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Abstract 

Radioactive nuclear beams are rapidly coming to the fore as an important alter- 
native to traditional measurements in nuclear astrophysics. Radioactive nuclei are 
scattered off the strong electromagnetic fields of a heavy ion, such as lead, provid- 
ing an independent measurement of electromagnetic cross sections that are difficult 
to measure otherwise. In this paper, we examine the corrections to the semi-classical 
“equivalent photon spectrum” used to analyze these experiments, and derive an im- 
proved spectrum, valid in the long wavelength limit, that includes the effects of the size 
of the heavy ion, the non-zero longitudinal momentum transfer required by kinematics, 
and the response of the target nucleus to the off-shell photon. 

Nomenclat we: Nuclear Astrophysics, Radioactive Nuclear Beams, Weizacker- Williams 
Method of Virtual Quanta 

1 Introduction 
The availability of heavy ion beams has opened a new avenue for the study of electro- 
magnetic reactions in nuclei. Otherwise hard to measure cross sections are measured by 
subjecting the “target” nucleus to the strong electro-magnetic fields surrounding a heavy 
“projectile” ion. The cross sections are enhanced by both the the projectile’s charge, and, 
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in the case of relativistic projectiles, by the contraction of the projectiles electric field into 
a sharp pulse. Beams of stable nuclei have been used to study single and double nucleon 
knockout reactions[l], and to look for multi-phonon excitations of collective nuclear states[2]. 
Radioactive beam experiments have studied the structure of exotic "halo" nuclei [3], and are 
playing an increasingly important role in the determination of cross sections of astrophysical 
interest[4]. 

There is, therefore, a tremendous incentive to develop an understanding of the physics 
involved in these processes. Such an understanding has two facets. On the one hand, it is 
necessary to calculate the detailed structure of the target nucleus in order to describe its 
response to an electro-magnetic probe. Fortunately, this has been one of the central topics 
of nuclear physics for many years, and an extensive literature exists on the subject[5]. On 
the other hand, one must also understand the process by which the projectile excites the 
target. With few exceptions to date[6], this aspect of the problem has been dealt with by use 
of the Weizikker-Williams(WW) method of virtual quanta, and its generalization to higher 
radiation multipoles[7J. This approach is based on the observation, due to Fermi, that the 
electromagnetic fields of a point charge, when boosted to high energy, are transverse to the 
direction of the charge's motion, just like those of a photon. The supposition then, is that 
one can calculate the cross section measured in a peripheral heavy ion reaction by replacing 
the projectile nucleus by an equivalent pulse of electromagnetic radiation. The cross section 
for exciting a particular transition in the target is then given by 

where cy(w) is the cross section for exciting the same transition in the target with real 
photons, and n ( w )  is the number of photons of energy w in the pulse of equivalent radiation. 
For dipole transitions, n(w)  is calculated by determining the classical electromagnetic energy 
flux on the target as a function of frequency, and integrating over the classical impact 
parameter[8]. The number of equivalent photons incident on the target is then obtained 
by dividing this energy flux by u. Assuming the Coulomb deflection of the projectile can be 
neglected, one obtains 

where a = 1/137 is the fine structure constant, Z p  is the projectile charge, /3 = v/c is 
the projectile velocity, with .e, x = 9 , with bmin a phenomenologically determined 
minimum impact parameter cutoff, and K,-,clj are modified Bessel functions of the 2nd kind. 

Recently, we have undertaken a program to systematically examine the corrections to 
this semi-classical picture[9] [lo], and have found significant deviations from the predictions 
of the Weiszkker-Williams method for the mildly relativistic collisions (y < 2 - 3) that 
constitute a significant fraction of the currently available data. The aim of the present work 
is to expand on the results of reference 9, examining the sensitivity of the cross section to 



Figure 1: Fig 1: Feynman diagram for electro-magnetic excitation in a peripheral heavy ion 
collision. 

nuclear structure inputs, and, having determined which inputs are essential to extracting 
the correct physical cross sections, to construct a simple model, valid in the limit of low 
transition energies, that incorporates these features and allows us to extract a new, fully 
quantum mechanical “equivalent photon spectrum” which can be used in with measured 
photo-cross sections in exactly the same fashion as the semi-classical expression. 

2 Quantum Cross Section for Peripheral Heavy Ion 
Collisions 

We begin with a review the results of Ref. 9, where the cross section for nuclear excitation 
induced by the electro-magnetic fields of a passing heavy ion was derived in first Born 
approximation. The relevant Feynman diagram is shown in Fig. 1. A virtual photon of 
momentum qp is exchanged between the target and projectile nuclei, producing an excitation 
in the target of energy W T .  (As a matter of convention, we shall always refer to the nucleus 
that gets excited as the target.) The cross section for simultaneously exciting,the projectile 
nucleus has been shown to be small[lO] at this level of approximation, so that the projectile 
can be reliably assumed to remain unexcited during the collision. Kinematically, the lack 
of projectile excitation and the large masses of the nuclei combine to determine both the 
energy and momentum transfer along the direction of the projectile momentum, which are 
given, in the target rest frame, by 

In Ref. 9, the cross section was written in the compact form 
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where Fp(q2) is the elastic form factor of the projectile, FT(q)  and Fc(q) are the transverse 
and Coulomb form factors of the target, ~ ( w T )  is the density of states in the target, and qmoz 
is a phenomenological cutoff on the transverse momentum transfer required to account for 
strong absorption effects. 

From this expression, it is easy to see how the semi-classical limit is realized. As y gets 
large, the lower limit of the the q integration approaches WT, so that the pole terms in the 
photon propagators dominate the cross section. In contrast, the nuclear densities and form 
factors vary slowly with q2, and are effectively frozen at their values for q2 = 0. The third 
term in Eq. 2 is small compared to the first two, which grow logarithmnically with y, so 
that the cross section factorizes neatly into matrix elements of the same form as those that 
appear in the excitation cross section for real photons multiplied by an “equivalent photon 
number” which is a function only of the transition frequency UT, Qmaz, and 7. 

Unlike the semi-classical cross section, the full heavy ion cross section of Eq. 2 remains 
finite even as the CUtOff,qmaz, is removed. The additional regulating factors come from three 
sources. First, the magnitude of the three momentum transfer in the projectile rest frame 
is given by e 2 b ~ / y p ,  so that the degree to which the protons in the projectile act 
coherently on the target is reduced at large Q, producing a cutoff governed by the size of 
projectile, Rp. Correspondingly, the falloff of the target’s excited state wavefunction at high 
momentum produces another regulator governed by the target size, RT. In the absence 
of these effects, the cross section would remain finite as a result of the q-4 dependence of 
the integrals appearing in Eq. 2, which effectively cut off the cross section at momentum 
scales of the order of WT. If, in order to agree with semi-classical estimates, one chooses 

= p + R P )  ’ the situation becomes quite complicated, as all the cutoffs are of comparable 
size! ithout further study, it impossible to determine which of these factors are most 
important in determining the size of the cross section. 

’ 

3 Nuclear Structure Effects 
The effects of nuclear structure are divided naturally into those arising from the target and 
projectile, respectively. We shall begin our discussion with the latter. Inspection of Eq. 4 
reveals that the finite size of the projectile ion only comes into play via the projectile’s elastic 
form factor Fp($). To test the sensitivity of the cross section to the detailed structure of 
the projectile, we have evaluated the cross section assuming first a point projectile, and then 
using three different choices the elastic form factor, parametrized so that Fp(0) = 1 and 
with a fixed root mean square(RMS) charge radius, Rp. In Fig. 2, we show the ratio of the 
classical and quantum cross sections for a 20 MeV dipole excitation of a mass 41 target by a 
lg7Au projectile as a function of projectile energy. Here, and in all the calculations to follow, 
we choose qmaz = l /bmin,  where 

bmin = 1.34 f m (Ag3 + - 0.75 * + (5 )  
is a commonly used value for the minimum impact parameter cutoff in semi-classical calculations[ 111. 
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Figure 2: Fig 2: Ratio of the quantum cross section to the semi-classical cross section for 
a 20 MeV dipole excitation of *'Ca by a lg7Au ion, assuming a point projectile(dot-dash 
curve) and three different forms for Fp(q2) with the same charge radius. 

For low energy projectiles(= 50 MeV/nucleon), the cross section is very sensitive to the 
finite size of the projectile, decreasing by a factor of 2-3 from the point-projectile result. For 
relativistic projectiles, the reduction in cross section is less dramatic, about 7% at 7 = 2 
and decreasing as the projectile energy increases. Once the charge radius is fixed, however, 
the resulting cross section is insensitive to the further details of the form factor, except at 
the lowest projectile energies, where an x 20% variation remains. Hence, we conclude that 
projectile size and structure is a non-negligible consideration, particularly at low projectile 
energies. 

We now turn to the issue of target structure. In the classical prescription, the target 
is assumed to respond to the electromagnetic field of the passing projectile in exactly the 
same fashion as it would to a real photon. Hence, for the majority of the transitions of 
interest, the long wavelength approximation should be valid. In the quantum case, this is 
not guaranteed, since the momentum transfer is bounded below by w ~ / p  > WT,  so that 
higher moments of the transition density may play a larger role than they do for processes 
mediated by a real photon. To study this, we have calculated the ratio of the quantum and 
classical cross sections using transition densities from the Goldhaber-Teller (GT)model[l2], 
assuming a spherical target with constant density. For comparison, we have also performed 
the calculation using form factors taken from a harmonic oscillator basis[l3]. The presence 
of additional states in the oscillator basis allows us to explore the sensitivity of the heavy ion 
induced cross section to a wider range of transitions, including those that do not contribute to 
the real photon cross section in the leading order of the long wavelength approximation. To 
facilitate this, we classify the transitions by their transformation properties under the SU(3) 
symmetry of the three dimensional harmonic oscillator. This allows us to easily identify those 
form factors that dominate the cross section in the long wavelength limit since, for electric 
dipole transitions, the form factor transforming under SU(3) as ( X , p )  = (1,O) contains all 
the allowed B(E1) strength. (The (1,O) form factor is, in fact, the shell model equivalent 
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Figure 3: Fig 3: Ratio of the quantum cross section to the semi-classical cross section for a 
20 MeV dipole excitation of 41Ca by a lQ7Au ion, assuming that the transition form factors 
of 41Ca are described by either the Goldhaber-Teller Model, or by shell model transitions 
transforming as (10) or (21) representations of SU(3). 

of the Goldhaber-Teller transition density, and can be obtained from the derivative of the 
ground state shell model density.) All other Coulomb form factors correspond to orthogonal 
linear combinations of the dipole single particle matrix elements, and do not contribute to 
real photon processes in the long wavelength limit. 

In Fig. 3, we show the ratio of the quantum to semi-classical cross section for a 20 
MeV E l  excitation of a mass 41 target by lg7Au, using the Goldhaber-Teller model and 
form factors from two different shell model SU(3) representations to describe the transition 
densities. The Goldhaber-Teller density and the (10) shell model transition densities yield 
very similar results . The quantum cross section is enhanced for y near 1, goes through a 
minimum at moderate y, and returns slowly to the semi-classical result as y gets large. The 
cross section ratio for the (21) transition density is markedly different from the (10) result, 
being larger at low r, and approaching the semiclassical result from above as y gets large. 
At low y, the additional enhancement can be traced to the additional powers of lql = WT/P 
that appear in the form factors, each leading to an enhancement of the cross section by 1/P 
relative to the semiclassical result. The remainder of the ratio defies a simple explanation, 
but seems to be very sensitive to the relative normalizations of the Coulomb and transverse 
form factors of the target, which are fixed for any given representation of SU(3). For E2 
transitions, we also find that transition densities with the same multipolarity and leading Iql 
dependence yield very similar cross section ratios, with the leading E2 contribution being 
suppressed relative to the semi-classical result. 

We conclude that the heavy ion cross section is insensitive to details of the transition 
densities beyond the leading Iql dependence of the form factors and the relative normalization 
of the Coulomb and transverse form factors. 



4 Simple Model for Transition Densities, Cross Sec- 
t ions 

In this section, we exploit the information gleaned from the model calculations of the heavy 
ion cross section to construct a simple parametrization for the transition and elastic form 
factors that allows us to extract an “equivalent photon spectrum” from the cross section. 
Ultimately, this spectrum will be used in place of the semi-classical spectrum,and yet will 
still incorporate corrections for the kinematic and finite size effects described above. We 
shall restrict our attention to the so-called “unretarded” transitions, which dominate the 
cross section at low momentum transfers. For the projectile, we have seen that the heavy 
ion induced electro-magnetic cross section is sensitive only to the rms charge radius, so we 
approximate the projectile form factor as 

with R p  the rms charge radius of the projectile. 
For the target, we make use of the information that only the leading lql dependence 

contributes significantly to the shape of the cross section to greatly simplify the form of the 
transition form factors. Incorporating the constraints of angular momentum and current 
conservation, requiring that the cross section for excitation of real photons be reproduced 
faithfully, and keeping only the leading momentum dependence of the form factor, we arrive 
at 

for a transition of angular momentum e. 
Since the transition densities are all proportional to o?(wT), it is a simple matter to 

perform the integrations appearing in Eq. 4, and to extract a fully quantum mechanical 
equivalent photon spectrum for the first few electric multipoles. The resulting spectra are: 
For El  transitions, 

APY P2 4 (8) --In(-) 2 z;(Y ( ~ + ~ ( * ~ 2 ) - ~ + ~ - -  

TwT p2 WT Y 6 ’  n E l  (UT) = 

where A2 = q&= + (3)2. 
For E2 transitions, 



In Ref. 9, a crude estimate of the heavy ion induced electro-magnetic cross section was 
made by assuming all of the E1/E2 strength was concentrated at the giant resonance energy. 
While this led to a cross section which was significantly lower than that obtained with the 
same assumption semi-classically, the results were still somewhat larger than data. In the 
semi-classical case, it is well known that the finite width of the electromagnetic cross section 
leads to a reduction in the size of the heavy ion cross section[l]. We expect the that the same 
effect will occur here as well, improving the agreement with the data. Detailed calculations 
are currently under way, and will appear in a future publication[l4]. 
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