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CHAPTER I

INTRODUCTION

Topology is a relatively modern branch of mathematics

which consists of the study of sets of elements called

points and, more specifically, which points are limit points

of which sets. The limit point concept is the basic concept

in point set topology. The results obtained from the gen-

eral study of topology can be used to better understand

specific topological spaces, such as the set of real num-

bers with its usual topology. The usual topology for the

real numbers is the collection of all unions of open in-

tervals of real numbers.

The study of metric spaces is closely related to the

study of topology in that the study of metric spaces con-

cerns itself, also, with sets of points and with a limit

point concept based on a function which gives a "distance"

between two points. In some topological spaces it is

possible to define a distance function between points in

such a way that a limit point of a set in the topological

sense is also a limit point of the same set in a metric

sense. In such a case the topological space is "metrizable".

The real numbers with its usual topology is an example of a

topological space which is metrizable, the distance function
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being the absolute value of the difference of two real

numbers. Chapters II and III of this thesis attempt to

classify, to a certain extent, what type of topological

space is metrizable. Chapters IV and V deal with several

properties of metric spaces and certain functions of met-

ric spaces, respectively.



CHAPTER II

TOPOLOGICAL SPACES AND

METRIC SPACES

Definition 1.1 If A and B are sets, then "A+B" means

the union of A and B and "A.B" means the intersection of A

and B. The empty set will be denoted by $.

Definition 1.2 A topology is a collection T 6f sets

having the properties:

1) The intersection of any two elements of T is an

element of T,

2) The union of any subset of T is an element of T.

Let X be the union of all the elements of T; then X is

called the space of the topology T. The ordered pair (X,T)

is called a topological space.

Definition 1.3 In the topological space (X,T) the

elements of T are called open sets. If t is in T, the

elements of t are called points.

Definition 1.4 If A is a subset of X and p is in X,

the statement that p is a limit point of A means that every

open set which contains p contains a point of A different

from p.

Definition 1.5 If p is a point and U is a point set,

the statement that U is a neighborhood of p means that there

3
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exists an open set V such that p is in V and V is a subset

of U.

Definition 1.6 If M is a point set, X-M is the set

of all points which are in X, but not in M.

Definition 1.7 The statement that the point set M is

closed means X-M is open.

Definition 1.8 If G is a collection of sets, the sets

in G are mutually separated means that they are disjoint

and no point of one is a limit point of any other.

Definition 1.9 The statement that (X,T) is separable

means that there exists a countable subset K of X such

that every point of X is a point, or a limit point, of K.

Theorem 1.1 The point set M is closed if and only if

it contains all its limit points.

Proof: Suppose the point set M contains all its limit

points. Suppose that p is a point not in M; then p is not

a limit point of M. There exists an open set Vp such that

p is in Vp and Vp contains no point of M. Then Vp is a

subset of X-M. Therefore X-M is open because X-M can be

written as the union of all such sets Vp for p in X-M and

the union of any collection of open sets is open. Since

X-M is open, M is closed.

Now suppose W1 is closed, then X-M is open and con-

tains no point of Y. Therefore if p is a limit point of

M, it cannot be in X-M and so it must be in N.
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Definition 1.10 If (XT) is a topological space,

then a base for T is a subcollection A of T such that if

p is in X and U is a neighborhood of p, then there is an

element V of A such that p is in V and V is a subset of U.

Theorem 1.2 If A is a collection of sets and X is

the union of all the sets in A, then A is a base for a

topology for X if and only if each point p of X, if U and

V are elements of A containing p, then there is an element

W of A such that p is in W and W is a subset of U.V.

Proof: Suppose A is a collection of sets and X is

the union of all the sets in A. Suppose A is a base for

a topology for X. Let p be in X and let U and V be elements

of A which contain p. U and V are open sets and therefore

U.V is an open set containing p. Then U.V is a neighbor-

hood of p and from the definition of a base there is an

element W of A such that p is in W and W is a subset of

tJ.V.

Suppose that for each point p in X, if U and V are

elements of A containing p, then there is an element W

of A such that p is in W and W is a subset of U.V. Let

T be the collection of all sets B such that for some sub-

set At of A, B is the union of all the sets in A'.

If T is a subset of T, then the union of all the

sets in T' is the union of a collection of sets of A and

therefore is an element of T.

"I.. I . - - I - , 4, : - -I - a qWK.AwR
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If U and V are elements of T, then there exists sets

B and B' which are subsets of A such that U is the union

of all sets in B and V is the union of all sets in B.

Then U.V is the same as the union of all sets b.b', where

b is in B and b' is in B'. For some b in B and b' in B',

consider b.b1*$. If p is in b.b', then there is a set C

in a such that p is in C and C is contained in b.b'. Then

b.b' is the union of all such sets C and therefore b.b' is

the union of a subcollection of A and therefore is an ele-

ment of T. Since U.V is the union of all such sets b.b'

and the union of any subcollection of T is in T, then U.V

is in T. Therefore T is a topology for X. Obviously, by

the way T is defined, A is a base for T.

As a result of this theorem, it is easy to show that

if (XT) is a topological space and A is a base for T,

then every open set is the union of some subcollection of

a.

Definition 1.11 The statement that (X,T) is com-

pletely separable means that there exists a countable base

for T.

Separation Properties for Topological Spaces

TO If p and q are two points, there is an open set which

contains one and not the other.

TI If p and q are two points, there is an open set which

contains p and not q.
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T2 If p and q are two points, there exist two disjoint

open sets, one containing p and the other q.(hausdorff)

T3 If p is a point and k is a closed set not containing p,

then there exist two disjoint open sets, one containing

k and the other p.(Regular)

T4 If k and m are two disjoint closed sets, then there

exist two disjoint open sets, one containing k, the

other m.(Normal)

T5 If k and m are mutually separated sets, then there

exist two disjoint open sets, one containing k, the

other m.(Completely Normal)

Definition 1.12 Suppose M is a set and d is a real

valued function whose domain is {(xy)\x is in M, y is in KJ

such that:

1. If x is in P and y is in M then d(x,y)a)O

2. If x is in M and y is in M then d(x,y)=d(y,x).

3. If x, y are in M then d(x,y)=O if and only if

X-y .

4. If x, y, z are in M then d(x,y)+d(y,z)>.d(x,z).

(triangle inequality)

then (M,d) is called a metric space, M is called the space

and d is, called the metric for the metric space.

Definition 1.13 If (M,d) is a metric space and p is

in M, the statement that U is a spherical neighborhood of
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p means there exists a positive number r such that

uzx.x is in M and d(p,x)<rj

Theorem 1.3 If (Md) is a metric space and

A4tUlfor some point p of ifi, U is a spherical neighborhood of pJ,

then A is a base for a topology T of k and under this topol-

ogy if p is in M and K is a subset of 1 then p is a limit

point of K if and only if for each positive number e there

exists a point q of K such that oed(p,q)<e.

Proof: Suppose (i,d) is a metric space and

AUlfor some point p of M, U' is a spherical neighborhood of p3.

Suppose p is in M and U and V are spherical neighborhoods

containing p. There exists a point q and a positive number

r such that Uxix is in i and d(q,x)<ri and also, there

exists a point y and a positive number r' such that

V=[x\x is in M and d(y,x)<rj.

Since p is in U and in V, let d(pq):e<r and d(p,y)=e'<rt.

Then r-epo and r'-e'>o. Let r" be the smaller of the numbers

r-e and r-eo'. Then let W=xjx is in I and d(p,x)cr"I. The

point p is in W. Suppose t is a point in W. Then d(p,t)<r".

Now d(q,t)6d(q,p)+d(p,t)cer"e+r-e-r. Therefore d(q,t)'r

and t is in U. Similarly t is in V and so t is in V.U and

by Theorem 1.2, A is a base for a topology of M.

Suppose p is in I and K is a subset of M. First sup-

pose p is a limit point of K and e is a positive number.
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Let U=[xjx is in M and d(p,x)-e7. Since U is an element of

the base, it is an open set containing p and therefore it

must contain some point q in K different from p then

ocd(p,q)ce.

Now suppose that for each positive number e, there

exists a point q of K such that ozd(p,q)e. Suppose U is

an open set containing p. Then there is a spherical neighbor-

hood V such that p is in V and V is a subset of U. There

exists a point q and a positive number r such that

V+xIx is in m and d(q,x)4r?.

Let d(p,q)re1er, then r-et-o. Let r'=r-e' and

V'4=x\x is in W and d(p,x)<rlJ.

Now V' is a subset of V and so is a subset of U and there

is a point q in K such that o<d(p,q)<Xr, so that q is in V'

and therefore U contains a point q in K distinct from p and

p is a limit point of K.

Definition 1.14 If (M,d) is a metric space, the topol-

ogy for M whose base is the set of all spherical neighbor-

hoods determined by the metric d is called the g-metric

topology for A.

Definitions of Weaker Metrics

Suppose M is a set and d is a real valued non-negative

function whose domain is x~Y)Ix is in A and y is in

1. If, for x, y, z in n, the following hold;

(a) d(x,y)d(y,x)
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(b) d(x,y)-+d(y,z)zd(x,,z)

(c) xwy implies d(x,y)=0

Then (d) is called a pseudo metric space.

2. If for x, y, z in M, the following hold;

(a) d(x,y)=d(yx)

(b) x=y implies d(x,y).o

(c) d(x,y)=o implies x-y

Then (M.,d) is called a semi-metric space.

5. If, for x, y, z in M, the following hold;

(a) d(x,y)+d(y,z)-d(x,z)

(b) x=y implies d(x,y)=0

Then (M,d) is called a Weak Metric Space.

Examples of Weaker Metric Spaces

Pseudo metric.--Let M be the set of all ordered pairs

of real numbers. Now if p and q are points in M where

p=(x,y) and q=(xl,y'), then define the metric d in this

way: d(p,q)=x-x1. Obviously d(p,q)=.d(q,p). Now if

p=q, then x=x' and d(p,q)= x-xI1l=01=0. But if d(p,q)=0

that means xwx', but y=y' is not necessarily true. There-

fore d(p,q)=0 does not imply p=q. If p, q, r are elements

of M, and p=(x,y), q=(x',y'), r=(xtt,y"'), then d(p,q)= x-xI,

d(q,r)=xt.-x". Then

d (p, q)+d (q, r)--|x-x'j -r x i -xtj x xx- fxt'xn .gfl= d ( p, r)

Therefore this metric satisfies the triangle inequality.

Now suppose p and q are elements in M such that p=(x,y)
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and q=(x,y') where yty'. Then d(p,q)=O and any spherical

neighborhood which contains p will also contain q. There-

fore there does not exist an open set which contains one

of the points and not the other, so that the d-metric topolN

ogy does not have the T0 property.

Semi-metric.--Let V be the set of all ordered pairs of

real numbers. Suppose p and q are points of M, where p=(x,y)

and q=-(x',y'). Then the metric d will be defined as follows:

(1) d(p,q)=O if and only if p=q.

(2) If x=y' and x'=y and x+xt, then d(pq)=l.

(3) For all other p and q in M, d(p,q)=jx-y'\ +\y-x'j

To prove the symmetric property, suppose p and q are points

in M. Obviously, if p=q, then d(pq)wd(q,p). Suppose

property two holds, then xcyl, yx and xwx' implies that

x'=y, yt=x and x4xt. Therefore d(q,p)rl=d(p,q). Suppose

d(p,q)=jx-y' +-1y-x' t, then d(q,p)=\x'-y\ +.y'-xl. Since

txmy'-=\y' .-x\ and y-x'j=\x' -yl then x-y jy-x'j=\x' -yl+y' -x1

and d(p,q)=d(q,p). To show that this metric does not satisfy

the triangle inequality, let p-(l,-2), q=(-l,0), r=(2,-3).

Then

d(p,q)=thl+[-l+2=2; d(qr)=\-l+1+2=4; d(p,r)rl43+1-2.21=8

and therefore d(p,q)+d(qr) is not greater than or equal to

d(p,r). Since by definition d(p,q)=O if and only if pwq,

this metric satisfies the properties of a semi-metric. Sup-

pose p=(5,O) and q-(O,5) and U=[x1x is in m and d(q,x)k23
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and Vzfxlx is in M and d(p,x)K1j. Now d(p,q)=l and so p is

in U but q is not in V. It can easily be seen that U.V{pj.

Obviously there is not a spherical neighborhood W such that

p is in W and W is a subset of U.V. Therefore the set of

spherical neighborhoods defined by this metric does not

satisfy the requirements for a topology on k.

Weak metric.--Let M be the set of all real numbers and

define the metric d as follows:

If pq are in lvi, d(pq)=q-p if q>p; d(pq)=0 if q4p.

The only case where symmetry holds is when p=q and

d(p,q)=O does not necessarily mean p=q. However, pnq does

imply d(pq)=O. Suppose p,q and r are elements of i. Now

if d(p,r)=O, then d(p,q)4d(q,r)td(p,r). Suppose d(p,r)>O,

then r>p.

Case 1 Suppose qzr, then d(p,q)=q-p r-p; then

d(pq)+d(qr)=q-p+d(q,r)2r-p+d(q,r)tr-p-d(p,r).

Case 2 Suppose p'q<r, then d(p,q)=q-p,d(q,r)=r-q,

d(p,r)=r-p, d(p,q)+d(q,r)=q-p+r-q=r-p-d(p,r).

Case 3 Suppose qwp, d(p,q)td(q,r)=O+d(q,r)=d(p,r)

Case 4 Suppose q<p, then d(pq)=O, d(q,r)=r-q,

d(p,r)=r-p. Since q<p then -q>-p and r-q>r-p then

d(p,q)+d(q,r)=r-q>r-p=d(p,r). Therefore the triangle

inequality is satisfied.

The set of spherical neighborhoods defined by this

metric is the set of all open half lines in the negative
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direction. Therefore if p and q are two points in M such

that p<q, there is a spherical neighborhood which contains p

and not q, but there does not exist a spherical neighborhood

which contains q and not p, so that the d-metric topology

will have the T property, but not T .

Each of the above examples of weaker metric spaces is

an example of the particular space it represents, and not an

example of either of the other two types of metric spaces;

with the exception that every pseudo metric space is also

a weak.metric space by definition. With respect to the

spherical neighborhoods defined by the metric, all three

examples are both separable and completely separable.

-IIW4owwm-lTm



CHAPTER III

METRIZATION

As was stated in Chapter II, not every topological space

can be a metric space. The topological spaces which can also

be metric spaces are said to be metrizable.

Definition 2.1 A topological space (X,T) is said to be

metrizable if and only if there is a real valued function d

whose domain is [(x,y) j x is in X and y is in Xf and which

satisfies the properties of a metric and such that if p is

in X and K is a subset of X, then p is a limit point of K if

and only if for each positive number e, there exists a point

q of K such that O<d(pq)4e.

Theorem 2.1 If (X,T) is a topological space such that

there exists a point p of X such that (p9 has a limit point,

then (X,T) is not metrizable.

Proof: Let p be a point of X such that q is a limit

point of fpj. Suppose (X,T) is metrizable. Then there is

a function d. Let d(p,q)=e. Obviously e cannot be zero

because if et is a positive number, O'd(p,q)e'. Therefore

eO; but if'<O e'e there is not a point p in p? such that

O<d(p, q)<e'. This contradicts the assumption that (XT)

is metrizable and so the theorem is true.



Definition 2.2 If p is in X and S=-q1 ,q2 $q3 ,... is a

sequence of points in X, then p is a sequential limit point

of 3 means that if e>0, there is a positive integer N such

that if n>N, then O<d(p,q )<e. Then S is said to converge

to p.

Theorem 2.2 If (X,T) is metrizable, K is a subset of

X, and p is a limit point of K, then p is a sequential limit

point of a sequence of distinct points of K different from p.

Proof: Since p is a limit point of K, then for e>O,

there is a point q in K such that O<d(p,q)<e. Suppose e=l,

then there is a point q in K such that O-ed(p,q1)< . If

0 , ns., *.. then for each number n, there is a point

q such that O<d(pq )<L. Obviously, the sequence
n n n

=t(q1 , q2 q 3

converges to p. Now form a new sequence 3' in the following

manner:

p~q11 1

p2 is the first point in S different from p1 .

p is the first point in S different from p and p2

p is the first point different from p ,$p2Pp3y'*n#
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Suppose there is a last point Pk in S'. Then there is a

positive integer n such that if m>n, then q=;pi for some

i*k. Let Q=d(p,pn)n=l,2,3,...kI. Let e be the smallest

number in Q. Then there is a positive integer r such that

<e and there is a q such that d(p,q )ci. But

rr r r
q *p 16 ifk

r I

which contradicts the assumption that there is a last point

in St. Then 5' is an infinite sequence of distinct points

of K and since 5' is a subset of 3, then S' converges to p.

Theorem 2.3 The topological space (X,T), where X is

the set of real numbers and T=UX-U is finitel is not

metrizable.

Proof: Assume (XT) is metrizable. Let Kjxj1O4-xlN.

Suppose p is a point of X and U is an open set containing

p. Since X-U is finite and K is infinite, there must be

an infinite number of points of K which are not in X-U

and which, therefore, are in U. Then U must contain some

point of K different from p and p is a limit point of K.

Let d(5,6)=c. Since 5 is a point of X, 5 is a limit point

of K and by Theorem 2.2 there is a sequence of points

ql,q2,,3,,...in K such that 5 is a sequential limit point

of this sequence. Then there is a positive integer N such

that if nM-N, d(5,q )<',
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Let J=q d(5,q)<4}. Since J is infinite every point
n n

of X is a limit point of J and therefore 6 is a limit point

of J and there is a point q in J such that d(6,q)<.2. Then

d(6,q)+d(5,q)< 3+.=c but d(6,q)+d(5,q)=d(6,q)+d(q,5)2d(6,5)=c

which is a contradiction; therefore the assumption is false

and (X,T) is not metrizable.

Theorem 2.4 If (X,T) is metrizable, then it is com-

pletely normal. (T5)

Proof: Suppose (X,T) is metrizable and K and M are

subsets of X which are mutually separated. Let p be in K,

then p is not a limit point of M. Then there is an e >0p

so that if q is in M, d(p,q)2e . Let

Up {xlx is in X and d(p,x)<

Let U be the union of all such sets U where p is in K.

Now let q be in M. Then q is not a limit point of K and

there is an e >0 such that if p is in K, d(qp)e . Let
q cq

Vqpxlx is in X and d(q,x)<eq . Let V be the union of all
2

such sets Vq where q is in M. Then U and V are open sets

which contain K and M respectively.

Assume U.V0$, then let s be in U.V. Since s is in

U, there is a p in 1 such that s is in Up and d(s,p)<p.
2

and if qt is in M, d(p,q')Ze . Also, since s is in V,
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there is a q in M such that s is in Vq and d(s,q)<q9 and

if pt is in K, d(p',q)2e . Let r be the larger of ep

and e . Then d(s,p)=d(p,s)< and d(s,q)<kt Then
q 22

d(p,s)+d(sq)<+ tr, but d(p,q) r which gives

d(p,s)+d(s,q)td(p,q)

which is a contradiction of the triangle inequality prop-

erty. Therefore the assumption is false and U.V=$ and

(XT) is completely normal.

Definition 2.3 If K is a set and A is a collection

of sets, the statement that A covers K means that every

element of K is in some element of A. If B is a subset

of A which covers K, then B is called a subcover of K.

If each element of A is an open set, then A is called an

open cover of K.

Theorem 2.5 If (XT) is a completely separable topo-

logical space and A is an open cover of X, then A contains

a countable subcover of X.

Proof: Suppose (X,T) is completely separable and let

H= hl.,h2,h,3, ... be a countable base. Let A be an open

cover of X. If p is in X, then there is an a in A such

that p is in a and an h in H such that p is in hI and h

is a subset of a. Let B4b1 ,b2 ,b3 ...? be the set of all

sets in H such that there is a 'U in A such that b is a

subset of U. For each bi, let
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Vj=(UIJU is in A and b is a subset of Ui.

Then using the Axiom of Choice, form a sequence

At=UU 2,9U3'* *'*

where U% is from V . Obviously A' is a subset of A and is

countable. Now suppose p is in X. There is a U in A such

that p is in U and an h in H such that p is in h and hI

is a subset of U. Then h is in B and there is an integer

k such that ht=ba Then there is a Uk in At which contains

bk and, therefore, contains p. Then A' is a cover of X and

and the theorem is true.

If (X,T) is a separable topological space and A is an

open cover of X, then it is not necessarily true that A

contains a countable subcover of S. Suppose X is the set

of real numbers and let H be the collection consisting of

[o+ UlU is ( 0 and one irrational numbers plus

(Uu is an open interval of rational numbers not containing 03.

Suppose p is in X and U and V are elements of H containing

p. Since there are not two different elements of H which

contain the same irrational number, suppose p is rational.

If p is zero, then U and V must be of the form {O} or (0,x

where x is an irrational number. Then U.V=0j and there

is a W in H such that p is in INand W is a subset of U.V.

If p is not zero, then U and V are both open intervals of

rational numbers and, therefore, U.V is an open interval
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of rational numbers containing p. Therefore, H is a base

for a topology T. Let KC{all rational numbers, then K

is countable. Suppose p is in X and p is not rational.

Then every open set which contains p must also contain

zero, which is rational, and so p is a limit point of K.

Therefore (X,T) is separable and H is an open cover of X,

but since the set of irrational numbers is uncountable, H

does not contain a countable subcover of X.

Theorem 2.6 If the separable topological space (XT)

is metrizable, then it is completely separable.

Proof: Let (X,T) be a separable topological space

which is metrizable. Then there is a countable set K such

that if q is in X, then q is in K or q is a limit point of

K. If p is in K, let

Bp=IUIU={Ix is in X and d(p,x)<t for n=l,2,3,....
n

Let A be the union of all such sets Bp for p in K. Let

A'4=all spherical neighborhoods of all points in X, then

by Theorem 1.3 At is a base for T. Suppose q is in X.

Then there are two possibilities:

1. If q is in K, there is a U in A such that q is

in U,

2. If q is not in K, then q is a limit point of K

and there is a p in K such that d(p,q)<1 .
2

Therefore there is a U in A such that q is in U. Then X

is equal to the union of all sets in A.
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Suppose p is in X and U and V are elements of A con-

taining p. Since A is a subset of A', U and V are also

elements of A' and so there is a W in At such that p is in

W and W is a subset of U.V. There is a point q and a

positive number r such that W= xlx is in X and d(q,x)kr}.

Let d(p,q)=e, then r-e>O. Either p is in K or p is a

limit point of K. If p is in K, let n be a positive in-

teger such that l<re, then let W'=[xtx is in X and d(p,x)kt?
An

Then W' is in A and p is in W' and "' is a subset of U.V.

If p is not in K, then p is a limit point of K* Let

m be a positive integer such that l<-eo. There is a point

s in K such that d(ps)<L. Let

W"d=xlx is in X and d(s,x)<.

Then W" is a subset of W and W" is an element of A such

that p is in W" and W" is a subset of U.V. Therefore A is

a countable base for T.

-mw



CHAPTER IV

C00 PLETE NES$ AND TOTAL BOUNDEDNESS

IN MET RIC SPACES

Definition 3.1 If (M,d) is a metric space, then a

subset E of M is totally bounded if and only if for each

positive number e, there is a finite sequence p , p2'''n

of elements of E such that every element p in E is at a

distance less than e from at least one element of the

sequence.

Definition 3.2 If (M,d) is a metric space and

S'= [p 1,P2'P3,...}is a sequence in M, then $ is a Cauchy

sequence if and only if for each positive number e, there

is a positive integer N such that if m,n are positive

integers larger than N, then d(p ,p )(e.
m n

Theorem 3.1 Every infinite subset of a set E con-

tained in a metric space (M,d) contains an infinite

Cauchy sequence of different points if and only if the

set E is totally bounded.

Proof: Suppose E is totally bounded and S is an

infinite subset of E. If e= there is a p such that

an infinite number of elements of S are less than a

distance of I from p Call the set of these elements
2 1

22
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For e::1.#,there is a p such that an infinite

number of elements of Snl are at a distance less than

T . from p . If rs are in S then d(r,p )<l a
I n n n 2 n

and d(p ,s1< . Since d(r,s) d(r,p dn 21+1

then the distance between any two points of Sn is less

. Picking qj in S. such that [q*qcjIfn-+J, then [qn

is a Cauchy sequence of distinct points.

Suppose every infinite subset of a set t contains

a Cauchy sequence of different points and suppose E is

not totally bounded. Then there exists an e>Q such that

for any finite sequence of points, p , p2'9V'''n, there

is an element p of E such that d(p,p ),i1,n, is greater

than e. Suppose p is a point in E. SI t pf is a finite
1 1

sequence and so there is a point p2 in E such that

d(p ,p )2e.
1 2

32 t9pl,p)is a finite sequence, so there is a p in E

such that d(p1,p3) e and d(p2 ,p3)e. For the nth case

Sn (p ,p2,...n is a finite sequence, so there exists

a pn 1 such that d(p , Pn+)?e for il,2,...n. If the

process is continued an infinite number of times then the

union of all Sn,nUtl is an infinite subset of E which
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cannot contain a Cauchy sequence. This contradicts the

hypothesis and so E is totally bounded.

Definition 3.3 The statement that the topological

space (X,T) is compact means that if G is an open cover

of X., then some finite subset of G covers X. The topo-

logical space (X,T) is countably compact means that every

infinite subset of x has a limit point.

Definition 3.4 A metric space (M,d) is complete if

and only if every Cauchy sequence in A has a sequential

limit point.

Lemma 3.1 A totally bounded metric space (Md) is

separable.

Proof: Suppose (M,d) is a totally bounded metric

space. Then if e=1, there is a finite sequence

l =p1 ,p2, '''

of points of M such that every point in M is at a dis-

tance less than one from some point of S1. In general,

if e= there is a finite sequence of points, S, suchnn

that every point in M is at a distance less than I from
n

some point of Sn. Consider the countable set K which is

the union of all 3 for n=l,2,3,.... Suppose p is in M

and p is not in K and suppose V is a neighborhood of p.

Then there is a spherical neighborhood Up such that p

is in Up and Up is a subset of V and for some q in M

- 9-1 ', - --- ., , , . , " - ", .
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and positive number e, Uprjxjx is in M and d(q,x)ce. Sup-

pose d(p,q)=r, then e-r>0 and there is a positive integer n

such that 1<e-r. Since there is a point of K at a distance
n

less than 1 from p, it must be in Up and therefore p is a
n

limit point of K. Therefore (M,d) is separable.

Theorem 3.2 A metric space (M,d) is compact if and

only if it is complete and totally bounded.

Proof: Suppose (M,d) is compact. Suppose e is a

positive number. Let G be the set of all spherical neigh-

borhoods with a radius less than e. Then G is an open

cover of M and there is a finite subcollection G' of G

such that G' covers M. For each g in G', there is a p in

M such that there exists a positive number r such that

gWjxjx is in m and d(xp)<rj. Then the finite sequence

PlP2' ** p n, where P is from g in G0', has the property

that if p is in V, then p is in some g of G' and there-

fore d(p1,p)<e and so (k,d) is totally bounded.

Suppose Q=p1 ,p2 ,...I is a Cauchy sequence of points

of M. Since M is compact, it is countably compact. If

plp is in qj is infinite, then it has a limit point p.

Suppose eO; then there is a positive integer N such that

if m,n'N, d(pm'Pn)<s. Since [ 1 p2'''' N1 is finite, P

must be a. limit point of t pNl' 2''N+ .J and so there is
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a point p.,i>N such that d(pip)<#. Suppose j>N, then
2.2

d(pp)fd(plp )+d(p ,p)<.t.e and so Q converges to p.
J i 2 2

If plIp is in Qj is finite, there is some integer N such

that if m>N, then p pN and Q converges to p.

Suppose (M,d) is complete and totally bounded. Sup-

pose K is an infinite subset of M. By Theorem 3.1, since

M is totally bounded, K contains a Cauchy sequence of dis-

tinct points. And since 'i is complete, the Cauchy sequence

has a sequential limit point p and p is also a limit point

of K. Therefore MV is countably compact. Suppose A is an

open cover which contains no finite subcover. Since (M,d)

is completely separable, A contains a countable subcover

Al AVA 2,A , ... Since no finite subset of At covers i

then there is a point p which is not in A. Now p1 is
I I1

in some element of A', so let n be the smallest integer

such that An) contains p1 . Consider the union of all Ak;

ltktn1 . It is an open set containing p and since it is

the union of a finite collection of sets in A', there is

some point p2 not in it. Let n2 be the smallest integer

such that p2 is in A . Following this procedure a se-

quence of points S=p1,p2 p 3P,.. .J and a sequence of sets

B A1 ,AnPAn2 n3,... in A can be formed. Since S is
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infinite, it has a limit point p such that p is not in 5.*

There is an open set U of A' such that p is in U. Since A'

is countable, there is an integer m such that U is Am which

is in A'. Then there are only a finite number of sets in

A' which precede iy in the sequence A', and so Am can con-

tain only a finite number of points of the sequence S, say

plP ,P2'*** k.But from the regular separation property there

is an open set V which contains p and no point of i -lAm and

for each p, there is an open set V. which contains p and

not pj. Then the intersection of V and all the V is an

open set containing p and no point of S. This is a con-

tradiction of the conclusion that the sequence S had a

limit point and therefore the assumption that A does not

contain a finite subcover is false and (M,d) is compact.

*The reason that p Pk is that the union of An; le-nnk, is
an open set containing Pk and therefore its complement is
closed and using the regular separation property there is
an open set U containing Pk and no point of the closed set,
Also for each po; j<k, there is an open set U containing

P and not p3; then the intersection of all the U and U is
an open set containing Pk and no other point of S.



CHAPTER V

K-CONVEX SETS

The statement that two metric spaces (M,d) and (M',d')

are isometric means that there is a function f which maps

i onto M' in such a way that if p and q are points in M,

then d(p,q)=d'(f(p),f(q)). If two metric spaces (Id) and

(M',d') are homeomorphic, then there is a natural way to

define a new metric on ki' so that the two spaces are iso-

metric. That natural metric would be that the distance

between two points in M' would be defined to be the dis-

tance between their inverse images in M. In general, there

may be more than one way for two metric spaces to be iso-

metric, but it seems likely that their metric functions

would have a relatively simple relationship to each other.

This chapter attempts to study the relationship between

the metrics of two linear metric spaces which are homeo-

morphic, by looking at the set in the Euclidean plane made

up of ordered pairs of numbers where the first number is

the distance between two points in one metric space and the

second number is the distance between the homeomorphic

images of the two points in the second metric space.

Definition 4.1 A function is a set of ordered pairs

such that no two ordered pairs have the same first element.

28
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The domain of a function is the set of all first elements

of the ordered pairs and the range of a function is the

set of all second elements of the ordered pairs. If X and

Y are sets, f is a function on X onto Y means X is the

domain of f and Y is the range of f.

Definition 4.2 If f is a function, then f inverse

(fI) is (x,y) I(y,x) is in fl.

Definition 4.3 If each of (X,T) and (Y,H) is a topo-

logical space, f is a function on X onto Y and p is in X,

then "f is continuous at p" means that if U is a neighbor-

hood of f(p), then there is a neighborhood V of p such that

if q is in V, then f(q) is in U. The statement that f is

continuous means if p is in X, then f is continuous at p.

Definition 4.4 If f is a function, f is a reversibly

continuous function means that f is reversible and both f

and f l are continuous, A homeomorphism is a reversibly

continuous function. If f is a homeomorphism on X onto Y,

then the topological spaces (X,T) and (Y,h) are said to be

homeomorphic or topologically equivalent.

Lemma 4.1 If (X,T) and (Y,H) are topological spaces

and f is a function on X onto Y, then f is continuous if

and only if for each open set U in Y, f'1 (U) is open in X.

Proof: Suppose f is continuous. Suppose U is an open

set in Y and f(p) is a point in U. Then there is an open

set Vp of p such that if q is in Vp, then f(q) is in U.
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Let V be the union of all such Vp for f(p) in U. Then V

is open. Now Vrf-l(U) because if p is in V then f(p) is

in U and so p is in f1(U) and if p is in f-1 (U), then

f(p) is in U and there is a Vp containing p which is a

subset of V and so p is in V. Therefore f-l(U) is open.

Suppose for each open set U in Y, fl(U) is open in

X. Suppose p is in X and U is a neighborhood of f(p).

Then there is an open set U' which is a subset of U such

that f(p) is in U'. Then f*1 (U') is open in X, and if q

is in f"1 (U') then f(q) is in U' which is a subset of U

and therefore f is continuous at p. Since f has been

shown to be continuous at the point p for any p in its

domain, then f is continuous.

Definition 4.5 A linear metric space is a metric

space (M,d) with a relation "0 of ordered pairs of ele-

ments of M such that:

1. if x, y, z are in M and x*y and y*z, then x*z,

2. if x, y are in M, x*y and y*x, then xuy,

3. if x, y are in mi, then x*y or y*x.

4. if x, y, z are in M, then x*y and y*z if and

only if d(x,y)+d(y,z)zd(x,z).

Definition 4.6 The statement that a set S is sepa-

rated means it is the union of two non-empty mutually

separated sets. The statement that a set 3 is connected

means it is not separated.
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If (M,d) is a linear metric space homeomorphic to a

subset of real numbers with its usual relative topology,

and there is a homeomorphism f on ( ,d) onto the metric

space (MI,d') and a is in M, then let

ga (x,d(ax)) 1 x is in M and a*x}

and let

gZ f(x),d'(f (a),f(x) \ x is in M and a*x}.

Let

ha (a(x),g'(f(x))) x is in M and a*x}.

Theorem 4.1 If (Md) is a linear metric space, then

if a is in M, then ga is a homeomorphism.

Proof: Since d is a function, ga must be a function.

To prove ga is continuous, let x be a point in M such that

a*x, let e be a positive number and let

U={plp is a real number and ga (x)npcej.

U is a neighborhood of ga(x) in the usual relative topol-

ogy for the range of ga. Let

U,[q I qis in A and d(xq)ceJ.

Now suppose q is in U, then d(a,x)*d(a,q)+d(q,x)cd(aq)+e

and so g,(xtcg,(q)+e. Also, d(a,q)'d(a,x)+d(xq)cd(a,x)+e,

so that g,(q)cg,(x)+e. Then g a(q)-eca(x)Cga(q)+e and

1g,(x)-g(q)ke and ga(q) is in U. Therefore ga is con-

tinuous at x and, so, is continuous.
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Now suppose x and y are elements of M such that a*x

and a*y and d(a,x)=d(a,y). Suppose x~y, then either x*y

or y*x. If x*y, then d(ax)4d(x,y)=d(a,y) and by substi-

tution d(a,x)+d(x,y)=d(a,x) which gives d(x,y)=O and so

x=y. The result is the same if the assumption y*x is made.

Therefore g is reversible. To prove g.-l is continuous,

let g.(x) be a point in the range of , and, for some

positive number e, let U=Iplp is in M and d(px)<eI. Now

let

V=jga yga(y ) is in the range of ga and ga e

Suppose ga(y) is in V, then ga(y)ega (x) (y)+eand,so,

d(ay)-e<d(ax) and d(a,x)<d(a,y)+e. Since y is in i, then

either x*y or y*x. If x*y, then d(a,x)+d(x,y)=d(a,y) and,

so d(x,y)=d(a,y)-d(a,x)<e. If y*x, then d(a,y)+d(y,x)=d(a,x)

and, so, d(yx)=d(a,x)-d(a,y)<e. Then y is in U and ga 1

is continuous and ga is a homeomorphism.

Theorem 4.2 If M is connected, then g' is a homeo-

morphism.

Proof: The proof that g' is a continuous function is

the same as the proof of ga. To prove g4 inverse is a

function, let f(x) and f(y) be points in Mi such that

d'(f(a),f(x))=d'(f(a),f(y)).

Suppose that f(x)*f(y), so that xty. Then either a*x*y or

a*y*x. With no loss of generality, assume a*x*y. Since M
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is connected, then Mi is also connected. Either f(y)*'f(x)

or f(x)*'f(y), so suppose f(x)*'f(y). Suppose U is a neigh-

borhood of f(y) which does not contain f(x). Then there

must be a neighborhood V of y such that if y' is in V, then

f(y') is in U. Then there is some point r*y such that if

r*s*y then f(x)*'f(s). Let

R=rjx*r*y, f(x)*'f(r) and if r*s*y, then f(x)*f(s)I.

Let r' be the greatest lower bound of R. If r'fx, then

either f(r'f)*'f(x) or f(x)*'f(r'). Suppose U' is a neigh-

borhood of r'. Then there is some point of U' such that
x

f(x)*'f(z) and some point z' of U' such that f(z')*f(x),

Then, no matter whether f(r')*'f(x), or f(x)*'f(r), there

is a neighborhood V' of f(r') which does not contain f(x)

and so there will be no neighborhood of r' which maps into

Vt. This is a contradiction of the fact that f is con-

tinuous and so r' must be x and for every point p such

that x*p*y, then f(x)*'f(p). Similarly every point q such

that a*q*x is mapped into one side of x. Suppose both

sets are mapped to the same side of x. Then there is a

point p such that p*x and f(x)*'f(p) and a point q such

that x*q and f(x)*'f(y). Suppose f(q)*'f(p). Then there

must be some point t such that p*t*x and f(t)=f(q). This

is a contradiction that f is reversible and so either

(1) f(a)*'f(x)*'f(y) or

(2) f(y)*'f(x)*'f(a).



If (1) is true then

d'(f(a),f(x))+d' (f(x),f(g))=dt(f(a),f(y))

and so d'(f(x),f(y))=O and f(x)-f(y). If (2) is true the

result is the same and so g' is reversible. The proof that
a

ga inverse is continuous is the same as that of g 

To show that if M is not connected, then g may not be

reversible, let M be the set of real numbers between 0 and

1 plus the set of real numbers between 2 and 3. Let

f(x)=x+2; 0dxl and

f(x)=x-2; 2 t x*3.

Then if a=0, g'(l)=1 and g'(3)=1 and so the ordered pairs
a Ia

(1,1) and (1,3) are in g' and g' is not reversible.
0 0

Theorem 4.3 If M is connected, then ha is a homeo-

morphism.

Proof: Suppose g(x) and ga(y) are elements of the

domain of ha such that ga(x)=ga(y). Then x=y and f(x)=f(y)

and g'(f(x))=g'(f(y)) so that h is a function. Since g
a a a a

and g are reversible, h is also reversible. Since both
a a

g and g1 are reversibly continuous, it readily follows

that ha is reversibly continuous. Therefore ha is a homeo-

morphism.

Definition 4.7 The statement that a set 1 in the

Euclidean plane is convex means that if p=(x,y) and

www,
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q=(xI,y?) are elements of M, then if Lstal, then

r=(tx+(l-t)x', ty+(l-t)yt )

is in M.

Definition 4.8 The statement that a set Y1 in the

Euclidean plane is k-convex means that M is connected and

if p and q are points of M such that p=(x,y), q=(x,y')

and, y'y" y', then r=(x,y") is in M, and if p and q are

points of M such that p:(x,y), q=(xi,y) and xax"x' then

r=(x",y) is in M.

Theorem 4.4 If (M,d) is a connected linear metric

space, then the union of all ha, for a in M, is a k-convex

set,

Proof: Suppose p and q are points of the union of

all ha such that p=(b,c) and q=(b,c). Then there is an

a in M and an xa in M such that b=ga(x) and o.=g(f(x ))

and an at and xa, in M such that b-g,(x,,) and

l=g (f(xat))*

Either a*a' or a't*a, so suppose a*a', then xa*Xae . Now

if a*r*a', then there is an xr such that xa*Xr*Xa, and

gr (x r)=b. Then for a*r*a', let h(r)dt(f(r),f(xr)).

Obviously h is a function. To prove h is continuous,

suppose a*r*a' and e>O. Let Ur=fh(s)) there is an s

such that a*s*a' and h(s)=d(f(s),f(x5)) and \h(r)-h(s))ceI.

Let Qrf(x)d'(f(xr)f(x))<i and Trff(x)d'(f(r),f(x))<C.

-7wow*-%F
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Now if f(x) is in T and f(y) is in Q, then

ldt(f(r),f(x r))-d(f(x), f(y)))<e.
There is a neighborhood U of r such that if x is in U, then

f(x) is in T and a neighborhood V of xr such that if x is

in V, then f(x) is in Q. There is a real number t>Q such

that U'Jxid(x,r)<t and U' is a subset of U and a real

number t'>O such that V'KX\d(xr,x)<ttI and Vt is a subset

of V. Let t" be the smaller of t and t'. Then

V=4xIld(xr,X)<ttt"

is a neighborhood of xr and Uh"=x d(r,x)t"tt is a nei hbor-

hood of r such that, if z is in U", then xz is in V"t Then

U" is a neighborhood of r such that if r' is in U", then

X., is in V" and f(r') is in T and f(xr,) is in 4 and

h(r')=d'(f(r'),f(x,))

and lh(r)-h(r')l<e, so that h(r') is in U. and h is con-

tinuous.

Suppose c" is a real number such that c<c"<c' and

p=(b,c"). Then h is a continuous function on the interval

[a,aj such that h(a)=c and h(a')=c' so that there must be

an a' such that a*a"*a' and h(a")=c"=dI(f(at),f(xa")).

Then d(a,xa)=b and so p'=(b,c") is in the union of all ha

for a in Y. Then if p and q had the same ordinate and

different abscissa, the proof is similar.
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Suppose the union of all ha is not connected. Then it

is separated and, therefore, is the union of two non-empty

mutually separated sets H and K. Suppose p is in H and q

is in K such that pe(b,c) and q=(b',ct). Then there is an

a and an xa such that d(a,xa)=b and dt(f(a),f(xa))=c and

an at and xa, such that d(d,x ,)=b' and dI(f(at),f(xat))=ct.

Either a*a' or a'*a, so suppose a*a'. Then xav is in the

domain of ga and ga(xVa)=d(a,a')+g,(x,) *Since ga is con-

tinuous, ga(a)=c<g 11(xa) and g a , ), then there

is some xt such that ga (x)=gjx,). Since ga is con-

tinuous, then r=(g,(x'),g'(x')) must also be in H. But
a

since r and q have the same abscissa, every point between

r and q must be in H and so q must be in H, which contra-

dicts the statement that q was in K. Therefore the union

of all ha is connected and the theorem is true.

That the union of all ha is not a convex set in the

Euclidean plane can be seen from the following example.

Let M be the set of real numbers from 0 to 6 with the

usual distance function and let M' be the set of real num-

bers from 0 to 26 with the usual distance function. The

homeomorphism f on NW onto M' will be as follows:

I) f(x)=4x for Ox3

ii) f(x)=6(x-1) for 3x44

iii) f(x)=4x42 for 4166
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Let p=(3,12) and q=(5,22) and tri, then r=(4,17). Then

for the point 0, g0 (3)=3 and gt(f(3))=12 and g (5)=5 and

g0 (f(5))=22. Now all the points a, such that g,(xa)=4.0

are between 0 and 2, but if 0ta42 and d(a,xa)=4 then

dt(f(a),f(xa))=18 so that r=(4,17) is not in the union of

all ha and so it is not convex.

Theorem 4.5 If M is the union of two mutually sepa-

rated sets H and K, where each of H and K is connected,

then 5, where S is the union of all ha for a in M, is the

union of three k-convex sets.

Proof: Considering the set H and the subset of S ob-

tained using only points in H, by Theorem 4.4 that subset

is a k-convex set. The same is true for the set K. Since

M is linear and each of H and K is connected either every

point of H is less than every point of K or vice versa.

Suppose every point in H is less than every point in K. The

only way to obtain more points in $ is to pick an a in H and

look at g,(x) for x in K. Consider the subset 5t of 3 ob-

tained in that way. Suppose p and q are points in 5t, where

p=(b,c) and q=(b,ct). Then there is an a in H and an xa in

K such that d(a,xa)=b and dt(f(a),f(xa))=c and an at in H

and xa, in K such that d(a',xa)=b and dI(f(at),f(xafl=cI.

Either a*a' or at*a, so suppose a*a'. Then x *x * Since
a a'
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a and a' are in H, if r is between a and a' then r is in H

and xr is between xa and xa,' The proof from here is the

same as Theorem 4.4.

Theorex 4.6 If M is the union of N mutually separated

sets, Kl,K2 ,,K3,.dKN, where each Kis connected, then S,

where 3 is the union of all ha for a in M, is the union of

2N k-convex sets in the plane.
2

Proof: If there are N mutually separated sets, the

first one will form a k-convex set with itself and with

each of the N-I sets which succeed it. The second will form

a k-convex set with itself and with each of the Nt-2 sets

which succeed it. Going on to the last set, it is easy to

see the number of k-convex sets formed will be the sum of

the first N positive integers, thus N2+N
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