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AERONAUTIC SYMBOLS 

1. FUNDAMENTAL’ AND DERIVED UNITS ~ 

Metric 

,’ 

Symbol 
unit Abbrevia- 

tion 

I 
I 1 

Length.-- 1 ‘meter- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ m 
Time ________ t - second----- ____ -- ______ 
Force ________ P weight of 1 kilogram-z-- ksg 

- 

Po-iver _______ P 
Speed----;-- V . 

- 

-- 

-- 

-_ 

- 

English 

unit AbkEtib 
foot-(or mile) __________ ft (or mi) 
second (or hour) ______ 1 set (or hr) 
weight of 1 pound---- lb 

. 

hbrsepower ___________ hp 
miles per hour _________ mph 
feet per second- _ _ :____ fps 

L 

2. GENERAL SYMBOLS .- 
Weight=mg -Y 
Standard acceleration of gravity=9.80665 m/s2 p 

Einematic viscosity 

or 32.1740 ftfsec2 
Density (mass per unit volume) 

Mass=E 
Standard density of dry air, 0.12497 kg-m-*-s2 at 15’ C 

and 760 mm; or 0.002378 lb-ft-* sec2 

Momen! of inertia=mk2. (Indicate axis -of 
Specific weight of “standard” air, 1.2255 kg/m3 or 

radius of gyration k by proper subscript.) 
0.07651 lb/cu ft 

~. 
Coefficient of viscosity . 

3. AERODYNAMIC SYMBOLS 

fhea 
Area of wing 
Gap 
Span 
Chord 

Aspect ratio, !=J 
True air speed 

_ 

- 

Dynamic pressure, ;p 

Lift, absolute coefficient C,=L 
czs 

Drag, absolute coefhcient C,=g qs -. 

l?rofile~drag, absolute coeflicient CDo=$$ 

Induced .drag, absolute coefficient CD,=3 

Parasite drag, absolute coefficient C&,=3 

Cross-wind force, absolute co&Cient C==$ 

2626’ 

. 

Angle of setting of wings (relative to thrust hue) 
Angle of stabilizer setting (relative to thrust 

line) 
Resultant moment 

.Resultant angular velocity 

Reynolds number, P$ where 1 is a linear dimen- 
sion’(e.g., for an airfoil of 1.0 ft chord, 100 mph, 
standard pressure at 15O,C, the corresponding 
Reynolds number is 935,400; or for an airfoil 
of 1.0 m chord, 100 mps, the corresponding 
Reynolds number is 6,865,OOO) 

-Angle of attack 
Angle of downwash 
Angle- of attack, infmite aspect ratio 
Angle of attack, induced 
Angle of attack, absolute (measured from eero- 

lift position) 
Flight-path angle 
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REPORT No. 707 

THE ADDITIONAL-MASS EFFECT OF PLATES AS DETERMINED BY EXPERIMENTS 

By WILLIAM GRACEY 

SUMMARY 

The clpporeni increase in the inertia properties of a 
body morirrg in a fluid ?nedium has been called the 
cltlrlitio~lUl-mass CJect. This report presents a r&urn& of 
lest procedures and results of eqerimental determinations 
of the atltlilionul-mass <fleet of flat plates. In addition 
to data obtained -from various &foreign. sources and from 
(111 N~l(il investigation in 19.23, the results of tests 
rrcentl~y coducted by the National Mrisory Comm.ittee 

fOI iIrronautics are included. In the recent NACA 
tests, the additional-mass eject of rectangular plates of 
rVrlJin{j aspect ratio was redetemined, untl the adtlitionnl- 
mciss ~#ecf of plates haring tapered plan forms was 
ill resl i$guted *for the jrst time. 

~1 test procedure ,is described bli means of which dues 
v/ urltlitio~~al mass are obtained as the tl(&fference between 
the ~noin~iifs oj inertia of the plates experimentnlly de- 
f~rmiirrtl iii air aid in vacuum. 

The results of the present NLICA tests, beliered to be 
I~OI*~ rrccurnte than data obtained in the older inrestign- 
tiorrs,.full u little abom the data obtained by the NAC’A in. 
1.935’ rl1lc1 somewhat below the ralues published in. Germa,n y 
in 1.937. The German caluea appear erroneously high 
o11 ihe bnsis of theoretied considerations. 

INTRODUCTION 

‘hit llir mass of :I moving body is appawntly grcatri 
in in fluitl mdium thau in a vacuum wns noted as cnrlp 
21s ISX(i (I’(~f(‘lY~llC(~ 1). Tlw apparrn t’ incrrasc in mass 

(‘ill1 lw :It tih~trtl to th ntltlitiord cllr~gy rrquirrtl t0 

rst;~l~lisll tlic hltl of flow about tllr moving body. 
lnnsmuc~li :ts tlir motion of thr body may be drfinrtl 
1)~ consitlr~iiig its mass as rqual to the actual mass of 
t lir htly plus n fictitious mass, the rffcct of tlic in&in. 
foi~ccs of 11~ fluid may bc wprcsrntcd as an apparent 
atltlitioii:il mass; this additi0na.1 mass, in twn, may br 
consitlrwtl as tlic product of an imaginary volume and 
tllc tlrnsity of tlw fluid. The cffrct of the sur~ountling 
fluicl has :Icror(liiigly bcm call4 tlir additional-mass 
~JPCV. The maguitudr of this cffrct, tlcprntls on the 
tlrnsity of thr fluid ant1 the size and thr shapr of tlir 
Iwtly nolmnl to tlir diwction of motion. 

Tlirowtiral valurs of tlir atlditional mass of a numbrr 
of ldirs of inhitc lrngth :intl of cllipsoitls or rlliptic 
phtrs of fiiiitr tlimrnsions liavc lxx~ii prcriously tlrriretl 
(wfrwnrrs 2 ant1 3). Tl ir vwification of tlirsr ralurs 

aid tlic rstablislimrnt of \-alurs for both of finite 
tlimcnsious not corrrrd by the tlico~y, for example, 
wctangular platrs, linrc provided tlic basis for csprri- 
mrntal wsrarcli on thr pl~rnomrnon. Results from 
csprknrntal clrtcrminations of the aclditional-mass 
cflcct harr brrn rcpodrtl from the aeronautical labom- 
torirs of the United States, England, Russia, ant1 
Grrmany (rrfrrrncrs 4 to S). Altl~ougl~ thesr trsts 
wcw primarily conducted for the purpose of correcting 
tlic rspr~imrntally tlrtr~minccl momrnts of inertia of 
airplanrs, thr ~rsults obtained aw of importance in 
other ac~odynaniic problems. Brcausc of the x-iclc- 
spread intwcd in tllr problem ant1 brcausc of the lack 
of agwcmrnt in thr rrsults from thr various laboratories, 
a compilation ant1 an analysis of all the available datn. 
on tlw subjrct srrmrd tlrsirable. 

Estcnsirr trst p~ogams on the additional-mass effect 
wre conducted in tlic Vnitctl Statrs in 1933 and in 
Gr~many in 1937; it is with thrse trsts that the present 
rcpod is pkicipally concr~nrd. In an attrmpt to es- 
plain tlic cliscrrpancirs between the wsults of these h-0 
inrestigations, the National Adriso~y Committee for 
fhoiiautics has wpratctl certain of its original tests, 
making usr of improwtl apparatus and a cliflcrent test 
p’occdurr. The prrscnt tests consisted in n redetwmi- 
nation of the corfficirnts of additional mass and of 
additional momrnt of inertia. for wctangular plan forms. 
In addition, a nrw aspect of the problem, the eficct of 
taprr ratio on the additional momrnts of inertia, was 
in wst igx t rd. 

SYMBOLS 

For watly wfwrncr, tlw symbols used rcpcatrdly 
tli~ougliout~ tlic wpod are collected in the following list. 
Tllc tlimcnsions of the plate are called chord c and span 
b, rathrr than lrngth ant1 breadth, to permit easy appli- 
cation to an ailplmir x-ing. 

c d1ortl of p1atc 
b span of platr 
2. ovwall volumr of plate 
1 tlistnncc from crnter of plate to nsis of 

oscillation 
I’ linrar vrlocity 
w angular velocity 
P mass tlrnsity of fluid in which plate is im- 

mrixetl 
1 
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IO 

I 01 

ri: 
rr, 
Tll 
TO 
k 

k’ 

rirtunl momcnt~ of inrrtia about midcl~ortl of 
plate 

momrnt of inertia of structure of plntc about 
its midcl~ortl 

momciit of inertia of rutmppcd fluid nl~out~ 
midcl~ord of plate 

additional moment of inert in about mitlcliortl 
of plate 

ndtlitionnl momrnt of inrrtin. about an nsis 
remored n distance 1 from tlir niidcliortl 

wright’ of plate in a. fluid of density p 
weight’ of plate in vacuum 
prriod of oscillation iii fluid of drnsity p 
prriod of oscilhtion in rncuunl 
corff%rnt of additional mass 
corfficicnt~ of additional momrnt of inrrt i:l 

THEORETICAL DISCUSSION 

Although the throretical aspects of tlic prohlrm of 
the additional-mass effect have bcrn fully trcntrd in 
previous papers, tlir theory n-ill 1x2 briefly rcvicwrd as 
an introduction to tlic rspcrimrntol work. 

Numerical mrasurrs of the additional-mass eflect arc 
ol~tniiird from n ronsidrrntioii of tlic monicntui~~ im- 
parted to tlic air by moving plntrs. For u thin flat 
plate of infinitr span morin g in a prrfrct, fluid at cou- 
slant vclocit,y along tlic normal lo its surfncr, tlw 
niomentun~ imparted to the air per unit span is given 
by arrodynnmic theory as 

pC%T’ 
4 (1) 

For plates of finite span, this esprcssion must lx cor- 
rected by the introductiou of coefficiruts whose vnlucs 
depend on the dimensions of thr plnt,r. Tlw ndtlit~ionnl 
mass for translation of a plntr of span b is thus tlr- 
termined from tlir cquntiou of linrar momriitum 

so t11:1 t’ 

wlwre k is the cocfficirnt~ of additional mass. 
Similarly, the additional momrnt of inertia for 

rotation about tllc niitlcliortl, that is, tlw chord nt the 
srmispan, of n plntc of span b is tlctnminrd from thr 
cquat ion of angular momrnt uIii 

so t11nt 

(3) 

\vlltl’C k’ is tlir cocfficirnt of ntltlitionnl momrnt~ of 
incrlin. 

m, mass of fluid rntrappcd within pln tc Tlir corflicirnts k nut1 k’ nrr both funct~ions of t’lic 
In, ndditionnl mass span-chord ratio b/c. 

For rotation about8 au nsis in tlir plnnr of tlw plntc 
ant1 pn.rallcl to thr chord, qua tioii (3) Imo~llc~s 

(4) 

Likcwisr, for rotation :ll)out au axis iu tlir plnnr of 
thr platr nut1 p:wallcl to tlir span, tlir i~tltlitionnl 
momrnt of inrrtin nhout tlir axis of rotat’ion is 

wlwrr k’ is tlw corfflcicnt8 of thr ntltlitiounl momrut of 
iurrtin that npplics to tllr rntio c/b. Whrn c/b is 
sufficirntly smnll, tlw first trrm of this rsprrssion may 
lw nrglrctrtl so that rquation (5) may Iw approsimatrtl 
tlS 

(5) 

Esprrimeutnl values of tlic corficiciits k nut1 k’ nrr 
obtained from tlrtermiiintions of m, and Ia, which nrr 
usually obtniiird by swiuging fin t pin trs in a fluid 
mrtlium. The additional mass nut1 thr ntlditionnl 
moment of inertia are thus determined by deduct~ing the 
moniciit~ of iurrtin of tlir structurr of thr plntr from its 
virtual moment of inertia iii tlic fluid. Wlirtlirr 1, 01 
m,z is drtrrmincd tlcprnds 011 the choicr of tlir nsis 
about8 which tlir plntc oscillntes. 

Y’n.lurs of 1, cun br 0l)tninrd from n singlr tlrtrrminn- 
tiou of the momciit of inwtia of the plate in nir by 
swinging tlw plate in one of three ways: 

1. As a co~npou~id penduluiii about nii nsis through 
tlir midcliord (the centrr of gravity bring displnrrtl 
Iwlow the mitlcliord by proprrly wright ing tlir phi tr) 

3. As a co~~ipou~id prnduluiii about8 nii n.sis pnrnllrl 
to tlic midcliord outsidr the plxic of tlir plntr 

3. As a torsionul prudulum about’ an axis through tlir 
niitlcliord 

111 cncli cnsr, tlic corfficirnt8 of thr ndtlitionnl momrnt 
of inrrtia is found from rquation (3): 

~~iilurs of m, may be dirrctly found by vibrating tlw 
plntr along the iiormnl to the surfncc of the plntc by 
springs. If the ndditionnl mass is drtrrmiiird by swing- 
iug tests, tlirrc is suprrimposrd on the trnnslntoq 
motion to bc mcnsurcd 21 rotntionnl componrnt tlinl 
must also br cvnluatcd. T’alucs of m,, tlwrrforr, cziil- 
uot 1~ found from ii single swinging rsprrimrut. If 
tlir phtr is s~vung about’ nn Cs in tlic plnnr of tllr 
platr, pnr:~llrl to tlic chord, nutI at, n, distnncr I! from 
tlir crntrr of tlir plate, equation (4) cnn be npplirtl nut1 
111, Ix tlrtrrminrtl by the rlimiiintion of 1,. Tlir rlim- 
iuatioii of I,, may Ix nccomplislird ritlirr by substitut- 
ing ralurs of 1,z tlctcrniinrd in pwvious rsprrimrnts 01 
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by tlir simultaneous solution of two expressions of 
equation (4) obtained by swinging the plate at two 
suspension lengths. The coefficient of additiona, mass 
is then found from the csprrssion 

As a close approsimation, the addit~ional mass may bc 
found from a single swinging test if the asis of rotation 
is parallel to the span in the plane of the plate. Then, 
if c/b is sufficicnt’ly small, m, can be determined from 
equation (6). 

SUMlMARY OF PREVIOUS TESTS 

Iii order to form an adrquate basis for a tliscussiou 
of tlw results of the various iiivcstigations, the nature of 
1 lit tliffrrriit csprrimcntal procedures and the scopr 
of the various test programs will first bc briefly outlined. 

III tlir German cspwiments of 1930 (reference 4), 
small platw wrre fiscd to one end of a vertical tube 

t 

I I I I I x- - X 

IO-4 --- 1 

I 

n/I, - 

T A 

b/Z 

A- 
- 

.- _z 

.4 .8 2.0 

iiormal lo the surface of the plates; the other end of the 
tub0 was srcured to t’wo flat steel springs in such a. 
manner t,hat thr entire system was capable of vibnting 
in a vertical plane. The system was deflected about 
0.2 millimctw and released; the resulting damped 
vibration was recorded by a scratch-recording device. 
The period of vibration was determined from mcasurc- 
men& of the vibration record (upon which timing 

marks IVwe also rrcordcd) by the use of a micrometer 
microscope. Determinations of the additional mass of 
translation were obtained as the difference between the 
total mass as measured in air and under water. Four 
plates hsving dimensions in centimeters of 10 by 10, 
10 by 20, 10 by 30, and 10 by 40 mere tested. 

The British tests (rrfcrrncc 5) wcrc conducted pri- 
marily to find the additional-mass effect of a complete 

I I i I-, ; ( i 
I I ! I 1 I I 

0 .5 /.O L5 2.0 25 
Suspension lenqib, I, ft 

~/~O-SCX~C I)>Ilsil 1110tl~l of a Bristol fight(xr. The 1110dt>l 
was tc~stotl as a compouiitl prndulum iii au altitudr 
chambrr of lwo air tlciisitks. As a matter of iutwrst, 
the trst, program was csteiitlc~cl to include tests of a 2- 
foot balsa plak of aspect ratio 7. This plate was swmg 
as a compound p~~nduluiii with thr asis of rotation (1 ) 
parallrl to the chord in the plane of thr plate, (3) paral- 
lel to the chord in thr planr of symmetry, and (3) 
parallel to t’he span in the plane of symmetry. The 
plate was suspcndrd by fine threads when hung hori- 
zontally and by metal points set in the plate when hung 
vertically. The additional moments of inertia of the 
plate were found by deducting the computed moment 
of the structure from the esperimcntal value obtained 
in air at normal density. 

For the plate vertical the additional moment of 
inertia a,bout the axis of rotation is plotted in figure 1 

1 2 against b,2 
( > 

- . The additional moment of inertia 

about the midchord is found by estrapolating this curve 
to Z=O. This value is compared in figure 2 with the 
data obtained by swinging the plate with its plane hori- 
zontal. The value of I, for I=0 for this curve was 
obtained by means of a bifilar suspension. 



Thr Russian cywinwnts (rrfcI~ww 6) v-crc matlr 
for tlw lwyosc~ Of obtaining cspc~rinirnt:Il cliccks of 
tlicorc~ticallp drriwtl forniulas for tlic :Iddit~ion:d mass 
ant1 nlornrnts of inwtia Of elliptic plates. For elliptic 
plntrs of span-chord ratio of 1, tlint is, for circular plates, 
tliese formulas rcducc to 

(15) 

dirw In,- i is th addition:Il mass dong t~lw axis lwrpon- 
diculnr to tlir pl:Itc>, I,,, nntl IO,, arc tlw :Itltlitionnl mo- 
mcnts of incrtin about tlir ascs of tliv plntc, and r is 

/ I,’ 
0 .2 .4 .8 LO 

thr radius of tlw ldatc~. Thaw forn~ul:w may 1~ 
alqdicd to dliptic plntc3 l)\- substituting for r tlw srnii- 
ni:Ijor axis ant1 :IpplyiIIp suitnhlr corwc~tion factors. A 
plot of tlwsc dcul:ttcd cocfficimts ((1. tlIc> coc~fficicwt 
of atlditiond mass. C’= :Intl C”,, tllc coc~fficicwts of ntltli- 
tional nionmits of incrtin ) is shown in figuw 3 as :1 
function of c,‘b. For phtcs of IIoIic~1li1~tic slinlw, the 
nssuniption is Inatlc that tliv niOnx~nt of inc,rti:i would 
1~2 that of an cllliptic plutc> with tlic s:iniv nsrs iwrcwscd 
in tlw ratio of tllv :IW:IS. This ratio n-oultl 1~ l(i/h 
or l.i for n rcctallplr. 

Thr Russian tests ww(~ coIItlrIctrt1 OH sn~ll cartl- 
boned f1nnic3 t 0 l)OtlI sitlc3 Of which p:Ipc’r wis gluc~l. 
Tlw Inotlds tclstrtl inclutlcd (tlimcwsions in cm) : thIw 
ellipse3 25 by 28, 1s 1~ 19, and 2s lq- 9; thrw Iwt:IIiglcs 
SS by 19, 2s ly li, and 2S I)?- 9; antl two Iwtmiglcs with 
I-ountlctl COI’II(‘I’S “S l,y 17, :1ntl 2s )I>- 9. Tlw IIIOnIvII ts 
of inertia :IhOut tlw two :Isw of t1Ic pI:Itv \v(w fount1 l)y 
swinging tliv ~iiotl~~ls in air 1)~ mwIs Of ;I hifihr SIIS- 

lmision. A tctr:Ifilar sIIslmisioii ws used to fintl thv 
nionmit~ of inertia nborit tlic :isis p(~~l)(~iitlic~ul:~~ to tlw 
lhtc (al)OlIt whicli tlw ntltlitionnl Ill0Illcwt of int~ltiil 

slIoult1 1~ zero). The Inonwnts Of incxrti:l of thv strrIc,- 
t,urcs of tlir lhtcs wcw conil~utc~tl 011 tlicl :wsunipt hi 
that tlir niiitcrinl was lioniogm~~ous :Iii(l thnt tlic 
tlcnsity was tliv s:inw throughout. 

Trsts matlr nt tlw 1nhoIxtorits of tlw KAC’A itI 193 
(r&Tcwcc 7 ) \\-PIY conductctl on four liplit wootlrri 
fr:InicwoIdis corcrctl on both sitlrs wi 111 papw. ‘I‘lIc> 
phtcs, tliv b/c ratio Of whirli raricd from 2 to S, hid n 
spin of 4 fwt. ant1 :I tliiclnicw Of orir-fourth inch. 
E:nch pkltc m-as s\n111p :I( four siIspc~IlsiOI1 1cIIgtlIs 
(1, I!;, ‘, < ‘> vitl 2’; tirncs tlic cliortl) about an axis p:i~xllrl 
to tlw niitlcliortl and oiitsitlc tlic pl:inc~ of tlw phtr. 
TlIc ntltlitionnl Inonwnts of iwrtia uxw found 1)~ 
tlctlurting the roInl~iItcd nionicwts Of iIirrti:I of tlic 
structures Of the plntcs ant1 of tlic cntrappcvl air from 
tlic virtual niornmts of inwti:I tlrtcrniincd in air of 
iiomial tlrnsity. 

ITOr tllr twts of tlw :ltltlitiOIlill InOInWt Of iIi(~I.ti:i, 
tllc fIxIncs oscillatcvl al)olIt linifr cttlgcs Or hll 1Will~iIl~S 

at tllc niidclio~tl; w-rights ~ww atltlrtl to bring tllr wIltN 
of pravitr brlow the asis of I~ot:itioIi. Tlw asis Of 
oscilla 1 ion for t lw ntltlitionnl-IIi:Iss tcwts w:Is iII th* 
plnnc~ of tlic platc~ tlislhwtl 1 .S Inctrrs froni tlw wIItr1 
of t11c 1hltr. 
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PRESENT NACA TESTS 

IKKI’ERII\IE,NTAI. PROCEDURE 

‘1‘11r :ltltlitioIlal-Illilss cffwt was tlrtr~minrd in thr 
p~vsr~~l trsts ly swi1igirip cowwtl f~nmrworlis as rom- 
polrllcI pPll’lulIlllls. For tlir trsts of :1tltlitionnl n~onirnl 
O f illrl’liil, tllr :1sis O f lotation \VilS outsitlr tilt‘ plane O f 
thr plate; for tllr iltltlitiOll:ll-IllZISS lCStS, tllr axis O f 
1wt:1lion ~21s within tlir planr of thr plntr. In both 
(‘ilS(‘S, 1110 iISiS \\‘ilS l):l~illl(‘l t0 Zllltl ZIt il tlistnncc I fro111 

1llr 111idr1101d. EilCll pl:ltC W:lS tCStN1 Iltm 0lll;Y OIlC SUS- 

priisioii lrugth, vducs of tlw ntltlitionnl mass being 
foriiitl fivni rqu:ition (1) by substitution of vnlucs of 
I,, pi*rviously tlctr1*nii11rtl. Some of thr f~nmfwod~s 
wider first c~~vrwtl on only oiir side ant1 tlirn on both 
sitlrs to stutly tlir rffrrt of tlir cross members on tlic 
:1tltlitio11:1l 111:lss. 

~1 lll0tlifi~iltiOll of tllr rquntion for tllr COIllpOUIld 

lw~dulu~u to apply to botlirs of small density K~S 
tlrvrlolw~l ii1 wfrwnrr ‘7. Thr application of this cqua- 
(ior lo tlir clc~tc~ii~i11:itioii of tlir adtlitionnl-mass cficct 
Of flill 1)1:ltc3 rcquiwtl :I fWtllcr n~otlifica~tion t0 ~CcOUllt  

I’or tllc ilir rUt1~:1ppr~~ within tllr Stlucture of thr phtrS 
c~~vr~~~tl 011 both sitlrs. Tlw wsulting rcluation is 

11:qi1:11 ion (7) is :1pplic:il~lr wlirn tlir wright ant1 tlir 
II~~II~~~III~ O f iiiwth of tlir gr:tr suppoding tlir plntr 
(‘:I11 IN, lrc~~lcTtcYl. It is ol)vious that far solid plntcs 
I, ~- 0, 1~~1.1 Iic~rinor~c~, if tlic I~uoya1iry of tlir struct~uw 
O f I~ollow pI:1trs is 11rgligildr, m, may bc tnlwn as equal 
lo l’fl. 

12q11:1tioii (i) sliows that 1:,’ slioultl vnl:y tlirrctly 
\villr p. ITor v:~ruuni r01iditio1is, quatioii (7) would 
I Il(~ll IN~cY~Illc~ 

l~rc~:111sr O f t11r inil~~;1c~tiral~ilit~ of :ittnining a prrfrrt 
\‘i1(‘1111111, Y” cXIlIl0t IN tliwrtly Illc~~lslllYYl. If swinging 
~rsts :IW rO11tl~rtrtl at i1 1~11mbr~ of air tlrnsitirs brt\\-cc11 
i1t 111oq1hr1.ic ~IIY’SS~IW n11tl \-~ICIIIII~~, ~IO\~~~\*CI., To ci1l1 !.>t 
clrtr171iir1rd I)y rstr:1polating tllr CIlnvC O f p :lpilillSt 7:, t0 

xr~v tlrirsity. 1701. :I trst of this uaturr to br valid, thr 
wriglil :111d llir susprnsion lciigtli must wmain constant8 
I’oI. (lifl’rwiil :1ir tlriisitirs iii odrr that tlir prYiod lx tlir 
011ly pr11~111111111 rlr~iixctrristir to vaiy wit11 air tlrnsity. 

APPARATUS 

‘I‘llI’ JIl’CW’lIt t PStS \V(‘IY’ ]Wl~fOIXl~Yl in il \‘:lCUllIll t:lllli, 

Illr iiisitlr tliillll~~t~~~ O f whirl1 \VilS 51 inch (fig. 4). 
~~l)sollllr l)1’rSS1ll’rS n-itliin tllr tilllk, wiying from 27 to 
1 i rrrlirs O f nir1~711y, wrw tlctr~niinrtl as tlir cliffrlcncr 
Iwt wrri1 I Irr g::ig7~ pwssu1x (mrnsud with n mrlcuy 
lll:lllOlll~~t~~l~) :llltl tllr i ltIl lOSpl~~~l~iC pWSSllI? (Ill~YlSllIXYl 

xitli :I hwiirt (11’). Trmprwt uws wit hi the tank 
FrI’r ills0 Illc~:lslIIYYl to tlctr~minr tllr air tlrnsity. 

Tl1c l)lZItrS 1lSPtI fOI’ tllc ICStS \v(‘~‘P :III rOIlStr1lCtrtI O f tl 
‘laIll(‘\VOYl\- of :1lunii1iuni t ubiiig of 0.125inch outsitlr 
liamctw, covr~~rtl n-it11 O .OOl-iuch nluminum foil. This 
Lypr of plntc was cliosrn lwrilusr its wright rcmnins tlw 
NIllC at, tlifrwn t nil pIYSSlIIY3. Bnh phtrs IVPW first’ 
~rstc~l hut ww tliscadrtl lx~2iusr of their wright rwia- 
Lions with air pwssuw ant1 liumitlity. A11 platrs trstrtl 

hit1 n span of 20 inclirs Kit11 thwr alu1i~iiii11~~-tubirlg 
cross Illc~lllbcIs ccpllly spcctl along tlw spa”. 

Trsts of the additional momrnt of inrrtin WCI’C 
contluctrtl on four rrctnnpulnr platrs of b/c ratio 2, 4, 
6, nntl s  ant1 on two tq~rl‘rd plntrs (fig. 5) of tlsprct 
ratio 4 mid tnpw ratios 2.5:1 and 5:l. Trsts of the 
adtlitiomil mass ww contluctrd on two rrctnngulnr 
plntrs of nsprct tilti 4 and 6. 

For trsts of thr ntltlitionnl momrnt of inwtia n-it11 
tlir axis of rotation outsitlr tlir plane of tlw plate, the 
plntr was susprntlrtl from knifr cdgrs by 0.003-inch 
copprr wiw (fig. 6). Tllr mass and the moments of 
inwtin of tlwsc susprnsion wiws w.v found to bc 
nrgligiblr. 
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For tests of the aclclitional mass with the axis of 
rotation within t,hc plane of the plate, the pltl.tcs mere 
fitted with small knife edges about which rot,ntion took 
plnce (fig. 7). 

Wlm~ the plates were corcwcl on only one side, t’lie 
\-olumr of the tubes was found to be suficient,ly small 

m b” . 
that’ the terms ITp12 and -& m equation (‘7) could be 
neglected. The plates COYered on both sides wwc 

. -. 

- ic - - 20 /r-l. --- 4 
5. I iaper rofio 

20 M. 

2.5.-I iuper raf io 

the suspension length, nnd the period of oscillation. 
The weight and the suspension lengt8h, both of which 
remained constnnt~ as the tank p~essu~c vnkd, wwe 
cletr~minrd in accoldance with conrcnt8ionnl lnborntoqr 
practice. Because of the limited number of oscillnt’ions 
obt:~inablc at p~~suws nca~’ ntmosphc~ic, a timing 
device nio1’c nccumtc than the ordinary stop match 
was employed. The period at cnch of a numbrr of 
tank pressures was dcterminrd as the arcrage of 20 to 
100 oscillations, the number of oscillations depending 
on the air density. 

RESULTS 

The results of the present NACA tests arc tnbulntctl 
in table I. The pwcision, ns bnscd on n compwison of 
the computed a,nd t81ic rspe~imcntnl dues of t’lle 
moments of inertia of the plates in rncuum, is seen to 

be within 3.5 percent. 
The dues of the coefficient of the nddit~ionnl n~omr~rt~ 

of inertia obtained by the present inrcdignt~ion arc? 
compared in figure S with those of pwrious tests. The 
present NACA ~csults do not ngwc wit,11 any of the 
previous data but fall between the Grrman and the 
o~ipinnl SACA CIII’VCS. Although the rvitlcnw is not 
conclusive, the pwseii t tests indicolr that pin tcs covrwtl 
on only one side give wsults which arc w~oncously high. 

- 

II5 

b 

L 

t 

It slior~ltl Iw notrcl Ihat the tlispersion iri 111~ tesl 
points at rnr~h value of b/c for the 1938 XACA tests 
may be due to the fact that, encli point was obtainc~tl for 
a tliflc~cilt~ suspension length. 

The size of thr t8ubrs of the f~amrwodrs usd in Ihe 
Gr~nxln tests is not wportrtl 1101’ is mention made as to 
whether the pl:itcs ww cowrctl on one 01’ both sides. 
Thus, nlt8hough no stntcmcnt8 can be m:ltlc ns to the 
nclditional mass contributed by the uncovcd frnmr, 
the practice of entircly neglecting the intclfrrcncc rffrcls 
betn-ccn the component parts of t,he partly covcrr~l 
fIxme is qucstionnblc. 

The Russian wsults shown in figuw S fall Iwlow nll 
the other curves. Although good pwcision is wportrd 
for t#hc tests, it sl~oulcl be ~cmcmbcrrd that the momenIs 
of inertia of the plnt,es ~CI’P computed on the assump- 
tion of a, uniform density of the plates. 
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‘l’hc~ cocficicrlts of dditional mass obtained by the 
various iJJrcstigutions arc presented in figure 9. The 
Gc~JmxlJJ results of 193’7 are sw11 to be considerably 
highrr than thosca obtuinctl from both t’he German 
twts of 1930 :mrl the 1933 NACA tests. If, as already 
poiJilct1 out, tlic plates covcrcd on only one sitlr yield 
results that are too high, the present NACA tests may 
Iw swn lo c~lit~ck rc~nsonably well the results of the 1930 
Chmtl11 toasts and the 1933 NACA results. The British 
test point checks neither of the Curvrs although, if the 
~~csrrlt wcrc corrcctcd for buoyancy (which the British 
aullior tlppnrciitly did not do), the corrected value of b 
WOtJltl bC O f th OldfY Of 1.0. 

0 / 2 3 4 5 6 7 8 

A t lirorc~lical clJrrc from rcfcrcncc 2 for the additional 
JJMSS of dliptic plates is iJ~clutlct1 in figure 9. The fact 
1h:it tlw Gcrmaii data of rcfcrcnce S arc as much as 20 
p~rw~Jt above this curve (and 1s perccJlt above 1.0) at 
the higher values of b/c indicates the probability that, 
thcsc~ c~spcJ.iJnc~Jltal curves may be in error. It may be 
~iot.c~l iJJ p2issiJJg that the same values of the adtlitional 
JJMSS of elliptic. plates may be obtained by the use of 
cbithcbr the thcorctical vnlurs of k on this figure or the 
valric~s of the cocfficicr~t C, of figure 3. 

Tlw ntltlitiorlal moment of inertia should thcorcti- 
dly 1x1 iJitlrp~~nclrJit of die distance from the axis of 
rotntioJ1 to the plnnc of the plate because displacement 
of 1,lie nsis shoultl result only in an aclclitional com- 
porw~it of Jnolion purallcl to the plant of t,he plate. 
15sI)(~J.iJilc~JJt:il confirmation of this assumption was 
ObtniJJPtl fJ’OJl1 tllC 1933 NACA t&S; &hOUgh the 

vnlocs of the ntltlitioiial moment of inertia were fouiicl 
lo vary s01ncw1c11 with suspension length, the varia- 
tioJJs ww inconsistrnt ant1 mere within the espcri- 
mc~ntd w’or. The values obtained in the British and 
thr 1937 GerJnnJi investigations, on t,hc other hand, are 
shown in figures 2 and 10 to increase consistently with 
susprnsion lrngth. Plcincs concluded that the de- 

penclcnce of 1, on Z is negligible only for values of l/b 
less than one-half. In order to eliminate this source of 
error 7 thr present NACA tests w’crc made with 
dues of I/b of about one-quarter. 

1.6 

t 

o- - Germon (/93OJ/referA?C@ 4) ! 1 , .  
I ! 
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FIGTKE Cl-Corllicients of ncldilionsl mass Ior rectangular and clliptie plates. 

DISCUSSION 

The prrccding discussion of the different test pro- 
cctlurrs gives some indication of the variety of methods 
by which the ncldit~ional-mass cfiect may be determined. 
Variat,ions may arise from clifkrences in methods of 
suspending the plates, in the choice of the asis of rota- 
tion, and in the make-up of the plates themselves. 

LO- 
0 .5 LO J.5 

Frwm IO.-Varintion 01 the additional moment of inertia with susJxmsion Jenpth 
(Oerrnau tests of 193i; reference S.) 

Equally important arc the diffcrmccs in the methods of 
determining the moments of inertia of the structures of 
the plates. The methods of determining 1, may be 
sunmiarizcd as follows: 

1. By computation 
2. By swinging the uncovcrrcl frame in air and adding 

the momrnt, of inertia of the covering either by com- 
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putntion or by proprdy accounting for its mass dis- 
tribution 

3. By swinging thr plate in n 11unI1x~ of air densities 
The uncwtninty of obtuining occumtr wsults by 

computation npplirs both to solid plntrs, for which u 
constant drnsity must br :~ssunwd, ant1 to fImnr~~-oh, 
for which tlir momrnt of incrtin is found as the swl- 
mution of the moments of iuwtia of nmnwous rlrmrnts. 
,\lrtliotl 2 introduces tlw u~ilniown rn’rcts of Inutunl 
intwfcwncr and additional mass of t,hr component parts. 
If tlicsc cffccts are nrgligiblr, howw-w, this mct~hotl is 
atlrantngrous bccnusr the fmmr may br trstrtl w-it.11 
and without corrring uiitlc~ otluxwisr compamblc con- 
ditions. Tlw third method is most easily n.pplicd if 
the pr~ItluluIn x-right aId t,lIe susl~c~nsion length remain 
constant for tlift’cwut air tlrnsitirs. The use of this 

Inrtliotl prmiits tlir tlrtrImiIIntioIi of tlir nionirnt of 
inwlia of tlic plutc in air n.nd in vzwiium without 
changing the Iunlw-up of tlir plntr. For this wasou, 
nnd because thr air tlrnsity may bc mensu~cd with 
good pwcision, this mctliotl is Iwlicwd to yicltl mow 
accurate IneasuIxmrIits of tlir ndditional-mass rfhd 
than rithw Inrtliocl 1 01’ Inrthod 2. 

Suggrstrtl csplnIintioIis to :Ic~couIit for tlir discIqnn- 
tics sliown in ~&ITS S and 9 include: scnlr rfiect, 
sllar~JIlcss of t11c rtlg3 of t11r p1atrs, and t’llc fact tm11n.t 
some of thr trsts wwc pwfo~mrtl in nil bclo~~- ntmos- 
plieric lmssuI~2. 

Tllc effect of scnlr, it is brlirvrd, can bc rlin~iuntrd, 
innsmuch as tllc pwsrnt NACA results (obtninctl by 
testing srIInl1 plates) fall between the 1937 German and 
the 1933 KAC’A ruI~rs (bob rrsulting from trsts of 
rclntivrly lnqy pla tcs). 

Tlw rffrct of the rtlgr slIn1~r w:Is iuwstigntrtl bp t1Ir 
KAC’A in 193. Thr results, which wow not8 pub- 
lislird, slIowrt1 a negligible vn~iatiori of k’ for phlrs 
with ~ountl, squarr, nntl cllipticnl rtlgrs. Tlwsr 
wsults, liowrrr~, wr at rn~inncr with tlir tlirorrt~ir:il 
tlntn. of ITfr1ww 2 in whirli it is sliown that llir ntltli- 
tionnl m:lss of wctnngula~~ woss srrtions is npprrrhl~ly 
high than for fiat plates. Tlw inrwnsr tleprntls 011 
tlir t/c (tlIirl~Iirss/clioId) Ixtio antI is about 14 pr1wIi1~ 
for t/c=O.l. Tllc investigation of rdge shnpr just. 
drscId~rt1 was rontluctctl on tliwr plates wit’li tliInrIi- 
sions, in inch, 3$ by 13 l,J- 4S, for which tlw tlwowticnl 
incrrnse is nbout 4 pwccnt. Inasmuch as the prrrision 
of the tests wx of this odw, tlir conclusion of n nrgligi- 
blr rffrct of ctlgr shnpr is nccountrtl fol.. It sl~oultl Ix 
notrtl that, for n srIks of platcw of corislnnt Iliiclincss, 
tlir t/c Ixtio and consrc~ur~itly tlir inclrnsc in tlie 
ntltlitiounl mass vnGcs diwctly with span-clI01d Intio. 
Tlw efl’rct of plate thickness tlwrrfolr offws a. possiblr 
rsplnnntion for tlir rnlurs of k ant1 k’ nborr 1.0 at, 
tlir high aspect ratios, corn wlirn tlin CL’OSS srctions 
:1rc not rsn~tlp Iwt:111&1r. Tlworrticnlly, of rowsr, 
plntrs with circular 01’ rlliptirnl etlgrs (in wliirli ensr tlir 
cross srctiori app~osimn tcs t lint of nn rlo~ignlrtl rllipsr) 
slioultl yirld tlw snmr ntltlitionnl-mnss data IIS thin 
pinks. 

Finid-, tests condurtrtl at nir tlrnsitirs 0th tli:iii 
atInosplIrIGc slIoult1 not be iIIvalidntrcl brmusr : (I ) 
The pwscut trsts sllon-cd linr:v vwi:ltious of the squnw 
of tlw prliotl of oscill:~tioIi with air tlrnsity, 01’ ~I’CSS~I’P, 
thr systrm bring isot~lIrIm:al (fig. 11) ; ant1 (2) the 
Iuonirnts of inwtin of tlir plates tlctcmiiurtl from llirsc~ 
r:IIktioIis clirclwtl tlw coIIl1~utrtl \-alum with wnso~I:ildy 
good 1mcisioII. 

A wvirm- of tlic wsults of the vwious tests tlisclosrs 
thr fact that the data obt:ainrtl in rnch inwstipation frill 
with good pwcision along ~rll-tlrfiiirtl CIII’~S. Rl- 
though srvrlnl possiblr soii~ws of rwoI* Iin vr brrn 
pointed out, it is tlifirult, brcausr of n lnvk of rrrtnio 
tlrtnils of tlw foreign trsls ant1 lxxnusr of tlir coInplrsit~y 
of the fxtors involvrtl, to assign to rncli trst tlic recoins 
prdinrnt to that inrrstigxtion. Thr tliffirult~y of 
p~olml~- rrdunting the data of tlir vn~ious trsts is 
t~hrreforr obvious. In Grw of thr good pwcision of 
rncll trst nnd in the absrncr of any tlcfinitr sou~‘rrs of 
~ITo~. tlIr only conclusion that cm be t11xwI at8 his 
time is that tlir tliscrrpnncirs in tlic v:iGous wsults aw 
appawntly tlur to consistrut rmm, n-liicli :iw piwbnl~ly 
rnil~otlirtl in tliffr~rncrs in tlir cspr~imrntal mrtliotls 
ant1 tlir appnmtus (typrs of pl:ite, ~nr:ins of siqmision, 
etc.). Our pircr of rritlcncr in suppoi*t of tlir nssump- 
tion of consistrut c~oIs Inay he found in tlir pIwent. 
XACA trsts in n-liicli tlir rsp~~I~iInrIitn1 durs of .7, 
wrw fount1 to be consistrntly liig-lw than tlir romputrd 
drirs, a, fact slion-ing that’ tllr rspr~~imrntnl ciiwrs 
would 1x~v-c brrn clisplnccd up~d hat1 k nut1 k’ brrn 
drtcrIniIirc1 on n basis of tlir couiputrd vnlrirs for IO. 
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APPLICATIONS TO AIRPLANES . 

BIPLANE EFFECT 

Tllc dl’cct on tlic additioual momcnt of inertia due 
lo llic mutual interfcrcncc of two phtcs was studied by 
tlw &rman iuvcstigators in 1937 and by the NACA 
iuvcstigators in 1933. Tllct wsults arc shown in figure 
I:! to 1~ in good agwcmcnt. The Russian tests also 
iuc*lutlrtl one tlctr~minatiorl of this biplane cfhct. It 

was c*ouclutlrd from tlicsc tests that, for normal gap- 
c~lw~*tl ratios, tlw two wings of a biplane may bc con- 
sitlcwtl as wparatc plates. 

1 1 1 I I I 

I I I I I I I I I I 0 2 4 6 8 IO 

Tlw (tfl’cct of dilwdral angle on the additional moment 
of inc>rtia was inrrstigatcd during the 1933 NACA tests; 
111~ r.csnlls arc’ shown in figure 13. The ratio of the 
additional moment of inertia of a plate with dihedral 

to hit of a flat plate x-as found to decrease with the 
dihedral angle, the dccrcasc being of the order of 20 
percent for 6’ dihedral. Although the additional 
moment of inertia might bc cspected to decrease with 
dihcclral, a decrcasc of this magnitude is qucstionablc. 
The British conducted tests with plates haring positire 
and negative dihedral auglrs of 3fh”. Inasmuch as 
thcsc results wcrc inconsistent, t’he British authors made 
no attempt to analyze t,hcm, and the results are therr- 
fort omit ted. 

TAPER RATIO 

The decrease in the additional moment of inertia 
with taper ratio as clctcrmincd by the prcscnt NAC-1 
tests is given in figure 14. The results arc prcscntcd as 
the ratio of the additional moment of inertia of a tapered 
plate. to that of an cquivalcnt rectangular plate. By 

’ ! I I I I I I 
o/ I i I I I i 

2 3 4 5 6 
Roof chord 
Tip chord 

FIGURG 14.-Dclmdence of the additional momrnt ol inertia on taper ratio. 

‘cquivalcnt rectangular plate” is meant a rectangle 
rith the same span and area as a given tapered plate. 
I’lie drcrcase in I, is shown to bc about 40 prrcent fol 
I 5:l taper. This corrcct8ion is of particular importance 
;or obtainiug the true moment of inertia about the 
.ongitudinal axis of airplanes with tapered wings. 

CONCLUSIONS 

1. The results of the present investigation of the 
additional-mass effect of rectangular plates fall a little 
~borc the data obtained by the SACA in 1933 ancl 
;ome\lT-hat below ralucs published in Germany in 193’7. 
~OUI.CCS of error indicated by previous tests haring bcrn 
Lvoidccl 1:;n the present Investigation, the new results 
WC b&wed to be the more accurate. The German 
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dues nppcnr ~rro1u2ouslg high on tlw basis of Ihco- 

retical considerations. 

2. The effect of tnpcr raho on tlw rocflicicnt of ndtli- 

tionnl morncnt of inertia was found to IN considrrnblr, 

being of the order of 40 percent for a 5:l tnpcr. 
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Positive directions of axes and angles (forces and moments) are shown by arrows 

Axis 
Force 

(parallel 

Designation 
sym- to axis) 

bol symbol 

-- 

Longitudinal----- X X 
Lateral __________ Y 
Normal _____r____ 2 z’ 

Moment about a& 
I 

Angle Velocities 
I 

Linear 
Designation ‘b?- 

Positive 
direction 

-Tog* SW- O-w- hgular 
bol nent along 

. axis) 

gg??,--- ---- 
Yawing---- N 

Roll----- lb 
Pitch---- r 

P 
V 

Yaw--- + 
P 

W  r 

Absolute cyfficients of m ;ment 
C;“‘~~ . 

(pitching) 

Angle of set -of control surface (relative to neutral 
position), -6. (Indicate surface by proper subscript.) 

J 

4. PROPELLER SYMBOLS 

D Diameter 

GlD 
Geometric pitch 
Pitch ratio 

V' Inflow velocity 
V* Slipstream velocity 

T T Thrust, absolute coefEicient CT=- pn2D4 

Q 
Q Torque, absolute coefficient C&=- .pn2D5 

P Power, absolute coefficient C$=p pn3D5 
G Speed-power coefficient= 

9 Efficiency 
n Revolutions per second, rps 
@  Effective helix angle=txm-’ 

c 5. NUMERICAL RELATIONS 

1 hp=76.04 kg-m/s=550 ft-lb/see 1 lb=O.4536 kg . - 
1 metric horsepower=0.9863 hp 1 kg=2.2046 lb 
1 mph=0.4470 mps 1 m i=1,609.35 m=5,280 ft 
1 mps=2.2369 mph ,1 m=3.2808 ft 


