutions obtained 
from a local algorithm on small sub-grids to a solution of the global problem. The method of partial 
expansion involves the application of a divide and conquer algorithm iteratively by considering 
different subsets of the given graph; solving each subset by a local algorithm, constructing a global 
solution and finally choosing the best solution among these iterations as the solution to n. The 
method can be seen as an extension of the shifting strategy devised by Baker [Ba83], Hochbaum 
and Maass [HM85, HM87] for finding efficient approximation algorithms for several combinatorial 
problems. 

We outline the basic technique by discussing our NC-approximation scheme for the maximum 
independent set problem. Consider a 2-F(B,B)PN specification of a graph G, and an integer k > 1. 
To begin with, for each i, 0 5 i 5 k, we partition the graph G into l disjoint sets G1,.- .Gl  by 
removing vertices with horizontal coordinates congruent to i mod (k + 1). For each subgraph 
Gp, 1 I p I I ,  we fmd an independent set of size at least & times the optimal value of the 

'The reader is strongly encouraged to go through the example of periodidly specified graph given in Figure 1 
and an example of periodically specified formula in the Appendix. 
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Input: An instance (G,M,N) of a periodic graph GM~N and an E > 0 
Output: A periodic specification of a near optimal independent set in GM9N whose size is at least (1 - e)2  
FBEST -OPT where OPT is the size the maximum independent set in GM7N and FBEST denotes the best 
possible factor achievable by any polynomial time approximation algorithm for the maximum independent 
set problem specified using a standard specification. 
Algorithm ALG2-FPN-MAX-IS 

1. Let k = rl /el  - 1. 
2. For each i, 0 5 i 5 k do 

(a) Partition the graph into ri disjoint sets Gi,l- - - Gi,Ti by removing all the vertices at grid points with 
X-coordinate congruent to i mod (k + 1). 

('1 Gi = UlSjSTGi,j 
(c) For each j ,  1 5 j 5 ri do 

i. For each il, 0 5 il 5 k do 
A. Partition the graph Gi,j into s j  disjoint sets G::;' - - .  G:;jsj by removing vertices at grid points 

B. Gitj = UlsjIlsj G$jl 
C. For each G:;jl, 1 5 jl 5 s j  compute the optimal (near optimal) value of the independent set 

denoted by IS(G:jil). 
Remark: This can. be done by running the algorithm on just three graphs namely; 

with Y-coordinate congruent to il mod (k + 1). 

Gff,!', Gf:j2 and G;?j"j 
D- IS(Gi:j) = ullj,ssj IS(G$+ 

(d) IS(Gi,j) = maXOlilSk IS(G$) 
(e) "(Gi) = Ulsj<r+ IS(Gi,j) 

3. IS(G) = maxo<ilk IS(Gi) 

Algorithm 1: Details of the algorithm to solve an instance of 2-F(B,B)PN-MAX-fS. 

independent set in G,. The independent set for this partition is just the union of independent sets 
for each of G,. By an averaging argument, it follows that the partition which yields the largest 
solution value contains at least (m) k 2  . OPT(G) nodes, where OPT(G) denotes the value of the 
maximum independent set in G. (For simplicity, we use a symbol to denote a set as well as its 
cardinality. The intended meaning will be clear from the context.) 

It is important to note that the size of the graph we are dealing with is in general exponential in 
the size of the specification. Hence a naive application of the above idea will lead to algorithms that 
take an exponential amount of time. However, as we shall see, the "regular" structure of the graph 
allows us to solve the problems considered here in time polynomial in the size of the specification. 

4.3 

The details of the algorithm for solving 2-F(B,B)PN-MAX-IS problem are given in Algorithm 1. 
We now prove the correctness and the performance guarantee of the algorithm 2-FPN-MAX-IS. 
To do this we prove a series of lemma which hold for every iteration of the innermost loop of the 
algorithm. 

Approximation Scheme for 2-F( B,B)PN-MAX-IS 
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Figure 2: Figure showing the possible equivalence classes as a result of decomposition. The black 
squares denote subgraphs and the black dotted lines denote the equivalence classes. 

Lemma 4.1 For each iteration o f  loop 2(c)i, the graphs Gr'fk, 2 5 j 5 T - 1,2 5 j k  5 s j  - 1 (i.e. 

the graphs Gft;", G$:, . . - Gf;;Z[') are isomorphic. 

Proof Idea: Follows from the definition of periodic specification. 
Let us define two subgraphs obtained in iteration 2.(a).i.A to be in the same equivalence class 

if they are isomorphic. Then it is easy to see that the maximum independent set problem need 
only be solved for exactly one member of each equivalence class. As a corollary of the above lemma 
and by definition of periodic specifications we get that the number of equivalence classes are finite. 
Furthermore, as result of our partitioning step, it can be shown that the size of the individual 
pieces is O(k2 . IGl). These crucial facts allow us to bound the running time of our algorithm by 
O(BTn(k2 * IGl)). 

W 

Lemma 4.2 The number of equivalence classes is no more than 9. Furthermore, The number of 
elements in each equivalence class is a polynomial time computable function f (in the size of the 
specification) of A4 and N ,  denoted by f ( M , N ) .  

Proof Sketch: For the purposes of understanding, assume that the periodic graph as a large square 
which is partitioned into small square pieces. Figure 2 shows the possible different equivalence 
classes. 

. .  
Lemma 4.3 Each of  the subgraphs Gi>J1 obtained in Step 2.(c).i.B is disjoint. 

Proof Sketch: Follows from the property of instances specified by 2-F(B,B)PN specifications; 
namely a vertex defined at grid point ( i , j )  is adjacent only to vertices that are defined at grid 
points (Z,rn) such that I Z  - il, Irn - j l  5 1. 

Next, we prove that the algorithm given above indeed computes a near optimal independent 
set. That is, given any k > 1 the algorithm will compute an independent set whose size is at least 
(-&)2 times that of an optimal independent set. 

First, we prove that of all the different iterations for i, at least one iteration has the property 
that the number of nodes that are not considered in the independent set computation is a small 
fraction of an optimal independent set, 

W 
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Recall that for each i we did not consider the vertices which were placed at lattice points with 
horizontal coordinates j , , j 2  - + + j p  such that ji E i mod(k  + l), 1 5 I 5 p.  Let So, SI,. - - Sl be the 
set of vertices which were not considered for each iteration i. Let IS,t(Si) denote the vertices in 
the set Si which were chosen in the optimal independent set OPT(G). 

Lemma 4.4 

Proof: The proof follows by observing that the following equations hold 

The proofs of the next two theorems follow by an averaging argument. We omit the proofk due 
to the lack of space. 

Theorem 4.5 IIS(Gi,j)I 2 (&) FBEST - IOPT(Gi,j)l. 

Theorem 4.6 IIS(G)I 2 
guarantee of the best algorithm known to solve the independent set problem. 

. PBEST . IOPT(G)I. Here FBEST denotes the performance 

5 Domino Problems 

We start with some preliminary definitions. Let S be a finite square (0,. . . m} x (0,. . . m}. The 
classical domino problem as describe in the literature may be formulated as follows: 
Instance: D consisting of a finite set D and a binary relation H ,  V C D x D. 
Question: Is there a tiling 7 : S -+ D such that for all (z, y) E S we have 

~ ( x ,  y) = di A r(x + 1, y) = dj 3 (di, d j )  E H and ~ ( x ,  y) = di A ~ ( x ,  y + 1) = dj + (di, d j )  E V 

The formulation is equivalent to the more intuitive description of the tiling problem in terms of 
unit squares with colored edges. We consider the following decision versions of the above domino 
problem. 

B1: Given D and n specified in Unary; can D tile an n x n square. 

B2: Given D and integers n and m, where n denotes the width of the board (width in terms 
of Y-axis) is specified in unary and rn the length of the board (in terms of X-axis) which is 
specified in binary, can D tile the n x m rectangle ? 

B3: Given D and integers n and m, where n denotes the width of the board (width in terms of 
Y-axis) is specified in binary and m the length of the board (in terms of X-axis) which is 
specified in binary, can 27 tile the n x rn rectangle ? 

It' is shown in [Ha85, Ha86, vEB83, SB84] that 

1. B1 is NP-complete; 

2. B2 is PSPACE-complete; 

3. B3 is NEXPTIME-complete. 

9 



Given a problem II E (Bl, B2, B3}, MAT-ll denotes the non-contiguous version of the above 
problems and CMAT-II the contiguous version of the optimization problems. 

Theorem 5.1 (1) The problems MAT-B1, MAT-B2, and MAT-B3 have polynomial time approximation 
schemes. 
In contrast, there exists E > 0 such tha t  getting an approximation within n' times optimum is 

(2) NP-hard for the problem CMAT-B1, 

(3) PSPACE-hard for the problem CMAT-B2, and 

(3) NEXPTIME-hard for the problem CMAT-B3. 
Proof Sketch: 
Part 1: The idea is similar to the one described for solving the independent set problem for period- 
ically specified graphs. We describe the ideas for MAT-B1. Extension to MAT-B2, MAT-B3 follows 
along the lines of Algorithm 1. Given an E > 0, we first find the corresponding integer k. To begin 
with, for each i, 0 5 i 5 k ,  we partition the plane S into I disjoint sets GS1, - - GSi by removing 
strips 1 unit thick with horizontal coordinates congruent to i mod (IC + 1). 

Since the bound on X-axis is specified in unary, it follows that the length of each strip is 
polynomial in the size of the input and the width of each strip is a constant for a given E > 0. Using 
this fact, it is easy to devise a dynamic programming algorithm running in linear time that finds if 
the strip can be tiled or not. The same algorithm can also be used to find the way to tile the strip 
so as to maximize the tiled area. We can also choose to further subdivide each strips so that we are 
left with disjoint squares of size ( k  + 1) x ( k +  1). This is useful to solve problems where the bounds 
on the plane to be tiled are specified in binary notation. Thus for each strip GS,, 1 5 p 5 1,  we 
solve the problem optimally. The solution for this iteration is just the union of the solutions for 
each strip GS,. By an averaging argument, it follows that the partition which yields the largest 
solution value contains at least (&)2 . OPT(G) nodes, where OPT(G) denotes the value of the 
optimal solution for tiling S. 
Part 2: Again, we give an argument for B1. Starting with a NDTM M that is O(n) time bounded 
and na input string x, we construct a Turing machine MI that cycles if and only if M accepts x. 
Now we do a standard reduction from MI to the domino problem. If M accepts x, then M I  cycles 
and CMAT-B1 has a solution in which nk x nk area, for suitably large k, can be tiled contiguouslyg. 
If M does not accept x then, MI does not cycle on 2, and hence the maximum contiguous area 
that can be tiled is no more than O ( n )  x O(n) .  

6 Extensions 
6.1 Toroidal Specifications 
We now briefly discuss how the ideas of Section 4 can be refined to obtain a polynomial time 
approximation schemes for problems specified by 2-F( B,B)PTN-specifications. Again, we consider 
the MAX-IS problem for purposes of illustrations. The basic algorithm for solving 2-F(B,B)PTN- 
MAX-IS remains the same as given in Figure 1. Therefore, we only point out the essential differences. 
In Step 2(a) of the algorithm, we may get ( r  - 1) disjoint pieces instead of r. Specifically the pieces 
Gi,l and G+. are not necessarily disjoint due to the wrap around edges in the Y-direction. Moreover 
these are the only two subgraphs that are connected due to the fact that the specification is narrow. 
Also observe that since we remove vertices at grid points that are distance ( k  + 1) apart, we have 

'A n x n area is said to be tiled contiguously if the area is completely tiled 
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that the "width" (number of rows) of the connected graph Gi,l U Gi,, is no more than 2(k + 1). 
Next, consider Step 2(c)iA of the Algorithm 1. Again for a given value of i and j ,  the graphs G;:' 

s j  - 1 connected subgraphs to work with. Moreover, the size of each subgraph can be as big as 
2(k + 1) x 2(k + 1) in terms of the numbers of grid points. The rest of the analysis remains the 
same as in the case of 2-F(B,B)PN-MAX-IS. 

6.2 Extension to d-dimensional specifications 

and G"*'j ij are possibly connected due to the wrap around edges in X-direction. Therefore, we get 

By applying the shifting strategy once for each dimension. we can obtain similar results for d- 
dimensional periodic narrow specifications, for any fixed d. The performance guarantee grows 
exponentially in d. Thus we have the following theorem. 
Theorem 6.1 For al l  d > 0, E > 0, each d-dimensional periodic specified problems ll in Table 1 has 
a polynomial time approximation algorithm with performance guarantee (1 + E ) ~ F B E S T ! .  

6.3 Wide Specificat ions 

R e c d  that we defined narrow specifications as those for which each component in the integer vector 
associated with an edge takes on one of three values -1,O, or 1. As has been observed in [Or82a] we 
can relax this notion somewhat by saying that a periodic specification is narrow if the vector (I, b) 
is written in unary. This implies that each component of the vector has a value which is polynomial 
in the size of the input specification. 

A 2-dimensional periodic specification is called wide if for each integer vector (yl,y2) y; is 
written in binary (therefore yi = p2size(r))Q10 for some constant a). Observe that the fields are 
represented using binary numerals.) Such representation allows edges which join two vertices which 
are exponentially apart in terms of their placement on the grid N2. 

Note that since we consider only undirected graphs we can assume without loss of generality 
that the integer vectors associated with each edge in the static graph are non-negative. Under 
this assumption, we define the notion of uniformity in wide periodic specifications. For the sake 
of exposition, in the remainder of this subsection we concentrate on 1-dimensional periodic wide 
specifications. 
Definition 6.2 A l-dimensional periodic (toroidal) wide specification is called l-uniform (denoted by 
1-F(B)PW(I) if the displacement vectors y, we have the property that  y = {, 0, +1, Z", 2n + 1). 

A l-dimensional periodic wide specification is called c-uniform (denoted by 1-F(B)PW(c)) if the 
displacement vectors y =< y1, y2 >, we have that 
yi = {-l,O,+l, .  . . ,2n722n,.. . ,2Cn,. . .2n + 1,22" + l,.. . ,2C" + 1). 

The definition can be extended to d-dimensional periodic specifications. We note that most of 
the problems considered in this paper including all the problems in Table 1, are NEXPTIME- 
complete when specified using l-uniform l-dimensional wide specifications. Moreover, it can 
be shown that several practical problems mentioned in [Or82a, HT95] can be modeled using 1- 
dimensional periodic wide c-uniform specifications, for some fixed c > 0. We now discuss the ideas 
for approximating problems for wide specifications. To do this, we prove the following transforma- 
tion. 
Theorem 6.3 (Time to Dimension Transformation) 
Given a l-F(B)PW(l) specification (GI, MI) there is a polynomial time algorithm B which constructs 
a 2-F(B,B)PTN(BC) specification ( G , M , N )  of the graph GM,N such that the graphs G F  and G'yN 
are isomorphic. 

"Recall that we use y to denote both the binary representation as well as the number. 
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We first explain the basic intuition behind the proof of the theorem. For doing the transforma- 
tion, a vertex at time t in the 1-dimensional expanded graph corresponds in a one-to-one fashion 
with a vertex at grid point (q, r )  where q and r are given by t = 2"q + T .  Intuitively, we divide 
the vertices on the time line into contiguous pieces of length (2" - 1) each. Each of these pieces 
corresponds to a set of vertices with the same Y-coordinate. The wrap around edges are needed 
since the edges between vertices at time c - 2" - 1 and c 2" now correspond to the wrap around 
edges in the 2-dimensional graph. As a result the periodic toroidal specification consists of three 
basic static graphs. The first part generates the basic 2-dimensional grid. The second part of the 
specification generates the subgraph induced by vertices in the last column The third part of the 
specification the subgraph induced by vertices in the last row of the grid (this includes the wrap 
around edges). The theorem intuitively points out that it is possible to trade long edges (time) in 
a periodically specified graphs with a extra dimension. 
Proof Idea: Given a 1-FPW(1) specification (G1,Ml) of G F ,  we construct a 2-FPTN(BC)- 
specification (G, M ,  N )  of the graph G ( M ~ N )  as follows: The toroidal specification consists of three 
static graphs HI,  H2 and H3. H1 describes the graph induced by the vertices at grid points (0,O) 
to (IMI,2" - 2). Here IMI is given by the equation IMlI = 2"lMI + R. H2 describes the vertices 
and the incident edges with coordinates (!MI + 1 , O )  to (1MI + 1,R). Finally, H3 describes vertices 
in the last row i.e. coordinates (2" - 1,O) to (2" - 1, /MI), and its incident edges. They include 
the wrap around edges that correspond to the edges between vertices at times k2" - 1 to k2". In 
the remainder, we only describe the static graph H I ,  The vertices in HI  are in 1-1 correspondence 
with the vertices in GI. If there is an edge (ui,uj) in GI, with displacement vector 7, then there is 
an edge between the corresponding vertices vi and v j  with displacement vector < P,  Q > such that 
7 = 2"P + &. The bounds ( M , N )  are given by IN/ = 2n - 2 and IM1I = 2"IMI + R. It is easy to 
see that H I  is a 2-dimensional narrow periodic specification. Furthermore, it can be verified that 
it generates the graph induced by the vertices in grid points (0,O) to ( /MI ,  2" - 2). 

The above transformation can be easily extended to transform any 1-FPW(c)-specification. The 
only subtle point to note is that the number of dimensions d of the d-FPN-specification equals c. It 
can also be extended to apply to d dimensional wide specifications. Given the discussion in Section 
6.1 and Theorem 6.3, it is easy to see that our approximation algorithms can naturally be extended 
so as to apply to 1-FPW(c)-specifications, for any fixed c. 

W 

7 Conclusions 

We presented a general approach to devise approximation algorithms for large class of problems 
specified using various kinds of periodic specifications and also for certain optimization versions 
of domino problems. The results yielded the first polynomial time approximation algorithms for 
NEXPTIME-hard problems. It is possible to extend the ideas presented here to approximately solve 
optimization versions of EXPS PACE-hard domino and periodically specified problems. We leave 
this extnesion to the full version of this paper. A number of questions remain to be solved. 
(1) Is it possible to use the ideas from interactive proof systems to prove negative results for 
approximating problems considered here, when specified by n-dimensional periodic specifications ? 
Recall that our ideas work only for fixed dimensional periodic specifications. 
(2) Is it possible to obtain constant approximations for hard combinatorial problems for unrestricted 
1-dimensional wide specifications ? Also, is it possible to prove non-approximability results for the 
problems considered here, when specified using unrestricted 1-dimensional wide specifications ? 
Again recall, that our ideas work only for e-uniform wide specifications. 

12 



Acknowledgments 
We thank V. Radhakrishnan, Jos6 Balciizar, Anne Condon, S. S. %vi and Egon Wanke for several 
useful discussions throughout the course of writing this paper. We thank Sanjeev Arora for pointing 
out that proof systems results could be used to prove non-approximability results for problems 
specified using the small circuit model. We also thank J. Balciizar for making available a copy of 
their paper. 

References 
[AC94] 

[Ar94] 

[AL+92] 

[Ba83] 

[Bu62] 

[CM93] 

[ CM9 11 

[cog51 

[CF+ 931 

[ CFf941 

[CK94] 

[FF58] 

[fig41 

S. Agarwal and A. Condon, “On Approximation Algorithms for Hierarchical MAX- 
SAT,” Proc. of the 10th IEEE Conference on Structures in Complexity Theory, July, 
1995. 
S. Arora, “Proof Verification and Hardness of Approximation Problems” , Ph.D. Thesis, 
Department of Computer Science, University of California, Berkeley, 1994. 

S. Arora, C. Lund, R. Motwani, M. Sudan and M Szegedy, “Proof Verification and 
Hardness of Approximation Problems” , Proc. 3 r d  IEEE Symposium on Foundations 
of Computer Science (FOCS), 1992, pp. 14-23. 

B.S. Baker, “Approximation Algorithms for NP-complete Problems on Planar Graphs,” 
24th IEEE Symposium on Foundations of Computer Science (FOCS), 1983, pp 265-273. 
(Journal version in J. ACM, Vol. 41, No. 1, 1994, pp. 153-180.) 

J.R Buchi, “Turing Machines and the Entscheidungsproblem,” Math. Ann. 148, 1962, 
pp. 201-213. 

E. Cohen and N. Megiddo, “Strongly Polynomial-time and NC Algorithms for Detect- 
ing Cycles in Dynamic Graphs,” Proc. 2lst ACM Annual Symposium on Theory of 
Computing (STOC), 1989, pp. 523-534. Journal version appears in Journal of the ACM 
(J. ACM) Vol. 40, No. 4, September 1993, pp. 791-830. 

E. Cohen and N. Megiddo, “Recognizing Properties of Periodic graphs”, Applied Ge- 
ometry and Discrete Mathematics, The Victor Klee Festschrift Vol. 4, P. Gritzmann 
and B. Strumfels, eds., ACM, New York, 1991, pp. 135-146. 

A. Condon, “Approximate Solutions to Problems in PSPACE,” SIGACT News: Intro- 
duction to Complexity Theory Column 9, Guest Column, July, 1995. 

A. Condon, J. Feigenbaum, C. Lund and P. Shor, “Probabilistically Checkable Debate 
Systems and Approximation Algorithms for PSPACEHard Functions” , in Proc. 25th 
ACM Symposium on Theory of Computing (STOC), 1993, pp. 305-313. 

A. Condon, J. Feigenbaum, C. Lund and P. Shor, “Random Debaters and the Hardness 
of Approximating Stochastic functions for PSPACEHard Functions,” Proc. 9th IEEE 
Annual Conference on Structure in Complexity Theory, June 1994, pp. 280-293. 

P. Crescenzi and V. Kann, “A Compendium of NP-Optimization Problems,” prelimi- 
nary version, September 1995. 

L.R. Ford and D.R. Fulkerson, “Constructing Maximal Dynamic Flows from Static 
Flows,” Operations Research, No. 6,  1958, pp, 419-433. 

M. Furer, “The Computational Complexity of the Unconstrained Limited Domino Prob- 
lem (with Applications for Logical Decision problems),” Proc. Decision Problems and 
Complexity LNCS Vol. 171, Springer Verlag, 1984, pp. 312-319. 

13 



[Ga59] 

[G J79] 

[GW94] 

[Ha851 

[ HLW 921 

[HM85] 

[HM87] 

[HW95] 

[HW94] 

D. Gale, “Transient Flows in Networks,” Michigan Mathematical Journal, No. 6, 1959 

M.R. Garey and D.S. Johnson, Computers and Intractability. A Guide to the Theory 
of NP-Completeness, Freeman, San Francisco CA, 1979. 

M.X. Goemans and D.P. Williamson “378 Approximation Algorithms for MAX CUT 
and MAX BSAT,” Proc. 26th Annual ACM Symposium on Theory of Computing, 
(STOC), May 1994, pp. 422-431. 

D. Harel, “Effective Transformations on Infinite Trees, with Applications to High Un- 
decidability, Dominoes, and Fairness,” Journal of the ACM (J. ACM) , Vol. 33, No. 1, 
January, 1986, pp. 224-248. 

D. Harel, “Recurring Dominos: Making Highly Undecidable Highly Understandable,” 
Annals of Discrete Math. , Vol. 24, 1985, pp. 51-72. A preliminary version of the paper 
appeared in Pmc. Conference on Foundations of Computation Theory, LNCS Vol. 158, 

F. Hofting, T. Lengauer and E. Wanke, “Processing of Hierarchically Defined Graphs 
and Graph Families,” in Data Structures and E’cient Algorithms (Find Report on the 
DFG Specid Joint Initiative), Springer-Verlag, LNCS 594, 1992, pp. 4469. 

D.S. Hochbaum, W. Maass, “Approximation Schemes for Covering and Packing Prob- 
lems In Image Processing and VLSI,” Journal of the ACM (J. ACM), Vol. 32, No. 1, 

D.S. Hochbaum, W. Maass, “Fast Approximation Algorithms for a Nonconvex Covering 
Problem,” Journal of Algorithms, Vol. 8, 1987, pp. 305-323. 

F. Hofting and E. Wanke, “Minimum Cost Paths in Periodic Graphs,” SIAM J. on 
Computing, Vol. 24, No. 5, Oct. 1995, pp. 1051-1067 

F. Hofting and E. Wanke, “Polynomial Time Analysis of Toroidal Periodic Graphs,” 
Proc. of 22nd International Colloquium on Automata, Programming and Languages, 
1994. 

, pp. 59-63. 

pp. 177-194. 

1985, pp. 130-136. 

[HT95] 

[IS871 

B. Hoppe, E. Tardos, “The quickest Transshipment Problem,” Proc. 6th ACM-SUM 
Symposium on Discrete Algorithms (SODA), 1995, pp. 512-521. 

K. Iwano and K. Steiglitz, “Testing for Cycles in Infinite Graphs with Periodic Struc- 
ture,” Proc. 19th Annual ACM Symposium on Theory of Computing, (STOC), 1987, 

K. Iwano and K. Steiglitz, ‘(Planarity Testing of Doubly Connected Periodic Infinite 
Graphs,” Networks, No. 18, 1988, pp. 205-222. 

R.M. Karp, R.E. Miller and S. Winograd, ‘(The Organization of Computations for 
Uniform Recurrence Equations,” Journal of the ACM (J. ACM), Vol. 14, No. 3, 1967, 
pp. 563-590. 

M. Kodialam and J.B. Orlin, “Recognizing Strong Connectivity in Periodic graphs and 
its relation to integer programming,” Proc. 2nd A CM-SIAM Symposium on Discrete 
Algorithms (SODA), 1991, pp. 131-135. 

K. R. Kosaraju and G.F. Sullivan, “Detecting Cycles in Dynamic Graphs in Polynomial 
Time,” Proc. 27th IEEE Symposium on Foundations of Compzzter Science (FOCS), 

pp. 46-53. 

[ISSSJ 

[KMW67] 

[KO911 

[KS88] 

1988, pp. 398-406. 

14 



[BLT92] J.L. Balcazar, A. Lozano, and J. Toran “ The Complexity of Algorithmic Problems for 
Succinct Instances,” in Computer Science Ed. R. Baeza-Yates, 1992, pp. 351-377. An 
earlier version of this paper appeared in Proc. 15th International Workshop on Graph- 
Theoretic Concepts in Computer Science (WG’89) , Springer Verlag, LNCS, Vol. 411, 
1989, pp. 277-286. 

[HM+94a] H. B. Hunt 111, M. V. Marathe, V. Radhakrishnan, S. S. Ravi, D. J. Rosenkrantz and 
R. E. Stearns, “A Unified Approach to Approximation Schemes for NP- and PSPACE- 
Hard Problems for Geometric Graphs,” Proc. 2nd Annual European Slvmvosium on 

[MH+94] 

[MH+95] 

[Or82a] 

[Or84b] 

[PY86] 

[Pa941 

[PY91] 

[Sc78] 

[SB84] 

[vEB83] 

[ Wa6 11 

[Wags] 

I .  

Algorithms (ESA ’94), September, 1994; pp. 424-435. 

M.V. Marathe, H.B. Hunt 111, RE. Stearns and V. Radhakrishnan, “Approximation 
Schemes for PSPACEComplete Problems for Succinct Specifications,” Proc. 26th A CM 
Annual Symposium on Theory of Computing (STOC), 1994, pp. 468-477. 

M.V. Marathe, H.B. Hunt 111, D. J. Rosenkrantz, R.E. Stearns and V. Radhakrishnan, 
“Periodically Specified Satisfiability Problems with Applications: An Alternative to 
Domino Problems,” submitted, November, 1995. 

M.V. Marathe Complexity and Approximability of NP- and PSPA CE-hard Optimiza- 
tion Problems, Ph.D. thesis, Department of Computer Science, University at Albany, 
Albany, NY August, 1994. 

J.B. Orlin, “The Complexity of Dynamic/Periodic Languages and Optimization Prob- 
lems,” Sloan W.P. No. 1679-86 July 1985, Working paper, Alfred P. Sloan School of 
Management, MIT, Cambridge, MA 02139. A Preliminary version of the paper appears 
in Proc. 13th ACM Annual Symposium on Theory of Computing (STOC), 1978, pp. 
21 8- 227. 
J.B. Orlin, “Some Problems on Dynarnic/Periodic Graphs,” Progress in Combinatorial 
Optimization, Academic Press, May 1984, pp. 273-293. 

C. Papadimitriou and M. Yannakakis, “A note on Succinct Representation of Graphs,” 
Information and Computation No. 71, 1986, pp. 181-185. 

C. Papadimitriou, Computational Complexity Addison-Wesley, Reading, Massachusetts, 
1994. 
C. Papadimitriou and M. Yannakakis, “Optimization, Approximation and Complexity 
Classes,” Journal of Computer and System Sciences (JCSS), No. 43, 1991, pp. 425-440. 

T. Schaefer, “The Complexity of Satisfiability Problems,” Proc. lUth ACM Symposium 
on Theory of Computing (STOC), 1978, pp. 216-226. 

M. Savelsberg, van Emde Boas, “Bounded Tiling, An Alternative to SATISFIABIL- 
ITY,” Proc. 2nd Frege Conference, G. Wechsung, Ed. Akademie Verlag, Berlin, DDR. 
20, 1984, pp. 354-363. 

van Emde Boas, “Dominoes Forever,” Proc. 1st GTI Workshop, Paderborn, 1983, pp. 

H. Wang, “Proving Theorems by Pattern Recognition 11,” Bell Systems technical Jour- 
nal, 40, 1961, pp. 1-41. 

E. Wanke, “Paths and Cycles in Finite Periodic Graphs,” Proc. 20th Symposium on 
Math. Foundations of Computer Science (MFCS), LNCS 711, Springer-Verlag, 1993, 

76-95. 

pp. 751-760. 

15 



Appendix 
7.1 Additional Definitions 
Graph t heoret ic definitions 

Next, we recall some graph theoretic definitions which will be used in the subsequent sections. 

Independent set (MIS): Given a graph G = (V,E) and a positive integer K 5 IVI is there 
an independent of size K or more for G, i.e., a subset V’ C_ V with IV’l 3 K such that for each 
u,v E V’ ( u , ~ )  $4 E. The optimization problem called the maximum independent set problem 
(MIS) requires one to find a independent set of maximum size. 

Vertex cover (VC): Given a graph G = (V,E) and a positive integer K 5 ]VI is there a vertex 
cover of size K or less for G, i.e., a subset V’ C V with lV’l 5 K such that for each edge (u,v) E E 
either u or v belong to V‘. The optimization problem requires one to find a vertex cover of minimum 
size. 

Dominating set (DOM-SET): Given a graph G = (V, E )  and a positive integer K 5 IVl is there 
a dominating set of size K or less for G, i.e., a subset V‘ C_ V with IV’I 5 K such that for each 
u E V - V’ there is a v E V’ such that (u, v) E E. The optimization problem requires one to find 
a dominating set of minimum size. 

Edge dominating set (ED-DOM-SET): Given a graph G = (V,E) and a positive integer 
K 5 IVl is there a edge dominating set of size K or less for G, i.e., a subset E’ E with ]E’\ 5 K 
such that every edge in E shares at least one end point with some edge in E’. The optimization 
problem requires one to find an edge dominating set of minimum size. 

Maximum cut (MAX-CUT): Given a graph G(V, E )  with positive edge weights the maximum 
cut problem is to find a partition of V into two sets VI and Vz such that the sum of the weights of 
the edges from E that have one endpoint in VI and the other endpoint in Vz is maximized. 

Maximum partition into triangles (PART-INTO-TRJAN): Given a graph G = (V, E )  and 
a positive integer K 5 IVl/3 are there at least K node disjoint induced subgraphs that are tri- 
angles. The optimization problem requires one to find a maximum number of node disjoint triangles. 

Maximum H-Matching (MAX-H-MATCH): Let H be a fixed and finite connected graph 
with 3 or more nodes. Given a graph G(V,E), the maximum H-matching is to find a maximum 
cardinality set of node-disjoint induced subgraphs of G each of which is isomorphic to H. The 
maximum triangle matching problem is a special case of the maximum H-matching problem where 
the graph H is the clique on three nodes. 

Generalized sat isfiability problems 

The generalized satisfiability problems SAT(S) were first introduced in Schaefer [Sc78]. This concept 
is also discussed in [MH+95]. The reader is assumed to be familiar with the problem 3SAT. Many 
other types of satisfiability problems have also been studied in. the literature. We recall a few of 
them here. 
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Definition 7.1 1. NAE3SAT is the problem of determining if a 3CNF formula, has a satisfying 

2. 1-Ex3SAT is the problem of determining if a CNF formula in which each clause has exactly 3 

assignment in which all the literals in any clause are not simultaneously true. 

literals has a satisfying assignment such that exactly one literal per clause is satisfied. 

The above definitions can be generalized to define general S-formulas and their associated sat- 
isfiability problems. 

Definition 7.2 (Schaefer [Sc78]) 
Let S = {Rl, R2, - . . , Rm} be a finite set of finite arity boolean relations. (A boolean relation is defined 
to  be any subset of ( 0 , l ) P  for some integer p 2 1. The integer p is called the rank of the relation.) 
An S-formula is a conjunction of clauses each o f  the form a ( & ,  6, - - -), where &, 62, .  - are distinct, 
unnegated variables whose number matches the rank of &,i E { l , . . . m }  and hi is the relation symbol 
representing the relation &. The S-satisfiability problem is the problem of deciding whether a given 
S-formula is satisfiable. 
Given a S-formula F ,  the problem MAX SAT(S) is to  determine a (0,l) assignment to the variables of 
F so as to maximize the number of clauses that can be satisfied. 

Definition 7.3 Let S be a finite set of finite arity boolean relations and let f be a SAT(S) formula 
with set of variables V and set of clauses C. 

1. The bipartite graph o f f ,  denoted by BG(f), is the bipartite graph (VUC, E) ,  where e = (c,v) E 
E if and only if the variable v occurs in the clause c. 

2. f is said to  be planar if and only if the graph BG(f) is planar. 

7.2 Periodically specified satisfiability problems 
For the rest of the paper, let 2 and N denote the set of integers and natural numbers respectively. 

Let U = (u1,. . . , un} be a finite set of variables (referred to as static variables). U'jN = 
{uk(i,j) : 1 5 k 5 n, i E (0,1,2, - - - ,M} ,  j E {0,1,2,. . . , N } } .  (In our proofs, variable u k ( i , j )  
denotes the variable 211, at grid point (i, j ) . )  A literal of U is an element of {ul,. . . , Un, ul,.. . ,GI. If 
w isaliteralof U ,  thenw(i,j), 0 5 i 5 MandO 51' i: Nisaliteralof UMjN. Let C ( i , j , i + l , j + l )  
be a parameterized conjunction of 3 literal clauses such that each clause in C(i, j ,  i + l ,  j +  1) consists 
of variables Uk(i,j), Uk(&l,j), Uk(i,j+l), Uk(i+l,j+l) with the constraint that at least one variable 
is of the form uk(i,j). We refer to the clauses C(i, j , i+ l ,j+ 1) as static narrow clauses. (C(i,j) is 
called narrow because for all (wl(i17jl)Vw2(i2,j2)Vw3(i3,j3)) E C(i , j ,  i+ l , j+ l ) ,  \is-iTl, l js-jrI 5 
1 for 1 5 r 5 s 5 3.) The conjunction of static narrow clauses is referred to as static narrow formula. 
Let I'= ( U , C ( i , j , i + l , j + l ) , M , N ) .  LetC =/\i~~=~NC(i,j7i+l,j+1). ThenCisthe3CNF 
formula specified by I'. Given UM,N and C, let C',N be a subset of C with the following property: 
for each clause (wl(i1,jl) V w2(i2,j2) V w3(i3,j3)) E CMjN, wl(i17jl)7w2(i27j2), w3(i3,j3) E UM,N. 

Definition 7.4 A 2-dimensional finite periodic narrow specification (2-F(B,B)PN-specification) of a 
3CNF formula FMjN(UMjN, CMjN) is a four tuple I? = (U, C(i , j ,  i + 1 , j  + l), M, N), where, U is a a 
finite set of variables, C(i , j )  is a collection of static narrow 3 literal clauses, and M ,  N are non-negative 
integers specified in binary. The size of the specification denoted by size(r) = lUl + lC(i7j7i + l , j  + 
1)1 + bits(M) + bits(N), where bits(M) and &ts(N) denote the number of bits used to  represent M 
and N respectively. 

The problem 2-F(B,B)PN-3SAT (problem 3SAT specified using 2-F(B,B)PN-specifications) is the 
problem of determining if a 3CNF formula FMjN(UMjN, CMjN) specified by I' = (U, C( i , j ) ,M,  N) is 

- 
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satisfiable. The problem 2-F(B,B)PN-MAX-3SAT is to find an assignment to a aF(B,B)PN-specified 
3CNF formula so as to maximize the number of satisfiable clauses. 

2-1(Z, B)PN-3SAT is the problem of, given a 2-dimensional periodic specification l? = (F(U, C(i , j ,  i+ 
1, j + l), m), where m denotes the width (in terms of Y-axis) is specified in binary, determining whether 
the CNF formula, Ai=-$&C(i7j,i + 1,j + 1) satisfiable. i=m -m 

For each finite set S of finite arity Boolean relations, it is straightforward to extend the above 
definition so as to define the problem 2-F(B,B)PN-SAT(S) and hence we omit these definitions. 
Observe that 2-F(B,B)PN-specified graphs or formulas can be exponentially larger than their input 
specifications. The above dehition can be applied to define satisfiability problems for variants 
of periodic specification. We do this in the next paragraph. We can now define various other 
satisfiability problems. 
Example 1: Let the set of static variables U = {x, y, z}.  The static clauses C is specified by 
C(i,j) = [x(i,j) + y(i , j)  + z( i , j )]  A [x(i + 1,j) + y(i , j)  + z(i + l,j)] A [x(i,j + 1) + z ( i , j ) ] .  The 
clauses ClJ is 
[2(0,0)+y(O,O)+z(0,0)]A[x(0,1)f?dO,l)+z(07 1)1A[x(17O)+Y(l70) +z(l,o)IA[~(17 1>+Y(l, 1) + 
z(1,1)] A[2(1,0) +Y(O,O) +z(l,O)IA[z(l7 1) + d o ,  1) +z(l7 l)IA[x(07 1) +z(o,O)IA[2(1,1) +z(l,O)I 

7.3 Note on Naming Convention 
Since we have a large number of parameters, it is necessary to state the notation used throughout 
this paper for naming problems. The naming convention follows the one given in [MH+95]. We use 
F and I to denote finite or infinite graphs respectively. Observe that while this is the property of 
the expanded object, we choose to use this as a way to classify the specification itself. The symbols 
U, B in the brackets following F specify, whether the finite bounds are specified in unary or binary 
notation. The symbols N, Z following I specify whether the graph is infinite in one direction or 
both the directions. We have already explained the concept of narrow and wide specifications. We 
use N and W to denote narrow and wide specifications respectively. Dimensions of the expanded 
Graph: {1,2,. . . d }  denote the dimensions in which the static graph is translated. Some instances 
of problems arising in practice have a periodic specification of the graph or a formula along with 
explicit initial and final conditions. We call such periodic specifications as periodic specifications 
with boundary conditions (BC). 

7.4 Hardness of 2-F(B,B)PN-3SAT 
Theorem 7.5 (1) 2-F( B,B)PN-3SAT is N EXPTl M E-complete. 

Proof of Theorem 7.5: Membership in NEXPTIME follows easily by observing that the size of 
the expanded formula is 2C(Iu+c(i,j,i+1,j+1)1+bits(M)+bits(N)), where r = (U, C(i,  j ) ,  M ,  N ) ,  is the 
specification of FMyN. Hence a NEXPTIME bounded TM can guess an assignment to the variables 
and then verify in DEXPTIME that the assignment satisfies all the clauses. 

Next, we discuss the reduction which shows the NEXPTIME-hardness of the problem. It is worth 
pointing out the basic technique used behind the reductions. Since the static formula associated 
with 2-F(B,B)PN-3SAT instance is the same for each time period, it is not possible to write a 3CNF 
formula which says that the machine has the correct starting ID. This makes the task of constructing 
the 3SAT instance more difficult. In order to overcome this difficulty, our reduction consists of two 
phases. In the first phase, we start with a given Turing machine q5 with input x = ( 2 1 ,  .. . ,x,) 
and construct a new Turing machine #z which simulates # on x and has the following additional 
properties that 
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1. If Turing machine 4 does not accept 2, then every possible computation of 4% halts within 
2COn moves, else 

2. If Turing machine q5 accepts 2, then dz has a cycling computation, where the length of an ID 
never exceeds adon, for some given do. 

The second phase consists of constructing an instance (UE(t, y), G,(t, y, t + 1, y + l), M ,  N ) )  of 
2-FPN-3SAT by a polynomial time reduction from 4%. Now we know that each ID of the Turing 
machine 4, is of length 2don+1. From Property 2 above, we need to consider only 2hn different ID’s 
for our reduction. In order to understand the construction imagine each ID of the Turing machine 
4z being placed vertically in the plane. Two consecutive ID’S of 4% are placed vertically next to 
each other. For the sake of exposition we will refer to the X-axis as the time line. In the following 
discussion, each grid point is referred to as (t, 9). We now define the set of variables Uz(t,y) and 
their intended meaning. Vz(t,y) consists of the following three different types of variables. (i) 
TAPE C U,(t, y), such that TAPE(t, y) encodes the yth symbol in the tth ID. TAPE(t, y) takes 
values from the set {#} U I’ U (Q x I?), where I? denotes the tape symbols and Q denotes the set of 
states of 4%. The number of variables needed to encode TAPE(t,y) depends only on the machine 
4%. (ii) In order to simulate the behavior of 4% properly we need to have two set of counter variables; 
cy and ct. The counter cy keeps track of the particular tape cell in a given ID. Let q = don. The 
counter can be simulated by means of (don + 1) Boolean variables tcq, tc,-l,. . . t ~ .  t c ~  represents 
the least significant bit and tc, represents the most significant bit. The counter q keeps track of 
the number of ID’s. The counter q can be simulated by means of (don + 1) Boolean variables. We 
use Boolean variables y ~ ,  yc1, yc2, . . . , gcq to simulate the counter cy. (iii) Auxiliary variables for 
making the resulting static formula narrow and in the 3CNF form. 

The initial ID is of the form #(qo, 21) . . . znB2don-n, where B denotes a blank. The static formula 
CNF formula G,(t, y) is given by G,(t, y) = fl(t, y) A f2(t, y) A f 3 ( t ,  y). We now describe each of 
the subformulas f i ,  1 I i 5 3 separately. Each fi is described in terms of variables at coordinates 
9, y + 1, t, t + 1. 

Counter Updating: Formula fi 

fi = ft A f,” A f,” A f,“, where each f;, 1 I i 5 3 is given as follows: 
f: f [ct(t+l,y) = (ct(t ,y)+l) (mod 2dOn+1),] f ?  [0 I cy(t,y) < 2don * ct(t,y+l) = ct ( t ,y ) ]  
ff  f [c,(t,y+l) = (~y( t ,y )+l )  (mod 2d0n+l)] ff E [0 I ct(t,y) < 2don * cy(t+l,y) = cy(t,y)] 

ft says that the value of the counter ct at grid point (t + 1, y) is 1 more than the value of the 
counter at the grid point ( t , ~ ) .  Moreover, the counter is reset after every 2don + 1 time units. f; 
says that the counter value for a given value of t  is the same for all y, Conjuncts ff and ff describe 
the desired properties of the counter cy in a manner similar to f: and f:. 

Implicit Initialization: Formula f2 

(4oXi)I A 
[(cy(t,y) = 0) A (Ct( t ,Y) = 0) * TAPE(t ,y)  = #]A [ ( .y ( t ,Y)  = 1) A (ct(t,y) = 0) * TAP-% Y) = 

E(cy(4~) = n) A (ct(t7y) = 0) * TAPE(t7y) = zn] A[(n + 1 5 % ( 4 ~ )  I 2n) A ( ~ t ( t 7 ~ )  = 0) 
TAPE(t, y) = B] 

fi can be thought of as a way to implicitly initialize the clauses to reflect that the machine 
starts out right whenever the counters are reset to 0. The initialization condition say that if both 
the counter values are 0, then we have # as the tape symbol and so on. 
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Consistency Checking: Formula f3 

(0 5 %(t, 9) 5 2&") A (zn + 1 5 ct ( t ,y )  5 2&") * 
Consistent(TAPE(t, y), TAPE(t ,  y+l), TAPE(t,  y+2), TAPE(t+l, y), TAPE(t+l, y+l), TAPE(t+ 

f3 ensures the consistency of the tape symbols, i.e. that the contents of the tape cells i, i + 1 
and i + 2 in IDt determine the contents of the tape cells i, i + 1 and i + 2 in IDt+l. The Consistency 
function of course depends on the state transition relation. 

Although, the above formula contains clauses which are not narrow, it is easy to transform them 
to a narrow set of clauses by adding temporary variables. We omit the details in this abstract. 
Now, it is easy to see that these equations can be transformed into an equivalent narrow 3CNF 
formula G,(t, y) whose size is polynomial is in n, (recall that n = 1.1.) The expanded finite periodic 
3SAT instance is AiZgZoM G,(t, y, t + 1, y + l ) ,  where M = 22don and N = 22don. 

We now prove the correctness of our reduction. If the Turing machine q5 accepts 2 then we 
know that 4% has a cycling computation. Hence by setting the counters ct(0,O) = cy(0,O) = 0 we 
get that the first column of the grid contains the right initial ID. From then on, the consistency 
conditions ensures that the formula Ay=o,;Zo G,(t, y, t + 1, y + 1) is satisfied. Conversely, assume 
that the formula is satisfiable. Since M and N are suitably large integers, it is guaranteed that the 
following two conditions hold: 

1 7  Y + 2)) 

y=N t -M 

1. Since N is large enough, the simulation must be carried out for enough steps so that the 
Turing machine 4% goes through the sequence ct = 0, ct = 1, ct = 2, - - ct = 2don. This implies 
that the formulas f2(t, y) and f3(t7 y) would be true from the time when the value of ct = 0. 

2. Similarly, since M is large enough, the grid is sufficiently long in the Y-direction so that the 
counter value cy goes through a sequence of values cy = 0, cy = 1, q, = 2,. - - q, = 2&". This 
implies that the first part of the implication in f2 is true and from then on, it is ensured that 
the TM 4% goes through the simulation correctly. 

y=N t-M The above two conditions imply that if the formula l\y=o,;A G,(t, y, t + 1, y + 1) is satisfied 
then the Turing machine 4 accepts 5. 
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