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This thesis considers all of Ernest McClain's published

writings, from March, 1970, to September, 1976, from the stand-

point of their present-day acoustical significance. Although

much of the material comes from McClain's writings, some is

drawn from other related musical, mathematical, and philosoph-

ical works.

The four chapters begin with a biographical sketch of

McClain, presenting his background which aided him in becoming

a theoretical musicologist. The second chapter contains a

chronological itemization of his writings and provides a

synopsis of them in layman's terms. The following chapter

offers an examination of some salient points of McClain's

work. The final chapter briefly summarizes the findings and

contains conclusions as to their germaneness to current music

theory, thereby giving needed exposure to McClain's ideas.



PREFACE

This thesis considers all of McClain's published writings,

from March, 1970, to September, 1976, from the standpoint of

their present-day acoustical significance. These writings

consist largely of articles written for various periodicals,

but also include a fifteen-page excerpt in a book coauthored

with Antonio de Nicolas. An earlier article on Guamanian

folk songs, coauthored with Robert W. Clopton and published

in 19 49, will be excluded as not relevant to the present sub-

ject. This thesis also considers McClain's unique career in

musical scholarship from its beginnings as a teacher of music

education subjects to his present emergence as a theoretical

musicologist of some current interest. Especially unique is

McClain's interdisciplinary approach to music and its integra-

tive relationship to other disciplines, such as mathematics.

A defense of McClain's conclusions in all respects is not

intended. Nevertheless, exposing and examining his writings

might induce theorists to re-evaluate their field from a dif-

ferent perspective. Such a thesis could perhaps be in the

vanguard of writings capable of establishing or developing

theoretical musicology as a subfield all its own, or better,

combining the two areas instead of maintaining their separa-

tion. At any rate, it is to be hoped that this thesis will

give needed exposure to McClain's ideas.

iii



TABLE OF CONTENTS

Page

PREFACE................ . . . . . .....

LIST OF ILLUSTRATIONS .. ---.-.-.-.-.-....... . . . v

Chapter

I. EARLY LIFE AND BEGINNINGS AS A PLATO SCHOLAR . . 1

II. A CHRONOLOGICAL SYNOPSIS OF THE RELEVANT
MATERIALS .-.-..-.-....-.- ... ... . 10

"Pythagorean Paper Folding"
"Plato's Musical Cosmology"
"Musical 'Marriages' in Plato's Republic"
"A New Look at Plato's Timaeus""The Scroll and the Cross"
"Music and the Calendar"
"The Tyrant's Allegory"
Avatara, pp. 284-299

III. AN EXAMINATION OF SALIENT ASPECTS OF MCCLAIN'S
ANALYTICAL APPROACH.......-.-...... 51

Number Characterizations
Base-2 Logarithms
The Tetractys
"The Cyclic Module"
Matrices and Arrays

IV. THE RELEVANCE OF MCCLAIN'S WRITINGS TO
CURRENT THEORY.-....-....-.-.. ...... 83

BIBLIOGRAPHY . . .-.. ........-.-... 
. . 90

iv



LIST OF ILLUSTRATIONS

Figure Page

1. The First Four Steps of Stage
One ..............-.-..-.-.-.-.- .12

2. Circular Symbolization of the Equal-

Tempered Scale .. . . ..... .- .-. -.... .16

3. The Dorian/Phrygian Scale and Its

Reciprocal . ........ ..-.-. . . . .. 21

4. The Eleven Tones in Figure 2 Named in

Chromatic Order Within the Octave

1:2=360:720 . . ................. 25

5. Two Early Equivalents for the Diameter of
a Square............... .. 28

6. Octave Ratio in Terms of Tube- or String-

Lengths...............-.-.-.-. . 60

7. The First Five Numbers of the Harmonic Series 63

8. The Tetractys. ............-.-.-.-... 65

9. The Tetractys Inverted . . ......-.-- ..... 66

10. The Lambdoma of Crantor . ........... 67

11. Nicomachean Versions of the Tetractys . . . . . 67

12. Division of the Octave Module Into Fifths

or Fourths................71

13. The Octave Module, Plus Pythagorean and Just

Interpretations.. ............. 72

14. Reciprocal Tetrachord Pattern.........-.....73

15. Lunar Calendar Interpreted as an Altered

Octave Module .......-.-....... ...... 73

16. The Three Tuning Systems Determined by Base-2
Logarithms . . .---- -- - - 74

v



17. Ratios and Tones in Planimetric Array.. . . . 77

18. McClain's Generative Matrix . . . . . 78

19. Nicomachean Matrix for Pythagorean Tuning . . . 79

20. The Star-Hexagon Matrix for Just Tuning, With
Tonal Interpretation.... . . . . . . 81

21. Schoenberg' s Matrix Used in Concerto for
Violin and Orchestra, Op. 36 . . . . . . . 85

22. The Octave as a Circle of Fifths . . . . . . . . 87

vi



CHAPTER I

EARLY LIFE AND BEGINNINGS AS A PLATO SCHOLAR

Ernest G. McClain was born in Canton, Ohio, in 1918. He

was reared in a home environment sufficiently cultured for him

to have begun his musical training at a relatively young age.

In 1930, at the age of twelve, Ernest commenced study of the

clarinet, the instrument which he still considers his principal

one. While taking the usual college preparatory courses at

Massillon (Ohio) High School, McClain participated in both the

band and orchestra, activities he would perpetuate in his

college and teaching careers.

After receiving his high school diploma in 1936, he at-

tended the Oberlin Conservatory of Music partly on a scholar-

ship, graduating in 1940 with a Bachelor's degree in music

education. In 1947, he completed his Master of music degree

at Northwestern University. This short period of study saw

McClain's first apparent curiosity about acoustical matters,

since from 1946 to 1947 he conducted research into the acousti-

cal properties of the clarinet. McClain was a student at

Columbia University Teachers' College from 1950 through 1958,

being graduated from that institution in 1959 with a Doctor of

Education degree.

1
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While in college, he was fortunate to have studied the

clarinet with such persons as George Waln, Domenico de Caprio,

Daniel Bonade, and Joseph Allard. McClain feels that "to have

learned to play the clarinet well enough to make music with

many very great musicians has been a source of deep satis-

faction for many years."1 His talent as both a performer on

the clarinet and as an educator was utilized for a year at

Denison University, Granville, Ohio, from 1946 through 1947,

and at the University of Hawaii, where he was the band

director from 1947 through 1950. He is now an Associate Pro-

fessor at Brooklyn College, City University of New York,

where since 1951 he has "been associated with some of the

greatest musicians and musicologists in the world."2

About 1971, after many years as a music educator, McClain

became interested in early acoustical writings. He describes

how he became involved in this particular area of research:

About 1965 my colleague Siegmund Levarie suggested I
study The Greek Aulos by Kathleen Schlesinger, to be-
come acquainted with the early history of my own
instrument. . . . I became deeply en-
grossed in Greek musical theory in the process, a
subject not even specialists believe makes very good
sense from any perspective they can find. Finally,
in 1968 I began to prepare an outline of Schlesinger's
book, trying to discover where logic led; I made
crude copies of many of the auloi she described. . .
Her book is invaluable for the amount of historical
data and pipe measurements it contains. . .

'Letter of September 27, 1976.

2Ibid.
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In 1968 my colleagues, Ernst Levy and Siegmund
Levarie published Tone: A Study in Musical Acoustics
. . . , which I had studied during~its writing. . . .
They were teaching a course in musical acoustics at
Brooklyn College during those years, and we all were
deeply puzzled by the total inability of college
students to handle the simplest operations with
fractions. ... I became intrigued with the notion
that it ought to be possible to reach all the frac-
tional values (or at least most) of concern to
acoustical theory by the simple proceeding of folding
and re-folding a strip of paper. . . . I worked many
months on the problem and produced a paper which . . .
I sent to The Mathematics Teacher. . . . The advan-
tage of that approach [toward teaching acoustics] is
that absolute length and/or numerosity have no meaning
whatever: What is solely involved is proportion.
The "paper-folded" scale allows one to forget fre-
quencies . . . and operations with fractions--if one
chooses--and operate in the realm of pure relations,
generating as much complexity as one desires, but
mainly via . . . operations involving halving (folding
some given length in the middle, by bringing its two
ends together and creasing). The significance is
this: The ancient world did not possess metric scales,
at least not as we know them; it did not need them as
long as proportion was its guide.3

It is apparent that work in this field of study has not

proceeded without the aid and influence of many other scholars.

Some of these persons contributed much to McClain's research

from an interdisciplinary standpoint. His earliest publica-

tions were not geared for the musical community (for example,

the aforementioned article appeared in The Mathematics Teacher,

a journal for public-school teachers of math). The time and

effort spent on the paper-folding piece "would someday prove

the best possible preparation for Plato. "4 The interdisciplinary

3Letter of October 14, 1976.

4Ibid.



magazine Main Currents in Modern Thought was virtually the

first journal courageous enough to publish McClain's Plato

research, and this journal, too, was one not likely to be seen

by musicians and music theorists.

the magazine [Main Currents in Modern Thought]
encouraged me to write a general introduction to my
Plato studies, which it published, and Patrick Milburn,
its associate editor, then became a friend and an

invaluable source of ideas and materials, eventually
acquainting me with the work of Antonio de Nicolas,
with whom I have had a spectacular collaboration.
This is one of the few magazines I have read regularly,
and it has led me to some valuable books, and many
valuable ideas, mainly of a general sort concerned
with philosophy, psychology, and the integration of
knowledge. Its public seminars were valuable, and
I cherish the friendships which have grown from its
work.5

Certain literary figures have written works that have con-

tributed to McClain's understanding of his subject. One of

these is A. E. Taylor, a Plato researcher who, in 1928, pub-

lished his Commentary on Plato's Timaeus,

a monumental study by a rigorously honest man who, by
laying all his own confusion before the reader, keeps
alive the problematical nature of the text. . . . I
gained enormously from living with his work, and over
a period of years . . . I feel much admiration . . .
for him. "Plato demands perfect symmetry," Taylor
concluded, but he didn't know what that meant either
mathematically or tonally.6

Robert Brumbaugh, who teaches at Yale University, was

another author who influenced McClain. His book, Plato's

Mathematical Imagination, was one of the earliest sources of

information for McClain's ideas. While reading the book,

5Ibid.

6Ibid. See A. E. Taylor, Commentary on Plato's Timaeus
(New York, 1928).



5

McClain was "thunderstruck by the fact that none of the his-

torical efforts to solve the riddle of Plato's mathematical

allegories made the slightest use of music whatever." McClain

bases much of his analysis on the contents of Brumbaugh's

book, and "carried on a valuable correspondence" with him for

several years.

As there are numerous translations of Plato's works from

which the interested reader may choose, McClain had to select

those upon which he could dependably rely. He uses Allan

Bloom's translation of Plato's Republic,

despite the protests of philologist friends, because I
owe him endless debt for one specific footnote on
page 448 re the description of the ideal city at
Republic 369d: "The city of utmost necessity would be
made of four or five men." Bloom writes: "The super-
lative of the word for necessity here can be construed
to mean: (1) this city is composed of the fewest
elements possible; (2) this city is most oppressed by
necessity, or is most necessitous; or (3) this city is
the proper one, the one most needed." That is the
most important footnote anybody ever wrote. 8

Owing to the interdisciplinary nature of his area of re-

search, science historians have played a part in McClain's

work, too. The national origins of these men mentioned here

give their influence a European flavor. One of them, Albert

von Thimus, a German scholar of the nineteenth century,

is very much admired by my friends Levy and Levarie,
and I respect him for doing a vast philological
ground-work in several languages, for understanding
tonal symmetry and its relevance to Plato, and for

7 Ibid. See Robert Brumbaugh, Plato's Mathematical Imagin-

ation (Bloomington, Ind., 1954).

8Ibid.
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producing the appropriate Timaeus model and many re-
lated numerical and geometrical models. His work was
quickly forgotten, it seems, the original volumes (I
believe) being destroyed because they did not sell.
He had a profound effect ongErnst Levy, from which I
have benefitted indirectly.

Another scholar is B. L. van der Waerden, who wrote a book

entitled Science Awakening, which "has been practically a

bible" for McClain.10

His work on the Babylonians, Egyptians and Greeks, and
his remarks on the Sectio Canonis, are priceless. So
is his general point of view. His personal comments
on the limitations of Archytas set me to thinking
about that much-abused man, and to writing a new paper
on him. The hard--gyen cruel--logic he displays has
its beautiful side.

The third science historian who has been helpful in the

Plato research is Giorgio de Santillana, of whom McClain

writes: "What a totally wonderful mind! Hamlet's Mill . . .

is a treasure, but his real measure is shown in The Origins of

Scientific Thought . . . containing among other things one of

the finest and most sympathetic accounts of Pythagoreanism.

He understands the spirit of things." 1 2

Older scholars, as interpreters of Pythagorean thought

for the Middle Ages, also contributed to the work of McClain.

The writings of some of these, such as Proclus, Crantor, and

9Ibid.
1 0Ibid

1 2Ibid.
1Ibid.
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the earliest of all, Philolaus, will be better understood

after reading Chapters Two and Three. Proclus is

the man who set the standard for honesty among
Platonists by frankly admitting all of his own con-
fusion over what Plato meant. His voluminous com-
mentary on Timaeus was especially valuable for the
amount of ancient speculation (re numbers) it con-
tains; by studying his material I was slowly led to
mine, which is a minor variant of one solution he
rejects for the long Timaeus scale (3 octaves and a
sixth).13

As for Philolaus, McClain considers him to be

apparently an important link between the tradition and
Archytas, and perhaps even Plato himself. He probably
contributed nothing but a fancifully wrong notion of
the planetary system, with ten bodies linked, or
separated, analogous to consecutive powers of 3.
Plato actually has ten such numbers in both the
Republic, Timaeus and Critias, hence Philolaus may
have given him the idea not only for a planetary
tone-system but for its exact linkage.14

Crantor and his contribution(s) will appear in Chapter 3.

The fact that these philosophers have a place in McClain's study

suggests their own interrelationship. Their apparent connec-

tion with Plato's Pythagorean background emphasizes their

importance.

Perhaps two of McClain's most significant present-day

influences and contributors are Ernst Levy and Siegmund

Levarie. McClain proceeds to tell how his project got started

with the help of these men:

My friends Ernst Levy and Siegmund Levarie were edu-
cated and intelligent lovers of Plato, always quoting

1 3 Ibid.

lbid.
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him in various ways, and encouraging me to read him

also. They took it for granted that music was as im-

portant to Plato as he himself said it was, and thus,

through them, I [assumed] that Plato was essentially
"musical." How important this was became clear only

in retrospect, years later, as I discovered that

Platonists never believe anything Plato says about

the importance of music. Their tradition has taught
them not even to see the evidence.

Through the encouragement of Levy and Levarie, and their

love for Plato and his writings, McClain was influenced and

his interest was aroused. He wrote his first Plato article

in February of 1970, with the two men continuing to be of help.

I learned more from Levy's and Levarie's criticisms

and suggestions about my work. . . . In general,
Levarie has criticized most of the chapters and essays

I have produced, helping prepare them for publication.
For long periods of time he was the only understanding

person in my world. He not only provided the climate
in which I gained a background for this work, but he

supervised it much of the time. ... . He is now helping

me write a new version of the Plato manuscript, hope-

fully one that can be published.1 6

McClain has since become interested also in the possible

role of numbers in the acoustic speculations of other cultures.

As previously mentioned, his contact with the journal Main

Currents in Modern Thought led to his becoming familiar with

the work of Antonio T. de Nicolas, who furnished McClain "with

books, with ideas, with information about India and about

Hindu thought." De Nicolas also showed McClain that his work

in mathematical harmonics could be applied "to other cultures

only from the perspective of those cultures."1
7 McClain's

1 5 Ibid.

16 Ibid. This book is to be published in 1977.

l7 Ibid.
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recent research into the Hindu Rg Veda has tended to confirm

many of his earlier discoveries about thought and cultural

attitudes of the Mediterranean basin:

I began with the notion that Plato probably invented
his material, then began to understand that he in-
herited some, and then--after studying the Rg Veda--
understood that most of it had been common currency
for a very long time. I now believe that he stands
at the end of a Pythagorean tradition already three
millenia old (or more) in his day. I doubt now that
anything in Plato was new except the Archytas tuning
system, which he seems to have adapted for his Laws.

In short, I now suspect that many of the settle-
ments in the Middle East after about 3000 B.C. prob-
ably reflected the "harmonical" thinking of [middle-
Eastern] peoples in various ways. But the actual
dating is a huge problem, one beyond my grasp, and
we shall just have to keep sifting the evidence for
more of the loose ends needed to develop a theory.18

1 8 Ibid.



CHAPTER II

A CHRONOLOGICAL SYNOPSIS OF THE RELEVANT MATERIALS

The purpose of Chapter 2 is to familiarize the reader

with the writings of Ernest McClain over the six-year period

1970-1976. The format is simply to present a distillation of

each article separately and in the approximate order of pub-

lication. As noted earlier, McClain's first published article

(on Guamanian folk songs) will not be considered here because

of its irrelevance to his later development. The last

material to be considered is, of course, the interpolated

writings in de Nicholas' book, Avatara.

"Pythagorean Paper Folding"

This article, according to the author, "describes a con-

venient method for displaying . . . the mathematical relation-

ships involved" in the problems one finds when "tuning the

tones of a scale." The method McClain uses concerns nothing

more than "a succession of paper-folding operations. "2 As

absurd as it may sound, this procedure definitely reveals the

meaning of the intervallic ratios, not through absolute

numbers but through proportional relations. This

1 Ernest McClain, "Pythagorean Paper Folding: A Study in
Tuning and Temperament," The Mathematics Teacher, LXIII (March,
1970), 233.

2Ibid.

10
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impartation of visible significance should be sufficient 
to

convince any skeptic of the validity of McClain's curious

method.

The operation is a five-stage process, each stage re-

vealing some important aspect of the scale and its composite

tones. The first stage yields a major scale. This is done

by halving a generous length of paper to produce 
the first

significant musical value, the octave tone. A halving of the

two segments further produces a fourth or fifth, and addi-

tional tones can be produced by reduplicating this same

method (see Figure 1). This first stage helps demonstrate

the "dominantic" order of fifths and fourths.
3

The next stages continue the folding process. The second

stage visibly points out the existence of the Pythagorean

comma. By carrying the paper-folding five tones further than

the first stage (with a continuation of the series of pure

fourths and fifths), the discrepancy between B and C-flat be-

comes evident.

The third stage establishes the pure third in Just in-

tonation, which differs from the third arrived at through

Pythagorean methods. This difference is called the syntonic

comma, defined as the difference between four perfect fifths

and two octaves plus a third (ratio 81:80). The operation

here involves quartering the segment needed for C (the scale

established in the first stage), then measuring "a fifth

3Ibid., 233, 234-235.
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Fig. 1--The first four steps of stage one

equal segment along the remainder to locate the following

tone" (the pure third). 4

The fourth stage uses Just intonation to build an octave

scale with the aid of four tones, C, F, B-flat, and G from the

Pythagorean series, then "tuning the other three tones by pure

thirds at C--A-flat, G--E-flat, and F--D-flat." 5  McClain says

that "this tuning system has more theoretical than practical

4 Ibid., 236.

5 lbid.

12
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value," mainly because of irregularly sized whole and half

tones.6 It will be possible to trace the development of this

idea in the "matrix" systems of later McClain articles.

The fifth and final stage judges the location of some of

the pitches in equal temperament. This is possible because

equal temperament tones coincidentally "lie near the 
middle

of syntonic commas," which were "established in demonstrations

3 and 4."

This article, McClain's first one which pertains to the

subject of this thesis, merely hints at what is to come later.

While the idea of "paper folding" may not appeal to some, it

introduces Pythagoreanism as McClain first embraced it in his

research. Building on this concept of temperament and tuning,

the author progressed into further insights about Greek

musical thought. These areas will become apparent to the

reader later.

"Plato's Musical Cosmology"

This article is definitive. It shows how "music offers

new ways to penetrate the complex subtleties of Plato's

thought." 8 This is due, in part, to the fact that

Plato's fusion of music, mathematics, and politics

within a literary idiom . . . is a remarkable

6
Ibid.

lb id.

8Ernest McClain, "Plato's Musical Cosmology," Main Cur-

rents in Modern Thought, XXX (Sept.-Oct., 1973), 34.
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achievement in integrative thinking. Plato's musical
concerns were closer to our own, in certain respects,
than to those of Greek musicians in the fourth
century B.C. . . . Plato seems to have been con-
cerned with showing analogy between various politi-
cal systems [and] musical tuning systems.9

McClain discusses these analogies in terms of Plato's

allegories, which "are parts of one unified treatise on the

scale--for which the Greeks never agreed on a standardized

tuning."10 The use by Plato of different tuning systems to

symbolize respectively the cities described in the Republic

is characteristic of the early integration of musical and

political concerns. As McClain says, "it is hazardous to

assign a single meaning to any of Plato's statements." 1  The

interdisciplinary relating of seemingly separate studies is a

remarkable characteristic of early thinking, not limited to

Plato.

Some of these aforementioned cities are real, others

imaginary. At any rate, it is apparent that Plato recognized

the inherent clashes among differing acoustic philosophies

vying for dominance in his time. Plato names four cities and

their corresponding tuning systems, which define the popula-

tion limits of each city. The population limit is the

"smallest common denominator for the rational numbers . .

which define the guardians"; these are numbers which define

9Ibid.

1 0 Ibid., 35.

"Ibid., 36.
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the tones of the scale. "Exploring these population limits

teaches us specific lessons in acoustical theory, since the

limits must be analyzed arithmetically to discover which

tones are present in the community."1 2

McClain points out Plato's insistence on the dual appli-

cation of number theory, "not only to geometry but also to

sound."13 This dual application is possible because of the

interrelationship among Plato's various areas of concern:

musical theory, political theory and pure mathematics. This

last area, having to do primarily with arithmetical ratio,

can be used for both interval determination and geometric

proportion. Particularly notable by way of illustrating this

point is Plato's reference to "motion straight up or down or

revolution in a circle," which has to do with both the idea

of opposites and the cyclic character of nature itself.l14

McClain's entire reconstruction of Platonian philosophy hinges

on this phrase. Plato's idealized cities, besides being cir-

cular in a physical sense, also represent tone circles con-

sisting of tempered intervals. In McClain's words, the cities

are "cyclic modules within which ratios can be graphed ac-

cording to the logarithmic scale by which pitch is perceived."1 5

12 Ibid., 35.

'Ibid., 36.

l4 Ibid.

'Ibid.
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A cyclic representation of the scale in equal tempera-

ment yields the "Dorian pattern, falling E D C B A G F E,

[which] appears identical, [through inversion, with] our

modern major scale . . . and reveals a hidden symmetry on the

second tone, D" (see Figure 2). The symmetrical tone, D, be-

comes the main point of reference when figuring interval

ratios, harmonic series, and scale constructions. The drawing

shown in Figure 2 is McClain's and will be utilized in other

McClain articles, also.' 6

D
C# Eb

C E

falling B F rising

Bb F# L

A G

Ab=G#

Fig. 2--Circular symbolization of the equal-tempered
scale.

It should be remembered that the terms "Dorian" and

"Phrygian" normally have a different meaning today. McClain

himself elucidates this confusing point in one of his later

articles:

Dorian and Phrygian are the only two modes accepta-

ble to the Socrates of the Republic, and Christian
musicologists (ca. 8th c. A.D.) transferred the whole

system from Dorian E to Phrygian D, renaming this

1 6 Ibid.
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MODUS PRIMUS and switchin names so that today we
know it as modern Dorian. 7

Hereafter in this thesis, every mention made of Dorian will

actually be referring to modern Phrygian, and the reference

will appear: "Dorian/Phrygian. "18

Greek musical theory did not include the concept of

irrational numbers. Deriving from Pythagorean number theory,

Greek mathematics consisted of whole numbers (except zero)

and those fractions which could be thought of as the quotient

of two whole numbers.19 This meant that any tuning system

devised by Plato (or anyone else) would be infinite, meaning

"an endless number of tones within the octave."20 Irration-

als produce "finite cyclic systems, like the 12-tone equal-

tempered tuning in use today"; this scale is cyclic because,

just as other tuning systems, it "assumes octave equivalence."2 1

Plato's :infinite groups, then, are only "approximations to

equal temperament.,22

17 Ernest McClain, "Music and the Calendar," Mathematical-
Physical Correspondence, 14 (Christmas, 1975), 15.

1 8 The scale pattern McClain is using is W W H W W W H
(descending) and H W W W H W W (ascending). The expression
"Dorian/Phrygian" in this thesis refers to such a pattern.

Morris Kline, Mathematical Thought from Ancient to
Modern Times (New York: Oxford University Press, 1972),~pp.32-33.
Also see Oystein Ore, Number Theory and Its History (New York,
1948),

20 McClain, "Plato's Musical Cosmology," 37.

21I.
Ibid.
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This brings up the important place occupied by super-

particular ratios in Greek thought. A superparticular ratio

is one in which the numerator is one unit larger than the

denominator.23 These ratios represent four of the most im-

portant intervals in traditional acoustics: the whole-tone

(9:8), the fourth (4:3), the fifth (3:2), and the octave (2:1).

These intervals can now be divided logarithmically, but, as

will be shown later, the Greeks' lack of advanced mathematical

techniques made it impossible for them to perform such an

operation.

McClain tells the reader that Archytas, a friend of

Plato, "proved that . . . ratios between two numbers differ-

ing by a unit 'admit neither of one nor of more mean propor-

tionals.'"2 4 This means that the Greek mathematical language,

limited to integers ,would not permit division of such inter-

vals into equal parts. Therefore, Archytas "destroyed

forever the notion that octave cycles could coincide with a

series of fifths (3:2) or fourths (4:3) or any other 'pure'

interval defined as the ratio between two intervals."2 5

In his Republic, Plato includes a myth which "can be

considered Plato's tribute to Archytas' proof." He also uses

2 3John Backus, The Acoustical Foundations of Music (New
York, 1969), p. 125. Richard L. Crocker uses the term epimore.
See"Pythagorean Mathematics and Music," Journal of Aesthetics
and Art Criticism, XXII (Winter, 1963), 191.

24.McClain, "Plato's Musical Cosmology," 37-38.

2 5 Ibid., 38.
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allegories to "dramatize the cyclic flaws in pure musical

thirds . . . and pure musical fifths. . . . Thus the

Republic may be considered our oldest extant treatise on equal

temperament."26 That Plato thought the orbits of the planets

were circular and that "time itself was cyclic,!" was reason

enough for him to theorize on the musical connotations of the

heavenly bodies. Even though his concept of the orbits was

erroneous, it is important to note that the corresponding

model he constructed "was not a physical one, but an abstract

mathematical one with the scale as a musical analogue."27 In

this abstractness lies the connection between mathematics and

music.

Plato uses political theory here to drive home his point.

He likens the men in his "cities," who compromise for the best

interests of their city by giving up a "part of their due,"

to the tones of the scale, which, in equal temperament, lose

some of their acoustical integrity for the sake of conformity

to the octave. Thus, the "city," or the scale, gains in

quality while its components may lose a little in stature.

However, it must be stressed that Socrates believed that such

idealism and devotion was "unreasonable" on earth, and there-

fore probably existed only extraterrestrially ("'in heaven'").2 8

2 GIbid.

27 Ibid., 37.

28 Ibid., 38.
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The importance of symmetry in Plato's thinking can be

related in the figure shown previously. Although the two

scales (one rising, the other falling) are reciprocal to each

other, the basic interval does not change, because, McClain

says, it matters not whether the numbers comprising the inter-

vallic ratios were arrived at through multiplication or

division (e.g., 2 and 1/2). Referring to the figure, the

symmetry of the D shows the tonal opposites which align them-

selves "in pairs to the right and left" of the D (C--E, B--F,

A--G).29 McClain's terms "opposites," "reciprocals," "dyad"

(meaning two), and "dialectics" are all taken from Plato's

writings, and their similarity in meaning and usage underline

their significance in his methods of describing "music as

'most basic' to an education which is essentially mathematical."3 0

The tone circle of Figure 2 demonstrates the mathematical

principle of reciprocals, or invertibility. This is easily

shown by starting the falling Dorian/Phrygian scale on D,

instead of E (see Figure 3). Constructed with it, and starting

on D also, is the rising major scale, using the same ratios

as the falling Dorian/Phrygian, thereby showing that "Plato's

integers [whole numbers] possess reciprocal applications [and

that] they apply simultaneously to rising and falling sequences

of pitches."3 1  In other words, values greater than unity

2Ibid.

30 Ibid.

31 Ibid., 38-39.
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(such as 3:2) are interchangeable with their fractional re-

ciprocals (in this case, 2:3). By continuing the progression

of integer ratios "through the complete octave," McClain does

"justice to the double tonal meanings in the integers which

define the Dorian[/Phrygian] scale."32

rising D E #G A B Cff (major;
falling - C Bb A G F Eb D Dorian
ratios 584 432 486 512 576 648 729 768

Fig. 3--The Dorian/Phrygian scale and its reciprocal

McClain points out that Plato's "affection for inverse

symmetry"33 accounts for the presence of our major scale pat-

tern, even though this pattern "was apparently of little

interest to Greek musical theorists." 3 4  The scale was used

by Plato only in the philosophical sense of "mathematical

abstraction." Plato felt that he could use intervallic ratios

and geometrical means to show reciprocity in his exemplary

Dorian/Phrygian scale (i.e., rising and falling). This con-

cept of opposites even had political ramifications, as Plato

32 Ibid., 39.

3 3 Ibid.

34 Ibid.
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exhorted every state to "double its achievement" by developing

not just "half," but all "its potentialities."3 5

McClain introduces the Pythagorean tetractys in this

article for the first time as a generator of musical scales.

The tetractys is a triangular representation of the number

ten, considered very important by the Greeks. Consisting of

ten dots, it was used exponentially as well as in other ways.

Chapter 3 will demonstrate the acoustical significance of the

tetractys.

A key figure in preserving the tetractys idea and other

aspects of Pythagoreanism was a scholar of the first century

A.D., named Nicomachus. McClain shows how Nicomachus devised

tables "relevant to musical fourths and fifths." 3 6 These

tables will also be explained further in Chapter 3.

"Musical 'Marriages' in Plato's Republic"

This article, which appeared in a musical periodical for

theorists (Journal of Music Theory), takes some of the points

made in the immediately preceding article, and discusses them

in relation to a particular allegory found in book VIII of

Plato's Republic. This allegory, the meanings of which had

eluded scholars heretofore, is regarded as being important

enough for McClain to consider it a "serious lesson in

3 5 Ibid.

36 Ibid., 40.
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mathematical acoustics. "3 7  Among other things, mention is

made of the Pythagorean tendency to endow numbers with quali-

ties and characteristics of a sometimes mystical sort.

The entire allegory will not be dissected as such here,

but the reader will benefit from seeing how McClain explains

part of it. He divides the text into seven separate sections.

In the first of these, Plato speaks of the unavoidable

deterioration, or demise, of "everything that has come into

being" (546 a-d). McClain explicates the passage acoustically

as follows:

All tuning systems which define musical intervals
by the ratios of natural numbers, or integers, "de-
generate" when extended beyond their original diatonic
limits. Tones defined by pure fifths or fourths
eventually disagree with those defined by pure thirds.
This "original sin" among the numbers themselves 38
forces Western musicians to adopt equal temperament.

In the third section, Plato speaks of a "perfect number"

in relation to divine births. This brings up, at least

parenthetically, the proper definition of the "perfect number"

concept in mathematics. A perfect number is one in which the

"number equals the sum of its proper divisors, such as

6=l+2+3."39 According to McClain, "perfect numbers" in Plato

3 7 Ernest McClain, N"Musical 'Marriages' in Plato's
Republic," Journal of Music Theory, XXVIII.II (Fall, 1974),
242.

3 8 Ibid., 246.

3 9 B. L. van der Waerden, Science Awakening (Groningen,
Holland, 1954), p. 97.
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are those which "' tend' or 'bring a consummation.'" 0  This

differs from mathematical meanings of the term "perfect" al-

ready mentioned, but it has relevance within a Pythagorean

framework. These divine creations, (according to McClain),

are actually the tones shown in the model scale in Figure 2.

The perfect number alluded to here is most likely 720, because

"this is the least common denominator by which the eleven

[tones] in Figure [2] can be made 'conversable and rational'

. . . when rearranged in chromatic order." 4 1 This is an

important point, since McClain builds his completed scale

module on this number. Figure 4 shows how the eleven tones

in Figure 2 can be assigned number equivalents within the

octave module 1:2=360:720. To explain further, the octave

module 360:720 is used here instead of a smaller one (e.g.,

30:60) because, although the 30:60 module "is the logical

starting point because no smaller integers can define a scale

with two similar tetrachords ,"42 it is not essentially

chromatic. McClain is looking for a set of numbers which not

only defines a chromatic scale sequence "both rising and

falling," but which also bears some evident relation to the

ancient calendar year. In other words, the "eleven tones of

the reciprocal diatonic scales in the 30:60 octave . . . gain

40 McClain, "Musical 'Marriages' in Plato's Republic", 248.

41 Ibid., 48, 52.

42 Antonio T. de Nicolas, Avatgra (New York, 1976), p. 446.
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smallest integer names in chromatic order in the expanded

double 360:720 which harmonizes scale and schematic year."4 3

D = 720:360

C# = 675 = 384

C = 648 E = 400

falling B = 600 F"= 432 rising

B 6 = 576 F# = 450

A =- 4 G=480

Fig. 4--The eleven tones in Figure 2 named in chromatic
order within the octave 1:2=360:720

The allegory in the fifth section proceeds to mention

the superparticular ratio 4:3, which "defines a perfect

fourth rising D--G or falling D--A," and its "mating" with

five,44 the next prime number after three. McClain asserts

that

There are exactly four musical paths by which
5 can be "mated" with the ratio 4:3 to supply

the interior "movable" sounds of the tetrachords
[which comprise the model D scale already seen]. .
A major third of ratio 5:4 or a minor third of ratio
6:5 can be taken either above or below the reference
tone [D] in the first, or "model," tetrachord; Greek
theory requires that the second tetrachord pattern
be the same as the first.4 5

McClain includes a figure which shows the incorporation

of the tetrachord pattern into the composite scale (built on

4 3 Ibid., 291.

44 McClain, "Musical 'Marriages' in Plato's Republic," 254.

4 5 Ibid., 254.
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D). Using the numbers he does to designate each pitch, 36,

48,and 60 become important in the vocabulary of this scale

system. Interestingly enough, 60 is the lowest common de-

nominator for the numbers 3, 4 and 5 and their reciprocals.

The number 60 also allows for the generation of the Greek

Dorian/Phrygian mode and its reciprocals from its group of

four tetrachords.46 This is mainly because the number 60 is

highly factorable, meaning that it can be broken down into

the various numbers which, when multiplied together, give 60.

These numbers are 2, 3, 4, 5, 6, 10, 12, 15, 20, and 30. The

significance of 36 and 48 will be explained later.

At the risk of losing the reader amidst a rash of mathe-

matical symbols, the following quotation will introduce one of

McClain's most important devices, which combines the intervals

of tuning with integer notation.

Every time 60 [the aforementioned common de-
nominator] is increased to a higher power it will
make available to us more integers of the form

2p3q5r, defining derivative [tones] in Just tuning.
Every multiplication by 60 will provide musical
transpositions (arithmetical translations) of the
original eleven tones [of the model Dorian/Phrygian
scale] both up and down by perfect fourths, ratio
4:3, and major and minor thirds of ratios 5:4 and
6:5.47

The mathematical expression 2p3 q5 r is explainable as follows:

2 represents the octave, 3 the fifth, and 5 the third (both

major and minor). P, q, and r are integers, signifying

I46 bid.

4Ibid.
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powers to which the numbers may be raised. McClain is here

using a set-theory method of symbolizing musical transposi-

tions, or "arithmetical translations," by multiplying by 60.48

In the sixth section, the allegory states that the ratio

4:3, when mated with five, will produce two "harmonies" (a

typical Platonian abstraction which seems to signify a "closed

set" or module). Both of these "harmonies" have to do with

the number 12,960,000, which is factored two ways. The

first need not concern the reader here, since it is more

mathematical than musical. 50 The second harmony proves musi-

cally worthwhile, because 12,960,000 is subdivided 4800 x 2700=

(48 x 100) x (27 x 100).51

Of the two factors which are multipliers of 100, 27 has

the more musical significance, according to McClain. It is the

"fifths" number cubed, and "the double meanings of 1, 3, 9, and

27 define a complete diatonic scale in Pythagorean tuning all

by themselves: 1 3 9 27."52 The idea of dialectical
rising D A E B
falling D G C F

inversion is apparent again here (rising and falling), and

4 8 Ibid., 272 n. 15, 254.

49 Ibid., 262.

50 It uses 36 as its sole factor, with 100 as the multi-
plier, to wit: 12,960,000=36002; 3600=602 =36x100, hence its
relationship to 60.

5 1 Ibid.

52 Ibid., 262, 264. Obviously, octave values are disre-
garded for the purpose of this passage. See "Pythagorean
Scale," Harvard Dictionary of Music, 2nd ed., 709-710.
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also in the fact that the numbers have musical, as well as

political, meanings.

As for the number 48, it is described by Plato as being

the "'rational diameter of five, lacking one' or the 'irra-

tional diameter, lacking two. '"53 This has to do with the

Pythagorean problem of determining the diagonal of squares.

It is demonstrated in the following figure:

5 49 v5

5 5
(rational diameter) (irrational diameter)

Fig. 5--Two early equivalents for the diameter of a
square.

In a square in which any side is symbolized by one, the

diagonal is mathematically representable as the square root

of two. In a square with a side of five, both of the values

for the diagonal shown above can be found in Plato. The

first figure contains the rational diameter, 49LI=7, and the

second the irrational diameter, Vj50. The number 48 becomes

49-1, and 50-2 (and is also needed in the definition of the

scale described five paragraphs above, wherein 36, 48, and

53 Ibid., 262.
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60 are shown to be important boundaries of the composite

tetrachords).54 McClain says that in one of his other books,

the Laws,

Plato actually encloses the square root of 2, which
defines the equal-tempered A-flat=G-sharp lying oppo-
site the reference D in his tone circle, within the
ratio 49:50 and flanks it with two guardians in the
ratio 48:49, finally justifying the extraordinary
attention he gives these numbers here in the marriage
allegory, marrying acoustical theory with geometry.

McClain explains the conclusion of the allegory, which

says that 12,960,000 is "sovereign." He points out that the

number is "'geometrical' in several . . . successive powers

of 60, it provides for geometric progression through perfect

fourths and fifths and pure major and minor thirds, . . . and

it applies quite literally to the geometry of the monochord."56

This number encompasses ten integers, which represent eleven

tones in the model scale, D, stopping its growth before

reaching the troublesome Pythagorean comma.57 The addition

of major and minor thirds to perfect fourths and fifths re-

sulted in the system of Just intonation.58

McClain has demonstrated a musical method for unraveling

the intricacies of this particular allegory, saying that

54
Ibid.

55I]bid.

5 6Ibid., 264.

5 7 Ibid.

5 8 See John Backus, The Acoustical Foundations of Music,
(New York, 1969), pp. 122, 124-127.
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"Plato has shown us how closely generation by fifths . . .

can approximate generation by pure thirds."5 9 "Moderation"

seems to be the byword for both politicians and musicians,

so that the "hopeless strife" of perfect intervals can be

avoided by the judicious restriction of extremism. In

McClain's words, "By the use of musical examples Socrates

aimed to teach political scientists the consequences of ig-

noring the artistic principle of limitation."6 0

"A New Look at Plato's Timaeus"

This article, which appeared in the magazine, Music and

Man, continues to make it apparent that Plato raised musical

issues in a number of his dialogues. There seem, in fact, to

be musical implications in his Timaeus very similar to those

found in his Republic. Plato speaks of taking "portions" and

performing operations with them. These portions are actually

integer progressions involving the numbers two and three, the

numerators, respectively, of the octave and fifth ratios.

The numbers 1:2:4:8 . . . define a sequence of three
musical octaves. The numbers 1:3:9:27 . . . define a
sequence of three musical twelfths, extending through
the range of four octaves and a major sixth. Tone
numbers function both as ratios of frequency and, re-
ciprocally, as ratios of wave-length (or string-length);
thus they have a meaning in both rising and falling
sequences of pitches.6 1

Ibid., 268.

6 0Ibid.

61 Ernest McClain, "A New Look at Plato's Timaeus," Music
and Man, I (Spring, 1975), 343.
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In this allegory, Plato mentions completing the scale,

which McClain sees as Plato's specification "that ratios of

4:3 defining perfect fourths are to be filled in with whole-

tones of ratio 9:8. Two consecutive intervals of that size

are followed by the undersized 'semitone' leimma . . . of

256:243 . . . This is the tetrachord pattern of the diatonic

form of the Greek Dorian[/Phrygian] mode in so-called

'Pythagorean' tuning."62 To continue with the second tetra-

chord to fill out the rest of the scale, the ratios from the

first tetrachord are quadrupled. This is necessary to pro-

duce ratios consisting entirely of integers. "Within Plato's

limits . . . there are exactly 41 integers--all of the form

2p3q, p and q being integers--which function as 'tone-numbers'

in the kind of tetrachords he specifies."6 3

The article presents several figures which will be ex-

plained in chapter three, but it should be noted now that one

of them (a table of proportions devised by Nicomachus) presents

the proposition of "producing all possible integers of the

form 2P3 1 ,"64 in addition to "mathematical language for the

modern musician's notion that in Pythagorean tuning any tone

can function as tonic, dominant or subdominant. "65 As McClain

Ibid., 344 .

Ibid., 346.
6 4Ibid.

Ibid. , 347.
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puts it, "a Greek theorist might have said that any tone is

suitable for framing tetrachords with the ratio 4:3, for his

[Nicomachus--see page 22] . . . theories actually permitted a

far greater variety of internal subdivision than Plato needed

for _ [his] model--or than modern notation can represent

adequately. "66

The next part of this allegory, or myth, has to do with

a concept well-known to philosophers and Platonists, but not

considered thus far in this thesis. This has to do with the

"circles of the Same and Different." In constructing his

cosmos, Plato has the Demiurge divide the World-Soul into

Sameness, Difference, and Existence. Plato likens the uni-

verse to a leather ball and mentions "splitting the fabric

lengthwise. "67 As abstract as it may sound, McClain attempts

to make musical sense of this part by linking the number

three with the philosophical notion of invariance:

Traditionally powers of 2 were associated with Dif-
ference (octave differentiation) and the powers of 3
with Sameness (invariance under octave transposition).
. . . The "material of Existence [again, an ab-
straction] is "homogenized" by ratio theory and by
musical theory so that any tone (integer) can be
viewed from the perspective both of octave cycles
(2n, Difference) and perfect fifths, (3n, Sameness
or invariance).6 8

66 Ibid.

67Ibid., 350. See Giorgio de Santillana and Hertha von
Dechend, Hamlet's Mill (Boston, 1969), pp. 186-187. Also see
Plato's Phaedo, 110b-c.

68Ibid.
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When the two basic prime numbers (two and three) are

applied to a tone-circle by plotting the locations of numbers

around its circumference,

The powers of 2 (Difference) can produce only cyclic
differentiations of the reference tone. The powers
of 3 (Sameness) generate an infinite number of sub-
divisions of the cyclic module. If Plato's "triples"
(1:3:9:27) [three powers of three] are interpreted
as both "Great" and "Sm ll" then they correlate with
the powers of 3 from 3~ to 33 and define, by them-
selves, the standard 7-tone diatonic scale, octave
transpositions now being taken for granted.6 9

The generation of the seven-tone diatonic scale by cyclic

location of numbers is an ample demonstration of how McClain

interprets the Greeks' correlation of the powers of two and

three into a musical system based on the fifth and fourth

within the octave. "Plato's prime number 3 generates perfect

(not equal-tempered) fifths worth almost 702 cents, or

slightly more than 7/l2ths of the octave module."7 0

Near the end of the Timaeus myth, Plato's Demiurge

"splits" the circle of the Different (octave differentiation)

into seven subsidiary circles. This splitting produces "seven

similar progressions of octave doubles (2n),"71 McClain says

that these seven separate circles "will be 'unequal' in the

sense that octaves of every tone are based on different, thus

unequal, reference frequencies, or wave-lengths, or monochord

69 Ibid., 352.

7 0 Ibid.

71 Ibid., 355.
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string lengths, etc. . . . By arbitrarily splitting this

circle into only seven parts Plato is postulating a seven-

tone diatonic scale as the relevant celestial harmony." 7 2

At the end of the myth, the circles having been "set in

motion," Plato makes a reference to the speeds of the seven

circles; he dictates that three of them "should be 'similar,"'"

while the other four not only must differ from the three, but

from each other.73 McClain notes that this was a part of

Greek musical theory, that "in each octave three tones re-

mained fixed, defining the limits of two tetrachords .,. ."74

he believes that "Plato is directing attention here to the

three invariant tones of the octave." 7 5 The other four tones

are highly mobile, being subject to both multiple mathematical

loci and to Plato's own "variety of tunings for them.??7 6

According to McClain, Plato can speak of the differences in

speed of these "movable sounds," the nonstationary tones,

"since the two tetrachords are always similar in construction

and are generated arithmetically from the fixed tones.. .

In short, tones corresponding to A, D, and G are always

present, but the other four tones are generated by the

Ibid., 356.

74 Iid.

Ibid.

76 Ibid.
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wholetone ratio of 9:8 only in the 'absolutely best' model

'city.~7

"The Scroll and the Cross"

In this article, printed in The Catgut Acoustical Society

Newsletter (a magazine for acoustically-minded string players),

McClain continues to explore the relationship between music

and astronomical matters already begun with the Timaeus arti-

cles. Showing how even pure science was influenced by the

properties of music, McClain notes that "the ratio theory of

the ancient world could measure the musical discrepancies [in

tuning systems] perfectly and thus suggest mathematical models

for the far more intricate problems of astronomy."7 8

McClain explains five "musical constructions" which have

corresponding correlates in the calendar. The first has to

do with the model Greek Dorian/Phrygian mode, seen previously.

The author says that "the smallest integers which can define

a diatonic scale containing two similar tetrachords . . . are

those lying within the 'octave-double' 60:30."79 The integers

in this "octave-double" will provide correct ratios, both

rising and falling. "The 30 arithmetical units within the

octave cycle . . . correlate with a monthly cycle of 30 days." 80

77 Ibid.

78 Ernest McClain, "The Scroll and the Cross," The Catgut
Acoustical Society Newsletter, 23 (May 1, 1975), 11.

79
Ibid.

8Ibid.



36

The next calendar correlation concerns the "'yearly'"

cycle of 360 days. The Dorian/Phrygian mode of octave 60:30

referred to in the previous paragraph has been filled in so

that it has eleven different tones; this, of course, is due

to the dialectical or "reciprocal" major scale, which has

"perfect inverse symmetry" in relation to the Dorian/Phrygian

mode. McClain asserts that these eleven tones "are defined

in chromatic order by a sequence of smallest integers within

the 'double' 720:360 whose 360 internal subdivisions corre-

late with a metrically convenient 'idealized year' of 360

days."81 Note that the eleven-tone mode still lacks G-sharp,

or A-flat.

The "annual deficiency" of the Greek calendar is alluded

to in McClain's next construction. He points out that if C

and E, in the 720:360 octave-double, are tuned so that they

correspond with "the same series of fifths as D, A, and G"

(the tetrachord framers), the alternate tuning will differ

with the earlier one by 400:405 and 640:648, respectively.8 2

This, of course, has to do with the syntonic comma. The

author says that if A-flat is tuned "a pure major third (ratio

4:5) below C and [if] G-sharp [is tuned] a pure major third

above E (thus maintaining perfect inverse symmetry) . . . a

gap between them" is discovered.83 This gap is of the ratio

81 lbid.

Ibid.
8Ibid.
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2025:2048, or the diaschisma, which is the difference between

three octaves and four perfect fifths plus two major thirds.

The "shortage . . . amounts to about 6 degrees in the tone-

circle . . . near agreement with the calendar shortage of

5 1/4 days." 8 4

The fourth correlation, again involving G-sharp and A-

flat, comes about with the tuning of the scale by using per-

fect fourths and fifths. This Pythagorean tuning yields

"somewhat better approximations to modern 12-tone tuning"8 5

for some of the tones, but the discrepancy between G-sharp

and A-flat is greater this time. The overlap of the Pythagor-

ean comma is in "excess [of] the 360-degree metrical base"

of the Greeks' sidereal calendar.8 6

The last correlation concerns tuning by pure thirds only,

which produces yet another discrepancy, the diesis (ratio

125:128). This difference is more severe than both the

diaschisma and the Pythagorean comma, creating a larger gap

in the tone-circle of the model Dorian/Phrygian scale. It is

"comparable to the interval by which twelve lunations of 354

days fall short of the sidereal cycle of 365 1/4."87 A

8 4 Ibid.

85 Ibid.

86Ibid.

Ibid., 12.
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lunation is the period of time elapsing between two succes-

sive new moons (about 29 1/2 days).8 8

The remainder of the article is concerned with various

figures which supposedly show the musical significance of

crosses. McClain says ancient crosses could perhaps symbolize

"every tone in our tone system [which] stands at the inter-

section--the 'crossing point'--of multiple contexts which are

less than perfectly compatible."8 9  This type of scientific,

or religious, symbolism seemed natural to the Pythagoreans,

who probably did not distinguish "between abstract number

theory and its concrete physical embodiments"90 until the

issue was forced by Plato and others. Music theory was

separated from number theory into an independent area of

study by Aristotle and Aristoxenus in the generation follow-

ing that of Plato. According to McClain, this is when "the

unity of music, mathematics and astronomy was effectively

sundered forever." 9l

It is unlikely that, prior to McClain, any efforts had

been made by scholars to show a tight interrelationship among

the Greeks between such diverse modes as music and the

calendar, although it is well known that such interrelationships

88 Iid

B9 Ibid.

90 Ibid.
91 Ibid.
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did exist elsewhere during antiquity. Perhaps the following

quotation from M.I.T. science historian Giorgio de Santillana

has relevance here:

One still reads in that most unscientific of
records, the Bible, that God disposed all things by
number, weight and measure; ancient Chinese texts
say that "the calendar and the pitch pipes have such
a close fit, that you could not slip a hair between
them." People read it, and think nothing of it.
Yet such hints might reveal a world of vast and
firmly established complexity, infinitely different
from ours.9 2

"Music and the Calendar"

This article (which appeared in a periodical designed

primarily for mathematicians) closely relates to the preced-

ing one, since basically the same material concerning the

calendar is mentioned here. There are, in addition, "tonal

analogues" and analyses of other numbers and ideas which

deepen the understanding of points made earlier. These ex-

planations are due, perhaps, because "the arithmetic for the

Egyptian calendar parallels the arithmetic for the musical

scale in its 'Pythagorean' forms."93 McClain also uses more

advanced mathematical terminology here than in his preceding

writings because the subject matter involves more complex

numerical properties, and McClain knows that his readers will

be professionally able to cope with the resulting abstractions.

9 2 Giorgio de Santillana and Hertha von Dechend, Hamlet's
Mill (Boston, 1969), p. 4.

9 3 Ernest McClain, "Music and the Calendar," Mathematical-
Physical Correspondence, 14 (Christmas, 1975), 9.
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It is mentioned once again that the two tones comprising

the octave, ratio 1:2, tend to be given "equivalence" by the

ear, and that the model octave, with its cyclic displacements,

is one of the main features of tuning theories still in use.

The "identity factor" of 2n is essential to the concept of

octave displacements. Mention is made again of the fact that

several peoples (not just the Greeks) used least, or lowest,

common denominators (LCD) in order to avoid using fractions.

This facilitated the use of integers in arithmetical prob-

lems, making easier the kinds of correlations Pythagoreans

drew between music and their calendar. 94

The calendar correlations found in "The Scroll and the

Cross" are expanded upon in this article. For instance, the

octave-double 30:60, which corresponds with a 30-day monthly

cycle, "exhausts the tonal meanings of all numbers 2p3 q5r< 6 01 "

(equal to and less than sixty) and ties Greek theory to the

Babylonian sexagesimal system.95 "Further multiplication or

division by 60 could only provide for translations of inter-

vals already present."96 Such a statement is obviously made

"under our assumption of 'octave equivalence.'"9 7

9 UIbid., 9, 10.

9Ibid. , 12.

96 Ibid.

_Ibid, 11-12.
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In the analogue for the solar year, it was previously

found that the difference between G-sharp and A-flat creates

an excess which is "roughly comparable to [that] of the solar

year over a 360-day calendar base."98 According to McClain,

the excess "exhausts the strictly musical value of numbers

2p3q."99

McClain includes two more analogues, the first of which

involves the tuning of G-sharp and A-flat. He says that

"Mosaic law decreed that 'seven times seven years'will be

followed by a jubilee in the 50th one. . . . If we attempt

to tune Ab =G# by the simplistic approximation 7/5 and its

reciprocal, we meet a gap of the ratio 49:50."1l00 .These

ratios are derived from the octave-double 35:70, which in-

cludes 49:50 in the middle.

The "analogue for the precessional cycle" gives musi-

cal significance to the "classical precessional cycle of

9 8 Ibid. , 14. The ratio of the Pythagorean comma is
about 714:73, which is very close to 7 3:72, representing the 5-day
epagomenal period. This is the name given to the five days
Plato recommended adding to the end of the regular 360-day
calendar (hence the ratio 365:360=73:72).

9 9 Ibid.

100 Ibid. 7/5 was the ancient approximation of f2. See
Page 29 above.
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25,920 years."1 Using for the first time a 432:864 module,

McClain proceeds to figure groups of intervals according to

the mathematical statement 2p 3q5 r < 25,920. The number 432

is frequently discussed by mythologists familiar with Hindu

and Babylonian thought. 432,000 is the number of years in a

"dark age" Kali Yuga cycle.10 2

McClain points out that 432,000 is also "the common

denominator for the monochord string from which Ptolemy

derived the measures of the twenty or so Greek tunings we

know through him."103 Maintaining the inverse symmetry rule,

the author says that "among numbers 2p 3q5 r < 432,000 . . .

the only 'gods' or 'angels' are those belonging to

F C G D A E B [representing Plato's sun, moon, and five

planets], and their 'human' derivatives . . . include the

10 1 Ibid. This is the precession figure given by de
Santillana in Hamlet's Mill. Santillana describes the pre-
cession phenomenon as follows: "Very few have troubled to
learn about it, yet to any man of our time, who knows the
earth to be spinning around on her axis, the example of a
spinning top with its inclined axis slowly shifting around in
a circle makes the knowledge intuitive. Anyone who has played
with a gyroscope will know all about the Precession. As soon
as its axis is deflected from the vertical, the gyroscope will
start that slow and obstinate movement around the compass
which changes its direction while keeping its inclination con-
stant. The earth, a spinning top with an axis inclined with
respect to the sun's pull, behaves like a giant gyroscope,
which performs a full revolution in 25,920 years."

10 ~Ibid., 15. McClain has used other modules, too. The
article "Plato's Musical Cosmology," relies heavily on a 384:
768 module. "Musical 'Marriages' . . ." includes modules of
24:48 and 18:36 (p. 257). Other octave doubles used are
72:144 and 270:540.

I0 3Ibid.



43

essential tones for our tonal calendar and zodiac. "104 Here

Pythagorean number theory has been extended, "in a tonal

context, to the limit of 432,000 under the 'symmetry' limita-

tions historically valued,"105 and McClain has attempted to

demonstrate the possible connections of music with both

astronomy and mythology.

"The Tyrant's Allegory"

Another Platonian allegory which McClain endeavors to

explain musically occurs in Book IX of the Republic. It

"actually involves an extended calculation with numbers of

six digits and produces . . . the tonal model of Plato's

planetary system."10 6  This is accomplished only after a

Socratic limitation is accepted. The attempted explanation

is important "primarily because the Platonic tradition has so

far consistently ignored Plato's own emphasis on musical

meanings in his mathematical allegories.107

The tyrant's allegory concerns five rulers named by

Socrates earlier in the Republic. The first hint at musical

implications occurs when "Socrates renumbers his five kinds

10 4 Ibid. For an exhaustive discussion of the signifi-
cance of these seven diatonic tones, see Ramon Fuller, "A
Structuralist Approach to the Diatonic Scale," Journal of
Music Theory, XIX.II (Fall, 1975), 182-210.

10 5 1bid., 16.

'0 6 Ernest McClain, "The Tyrant's Allegory," Interdisci-
plina, I (Spring, 1976), 23.
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of rulers.1108 McClain has deduced that instead of 1, 2,

3, 4, and 5 (1-5 consecutively), Socrates intends the numbers

this way: 1 2 3 , or 1-3 taken twice and in overlapping
1 2 3

fashion. In extenuation of this seemingly curious pattern,

the second 1-2-3 is multiplied by three in order to give

3-6-9. Now the expanded numeral configuration reads almost

like a Fibonacci series: 1 2 3 109 At this point,

(=3 6 9)
Plato introduces "reciprocal tonal meanings," emphasizing

again the dialectical necessity for "studying opposites."1l0

To demonstrate the point, McClain has constructed the graph

that follows.1 1 '

Tones: D D G G C D D A A E

Ratios: 1:2:3:6:9 1:2:3:6:9

Falling Rising

The reader can readily see that "both progressions exceed

the range of three octaves by the interval of a wholetone,

9:8."112

The number nine in the aforementioned numerical pro-

gression is significant, since it lies just outside the third

octave. This three-and-a-fraction octaves (similar in

10 8 Ibid., 26.

l0 9 Ibid.

11 OIbid., 27.

11 1 Ibid.

2 bid., 28.
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conception, perhaps, to the 3.14 . . . decimal value for pi),

takes on importance when Socrates projects all the numbers

into a tone-circle, "which automatically reduced all progres-

sions to one model octave. . . . Thus the number 9 is re-

duced in size by the nearest octave number, 23=8, into the

ratio 9:8."13 The expression 23, as one of the powers of

two, represents three rotations of the tone-circle.

Socrates is striving toward a progression through the

powers of nine--90 9 9 : 93 , that is, 1 : 9 : 81 : 729.

The number 729 has been seen before; it is the ratio between

the E-flat and the C-sharp in Figure 3. According to McClain,

Plato "teaches an acoustical lesson" by this "whimsy.

The nature of the lesson can be discerned by examining the

"reciprocal tonal implications of the numbers 1, 9, 81 and

729 ."115

Since the number nine symbolizes 9:8, the ratio -of a

wholetone, 93 (729) "means three consecutive wholetones (a

tritone),"" 6 both rising and falling from D, the reference

tone. As can be seen in Figure 3, "the smallest integers

which can define a tritone progression are 512:576:648:729,1 1 1 7

Sbid.,30.

Ibid.

115. bi.ll5 bid.

11 6 Ibid., 31.
117 Ibid.
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and this sequence of ratios results again in the discrepancy

between A-flat and G-sharp, the Pythagorean comma. These

two tones "carry us beyond the tetrachord limit of two whole-

tones and a semitone . . . on which Greek musical theory and

Platonic political models are founded. "1 1 8

The obstacle of the Pythagorean comma can be avoided,

says the author, by foregoing the "extravagance" of the last

increase of the number nine (to 93=729). Without the increase

to 729, the plain tetrachord results, the smallest integers

for which are 192:216:243:256119 (notice that these are half

the size of the numbers used in Figure 3). McClain says that

"it does not matter whether we define them [the tones of the

tetrachord] in numerical order as 1, 3, 9 and 81 or in scale

order as 192, 216, 243 and 256 so long as we investigate re-

ciprocals and bring them together within the same cycle. "120

The numbers 1, 3, 9 and 81 are, of course, powers of three,

whereas the increase through 729 involved powers of nine.

The tetrachord which arises by avoiding 729 frames the

model Dorian/Phrygian scale already seen numerous times. This

is achieved by incorporating the concept of reciprocity--D up

to G and D down to A, both of which are projected into the

same model octave. Thus the importance of minimizing the

11 8 Ibid., 32.

119 Ibid. , 34.
1 2 OIbid.
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possibility of reaching A-flat and G-sharp on the tone-circle

and emphasizing the model Dorian/Phrygian scale (with its

composite tetrachords) is shown by McClain to be preserved in

yet another example of high Greek literature.

Avatara, pp. 284-299

In Avatara, a book published in 1976, McClain collabor-

ated with Antonio T. de Nicolas to apply what he had deduced

about Platonian musical implications to writings of the

Hindus, namely the Rg Veda and the Bhagavad Gita. Such an

application is plausible, since, according to McClain, early

musicians and cosmologists from areas other than Greece (such

as Egypt, India, and Babylon) were dealing with basically the

same ideas and theories. McClain's contribution to Avatira

comprises fifteen pages plus copious notes on pp. 445-448.

The article contains also charts and tables similar to those

seen in several of the author's other articles. This time,

however, "western tonal and arithmetical systems have been

'translated' into corresponding Hindu mandalas and yantras."12 1

The reader, at this point, should recognize the fact that

Eastern religious customs and traditions are quite complex

(especially to the uninitiated Westerner), and involve the

use of terms and symbols not immediately recognizable. At

least two visual symbols of Hinduism possess possible acoustic

121 , - m r. -

286.
Antonio T. de Nicolas, Avatara (New York, 1976), p.



significance. The mandala is a circle enclosing a square

with a deity on each side, graphically representing the uni-

verse.122 The yantra is a geometrical design used like an

icon in meditation upon or worship of a deity chiefly in

tantric worship, a tantra being a Hindu religious writing or

treatise.' 2 3

Some of the mathematical methods already seen as charac-

teristic of the McClain approach continue to apply in this

article. Among these are "multiplication and division via

halving and doubling, 1 24 and using least common denominators

(LCD) to avoid fractions. The tone-circle used as Figure 2

in this thesis appears again, but it is presented this time

as a mandala "linking solar zodiac and chromatic scale in a

common geometry. "125 The model Dorian/Phrygian scale in Just

tuning ("Hindu-Greek") and its reciprocal accompany the

figure, as do the same eleven tones in Pythagorean tuning, as

well as a "seven-tone 'diatonic' subset" and a "'pentatonic'"

subset, each derived from a scale(s) preceding it.12 6

1 2 2 "Mandala," Webster's Seventh New Collegiate Dictionary,
ed. Philip B. Gove (Springfield, Mass., 1970), p. 513.

12 3 "Yantra," Webster's Third New International Dictionary,
ed. Philip B. Gove (Springfield, Mass., 1966), p. 2647.

124de Nicolas, Avatara, 285.

12 5 Ibid., 288.

12 6 Ibid.
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Another chart has to do with the basic tone-circle of

the Dorian/Phrygian scale, which is interpreted as a "tone-

mandala-form." In this form, "the eleven tones of the

reciprocal diatonic scales in the 30:60 octave gain smaller

integer names in chromatic order in the expanded double

360:720 which harmonizes scale and schematic year."127 The

Pythagorean tuning system, in addition to Just tuning, is

represented on the circle, and the other tones are considered

"'relatives' in this contest between two tuning systems .,"128

Other charts occurring in Avatara will be dealt with

later, as they pertain to concepts needing further explana-

tion and development. The ones mentioned here hopefully

demonstrate how the fusion of musical and mathematical prin-

ciples extends through other cultures besides that of early

Greece. In the Hindu thought, according to McClain, "musical

activity validates the conceptual structure of the arithmetic,

supplying the metric base which leads to [various mathematical

areas of discussion]. If music, however, is subtracted from

ratio theory, the metric element disappears, and the pure

ratio theory suffers."1 29  This integration of two disciplines

is evidenced by "the Hindu musician . . . whose musical scale

1 2 7 Ibid., 291.

I28Ibid. This chart is too cumbersome for inclusion
here.

12 9 1bid., 298.
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. . . contains wholetones, semitones and quarter tones, all

defined from a purely mathematical viewpoint.?'1 30

130i.



CHAPTER III

AN EXAMINATION OF SALIENT ASPECTS OF MCCLAIN'S

ANALYTICAL APPROACH

This chapter will single out several of the individual

aspects of McClain's work which are particularly important in

his research. These prominent features are number character-

izations, base-2 logarithms, the tetractys, the cyclic

module, and matrices and arrays.

Number Characterizations

"In primitive cultures, numbers are not abstract concepts

with a content which is mathematical and quantitative, but

mysterious beings: teach number has its own individual

physiognomy, a kind of mystic atmosphere.f'" 2  This

mystical attitude toward numbers was not peculiar to any one

culture or society, for it pervaded nearly all of the early

civilizations, no matter how advanced. It played "an im-

portant role among the Babylonians and the Magi, and among

the Pythagoreans as well. For example, they called 10 a

perfect number; they looked upon even and odd as the roots

of all things; and, as Aristotle informs us, abstract

'Walter Burkert, Lore and Science in Ancient Pythagorean-
ism (Cambridge, Mass., 1972), p. 468.

51
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concepts such as 'justice' were identified with definite

numbers."2

The cosmological characterization of numbers included

not just a few, but many numerals capable of sustaining a

place of importance and reference in the lives of a great

many persons. For instance, in Greece, justice (mentioned in

the previous paragraph) was represented by four and oppor-

tunity by seven, but ten, being the perfect number, is the

end of the Greeks' "symbolic representation of numbers."3

The dual meanings of some of the numbers enable one to apply

musical connotations to their appellations.

In "Plato's Musical Cosmology," McClain brings to atten-

tion the use of the prime numbers 1, 2, and 3 for symbolic

characterization. The focus is upon the mystical personifi-

cation of God, Mother, and Father in musical-numerical

terminology. The Greeks well knew that the sum, as well as

the product, of these first three prime numbers is 6, the

first so-called "perfect" number,4 thus the numbers 1, 2, and

3 were looked upon with a special degree of reverence.

In Socratic-Pythagorean terms, God is associable with

the idea of Unity, which is indivisible into fractions. Not

B. L. van der Waerden, Science Awakening (Groningen,
Holland, 1954), p. 96.

3Burkert, Lore and Science in Ancient Pythagoreanism,
p. 467-468.

46, 28, 496, and 8128 are the first four perfect numbers.
See pp. 23-24 for definition.
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until "the century after Plato" were fractions introduced

into Greek mathematics, although the implied ratio of two

pitches was a recognized fact for acousticians.5 McClain

points out that no single number could be irrevocably con-

nected with any specific tone. A tone can in fact "be

assigned any number necessary to show its relations with

other tones."6 For example, a scale including a 9/8 and a

16/15 interval would need a common denominator. This is

easily achieved by multiplying both ratios by the appropriate

number as follows: (9/8) x 15=135/120, and (16/15) x 8=128/120.

The concept of the number 2, according to McClain, is

female, equatable with the octave, because Mother is described

(by Plato, in Timaeus 50-51) as being the receiver of all

things. In another sense, the octave can be compared with the

idea of the circle. The musical scale symbolically closes at

the octave, much as a circle closes at the point at which it

begins. Just as with octave doubling, a succession of rota-

tions of the circle represents dividing or multiplying each

number by two. McClain says that "since any even number is a

'double' capable of representing the octave, all even numbers

are basically female." 7  Therefore, being "receptacles," or

open, "empty," octaves, all female numbers (symbolizing

5McClain, "Plato's Musical Cosmology," 39.

6 lbid.
7Ibid.
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extensions of the definitive female, Mother) are capable of,

or perhaps obligated to, "receiving" the other tones of the

scale.8

While "Mother" is representative of the octave, "Father"

is like a generative force, symbolizing the "'divine male

number, 3,' . . . the source of all but the reference tone,"9

which originates from the "Mother." Using three in succes-

sive operations is the same as tuning by dividing the octave

into "model intervals of a perfect fifth, 3:2, or a perfect

fourth, 4:3."0l McClain reminds the reader of the fact that

new tones can be introduced into the octave only by odd

numbers, and that new tones replicate themselves at the

octave in the form of even numbers. "If 3 is the only male

generator, then mother, 2, also becomes 'divine,' for all of

her children then belong to the same sequence of . . . musi-

cal fifths." 1

The first pair of fifths from the reference tone, D (D

up to A, D down to G), causes the "musical proportion

6:8:9:12"12 when both tones are considered in the same octave.

This proportion is analogous to the fixed-string tuning of

8 Ibid.

9Ibid.

l0Ibid.

Ibid., 40 .

12 Ibid.
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the Greek lyre, which was based on the A a fifth up from the

lower D, and the G a fifth down from the upper D. Since the

two D's were an octave apart, this brings the G and A into

the same octave, providing boundaries for the two tetrachords,

D-G and A-D. "In ratio theory as applied to music . . .

reciprocals are always present: 4/3 x 4/3 x 9/8=2, and 3/4

x 3/4 x 8/9=1/2.1"13 The numbers in the sequence 6:8:9:12

account for the fractions mentioned above, but each has

individual importance, too. Specifically, "9 is the arith-

metic mean within the octave 6 and 12, 8 is the subcontrary

or harmonic mean, and the reference tone, D is the geometric

mean between the other two [tones, G and A], a consequence

of this cyclic . . . interpretation."14

The "one model octave generated by the virgin (prime)

female number 2"15 gives rise to the higher powers of two,

producing multiples or divisions of the basic interval which

"inhabit the limits of the same octave double without using

fractions."1 6  The form of these numbers is 2n, and they keep

"extraneous octaves" from tainting Plato's models. Even

though "any female double is an octave, 2:1,1"17 all the tones

1 3 Ibid.

Ibid.

15 .lbid.

16 Ibid.

17 Ibid.
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that Pythagorean tuning requires emanate from the "male

number, 3," achieved either by a "sequence of fifths . . .

or fourths"1 8 (multiplications of the ratio 3:2 or 4 :3,

respectively).

Base-2 Logarithms

Logarithms serve as a somewhat expedient device in

couching musicians' nomenclature in the mathematical term-

inology of Plato's implications. A logarithm is defined as

being "the exponent that indicates the power to which a num-

ber is raised to produce a given number." 19 For example, in

base ten, the logarithm of 100 is 2, which means that ten

must be raised to the second power ("squared") to equal 100.

From a mathematician's standpoint, logarithms are "exponents

of the powers that represent the numbers in a fixed base,"2 0

a definition not much different fromthe dictionary's. Logarithms

are very useful as a mathematical shorthand, since they are

capable of facilitating computational procedure to such an

extent that several steps in solving a particular type of

problem may be eliminated.

The specific base which is used in a logarithmic problem

is as important as the given number itself, for it helps to

18 Ibid.

1 9 "Logarithm," Webster's Seventh New Collegiate Diction-
ary, ed. Philip B. Gove (Springfield, Mass., 1970), 497.

20Morris Kline, Mathematical Thought from Ancient to
Modern Times (New York, 1972), p. 258.
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determine the exponential power. The dictionary defines an

arithmetical base as being "the number with reference to

which a set of numbers of a mathematical table is con-

structed." 2 1 The number upon which the Western system of

measurement is constructed is ten. Therefore, it is most

likely that the reader is more familiar with base 10 than

any other base (if, indeed, he is aware of any others at

all). It is true, nevertheless, that other societies, past

and present, have used bases other than ten, and have done

so with much the same ease and effortlessness that accompan-

ies base 10.

An essential economic aspect of any number system
is its base. Some early systems de-emphasized the
base, and effective number systems can employ a broad
range of bases, but the economic constraint imposes
some limitation. The number base, like the total
number of letters in an alphabet, represents a limit
on the number group necessary to exhibit all of the
numbers required. When the base number is exceeded
in counting, the system repeats itself, with or
without a carrying symbol to indicate the order of
the repetition. Various bases are found in the
ancient number systems. The American Indians had a
variety of bases, of which 5 was popular; the Mayans
had a base of 20, the Egyptians 10, and the Babylonians
used a base of 60.22

Ten is a common base for most modern computers, but, of

course, that is not to say that computers cannot be programmed

for other bases. Textbooks (or at least some of them) reveal

213"Base," Webster's Seventh New Collegiate Dictionary,
71.

2 2 George E. Owen, The Universe of the Mind (Baltimore,
1971), pp. 3-4.~



58

that there are only two bases of "practical importance," and

these are base e (denoting natural logarithms, not to be

dealt with here) and base ten. The role of base ten is

evident, then, because, as mentioned before, "logarithms to

the base 10 are used primarily as aids in performing arith-

metical calculations such as multiplication, division, and

raising numbers to powers." 2 3

When the concept of bases other than 10 is introduced,

the reason for their existence is usually for a specific pur-

pose or use. A set or system may contain parametric elements

requiring a certain point of mathematical reference which may

not be suitable to base 10. Therefore, the use of a differ-

ent base can be vital to the arithmetical calculation or

proper expression of numerical terms. However, there do seem

to be some unwritten limits placed upon the bases available

for logarithmic operations (perhaps more so in earlier times

than now). For instance, the number two is the lowest

numeral possible for use as a base. This is easily confirmed

mathematically, since any power of zero yields zero and any

power of one produces one. Oystein Ore discusses the history

of base 2: "The binary or dyadic system, in which 2 or a

pair is the basic concept, has been used in a rudimentary

form by [several primitive societies]."24

23 George B. Thomas, Jr., Calculus (Reading, Mass., 1969),
p. 253.

2 1 Oystein Ore, Number Theory and Its History (New York,
1948), p. 2.
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At the other extreme is what is considered to be

the largest known basic number, 60 . . . found in the
Babylonian sexagesimal system. It is difficult to
explain the reasons for such a large unit group. It
has been suggested by several authors that it is the
result of a merger of two different number systems.
We still use this system when measuring time and
angles in minutes and seconds.2 5

Particularly relevant here is the fact that the concern with

sixty apparently was not restricted to Babylon. As might be

expected, the Greeks recognized its value, also. "In Greece

both 60 and its multiples such as 360 were frequently used as

'round numbers'--that is, numbers whose specific meanings are

inflated into the indefinite 'many,' as in the expression,

'If I've told you once, I've told you "a hundred times" that

"26

McClain's choice of base 2 is contingent upon the ubi-

quity in music of the concept of the octave and its charac-

teristic of displacement. The use of the number two as a

representation of the octave almost necessitates the use of

the same number for a base in logarithmic operations. The

bridging of mathematics with music in this respect results

in the projection of Pythagorean intervals through arithmetic

means, while still maintaining and integrating the basic

principles of each field.

25 Ibid.

26 Karl Menninger, Number Words and Number Symbols: A
Cultural History of Numbers (Cambridge, Mass., 1969), p.
153.
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In modern mathematical usage, base-2 numeration tends

to employ a place-value system according to which seemingly

equivalent values in two different columns are weighted dif-

ferently. For instance, in base-2 thinking, the symbol 10

means not "ten" but a "one" that is actually worth two.

This point can be amplified with regard to other representa-

tions in base-2 such as the symbol 11. Here it is apparent

that, in any place system including a binary one, the two

seemingly equivalent digits "1" and "1" carry quite different

meanings and values. In base-2, the first "1" shown here is

a 2 because it is in the "twos" column. The second "1" is in

the "ones" column and thus carries its normal value, which is

1.

A musical illustration of the same point which will in

fact suggest why McClain uses base-2 references, is the

octave. From earliest times onward, acousticians have known

string- and tube-lengths to be commensurate with the mathe-

matical ratios of the various fundamental intervals. 27In

the case of the octave, the ratio can be illustrated:

U LI
Fig. 6--Octave ratio in terms of tube- or string-lengths.

27 See Fred Fisher, "The Yellow Bell of China and the
Endless Search," Music Educators Journal, LIX (April, 1973),
30-33, 95-96, 98.
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This means that two pipes or other sounding bodies in

the length ratio 2:1 will sound the interval musicians call

the octave. The equivalence of the two tones is such that

both bear the same name (C-C, for example, or D-D).28 Yet

one sounding body clearly bears a 2:1 or 1:2 relationship to

the other. While this is not the same thing as a place-value

system, it illustrates why the octave--taken as the funda-

mental module of McClain's acoustic systems--is most effec-

tively regarded within a base-2 context. A base of 10 would

have no utility whatever. It also shows that two "C's" which

are ostensibly a single pitch are in fact quite different

mathematically, just as more discriminating listening will

tell the ear that they are separate and distinct tones.

If Log2 3 is a logarithmic expression, McClain's other
Log2 5

reference to modern algebra--2p3 5r--is "exponential.T" This

means that a number, in this case 2, 3, or 5, is to be multi-

plied by itself a certain number of times. The two functions,

logarithmic and exponential, are inverses of one another.2 9

The evidence that mathematics can be used as a paradigmatic

28 "We have two tones which are distinct from one another,
different from one another, and yet in a way identical--so
much so that indeed we call them by the same name. That
particular identity of the octave, that sameness and yet
otherness--truly a remarkable and unique phenomenon--how is
it possible to apprehend it except by the musical ear?"
Ernst Levy, "The Pythagorean Concept of Measure," Main
Currents in Modern Thought, XXI (Jan.-Feb., 1965), 53.

29 Howard E. Campbell and Paul F. Dierker, Calculus
(Boston, Mass., 1975), p. 221.
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representation of music (and vice versa) should now be

virtually incontrovertible. McClain strengthens this pre-

sumption by stating that "Plato has shown us how closely

generation by fifths, meaning Log23, can approximate genera-

tion by pure thirds, Log2 5."30 McClain's chart of tuning

systems ("topological subgroup generators") is presented on

page 35 of "Plato's Musical Cosmology," showing also how

Archytas' tuning in quarter-tones (Log2 7) can be harmonized

with Just-tuning principles using base-2 logarithms.

In tuning systems, the powers of two produce octaves,

the powers of three yield fifths, and the powers of five

result in thirds. With this function in mind, these three

numbers can be graphically represented by the overtone series

(see Figure 7). The octave number 2 is present in the ratios

2:1, 4:2, and 4:1 (all intervals C-C). The fifths (and

fourths)number, 3, accounts for the corresponding ratios

3:2 and 3:1 (both G down to C--a fifth), and 4:3 (C down to

G--a fourth). The number for the third (and sixth), 5,

appears in the ratios 5:4, 5:2, and 5:1 (all E down to C),

and in 5:3 (E down to G). These three numbers are basic to

the Just and Pythagorean tuning systems, and their property

of interval symbolism is inherent in Figure 7.

268.

30McClain, "Musical 'Marriages' in Plato's Republic,"
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G3

Fig. 7--The first five numbers of the harmonic series

By the ascription to the ratio 2:1 of the interval of

the octave, "we are musicalizing mathematics, so to speak.

The figure [2:11, from a mere symbol of quantity, becomes a

symbol of both quantity and quality. It becomes what should

fitly be called a number in counterdistinction to a figure.

Specifically, we call such an 'expressive number' a musical

number."31  As de Santillana would have said, "This is what

3 1 Levy, "The Pythagorean Concept of Measure," 53.
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it means to think like a Pythagorean."3 2  The embodiment of

musical ideas in mathematical terminology serves to show once

again the connection between two disciplines, a connection

more easily demonstrated through modern set theory than under

the precepts of so-called "old math."

The Tetractys

The tetractys was introduced in Chapter 2, having

appeared first in "Plato's Musical Cosmology." Through its

use as a generator of musical scales by Pythagorean theorists,

it came to be regarded as one of the more important Greek

geometric identities. The derivation of the tetractys from

certain sets of numbers will evince its inherent musical

nature.

It should be pointed out that there are (or were in Greek

times) not one but several different tetractyes--as many as

10 or 11, according to some writers.33 In outward appearance,

however, the tetractys is easily enough described.

de Santillana and von Dechend, Hamlet's Mill, 187.

33 Numbers: 1, 2, 3, 4. Magnitudes: point, line, sur-
face (i.e. triangle), solid (i.e. pyramid). Simple Bodies:
fire, air, water, earth. Figures of Simple Bodies: pyramid,
octahedron, icosahedron, cube. Living Things: seed, growth
in length, in breadth, in thickness. Societies: man,
village, city, nation. Faculties: reason, knowledge,
opinion, sensation. Parts of the Living Creature: body,
and the three parts of soul. Seasons of the Year: spring,
summer, autumn, winter. Ages: infancy, youth, manhood,
old age. Plato's Cosmology, translated by Francis M. Cornford
(New York, 1937), p. 70.
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The figure itself consists of ten dots (see Figure 8) ar-

ranged in the shape of the "'perfect triangle,'"3 4 and,

according to McClain, can have both "arithmetical and tonal

notation."3 5 One author even goes so far as to label it "the

kernel of Pythagorean wisdom . . . made up of the numbers,

1, 2, 3, 4, which add up to 10."36 The number ten was con-

sidered the perfect number, and one of the reasons for this

is obviously because the Greek numerical system used base-10

organization, as with other ancient societies and most cul-

tures today.

a a

Fig. 8--The tetractys

The musical significance of such a configuration lies in

the fact that the four numbers contain the ratios of the basic

intervals: the octave (2:1), the fourth (4:3), and the fifth

(3:2). This is most easily seen if the figure is inverted:

4:3, 3:2, and 2:1 (NB, these are all superparticular ratios--

see Figure 9). The figure on page 63 is a good

example of how the tetractys was used by the Greeks. By

34Burkert, Lore and Science, p. 72.

35McClain, "Plato's Musical Cosmology," 36.

3 6 Burkert, Lore and Science, p. 72.
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inverting the tetractys (Figure 8), the interval ratios from

the overtone series (up to those containing the number five)

are readily recognized as being present in the form of the

ratios resulting from various combinations of the rows of

dots. For example, as has already been proved, the adjacent

rows produce the superparticular ratios of the basic intervals;

the other ratios are merely multiples of the octave, fourth,

and fifth, all of which are demonstrable in the overtone

series (e.g., 4=1, 4=2, 3=1). In construction of the musical

scale, F. M. Cornford says that the ratios, 4:3, 3:2, and

2:1, "together with 9:8 (the interval of the tone, which oc-

curs between the fourth and fifth) and the ratio of the semi-

tone, are in fact the ratios [Plato uses] to fill in the

intermediate tones?"37 in his version of the cosmos.

Fig. 9--The tetractys inverted

McClain's interpretation is derived from a more deeply

mathematical rendition of the tetractys, and shows the inter-

vals which correspond with the numbers making up the legs of

the triangle shown in Figure 10. The lambda-like figure, which

McClain has drawn from Crantor, is the basis for exponential

37 Cornford, Plato's Cosmology, p. 69.
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projections along the two legs of the numbers two and three,

respectively. 38

2 3

4 9

8 27

Fig. 10--The lambdoma of Crantor

The arithmetical version of the tetractys, in other

words, contains the numbers described previously by the ex-

ponential powers of 2p3 q The left leg of the triangle con-

sists of the first four powers of two: 20, 2l, 22, and 23,

or 1, 2, 4, and 8, the ratio, 2:1, being that of the octave.

The right leg is made up of the first four powers of three:

30, 3, 32, and 33, or 1, 3, 9, and 27; the ratio, 3:1,

results in the twelfths along this leg. The base of the

triangle comprises numbers inserted to represent the harmonic

means necessary for the formation of fifths (Figure 11).

213
4 6 9

8 12 18 27

Integers 2;3
fifths

Ratios

Fig. ll--Nicomachean versions of the tetractys

38 McClain, "A New Look at Plato's Timaeus," 343.
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The use of the algebraic form 2p 3q expressed geometri-

cally and arithmetically in the tetractys becomes the

foundation for the Pythagorean tuning system based on octaves

and fourths/fifths. More about this will be seen later in

this chapter. The reader can even substitute names of

specific tones in the triangle and see how the intervals lie

within its theoretical framework. Further derivations from

the tetractys have been devised to demonstrate integer and

interval ratios, both of which can be presented in the same

manner.

Nicomachus was previously mentioned as a preserver of

the tetractys idea, with tables of fourths and fifths. He is

presented again here in order to show how the Pythagoreans

integrated mathematics with music. The tables devised by

Nicomachus, which are shaped like triangles, but contain more

elements, or rows, than the standard tetractys, use super-

particular ratios to form the succession of intervals com-

prising each table. The first one of these is an "extension

of the tetractys pattern." 3 9

The first table, when reciprocal meanings are applied,

will produce seven tones rising and falling by fifths from

the reference tone, D, but will also inadvertently bring up

the issue of the Pythagorean comma. "Thus the single meanings

in Nicomachus' table define a complete diatonic scale, and the

39 McClain, "Plato's Musical Cosmology," 40.
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double meanings carry us to the comma which forces tempera-

ment on us. "40 The second table referred to by McClain

arrives at the same tones as the first one, this time by

perfect fourths (4:3), which may also assume double meanings.

It should now be obvious that Nicomachus' kind of ratio

tables "can solve most of Plato's mathematical riddles."'

Since these tables extend the pattern of the tetractys

according to the ratios lying on the three sides of the

triangle, Nicomachus' predilection for Pythagorean tuning

intervals is proven. The shape of his tables, corresponding

in shape as they do to the extended tetractys, is conven-

iently in accord with one of his favorite topics, which was

figurate numbers (numbers arranged in geometrical patterns).42

This undeniable nexus among various Platonian mathematicians/

musicians and their own areas of specialization, such as the

tetractys and other triangular designs, emphasizes their

common bond of intellectual pursuits which tended to transcend

disciplinary bounds.

"The Cyclic Module"

The idea of employing tone circles to represent scale

patterns was an inevitable development in McClain's research.

Ibid.

41Letter to the author from McClain, October 14, 1976.

42 van der Waerden, Science Awakening, pp. 98-99.



70

Plato's "cities," McClain remarks, were of a circular nature.

The relationship of city geometry and acoustical concerns

was touched upon in Chapter 2, with McClain drawing parallels

between the figurate and the musical, or "sound," aspect of

Platonian number theory. McClain's use of these tone circles,

or "cyclic modules," is prevalent throughout his writings.

The first tone circle in McClain' s published writings

occurs in "Plato's Musical Cosmology," and is shown in Figure

2 in Chapter 2. This "cyclic representation of the scale in

equal temperament"43 suggests the modular aspect of any scale,

since such patterns tend to duplicate themselves at the

octave. Not only does the circle itself imply modular rota-

tion, but also the specific scalar numbers lend themselves to

the idea of reciprocity according to the principle of binary

invertibility.

The model chromatic D scale of "Plato's Musical

Cosmology" is the basis for other circles which occur later

(see Figure 4). Some of these are altered in such a way as

to be able to demonstrate other tonal principles. For

example, McClain chooses to omit the chromatic tones from

time to time in order to show the pure Dorian/Phrygian mode

(D-D),44 but then adds the necessary accidentals to construct

the Dorian/Phrygian scale and its reciprocal.

M43McClain, "Plato's Musical Cosmology," 36.

44Ibid., 38.
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Tones themselves are reduced in number later to illus-

trate the cyclic character of the falling fifth (D-G) and the

rising fifth (D-A); see Figure 12a. The complementary fourths

are present to fill out the composite octave. module. These

two partial circles are then telescoped by McClain to sym-

bolize the musical proportion, 6:8::9:12 (Figure 12b). The

two fourths (6:8 and 9:12, reading backwards) are paired in

the tone circle, with the wholestep (A-G, 9:8) separating

them at the bottom of the circle.

D D

falling 3:2 4:3 4:3 3:2 rising falling 4:3 4:3 rising

G A 98

Fig. 12--Division of the octave module into fifths or
fourths

These examples, all from the same article as the original

tone circle, exemplify the utility of the circle as a repeti-

tive module. The existence of the particular intervals or

tones beyond the limits of one rotation is acknowledged, but

the circle helps define the boundaries. The concept of octave

displacement and replication carries through other extensions

and alterations of McClain's basic scale pattern.

The circle reappears in "Musical 'Marriages' in Plato's

Republic," in a version which again represents the cyclic

nature of the octave. With no other tones in the circle

except D (and all of its implied duplications), the ratio,
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2:1, shows that "multiplication and division by 2 can only

produce octaves of the reference tone"4 5 (see Figure 13a).

With this in mind, McClain is able to illustrate generation

of octaves by both fifths and thirds, to which also applies

the idea of modular rotation (see Figure 13b and c).

D= 2+n D=1, 2, 4, etc. D=2

4:5
falling r- sins 3-4 2.3:I 3:4

2:1 t
5:6 F#

5 x 2n

A 3 x 2 A 3 x 2n

Fig. 13--The octave module, plus Pythagorean and Just
interpretations

Related to these tone circles is one which is presented

in McClain's last article, "The Tyrant's Allegory." Figure

14 represents the tetrachord model of the Dorian/Phrygian

scale (D E F-sharp G--up, D G B-flat A--down), using

Pythagorean intervals for the necessary two wholetones and

a semitone. The establishment of the reciprocal tetrachord

pattern augments Figure 13b, and completes the fourths

expressed in Figure 12b.

Through the combination of musical and astronomical

concerns in another article ("The Scroll and the Cross"),

45 McClain, "Musical 'Marriages,'" 249.
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C E

falling rising

G-

Fig. 14--Reciprocal tetrachord pattern

the tone circle is used to show certain "tonal-'celestialt"

correlations. This use results in alteration of the shape

of the circle itself, in order to point out corresponding

"calendar deficiencies" in both the Just and Pythagorean

tuning systems; see Figure 15. These deficiencies correlate

with idealized calendar years, and the gap or overlap in the

tone circle occurring where A-flat/G-sharp are placed. The

disfigurement of the circle could be expected to augment it-

self as the cyclic module undergoes octave replication.

C e

g

ab

Fig. 15--Lunar calendar interpreted as an altered octave
module.

As tone-circle theory becomes more advanced, the cyclic

module proves useful in demonstrating not only separate



74

octave divisions, but the combination of the three tuning

systems determined by base-2 logarithms (Just, Pythagorean,

and Archytan--see Figure 16). The graphing of these systems

"by the rotations of the intervals defined by 3, 5, and 7,

moduleo 2n ,'"46applies the modular duplication idea to three

distinct tunings. Their superimposition within the same

circle allows for a visual representation of the replicate

property of each, regardless of the generative interval.

2

4:3

6:7 multiplication

56Log 2
5:6

3

Fig. 16--The three tuning systems determined by base-2
logarithms

The previous figure is taken from "Music and the

Calendar," in which McClain employs the tone circle still

further, but it is not necessary to reproduce all of the

permutations here. One shows the syntonic comma contained

in the octave module 360:720 (p. 12), while a more complex

circle illustrates the tonal implications of the mathematical

46McClain, "Music and the Calendar," 10.
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statement 2p3 q5 r < 25,920 (along with their reciprocals--p.

14). The number 25,920 represents one of McClain's largest

arithmetic limits for a tone circle.

The musical extension of Plato's circular cities reaches

its culmination in the last tone circle McClain uses in

"Musical 'Marriages' . . ." The figure (p. 269), much too

involved to include here, contains the eleven original tones

(of the model D scale) in the center, with three concentric

circles, symbolizing consecutive multiplications of 60,

radiating outward from the center circle. As complex as it

may seem, the figure only serves to prove that the concept of

modular replication and octave invariance, either rising or

falling, is never abrogated, regardless of how the tone

circle is used.

Matrices and Arrays

Kline says that in the development of complex mathemati-

cal jargon, a name had to be found for an arrangement of

numbers.47 The two terms which seem to have this meaning

are "matrix" and "array." The two terms have even tended to

be confused, but generally a matrix is definable as "a

rectangular array of mathematical elements."48 A satisfactory

definition of an array, then, is simply "a number of

47 Kline, Mathematical Thought, p. 804.

4 8 "Matrix," Webster's Seventh New Collegiate Dictionary,
522.
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mathematical elements arranged in rows and columns. ",9 It is

apparent that not all of McClain's arrays are rectangular,

since the tetractys is a potential array, and McClain has

been influenced recently also by Rg Vedic thought in

developing mandala-like patterns. Furthermore, since, as

Kline points out, "augmented arrays were used freely [later]

without any mention of matrices,"50 care will be taken to

keep the two terms more or less separate, except where

McClain himself overlaps them.

A musical tone is rarely conceived as being a "mathe-

matical element," and this brings up the essential point of

difference between McClain and the scientific community.

McClain makes use of the matrix and array by exchanging the

mathematical elements for musical elements. All of McClain's

arrays are "planimetric," which means that they are

essentially two-dimensional.51 This point is worth noting,

since it marks a difference between McClain's arrays and the

array used by Robert Brumbaugh in Plato's Mathematical

Imagination, a book already seen, nonetheless, as having had

a profound influence on McClain's own development.

McClain uses either the ratios of various musical inter-

vals, the letter names of specific pitches, or numbers

49 "Array," Webster's Seventh New Collegiate Dictionary,
49.

50Kline, Mathematical Thought, p. 804.

51 McClain, "Musical 'Marriages,'" 254, 256.
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representing musical intervals. The purpose of these arrays

is to show the reciprocity of certain ratios and different

tuning systems. They are especially useful in demonstrating

the marriage law explained in Chapter 2.

The first use of the array is in "Musical 'Marriages' in

Plato's Republic," in which McClain includes a simple hex-

agonal pattern symbolizing "the three pairs of reciprocal

marriage ratios"52 (see Figure 17a). This seven-member array

is enlarged in Figure 17b to include "the eleven tones of the

Dorian[/Phrygian] scale and its reciprocal,"53 a figure best

described as being a row of fifths with tones a third away

from these in the rows above and below. This expanded rec-

tangular array is a direct result of the interpretation of

the interval ratios in Figure 17a "according to their common

denominator, 60."54

5 5E B F# C

4\ \ /
3---1 -- G -- D -- A

4/ 6 Eb B' F C

Fig. 17--Ratios and tones in planimetric array

521bid., 256.

53lidi., 2s8.

54Ibid.
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The original hexagonal array of the previous figure now

becomes the center of a much larger generative matrix (Figure

18), with three increasingly expanding "concentric" hexagons

surrounding the center. These hexagons "can be viewed as

successive generations in a Pythagorean tone-city," and the

ratios in each of the hexagons is contained "in a set 60

times the size of the preceding one." 5 5 Thus the matrix here

has been utilized to show exponential expansions of the

original group of reciprocal musical ratios, which correspond

to the two "male" tone generators, the third and the fifth.

T0

//3\U T ([- o ---- t

~0 0707- 0 0 0

/ / /a \

0 \ ! \/2 7/ /
o o o 4-K: /

>4t.0......0
Fig. 18--McClain's generative matrix

5 5Ibid., 259.
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This use of the matrix, even though it might seem to

some to be a rather abstruse method of illustrating a point,

foreshadows the development of the concept in later McClain

articles. While the above figures were designed primarily

to demonstrate the principle of reciprocity among scale in-

tervals, others are used to represent, in a geometrical sort

of way, the Just and Pythagorean tuning systems. Technically

speaking, however, McClain's figures in this case are more

likely arrays than matrices, since they are triangular,

instead of rectangular (see Figure 19).

2-3

8-12--12----1-2-7

Fig. 19--Nicomachean array. for Pythagorean tuning

It is of interest to point out here that McClain's

array for Pythagorean tuning is coincidentally similar to

the tetractys, both in shape and content (cf. Figure llb).

McClain inserts exactly the same numerals (in the same order)

in both figures, so the same intervals which comprise the

sides of the tetractys apply equally to the matrix. 56

5 6 The semantic distinction between a tetractys and an
expanded triangular matrix is simple: a tetractys, properly
defined, can consist of only ten elements.
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Obviously, this is because of the generative intervals of

Pythagorean tuning (octaves, fourths, and fifths), which are

used in both figures.

These triangular matrices are referred to by McClain as

"Nicomachean triangles,"57 which brings up the Greek basis

for the musical matrix and its characteristics.

The general rules for constructing triangular matrices
for ratio theory were carefully enunciated by
Nicomachus (c. 100 A.D.), and the numbers in [the
above figure] can be traced to Proclus, the last
head of Plato's Academy (5th c. A.D.). The triangle
is based on Plato's formula "4:3 mated with the 5,"
and it generates perfect fourths (i.e., Pythagorean
tuning) along its horizontal axis and the pure
thirds needed for Just tuning along its vertical
axis. Since the triangle can be based on any tone
and can be extended indefinitely, its reciprocal
tonal meanings encompass all possible tones gener-
ated by pure thirds, fourths, fifths and octaves.5 8

The matrix used for Just tuning, then, is more complex

than the tetractys-inspired figure, containing more numbers

because of the addition of the third as an octave generator

(see Figure 20a, b, and c). Figure 20a is called a "star-

59hexagon" matrix, easily understood because there is one

triangle superimposed upon another (hence the six sides).

The encompassing circle represents the circular field of

time in Rg Vedic thought, and the star-hexagon coordinates

"three pairs of ratios derived from [3, 4, and 5]," with the

57 de Nicolas, Avat.ra, p. 292.

58McClain, "The Scroll and the Cross," 12.

59McClain, "The Scroll and the Cross," 12.
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A 

20 15

4<5

257

2 1

MA / N

- E\

Fig. 20--The star-hexagon matrix for Just tuning, with
tonal interpretation

form demonstrating again the marriage principle (the number

5 with 4:3, the fourth) "in successively larger integer

sets."60 This simply means increasingly larger triangles

resulting from and containing multiples of the original

three numbers, three, four, and five.

Figures 20b and c represent the tonal interpretation of

the star-hexagon matrix, showing the reciprocation inherent

in the two triangles and the tones symbolized by the numbers.

The major thirds along each perpendicular bisector (vertical

axis) result from the numbers five and its multiples, while

"a series of 'identities' (i.e., D's) develops along one

6 0 Ibid.
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diagonal . . . and pure Pythagorean fourths along the other

(. . . F C G D and D AE B),,61; the octaves and fourths

result from the numbers 2 and 3, respectively. The larger

triangles merely include the tones corresponding to the

extra ratios produced by multiples of the numbers 3, 4, and 5.

Although arrays and matrices have been used rather

sparingly in his articles, McClain has seen fit to employ

them in such a way as to conform more or less to the princi-

ples of their Greek originators. Even applications of non-

Western influences do not change the basic properties within

the realm of music.



CHAPTER IV

THE RELEVANCE OF MCCLAIN'S WRITINGS TO CURRENT THEORY

The main thrust of this thesis has been to elaborate on

some of the historical-theoretical background upon which

determinate-pitch systems are built, not to make any prog-

nostications about the future of such systems. With its

origins deeply rooted within the musical mind of the ancient

world (particularly Greek), the present system of twelve

tones to the octave has withstood innumerable challenges to

its basic character. The concept of a scale of determinate,

restrictive tones was well established by the time of the

Greeks, not only explicitly (in the theoretical tracts), but

also allegorically (in their philosophical works).

The tone circles used by McClain, from which Plato

apparently derived his "circular cities," dramatically sym-

bolize the importance of a scalar basis delimited by the

octave. Much contemporary music has been written which

obviates any fixed pitch, relying on other musical (or quasi-

musical) elements to provide centrality of pitch, or at

least to offer some sort of organization (formal or other-

wise) other than that of preordained, specific pitch. The

immediately noticeable fact about the fixed-pitch systems

surveyed in this thesis is that they are fundamentally all

83



numerical. Following the ancient proclivity toward integers

and the rational in mathematics, these systems seem to have

been instituted in order to give substance and meaning to

early patterns of religion, philosophy, and education.

Relating various areas of study through a highly

rational music exemplifies the Greeks' propensity for the

interdisciplinary method of education, which, in essence,

prevented the sum total of scholastic endeavors from being

greater than any of its parts. It has been shown in this

thesis how mathematical theory was an indispensable part of

early music theory (if not vice versa). The similarity of

the importance of numbers in both mathematics and music

suggests a common bond not easily sundered.

This point brings up McClain's application of the matrix,

the use of which in contemporary music is nearly universal.

Many composers and analysts draw up a "partslist," or

inventory, of materials in twelve-tone compositions, and

designate these with the term "matrix" (see Figure 21).l

This type of matrix is well enough known so that it has been

widely accepted as a standard component of analysis. The

basis for the matrix in music, then, is derived from the

1 See Jonathan Kramer, "Mathematics," Dictionary of
Contemporary Music, ed. John Vinton (New York, 1974), 458-
461. Figure 21 is from Milton Babbitt, "Three Essays on

Schoenberg," Perspectives on Schoenberg and Stravinsky, ed.

Benjamin Boretz and Edward T. Cone (New York, 1972), 48.
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I

1 2 3 4 5 6 7 8 9 10 11 12

1 A Bb Eb B E F C Ci G Ab D F
2 Ab A D Bb Eb F B C F1 G C# E
3 Eb E A F Bb C F G C# D Ab B
4 G Ab C# A D E Bb B F F4 C Eb
5 D Eb Ab E A B F Fj C C# G Bb
6 C C F# D G A Eb E Bb B F Ab

S R
7 F# G C Ab C Eb A Bb E F B D
8 F F$ B G C D Ab A Eb E Bb C
9 B C F C# F Ab D Eb A BblE G

10 Bb B E C F G C1 D Ab A Eb F
11 E F Bb F# B C# G Ab D Eb A C
12 Cj D G Eb Ab Bb E F B C F# A

RI

Fig. 21--Schoenberg's matrix used in Concerto for Violin
and Orchestra, Op. 36.

matrix which is a substantially uniform element in higher

mathematics. Developed in the nineteenth century (from

elements originated in the previous century),2 the concept

of the matrix has apparently been cross-bred between music

and math. McClain's adaptation of the matrix for his re-

searches extends its function from its usual place in the

composer's corner to a niche in the theorist's arsenal of

tools for analysis and description. It also hypothesizes a

time when the use of number arrays was widespread among

early cultures.

In the last several decades, composers have endeavored

to break down the fixed-pitch implication of music, while

theory teachers have attempted to hold their ground or, at

2Kline, Mathematical Thought, p. 804.
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best, have had to deal with such developments within a peda-

gogical framework of the common practice period. The con-

cluding chapters of many theory textbooks usually treat

contemporary music in an enlightening, but perfunctory,

manner. This sort of hedging may cause the average theory

student to wonder aloud at the justification for learning

what may seem to him to be archaic, insignificant, and ir-

relevant rules and principles, especially whenever some of

the "new" music receives critical acclaim.

The value of teaching the traditional system of theory

can be, and is, enhanced by a return (even if somewhat

abbreviated) to Greek-derived ideas of music. The grounding

of the scale in traditional concepts of pitch, many of which

originated with or were developed by the Greeks, establishes

a long continuum of musical enrichment culminating in the

present twelve-note fixed-pitch spectrum. The Greek influ-

ence in music theory, therefore, is relative (if McClain is

right) to the emphasis put on the standard acceptance of the

twelve-tone tenet. This axiomatic belief obviously underwent

many forms and permutations; but essentially it would appear

to underlie many, if not all, of the scale structures of

. . 3
antiquity.

3Josef Matthias Hauer was a twentieth-century Viennese

composer and theorist who sought to emulate the music of the
ancient Greeks by developing "in his compositions the idea of
twelve-note rows which . . . had the same function as the
Nomoi, the type-melodies in Greek music." See Egon Wellesz,
"3chonberg and the Twelve-note System," The Listener, LXVI
(August 10, 1961), 199-200. See also Ernest McClain, The
Myth of Invariance (New York, 1976).
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An adjunct to the prescriptive scale form (of twelve

discrete pitches) is the all-important fifth-relationship.

This was hinted at in the tone circles used by McClain, which

tend to take either of two forms. The first one contains

chromatically ordered pitches, while the second circle con-

sists of pitches ordered by fourths and fifths. More of his

circles, it is true, present the scale chromatically than by

fifth arrangement, but it is interesting to consider the

ramifications of patterns such as that seen in Figure 12b, in

which tonic, subdominant, and dominant implications stand out

clearly.

Figure 2 shows the chromatic succession of pitches com-

prising the twelve-note scale, and Figure 22 likewise points

out the basic division of the scale by fifth (or fourth,

inversely). This dominantic property of the fifth surfaces

prominantly in Western music much later (for example, the

eighteenth-century classic style), but it does seem to be

evident at least in embryo in the "Pythagorean" writings of

Plato and others.

A

Fig. 22--The octave as a circle of fifths
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The fifth-relationship is, of course, basic and essential in

the study of music theory, and its presence by intimation in

the writings of Plato and other ancient intellectuals can

only assist in strengthening the foundations upon which the

principles of the common practice period built. While these

perspicacious individuals might not truly have foreseen the

time when their work would effect a major corpus of systematic,

musical organization, the evidence of influences is there,

nonetheless.

The overriding question still concerns the use of a

systematized set of pitches for so many years, instead of the

random, sometimes capricious, recent use of non-musical

materials which has produced equivocal "in-the-cracks" music.

The simple fact that the fixed-pitch system could be employed

(and/or exploited) for such an extended period of time, after

undergoing philosophical, allegorical refinement and redirec-

tion by the Greeks, should be evidence enough as to its innate

value in organizing musical sound. The hindsight of the

years, then, seems to put the twentieth-century experimenters

and innovators in proper perspective (albeit they appear more

formidable than any of their predecessors from previous

periods). But the question of the continuation of the con-

ventional schematization of fixed pitches may not even be

answerable at this point. The placation of the critics on

both sides of this musical issue probably rests in the hands

of those theorists, composers, and other thoughtful persons
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who see the value not only of artistic freedom but also 
of

cultural traditions dating back possibly many thousand 
years.
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