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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNIOAL MEMORANDUM NO., 837

CHARTS FOR CHECKING THE STABILITY OF
PLANE SYSTEMS OF RODS*

By K. Borkmann

Charts are presented for checking the stability of
plane systems of rods, the use of the charts being 1llug~
trated by examples. It 1s also indicated how best to com=-
blne the individual members to form stable structures.

I. INTRODUCTION

l. Subject Matter Treated

In report 36/1 of the DVL (reference 1) charts are con-
structed and discussed, by the aid of which the stabllity
of various plane trusses with sgpatially fixed Joints may be
investligated for stability with respect to buckling in the
plane of tho truss.** These trusses conslst of one member
deslgneted as the "buckling membor" which is streassed above
i1ts Y"natural dbuckling load" (the load nt which it would
buckleo when unrestrained by the other members (sce refer-
ence 2)) and an arbitrary number of "nolghboring members"
under tenslon, compreossion, or without stress, that are
Jolnted at one or both ends of tho buckling member and are
stiffonod against bonding (opon truss). The group of three
mombors forming & closod triongle (closed truss) is like-
wlee includod.,

In what follows, two of those charts will be present-
ed in extondod form, thus enabling the investigation of
the stability with respect to buckling of the plane systems
of rods shown on figure l,a and b, where the individual
members may be arbitrarily stressed in tension or compres—
sion.,

*iFurventafeln fur den Stabllitatsnachwels ebener Stab-
gruppen.?® Luftfahrtforschung, vol. 14, no. 2, Febru-
ary 20, 1937, pp. 86-92,

¥*For investigations on the reneral case of duckling in any
plane, see references 4 and 5.
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Besldes theose general cases, there are treated in the
above~mentloned work the particular cases of open trusses
where only one member -« the middle member of the system
repregented on flgure 1,9 - may be stressod above its "nat-
ural buckllng load."™ In many cases the treatment of these
particular cases alone will be sufficient, since in the
cholceo of a truss 1t 1s generally a question of obtaining
e properly chosen system of rods in tension, compression,
or unstressed, that together with a rod stressed above 1lts
"natural buckling loed," form a stable truss. (See, for
example, referonce 5.)

2e Preliminary Remarks and Goneral Notation

The charte presented are directly applicable to mem-
bers stressed within the proportionelity limit. By intro-
duclng in place of the modulus of elasticlity E, a reduced
modulus of elasticity (T E) corresponding to the stress
o, the use of the charts may be extended to include the
regio? above the proportionality 1limit (references 1, 7,
andB ™

As glven in reference 1, cited above, for a compresslon
member the "measure of insgtability" (see, for example, ref-

orence 2) ig:
)
=1 / =
@ BT

where 1 is the length of the member

S, tho absolute value of tho axlal (compressive)
force

and EJ, the stiffness in bending

a
In what follows, the value (E) , which is equal to the

ratio of the compressive forco to theo "natural buckling
load," will be omployed.® When the rod system under con-

*Hence, when

(—‘1'7 < 1: the comprossive force lies bclow the "natural
i buckling load" and the member 1s stable.

(%)! = 13 tho comprossive force is equal to the natural
(Gontinued in footnote, page 3.)



N.A:C,A. Technical Memorandum No. 837 3

. . . a
qideration reaches the buckling condition, the value (%)

- = - . 8
of a member reaches the value —%£> , which represents the

ratlo of the actual force it can bear to its "natural bucke
ling load," and thus represents the effect of the restraint
imposed by the presence of the other members of the truas.

4
Correspondingly, for tension members: a = 1 / B

where 2 denotes the absolute value of the axial (tensile)
force, .

There is further introduced the following "member pa-

ramotor PR

where the subscript XK refers to one member of the truss
that is taken as a reference member, and the subscript X
refers to any of the other members. The symbol X was
chosen, in the work mentioned above (reference 1) because,
in the cases there consldered the member stressed beyond
its "natural buckling stress" was chosen as reference mem-
ber (so~called "Knickstadb").

II. EXPLANATIOR OF THE OHARTS

l., Application of the Charts

(Sce in this connection in section III, the numerical
examples worked through.)

: a) Buckling of & plane gystem of rods whose members
are all Joined at & common point in their plgne.~ All of
the menbers are pin-ended (fig. 1l,a).

*(Continued from footnote, page 2)

buckling load and the pin-ended member will
"8 buckle as a whole. ~
(g) > 1: the compressive force lles above the natural
buckling load and the menber considered dy it-
solf (that 1s, unrestrained by being joined to
tho othor mombors) is unstable.
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In this group one or more mombers may have (%\ >1

and would thus dbuckle if consldered by thenselves without
the restraint ilmposed by the neighdboring members. Of these
conproasion monmbors (overstrossed if conslidered by then-
selves), one is arbltrarily chosen as a reference membor

K, while tho romaining menmbers that may be under compros-
Blon, tenslon, or without stress are denoted in common by
Nj. TFor oach of the nonbers N; a reduced nenber paraneo-

— a
ter PNy (referred to %?) = 0) 1s formed in the fol-

lowing nanner. " On chart I, we pass perpendlcularly fron

a
the absclssa (S§i> up or down, respectively, to the
point of 1lntersection Dﬂi with the curve whose parameter
has the value mNi. Fron DN1 we pass horlzontally up to
the point of intersection 531 with the axls of ordinates

(o7
at < N) = 0, The paraneter of the curve golng through
DNi is the reduced "menber paraceter" oy,. (For the

overgstressed nmembers, when consldered by themselves, nega-
tive values of 6“1 are obtained.)

The intorsectlion of the curve whose parameter is equal

to X mNi wlth- the axls of ordinates at (—E\ = 0 glves

the ordinate ( Kr'K) and this corresponds to the con=-
pressive force er'z on the reference menber X at which

the critical buckling condition of the entire system would
sot in. Wo then havo the criterion:

If the actunllvalue
(Gx ag, K
) (——ﬁ¢—> , that 18, 8Sg < SKr.x

the truss isg stablg; if, on the other hand,

(o]
( K) ( Er.XY | that 18, Sg > Sk, ,X

the system is no longer stabdle.
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If 1t 1s desired to avoild using one member as refer-
ence menber, then the procedure will be eos follows:

An arblirary value P " 18 chosen as reference

value. With this value the parameter for the system be-

comes:
:n_'].-)'éi)
qﬁ@i /3
There 1as then formed, in a manner similar to the
above, for each of the members 1 the reduced member pa~
a
rameter @ (referred to (%?) = 0)s The system will

then be ctable when for all the members the sum I 3 > 0
and unstable wken I ®; < 0.

b) Buckling of an oven glané’sxgtem of rods conglgt-

ing of three memberg Jjoined together and gtiffened agalngh
bending.~ All end voints are pin-jointed (fig. 2).

O0f this system, ahy one or two of the three members
a
mey be overstressed (%) > 1. The following notation is

used: The center rod iz denoted by the subscript M; the
outer two rods by the subscripts N; and N,, respec-

tlvely. Further,
COMERCON

o - (), (@),

In the case of a given loading condition, for which
the stabllity 1s investigated, where only one of the com-

a
presgion nembors is overstressed (%) >1, 1% is firet

deternined whether this membor does not form a stable sys-—
tom wlth one of thc other membors joined to it, using the

CPH.L

*Tho buckling of the closod systen of three rods (rod tri-
angle) within 1ts plane has been considered in detail in
the provious work (reference 1),
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method of II,l,n, since 1ln that case further investigatlion
would be unnecessary. If such is not the case the lnves-
tigation proceeds as follows:

From chart I there are obtalned the values:

O MY
1. (——ﬁi—)l the ordinate of the point on the

curve wlth parameter ¢W1 and whose absclssa
Oy 2

is (——l) and
T

! a
X
2. (:—i?ng the ordinate of the point on the curve

with parameter _ oy and whose absclssa 1s
2 Nr

equa to (%Nr) .
™

[o AN -]
If the value (1§ of a compresslon member ls great-—

\
er than 1, then it should bPe noted whether the value
a

!
a
(_EﬁLE> -thus obtained 1s in the "corpression member re-
\

glon" or "tonsion member region" of the ordinates (:Ef .

Thore 1s then obtained from chert 2 the parameter of that
curvo that goes through tho point with coordinates

! ] 1 a
@ o
_Eézja Kr,
( ™ /1 and (——ﬁ—gl . The paranotor thus found is
fo 4 3
('E§LE> , and corresponds to that value of the axlal

force on the momber M for which the critical buckling

condltlon of thec bar systom will set In. We then have tho

2
o

criterion: If the values of (;) in the "tension member

reglon" are glven negative signs and 1if

(3 < (Z=H

the system 1s steble; 1f, on the other hand,
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8 8
G > Gy
” i
then the system 1s no longer stable.

¢) Buckling of g plane system in the form of a mgmber
to which an arbitrary nunmber of rods_are rigiglz Jolned at
each end (fig. 1,b).

With this system each member nay be arblitrarily
stressed. The followling notation is used: The middle
nember (reference member) 1s denoted by the subscript N;
the menbers Jolned to the left end of M are denoted by
Nli and those to the right by Nri. Then the system 1@

investlgated for etadlility at a given loading it 1s first
deternlnod whether the system as a whole can not bo subdi-
vided into & serles of groups, each of which may be inves-
tigated for stablility according to the method of II,xa, or b,
8lnce in that case no further investigatlon 1s necessary.
If such 1s not the case the investigatlon proceeds as fol-
lows:

There 1s firaet deternined for each of the rods Nti

and Ny, the reduced paraneters 6“1 and $Nri (re-
1

ferred to (%?f = 0). (See II,1l,a.)

From chart 1 there are obtalned the values:

1 8
a
( ;ﬁ'%% , the ordinate of the point at which

the curve with parameter I 6311 cuts the

a
ngs of ordinates at (%F) = 0 and

G. a
2, (—E;ﬁ-i‘)r the ordinate of the polnt at which

the curve wlth parameter I wnri cuts the

g
axis of ordinates at (%;) = Q,

Aftor determining both these values the computation
procoeds exactly as in II,1,D,
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2. Proper Cholce of Rod System

Although the extended charts I and II have beon set
up for the investligatidon of general arrangemente of rods
into trusses, 1t should nevertheless be observed that for
the arrangement represented in figure 1,b, the partiedlar
case where the "buckling member" K 1is the center rod is
thp nost advantageous. Whenever therefore a compreseion

menber of a systen of rods 1s overstressed ((n) > 1) it

1s advantageous to make it the center member, with the oth-
or pressure or tension members Joined to both 1ts ends.

The nost favorable arrangement will be obtalned when two
adjolnlng menbers form a triangle with the center member.

Thlis nay be nade clear by the following example: The
rods arc congidered to bc of oqual length and equal resist-
ance to bendlng, one of them being under a conmpressive
stress while the others are unstressed. When there is on-
ly one addltional member the bucklirg load of the compres-
slon noenber as compered with the "natural buckling load"

E_lgﬂf
) of the nember is increased 1,41 times (fig. 3,a).

¥ith two nmenbers added, one bohind the other (fig. 3,b),
the buckling load is increasod 1,45 tlmes. Wlth the ar-
rangenent of filgure 3,c the load 1s lncreased 1,59 tlmes;
with the arrangemont of figure 3,4 1,90 times, and with
tho throe members forning a triangle as in figure 3,0 2,13
tlnes. It 1s assuned, of course, that these lncreased
buckling loads are still within the reglon of applicabilli-
ty of Hooke'!s law.

3. Method of Construction of Charts

a) Prelininary remarkg.- With regard to the formulas
upon which the charts wepre based, the followlng may be saild:
The symbol ey g4 (or 81,3) denotes the "unit rotation®
of the end 1 of a hinged bar 1, as a result of a con-
centrated bending noment M = 1 applied at the same end
1 (or the opposite end J) in the same sense as tho mo~
ment. From the assumption of constant strength 1ln bending
over tho length of the rod and fron conslderations of syn-

metry, 1t follows that 81,3 = 3,1 and, accordlng to
Maxwoll, 61'3 = GJ g+ Considering the moments at the
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Jolnts of a buckling rod syestem as functions of the rota-
tions of the Joints and assuming the latter as unknown,
tho. equilibrium conditions for each of these points form a
linear honogeneous system of “equations for the determina=-
tlon of these unknowns (since beforo the instablility con-
dition sets 1n there are only axlal forces acting on the
rode)s Rotations of the joints different from zero are
only poevslble when the determinant of these cquatlions in
tho denominator 1s equal to zero (buckling conditions,
roforonces 2-6).

The ~bovo unit rotations in tho buckling condition of
tho individual members appear in the forms
1 ) 8

e of - 82 o® - §°

whick nay be set equal, respectively, to

@ @ i @

where u, v, w are the followlng functions of a:

For rods For rods For un-=
under under streassed
coupression tension rods
a a8
Q a 2
o (s 4
1-ta.na. tanh a 1
a
cr.(l-—-—-— c,,a(_____]_)
tan a . \tanh a 4
o a a - a . a
e ) - )
gin tanh o inh o
a? (1 - ———— - 1
sin sinh o - 5
o 2 -
(1- ) 1e— Y <_E_-1> -(T———-l)
tan a sin a tanh o inh o
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Ohart I.- The buckling condition of the system of rods
represented in figure 1,2 reads (see reference 5, p. 302)3

1 BN\
Tgr=0 or Im (152 =0

For a eystem that consists of only one overstressed

. a a
rod K [(75) > 1| and one sdditlional rod N, the bucke
ling condition 1is therefore:
ug, * uy ¥y = O
The subscript K, corresponds to the "measure of in-
stabllity" “K,,X of the buckling nmenmber X for that. ax-
ial force SKr,K for which, with the glven value of ay

and given nember vparameter @y of the nelghboring member,

the eritical conditlon of the system {buckling in the plane
of the syston) occurs. The relation

ug, * uy. PN = 0

. G.NB GK a
is plotted on chart I with (1;) and (_FI) as coordl-
nntes, and Py as phraneter of the fanlly of curves. The
ordinate of a point on the curve with paraneter oy and

)
absclssa (:F) therefore represents the "restralnt effect®

o
K.,k
(——ﬁ—- on the compression menber K exerted by the nen-

bor N vhon the latter possosses the neasure of instablili-
ty oy ond the parameter oy.

If the system (fig. l,a) consists of more than two
nonbors that are connsected nt a conron Joint, then the

buckling condition, with one nenber X chosen as refer-
enco nenbor, 1s

'D.Kr+zuﬂ1 Wi=0
or, 1an case no rod 1s teken as reference nmendber

uli ¢ =0
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In order to be able to make use of the relation
ug., + uy Py = O ‘on chart I, a single product of the form
. u ® nust replace the sum. For this purpose the members
congldered under the summation sign -« for example, all the
members N3 -~ are rerlaced by equivalent unstreesed mem-
bers with wu = u, and paraneters oy, (reduced value of

o
Pri). so that

uyy PNy = Yo Pyy (= - “Kr)i
8
Since the point Dy with absclssa (—Ei) on the

curve ¢gi determines by 1te ordinate the "restraint ef-

a a
e,
fect! <__§_5>1 which 18 exerted on the buckling membdber

K by the neighboring nmember N3 the required point -511,_

a
on the axls of ordinates through (%?). = 0 and having

G’.Kr .

T
where the buckling member under consideration would expe-
rience the same restraint effect except that the latter
is exerted by & nelghboring nmomber that is unstressed.

The parenet sr of tho curve passing through DNi g%gggmgggr

varaneter of this equivalent menber and hence the reducod/
PNy of the nolghboring nember ¥N,.

a
the same ordinate ( K>i corresponds to the case where

If the nolghboring menbors aro themselves overstressed

2
((%ﬁ) > 1). 531 is naturally negative. For such menbers

the ®y walues.are numbered negatlively on the correspond-
ing portion of the axis of ordinates.

Having introduced the equivalent members in the manner
descrlibed abdbove, the commen factor u, may dbe put outaslde
tho summation slgn and the dbuckling condition then reads:

ug,. + vy I Ehi =0 or u, 2P =0

With one member K chosen as reference member X ﬁfi
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may be looked upon as the parameter of an unstressed equiv-
elent nelghboring momber. The problem is then treated in
the same mannor as that of the two-panel system considered
ebove except that the moasurc of lnsiablility of the neilgh-
boring rod is now zoro and 1ts parameter i1s equal to

z gﬂi

Whon no momber ig used as & roference member the sys—
tom is stable when X @3 > 0; since the limit of atabil-

ity ls roached whon £ ® = 0 end the rolation Z @ =

2 >0 mnmoy be usod to expross the condition that to a rod
system near tho buckling condition an unstressed member
wlth parametor an 1s added that introduces an additlionnl
rostraint,

Corresponding to tho cquation, wug, + uy % = O, ‘the

curves drawn with the parmmeter ¢ and with the corre-
sponding parameter lﬁm are symmetrical to the dot-dash
line through the vole P (inclined 45° to the axos).
This, howover, 1s no longer true for tho "teansion momber
rogion" whore a portion of the scale was projoctivoly dis—
tortod so a8 to include all the values of Py from =1 to
- g

o) S%art 2.~ The buckling condition for the rod system
roprcsentod in figure 1l,b 1sa:

(Oa j gn Kr'u + I ( ) - <;E—§—§Ezr'u
=0
8 1
h (ea 3 3 Zr’u (—__—__‘)Kr- * 2 (;)Nri
or .
VK., U (#2‘ Ry, @,—J)Nl - WEr,M @)u
: L o
= WKy, (%g)u " VEp M (%g)g +z Ny, (%%)Nr

where the subscript X,.,¥ corresponds to the instabllity
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measure GK¥.H of the center bar- M r'rfor the axial force
for which, with given valués of ay end given member pa-
rameters @y of all the remalning members, the critical

condition of the system (buckling in the plane of the sys-
tem) sots in.

The above determinant after expansion and divlieslon by

(%g)u becomes:
(v, 4 = "kp,u) * VE., M [3 Uy, PEy, oy, q’nri] +

+ 3 uNti ¢Nt1 z uNr ¢Nr1 =0

i

(Wit? an open three-=bar system the summation sligns drop
out,

Ag under II,3,bp there may be determined from chart I
for each of the two summation expresslions an equivalent

expression wu, I 5&11 and u, I $hr1' respectively.

If we wrilte

— '
Zum, Om, = U IOm, = - (URpu)

uy,, Pu,, = % I L (vge,u),

then, eccording to I1I,3,b, chart I glves the corresponding

: a 8 o 2
values of (—EELE) and (_kr.l) , respectlvely; 1l.e.,
w 1 L r
the restralning effects which are exerted on the center
rod M when the system formed by latter member and those
Joined to its left ond only (or right end, only) would
buckle by 1tself.

Using the general relation v2 -« w2 = u v (see formu-
las under 1I,3,a), the buckling condition of the system
represented in figure 1,b becomes:

r ! !
uKr.M vKr,H"vKr.M (uKr,H)l"'(uKr,M)r }-'- (u'xr,n)'b (u'Kr,l{)r =0
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This relation is plotted on chart Ii as a family of curves
a a 8
er.u> ak;.g> (dx:,u
with (—fﬁ—— as parameter and ( — v and — )r
as coordlnates.

The parameter of the curve which passes through the
1

[0 X d.
point with coordinates ( F;'M) and ( Kr'n\ thus rep—

resents the restraint - i'#) exerted on member M by

all the adjolining members 1if with the given dimenslons and
stresses of the adjoining members the center rod ¥ _weTe

to experlience o g

%Ky, M
1) a regstraint effect ( - >l due to the members

on 1ts left alone, and
dg M\
2) an effect (——Ii— due to the members on its
m r

rlght alone.

III. NUMERICAL EXAMPLES

In order to 1llustrate the practicel application of
the table, several examples are computed.

To 1lluetrate II,1,a: Is the truss conslating of the
fi;e membere with the data glven below, stable? (See flg.
4.

EJ 1 S
Membor (kg cm®) (cm) (kg)
1 8 x 10° 60 +200
2 7 x 108 75 -2,000
3 2 x 108 © 45 0
4 7 % 105 75 +2,000
5 8 x 105 60 ~3,000

Solution according to the first method of the section:
Member 2 1s chosen as the "buckling member"™ X. For the

GEY - GE @), - v
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For the remalnimg members:
L7 N —
() *n = ¥y
Member
3 1N1 7 from
= ( ) ( ) ( chart I
EJ. N3 N3
1 0.09 tension 1.43 1.50
3 0. «48 .48
4 1l.63 tenslon 1.00 1.81
5 1,37 compression 1.43 -1l.23
Z Py,=2.56

&
%)

O and Py =% 5ﬁ1 = 2.66 there corresponds

(See chart I1.)

1.66

Since the actual valus

(& .

the system 1

Solutlion according to the second method:
ls preferred as reference nmenmbdber.

chosen 18

and we have:

*)

Er, 1.66

1.63 < (

s stable.

No nmember
The reference value

Eg) - 4
(l B l x 10" kg cn

) - =
Member 248 é from
OIS ) ( Py | emert 1
1 0.09 tenﬂion 1.33 +1|39
2 1,63 compression 93 -2.00
3 0 44 +.44
4 1,63 tension .93 +1,69
6 1.37 compression "1.33 -1.01

Z P3=+0.51
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Since X $i > 0, the system 1s stables

To 1llustrate II,1,b: At which of the loading condi-
tions 1-5 below 1s the three-~bar structure with the fol-
lowing data, stable? (See fig. 2.)

Dimensions of Members

. EJ ]
Kember (kg cm®) (cm)
Ny, 3 x 10° 40
M 3.5 x 10% 80
Ny 4 x 1l0® 50

Forces on Menmbers

Loading Force S (kg) in
condition Nl M Nr
1 -26,000 +7,500 -19,000
2 -22,000 -4 ,000 +30,000
3 -5,5600 -3,000 -20,000
4 -22,000 -8,000 +8,000
5 -7,000 -6,000 -20,000

The parametors for cach of the five loadling conditions
areo detormincd and given in the table below.

Load~| /3N a1, \2 © Ky, M\
ing <TT) = - (ﬁﬁy) = M = (% w )1 from
con-
a- | (f () | (Y 8y L@y @ ohart I
tion ms \EJ/, n J NV, T\
F.) N-L ik
1 ~1,39% 1.40 compression 1.35 compression
2 .22 1.19 " . +50 "
3 .16 . 30 " 1.72 1.49 L
4 1.48 1,19 L .50 L
5 1,11 .38 " J 1.46 L

*negative, slnce tension,




N.A.C.A. Technical Memorandun No. 837 17
- Load~- rogaB.. - oy a K 8
r = . T o T
ing (—1-,"") = q_’“r ( m “)r (a n l>
el A N /s J
di- | = (__I) (__.) =(—%—) : %I) from chart I fron
tion " By, ¥y M chart II
l l.21 compression ’ 0.37 compression —1;65*
2 1,90 toenslon 1,74 n 1.06
3 1,27 conpression 1.83 «08 tenslon -° «21
4 51l tenglon 1,64 conpression «99
b 1.27 conpression +04 tenslon 24
*negative, since in tension member region.
Under loadling conditions 2 and 3, the rod system under con-
a 2
slderation ig astable since (%E) < (EE%L!> ; under loadling
conditions 1, 4, and 5 the structure 1s no longer stable since

G > (=)

To illustrato II,l,c:
and loads given bolow,

We have:

stable? (Sce fig. 5.)

Menbor (kgEimn) (:%) (;L)
M 3 x 108 50 =350
Ny, x 108 50 ~1,700
N, 2 x 10° 40 -500
y, 1 x 10° 64 +500
¥y, 1 x 108 64 +250
Nrb 3 x 108 b0 -1,500

&) -

Is the truss with the dimensions
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oxy _
( 1) Py = oy,
. 1y 1
lenber
N from
1
i) (E - G chart I
J Ny Nli .
HI; 1444 compression 1,00 ~1,10
NLB «41 " «83 58
le 207 tension o 26 «49
T P = -
¢N11 0.03
O, —
i =
() - %zy Py
Member £
1 a rom
) 8 EJ
= ( ri) (i—-> = —E—i) 2 T) chart
m T/ry v Ny M ,
N¥r, 1,04 tension 0.26 0.38
N}b 1,27 compression 1,00 -e¢54

z $Nri= - 0016

whence wo obtain (from chart I):

1
o 4 .3
(fEELE> = 0,98 compression
m l
a
a
(-EE;E) = 0,90 tension
m r

and frou chart II:
a
aKIH“}

T
The structure 1s therefore stable, since

a8
(#) = 0.30 < (_xr,u> = 0.88

Translation by S. Reilss,
National Advisory Comzittee for Aeronautics.

0.88
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