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The extraction of the modal parameters for closely spaced modes in 
the frequency domain is a common problem. However, it is made 
more difficult if the damping for the closely spaced modes is high. 
Data from a structure with more than three percent viscous 
damping is presented which exhibits this phenomenon. Traditional 
experimental techniques failed to identify all the modal parameter. 
of three closely spaced modes. Mode shapes from an analytical 
model are manipulated to produce a modal filter which is used to 
calculate enhanced frequency response functions from which the 
modal parameters can be more readily identified. Discussion of the 
advantages and disadvantages of this technique as compared with 
traditional frequency response function enhancement techniques 
will be presented. 
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Mode shape matrix from analytical model 
Reduced mode shape matrix from model 
Vector of pseudo-generalized coordinates 
Vector of displacements at measured degrees 
of freedom 
Frequency response function 
Vector of FRFs of the measured degrees of 
freedom 
Vector of enhanced FRFs 
Frequency in radians per second 
Viscous damping ratio 
Modal mass r 
Associated with analytical model 
Associated with experimental hardware 
Hybrid associated with FEM and experimental 
hardware 
identity matrix 
Eigenvector matrix extracted from Hpae(0) 
Vector of modal coordinates 
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7Y Matrix of mode shapes extracted using 
combined results of Y, and Q, 

INTRODUCTION AND MOTIVATION , 

In a modal test of a moderately damped structure, three of the 
natural frequencies fell within about two percent of each other. 
Three shakers were being used, but one of the shakers did not 
excite any of the three modes. One shaker excited one of the 
modes and the other shaker excited all three modes. Multiple 
applications of the polyreference and direct parameter estimation 
algorithms would not yield three distinct roots and shapes. In 
particular, the second and third roots could not be found distinctly, 
and the mode shape extractions always appeared as a linear 
combination of multiple mode shapes. All attempted extractions 
indicated that the damping was more than three percent for these 
modes. A finite element model ( E M )  indicated that distinct 
shapes should be realizable, yet no readily available experimental 
technique was successful in the extraction of the modal parameters. 
This problem led to the following approach. 

APPROACH 

The authors have used modal filters previously to reconstruct from 
acceleration measurements the applied dynamic force to elastic 
bodies[ 1,2]. Modal filters are a transformation matrix made up of 
reciprocal modal vectors which will be explained later. Shelley has 
done extensive work calculating and using modal filters for control 
and on-line estimation[3]. As early as 1980, Allemang suggested 
that enhanced frequency response functions (FRFs) calculated from 
the product of FEM mode shapes with the reduced mass matrix 
and experimental FRFs could aid in the estimation of the roots for 
modal analysis[4]. What follows is the authors' approach for 
calculating enhanced FRFs utilizing a modal filter created from 
FEM mode shapes. 

Let Ya be the mode shape matrix from the FEM. The partition of 
Y, that corresponds exactly to the experimentally measured degrees 
of freedom (dof) and a truncated set of n modes that span the 
bandwidth of interest will be called Y, , or the reduced Yz 
Neglecting the effects of modal truncation the modal expansion is 
written 



with [Y,'J-, { P ) " ~ ~ ,  and (x),~, where x is the vector of m 
displacement dof corresponding to measured dofs, and p is a vector 
of uncoupled generalized coordinates. This is the classic modal 
substitution. Let HX(o) be the vector of FRFs with response at x 
due to a single excitation force at one dof, and let HJw) be the 
corresponding vector of FRFs for the generalized coordinates p. 
The FRFs of x and p are related in the same manner as equation 
(1). 

Furthermore, 

where Y,' is the pseudoinverse of Yw 

If there are n modes in Y,, there will be n FRFs in Hp(w). The 
effect of the pseudoinverse of Y, on Hx(w) is to form new single 
dof frequency response functions. The effects of all but one mode 
are filtered out in each FRF of H,(o). (The effects of modes 
.outside the bandwidth of Ug are not filtered. Usually these effects 
are minimal in the bandwidth of interest). For example, in the first 
FRF, H',(w), responses for all modes except Y'= will be 
suppressed. These FRFs can be analyzed one at a time with 
experimental single-degree-of-freedom extraction techniques to 
determine natural frequencies and damping for each mode of the 
system up through mode n. The inverse or pseudoinverse of Y, is 
called a modal filter or the set of reciprocal modal vectors. Each of 
the reciprocal modal vectors ( the rows of the pseudoinverse of 'Fa) 
is orthogonal to the noncorresponding columns of Y, since 
Yx+Yx =i. The following two dof example of two masses 
connected by a rigid beam illustrates the modal filter. 

x l  x2 

In this example, Y is [ 11] where the first column represents 

the translation and the second column represents the pitch mode 

shape. The inverse of Y is [: 
the x direction on mass 1 can be written as 

1::2]. The FRF for a force. in 
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where the superscript on Y is the mode number, the subscript on a 
and 5 indicate the natural frequency and viscous damping ratio 
associated with that mode number, and w is frequency in radians 
per second. The FRF for dof x2 can be written similarly. 
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This can be simidified to a vector form for both FRFs as 

where C1(o) is the single dof response associated with the 

translation mode that is a function of Yl , 0 1 , <  1, ml and w, and 
CZ(o) is the single dof response associated with the pitch mode that 
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is a function of Yf ,%, < 2, m2 and io. Substitute the coefficients 
for Y into (6). 

(7) 

Naw form Hp(co) as in equation (3) by prernultiplying Hx(m) by 
the inverse of Y. 

i Hp(aO)= [ 1 / 2  -112 I{ lC1(W)-lC2(W) 112 112 lC,(w)+lC,(o) 

(9) 

From equation (9) it can be seen that the modal filter has decoupled 
the response into two single dof FRFs in H,(w), as opposed to the 
coupled response of Hx(w) in (7). 

This leads to the first benefit of HI(@. Even if multiple modes 
have nearly the same frequency, their resonances will show up in 
seDurute FRFs of Hp(o). This can reveal the fact that there are 
closely spaced roots in part of the frequency bandwidth. Such 
information is of great value to the modal test engineer. 

Equation (3) also holds for the dynamics of the experimental 
hardware. If a modal filter can be applied to the experimental 
FRFs, Hxe(w) , closely spaced roots could be identified in separate 
FRFs of Hpe(w). Let Ya from the FEM be used as an 
approximation of the experimental mode shapes. Then an 
approximation to the true experimental modal filter can be created 
from the pseudoinverse of YBr. An enhanced FRF, Hpae(w), that is 
a hybrid calculation using the experimental FRFs and the modal 
filter of the analytical model can be calculated. Since 'Pa is 
probably not a perfect representation of the experimental shapes, 
each enhanced FRF, H\,(w), will probably have more than one 
resonance in the analyzed bandwidth, but the resonance of interest 
should be enhanced significantly, Le. its amplitude should be 
greater than the suppressed amplitudes of other modes. The second 
benefit of the enhanced FRF is that it shows the test engineer which 
resonance in the experiment corresponds to a certain mode of the 



E M .  The resonance that is strongest in the ith FRF, H\=(w), is 
selected by the filter as the experimental modal response that is 
most similar to the ith column of Y,, (or least orthogonal to the ith 
row of the modal filter). 

Although the application was not pursued in this paper, 
theoretically, more value can be obtained if accurate eigenvectors, 
CP, can be experimentally extracted from the hybrid €&e(w). 
Assume the modal substitution 

qe= Pae 

where qe is the vector of uncoupled modal coordinates for the 
experimental hardware, and Q, is the associated eigenvector matrix. 
Notice that Q, is not the mode shape matrix of the physical 
coordinates. Substituting (10) into (1) yields 

6 will be the best estimate of the experimental mode shapes. This is 
based on the assumption that Y x  is a linear combination of the 
experimental mode shapes of interest. If Y, meets this assumption 
and Q, can be extracted experimentally, then a completely 
uncoupled set of FRFs can be cakulated which should exhibit 
single degree of freedom response in the bandwidth of Ya. 
Equation (13) below follows from (1 1) in a process analogous to 
the steps from equation (1) to (3). 

H,,(co)= Cp-' H,(w) 

To recap, Hxe(o) is pre-multiplied by the pseudoinverse of Y, to 
give a set of FRFs that will be significantly enhanced in the 
contribution of each mode i to the corresponding FRF, H\,(o). 
This improves the ability of standard modal extraction algorithms 
to uniquely extract each root. If a multi-degree of freedom mode 
shape estimator can then extract Q, from Hpae(m), the experimental 
mode shapes 6 can be calculated from equation (12). A check on 
the results is provided by calculating 
each FRF should appear as a single degree of freedom response in 
the bandwidth of Y,. 

from (13) in which 

REQUIREMENTS AND LIMITATIONS OF THE 
TECHNIQUE 

Obviously, the approach requires a FEM. The measurements and 
the analytical mode shapes must be converted to the same 
displacement coordinate system, and the measurements must be 
taken at locations corresponding to the grid points of the FEM. In 
addition, the pseudoinverse of Y,, must be calculated. Appropriate 
measurement degrees of freedom must be chosen to allow the 
matrix Y, to be of full rank. This means that at least n dofs must 
be measured, and that the locations of the measured dofs must be 
appropriate to allow Yz to be of full rank (or nonsingular). In 
addition the experimental mode shapes of interest must be linear 
combinations of modes in Y,. If they are not, the suppression 
effect of the modal filter which causes the desired enhancement of 
individual modes in qae(m) will be degraded. Therefore the FEM 

mode shapes, Ym must capture the basic dynamics of the difficult 
modes in the bandwidth of interest. Of course, if the mode of 
interest is not excited in the modal test, it will not appear in &*(a) 
either. The excitation locations must be selected so ail the modes 
of interest are excited. These are the basic requirements for being 
able to extract the roots from H,,(o). 

However, there are other limitations. The second goal of this 
technique is to extract the shape of the difficult modes. Although 
the modal test engineer may be able to identify the roots from 
&soco>, the mode shape extraction requires further steps and has 
more limitations. After the roots are identified for each mode from 
H,,(o), a multi-degree-of-freedom mode shape estimator must be 
used to calculate the eigenvector matrix Q,. This may not be trivial. 
For example, commercial implementations of multi-degree-of- 
freedom mode shape estimators often require that the roots be 
calculated with their technique before the mode shapes are 
calculated. If their root finders cannot uniquely identify the roots 
of the closely spaced modes from the new vector of FRFs, Hpae(o), 
then they will not be able to calculate the mode shapes associated 
with Q,. Although the modal test engineer may have easily 
calculated the roots using a single-degree-of-freedom root 
estimator, these roots may not be compatible with commercial 
software which requires their mode shape calculation to be 
dependent on their own root calculation (Le. they are not 
compatible with a root calculated from another technique). Single 
dof mode shape estimators are not sufficient to find the mode 
shapes since they only supply the mode shape term on the diagonal 
of Q,. In order to find the proper linear combination of the mode 
shapes Y, to represent the experimental mode shapes accurately, 
the full @ matrix must be accurately estimated. One of the authors 
has published the results of a multi-dof mode shape estimator [5] 
that can be used with roots calculated by any method. However, 
this estimator cannot separate perfectly repeated roots. Usually, 
there is a slight separation between closely spaced modes. Then 
the accuracy with which Q, can be calculated is based on the 
accuracy of the root finder's extraction of frequency and damping. 
This limitation on the accuracy of the extraction of Q, is more 
severe than the limitations on finding the roots from HPe(m). These 
limitations may not be critical, particularly if the goal of the modal 
test is to provide information for correlating a FEM. The primary 
requirement of the modal test may be to provide one to one 
correspondence of the test and FEM modes and accurate 
extractions of the modal frequencies and damping. Such an 
evaluation may be obtained simply by observation of the amplitude 
of the resonances in Hpae(w) as well as the extraction of the roots 
from HPae(o) (this was the case for the application that motivated 
this work). However, if very accurate measurements of the mode 
shapes are required, and 6 must be calcuiated, limitations may be 
encountered. 

APPLICATION AND RESULTS 

As explained in the motivation section, there were three closely 
spaced modes with moderate damping. One of those modes could 
be extracted well from the FRFs associated with a single shaker, 
but the other two could not, because they were very close in 
frequency and excited by only one of the three shakers. The modal 
parameter extraction of the two difficult modes always yielded a 



linear combination of two of the FEM mode shapes, and the two 
roots could not be uniquely identified. The mode shape matrix Y, 
consisted of 13 modes and 73 dof. Its pseudoinverse was 
multiplied into the 73 FRFs associated with the single shaker that 
excited all three closely spaced modes. Thirteen resulting FRFs 
were generated as HPae(a). Figure 1 shows all of the FRFs of 
Hpae(o) overlaid. It can be seen that most of the FRFs are 
predominantly exhibiting single dof response, indicating that most 
mode shapes in Yar are fairly accurate, 

Discussions will now center on the three closely spaced modes. 
Figures 2 ,3  and 4 show the three FRFs that corresponded to the 
three closely spaced modes. In the mode shape matrix Ym these 
modes corresponded to the fifth, sixth and seventh mode shapes. In 
Figure 2, it can be seen that two resonances are present. This 
indicates that two of the experimental mode shapes involved mode 
five of Y,. However, one of the resonances is dominant, 
indicating that its shape most closely represents the shape of mode 
five of Yu. The direct parameter extraction of the frequency and 
damping of this resonance is indicated in the plot. Circle fitting 
gave almost identical results. In Figures 3 and 4, the frequencies 
for the primary resonance associated with modes six and seven of 
Y, are very close together. This validated the authors’ opinion 
that the roots were so close as to make it difficult for the 
commercial algorithms to separate them. This enhancement 
technique worked we11 in this pmicular application since the two 
closely spaced modes were significantly different in shape, and the 
FEM shapes were fairly accurate in representing these shapes. 
Figure 5 shows all three plots overlaid. The amplitude of the 
resonances is an indication of the relative excitation level of the 
three modes from the shaker. 

COMPARISON WITH OTHER METHODS 

An exhaustive search has not been made, but the most reliable and 
accepted method of developing enhanced FRFs is through the 
application of vectors called force patterns to provide linear 
combinations of columns of the FRF matrix. Force patterns are 
usually calculated as the eigenvectors of the multivariate mode 
indicator function eigenvalue problem. The multivariate mode 
indicator function was developed by Williams, Crowley and 
Vold[6]. It is recognized as being extremely valuable in 
identifying repeated roots. Since it is entirely dependent on 
experimental data, no FEM has to be generated. The necessary 
requirement for identifying a repeated root is that one exciter must 
excite each additional mode with a repeated root. For example, if 
their are three repeated roots, then there must be at least three 
exciters, and each mode must be exercised by a different exciter. 
One exciter may excite more than one of the modes, but at least one 
exciter must excite each mode. If this is the case, the polyreference 
technique or other multiple reference techniques may be able to 
extract the roots and the shapes quite well. The application of the 
force patterns of the multivariate mode indicator function was 
shown by the Williams, Crowley and Vold to be able to create 
enhanced FRFs that separated the mode shapes of the repeated 
roots quite well. This is contingent on exciter placement. The 
force pattern vectors are the length of the number of exciters. If the 
placement of the shakers is not “orthogonal enough” to the mode 
shapes of interest, the separation of the modal responses in the 

enhanced FRFs may not be accomplished. Also, the force pattern 
is applicable only at the frequency line of the minimum value in the 
associated multivariate mode indicator function. This is fine for 
perfectly repeated roots, but the force pattern may not take into 
account nearby roots. The modal filter, on the other hand, 
suppresses the undesired modal response throughout the frequency 
band of Y, not just the modal response of the repeated root. If 
there are three modes excited by only two shakers, as in the 
application cited for this paper, the multivariate mode indicator 
function, polyreference or force patterns applied to create enhanced 
FRFs cannot isolate all three modes distinctly. In rhat case the 
technique described in this paper is of value. 

It has been suggested that simply multiplying the FRFs by the value 
of the mode shape of the particular mode that is being extracted can 
enhance the FRF, but this does not use the orthogonality 
relationship to actually suppress the undesired modal response of 
all other modes. The resulting FRFs will still be a coupied mixture 
of the original FRFs and the resulting shapes will be a mixture of 
the multiple shapes weighted by the FEM shape. 

CONCLUSIONS 

A modal test of a moderately damped structure had three closely 
spaced resonant frequencies. The natural frequencies, damping 
and correspondence of the experimental mode shapes to mode 
shapes of a E M  were desired. For this application, the 
experimental setup was not sufficient to extract unique roots and 
shapes for two of the closely spaced modes, even with the use of 
multiple reference extraction methods and force patterns from the 
multivariate mode indicator function. The modal filter that was 
calculated from the FEM mode shapes was robust enough to 
calculate enhanced FRFs from which the roots of the closely 
spaced modes could be easily extracted. Also, the amplitude of the 
strongest resonance in the enhanced FRFs indicated which mode 
of the FEM most strongly correlated with a resonance from the 
experiment. 

Enhanced FRFs can be created experimentally using the force 
patterns from the multivariate mode indicator function. The 
effectiveness of the force patterns is dependent on the modal 
density, number and placement of exciters. Enhanced FRFs can be 
created analytically using the modal filter in conjunction with 
experimentally measured FRFs. The effectiveness of the modal 
filter is dependent on the FEM mode shapes spanning the 
experimental mode shape space of interest. 
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Figure 4 - Enhanced FRF 7 of Hpae(o) 
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Figure 5 - Enhanced FRFs 5,6 and 7 of HPae(w) 

REFERENCES 

(11 Mayes, Randall L., Measurement of Lateral Launch Loads on 
Reentry Vehicles Using SWAT, Proceedings of the 12th 
International Modal Analysis Conference, Honolulu, HI, pp. 

[2] Came, T.G., Mayes, R.L., and Baternan, V.I., Force 
Reconstntction Using the Sum of Weighted Accelerations 
Technique, Proceedings of the 12th International Modal 
Analysis Conference, Honolulu, HI, pp 1054- 1062, February 
1995. 

[3] Shelley, S.J., Freudinger, L.C., and Allemang, R.J., 
Development of an On-Line Parameter Estimation System 
using the Discrete Modal Filter, Proceedings of the loth 
International Modal Analysis Conference, Nashville, TN, pp. 
173-183, February 1992. 

1063-1068, 1994. 

Figure 3 - Enhanced FRF 6 of H,,,(o) 



14 J Allemang, R.J., Investigation of some Multiple Input/Output 
Frequency Response Function Experimentd Modal Analysis 
T ' c ~ ~ ~ w s ,  Ph.D. Dissertation submitted to the Department 
of Mechanical and Industrial Engineering, University of 
Cincinnati, pp. 120-135, 1980. 

151 Mayes, Randall L., A Multi-Degree-of Freedom Mode Shape 
Estimation Algorithm Using Quadrature Response, 
Proceedings of the 1 lth International Modal Analysis 
Conference, pp. 1026-1034, Kissimmee, FL, 1993. 

[6] Williams, Roger, Crowley, John, Vold, Havard, The 
Multivariate Mode Indicator Function in Modal Analysis, 
Proceedings of the 3rd International Modal Analysis 
Conference, pp 6670,1985. 

This report was prepared as an account of work sponsored by an agency of the United States 
Government. Neither the United States Government nor any agency thereof, nor any of their 
employees, makes any warranty, express or implied, or assumes any legal liability or responsi- 
bility for the accuracy, completeness, or usefulness of any information, apparatus, product, or 
process disclosed, or represents that its use would not infringe privately owned rights. Refer- 
ence herein to any specific commercial product, process, or service by trade name, trademark, 
manufacturer, or otherwise does not necessarily constitute or imply its endorsement, recorn- 
mendation, or favoring by the United States Government or any agency thereof. The views 
and opinions of authors expressed herein do not necessarily state or reflect those of the 
United States Government or any agency thereof. 


