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WATIONAL ADVISORY COMMITTEE FOR .ARRONAUTICS

TECHNICAL MEMORANDUM NO. 921

CONTRIBUTION TO THE AERODYNAMICS OF ROTATING-WING AIRCRAFT*

By G. Sissingh

The conventional calculating methods for rotors of
rotating-wing aircraft with hinged blades are extended and
refined.

The chief defect of the investigations up to now was
the assumption of & more or less arvitrary "mean" drag
coefficient for a section of the blade. This defect is
remedied through replacement of the constant coefficlent
by a function of higher order which corresponds to the vo-
lar curve of the employed profile. In that way it is pos-
sible %o extend the theory to include the entire range
from "autogiro' without power input to the driven "heli-
copter' with forward-tilted rotor axis. The treatment in-
cludes the twisted rectangular blade and a nontwisted ta-
pered Dblade.

The investigzation is based on Wheatley's report (ref-
erence lO), whleh in turn ig an extension of the well-known
studies of Glauert (references 1, 3, 5) and Lock (reference
2). In the interests of clarity, the vprincipal points of
view of these analygses will be Dbriefly reviewed.

SUMMARY AND DISCUSSION

Proceeding from the air flow and stresses on a section
of the blade, the formulas for torgque, axial and normal

_thrust of a lincarly twisted rectangular bdlade, and a non-

twisted tavered dlade, are derived.

The principal advantage of the calculation over car-—
lier investigations is that it is not necessary to depend
on a rough estimation of the "mecan" drag cocfficlent when

* 1

"Beitrag zur Acrodynamilk der Drehflugelflugzeuge." ILuft-
fahrtforschung, vol. 15, no, 6, June 6, 1938, pp. 290~
302,

Thesis submitted in partial fulfillment of the require-
nents for the degree of Engineer in Mechanical Engi-
neering Aeronautics, Technische Hochschule Hannover.
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computing a certain rotor as the polar coordinates of the
blade section in guestion can be applied direct, independ-
ent of any assumpsions or empirically obtained constants.

The theory includes all flight stages of rotating-
wing aircraft from autogiro without power input to heli-
copter with forward-tiited rotor axis without regular pro-
peller, and gives results up to coefficients of advance of
from 0.4 to 0.5 which are in satisfactory agreement with
wind-tuannel testsn

The calculation becomes uncertain when, at higher co-
efficients of advance, the zone of the separated flow with-
in the rotor area is no longer covered by the stipulated
assumptions and the effect of the occasional reversecd-
velocity region, for which the substitute functions for
the air force coefficients on the blade element are no
longer applicadble, is observed as interference.

The agreement of the calculation with the experimen-

tal results will be proved and the effect of twist and ta-
per on the quality of a rotor discussed in a future article.

I. NOTATION

1. Rotor
F .m2, swept-disk area of rotor.
3 o, rotor radius.
z - number of blades.
t  m, blade chord = t, (1 + p x).
ty m, . blade chord for r = 0, if the dlade form is
lengthened as far as the axis of rotation.
js) - taper factor for a tapered blade.
l1idit hd

o - golidity = ——¢-

ca'! to R* o

Yoo ~ blade mass constant = T
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.. mkg s, mass moment of inertia of rotor blade

” S .
I = 1 P, . r (r<e R) dr
g, “(r)
eR )
For e =0, I 4is identical with the mass mo-

ment of incrtlia of the rotor blade about the
horizontal hinge.

blade weight per unit of length as £(r).
blade-weight moment referred to flapping hinge.

2. Nondimensional Distances
Referred to Radius

distance of a blade section at distance r
from the axig of rotation.

distance of flapping hinge from rotor axis. VA

factor allowing for thrust decrease at blade 6¢, ¢ ¢
tip for finite blade anumber, por e

5 a”(w
B sl t, (1+0.7 p) : ?ﬁﬂpﬁ ﬁ%ﬁ

1.5 R gtV

factor allowing for separation flow on return-
ing blade at higher coefficients of advance.

3. Rotor Coefficients

axi
axial thrust ‘}propeller~axis systen.
J .

normal thrust

vertical thrust

ind-axi tem.
horizontal thrust:}WIHd ax ? systen

torque -

vositive for driven rotor,

negative when opecrating as windmill;
forces = cocfficient ¥ U2 p/2,
moment = coefficient FR U® p/2,

P air density.




4
u m/s,
U m/s,
v n/s,
vy u/s,
w o m/s,
v m/s,
w g=?!
p, —
>\d -
c, -
eyt =
Cao ~

Cw

Co 1 Gy s Cg
1 -
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4, Speeds
tip of blade section at distance x.
tip speed at tip area.

flying speed. -

axial flow wvelocity in the normal-plane;

vqa = V sin o ~ w,- positive if flow is upward.

rotor induced velocity.

resultant relative inflow at a blade gection

with component;

U vy 1n the normal plane,

U v perpendicular to the normal plane.

¥

rotor angular velocity.

coefflicient of advance.

axial flow Mg = vd/U..

5., Force Coefficients

1lift coefficient,

= t
chp = cat ap.

.G

(W)

1ift gradient =

constant 1lift coefficieat for separated flow

Z0oiles.

drag coefficient

= i -+ 2y,
cy i (eq Cp Gy F oCp o)

profile constants.

factor allowing for shifting of bl
coefficients of advance; 1 =1 §

ficients of advance.

ade at higher
or small coef-
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Gy - coefficient For tannential force

€y = Cy COS" m ~ - sin m.

For computing c¢,' and cq4 to c, from the

profile polar, use an aspect ratio of
¢ Ctg (1T F 0.7 D)

'

3 as basis.
f 6. Angles
E a - rotor angle of attack (normal plane) to flow.
K —- blade angle of attack, aerodynamic setting of a

blade section to normal plane;
'b='80+x«31.

P - angle of flow, angle of blade inflow to normal
plane; tan o = vy/vx.
oy - operating angle of a blade section at Oy = @ + 3.
W - blade angle of rotation, neutral position back.
- flapping angle referred to normal plane
‘ B =a, - a; cos ¥ ~ b1 sin V.

7. Abbreviations
gn_;bn__un

27

/Y f(x,¥) dx Ay = -.// f(x,¥) dx ay -

-u sinV¥ 2

/P b/n f(x,¥) dx dav
B 2 © e
ff flx,V¥) ax ay = // f(x,¥) dx ay -

—-i sin ¥y 2w

2 f f f(x,¥) ax av.

o} T
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II. INTRODUCTION

1. Flow through Rotor

If the normal plane of a rotor faces the air flow at
an angle o, the axial flow through the rotor is, accord-
ing to figure 1:

Vg = V sin o - w

where w is the rotor induced velocity which for coeffi-
cients of advance of around P =2 0.2 within the swept
rotor~disk arca may be considered as being constant. It
is usually figurcd at half the amount of that computed by
the momentum theory for flow at infinity behind the rotor.

According %o K&ssner’s hyvothesis (reference 28), the
comprised air guantity is the quantity of air pagsing
through a sphere circumscribing the rotor. On thesc prem—
ises the rotor angle of attack o is:

d ksa (l)

The assumption of constant axial flow within the normal
plane i1s no loager justificd for the hovering stage. In
this case the actual conditions are better represented by
a distridbution of the induced veloclity increasing linear-
ly with the radius. hereby it can be assumed that the
mean value w from momentum theory 1s reached by the par-
ticular blade elements at distance 0.7 R. (See Isacco,
reference 19.)

2. Flow on a Section of the Blade

The equations for the components of the relative flow
of a blade section at distance x are:

U vy U (x + p sin V) in normal plane direction (2)

1§

i

U vy U (kd_~ b4 %& ~ B B cos ¢> pernendieular to

=3

)

the normal plane (fig. 2) ‘ (
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. _Radial v31001t10s are temporarily disregarded. In
equaulon (3) is the flapping angle in relation to the
normal plane, Its representation is limited to a Fourier
series of first order of the form:

B =a, - a, cosV¥ - b sin ¥ (4)

since the calculation of different examples proved that
the. terms of higher order had practically no effect on
the rotor quantities in question.

3. Al

ir-Force Coefficients at Blade Section
Expr

ssed Dy Substitutc Functions ..

The significant forcecs on a scetlion of the blade are
the 1ift, the drag, and the tangontial force in circum-
forential direction. In compliance with modern autogiro
practice, the center of pressure of the air force is made
to 001n01de with the centroid of the blade. As a result,
the dplades arc, while revolviang, not subjcet to period
digstortions conditioned by changing alir~force moments.

The 1ift coefficient is, as usual, cxpressed Dby

C X, S Yo
- !
Cy = Cpt Oy (5)
The 1ift gradion c,! for normal airfoil scctions

ez}

may be put at 5.6. Deviating from previous investigations,
the drag coefficient is opl%ced by the following function
of the operating angle

Cy = Cou * ©Cy G, + ey a,® (6)

The tangentianl force coefficient 1is

: a
iy O

CyL = Cp CcOos O = Cc, sin o

In view of the smallness of ¢, c¢3 can be expressed suf-

ficiently exact with
Ct = Cy = Cp © (7)

ne ign -~ in accordance with that for the torque - is
erewith so chosen that a section of the Dblade actuated by
the a'r forces (autorotation range) corresponds to a neg—

tive cy or kg, respectively,

M
h
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Tith o = ap - 3 and insertion of equations (5) and
(6) in equation (7), the substitute function for the tan-

zential force coefficient follows as

1) (8)

cy = G4 + oy (e, + 9 ca') + apa (e = c

a
A comparison of the substitute functions with the ac-
tual variation of. the particular coefficient indicates
that ¢y 1is very well represented within the range of ac-
tual practice. " For ¢, on the other hand, the break-
away of the flow is not taken into account. Consequently,
the substitute function for ey holds only for operating

angles up to oy = 159,

A survey over the fundamental course of cy is ob-
tained from figure 3, where c¢y with its substitute func-

tion has becen plotted against Oy for various blade an-—

glecs of attack .

The curves disclose the Fact known from Schrenk's
prescatation (refercnco 24) that the o range of propel-
ling air forces decreases wiih increcasing blade angle of
attack ¥ until finally no propulsion igs at all possible

on the pvarticular profile at 94 = 13°,

They also confirm, as previously mentioned, the good
agrcement obtaining between the substitute function and
the actual coursec up %to a, = 15°. Then, of coursec, the
represcntation ig fundamentally crroncous.

However, since in normal horizontal flight the cecn-
tral and outer blade elements are struck at small operat-
ing angles, tho reprcsentation of the cocfficients through
the choscen substitute functions is admissible. Where,
particularly at high coefficients of advance, the assump-
tions are no longer complied with, correction factors are
employed. ™

e

The substitution of c,
higher order is fairly obvious. But then complications
occur in the subsequent integrations according to tho
atudy.

and Cy with functions of
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Reversed'flow;u'Cpnformable to Wheatley (reference
-—10), the 1ift in the reversed-velocity region is written
in equation (5) as

s which gives for ¢

a
[
‘ . Ve N\,
‘ - g
For .Cw we introduce in equation (6):

Herewith

V= ™ v N2
N\ 'V‘X / N VX ”

III. HOVIRING STAGE

Axial flow_and velocities at a section of the blade.-
According to elementary jet theory, the mean axial flow
ig:

*The assumption Cpy = = TY/WK + 9 deviating from equation
(9) for the drag coefficient, affords several simplifica-
tions in the subsequent calculation. Since the drag in
reverse flow (aD Z 180°) is higher than in flow from the
leadling to the t}ailing edge, ¢ would have to be re-—
placed by a function with other coefficients ¢, to ca.
But the coefficients of advance M « 0.5 in question do
not Justify this action, since the cffect of the reversed-
velocity region on the forces and moments of the whole ¥Fo-
tor is guite small. A certain balance is established by

the fact that the expression - vy/vx is, in most cases,

poeitive, and then o greater operating angle - that is,
higheor drag coefficient, is involved.
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Assuming a linear distribution of the rotor-induced
velocity over the radius, whereby the above Ag

mean
is reached at x = 0.7, it is:
zy = X >\d1
with .
A = e lﬂkﬁé (11)
d; ~ 1.4

Since vy = x for pn = 0, the angle of flow o
(fig. 2) is equal %o A, independent of the position of

the section of the blade,

Axial thrust.~ A z-dlade rotor with blade chord %

has an axial thrust Of$®y tﬁwﬁ
A= A ,‘! .
s BR8N
¢ /,-F:’ 2/ Vp /J. /Q-."*'}
z / ve = t ¢, dr
5 a
o

The factor B allows for the thrust decrease at the blade
tip, due to the finite blade number. Substitution in %the
conventional manner of the component U vy 1in the normal
vrlane for the resultant inflow velocity v, gives the ax-
ial thrust coefficient ‘
nlr

Expressing the Pplade form and twist by functions:

t =ty (1L + p x)

3

il

¥y + x 9,

affords

B
gy = 0 Cg't [’/nxa (%dl + S, 4 x 9, ) dx
o B
B
+ p/:«:3 (7‘d1 + By + x ¥y) dx} (12)

.
<~

(o]
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The solution is: .

_ 1 . , 1l ma
kKgg = O cg! [g B3 A, * g B> dq * vy B* 9,

NGRS L It

Torgue.=~ In accordance with the preceding considera-
tions, it is: e

1 1
? kg =0 [v/pvxa X c dx + p‘/nvxz x2 ¢ 4x
1. . .

E

')
v .
- Ca' / v.2 x L <3X + 3, + x ﬁl> ax
I vK VX :
0
B
/ v
-~ D eyt [ ovyE 2 _Z(/_i + 9y * X 9 >dx
i} = / v,{\vX
<. o<

Introducing ¢ according to equation (6) gives, with

w
V¢ = X and vy/vX = Adlz
1
k [ -
a _
=2 = / xS{co+c1(,>\dl+~3O+x d,)
A
% 2
+ ga(kdl+60+x $q) }dx
1
Fon
+ PL/ X 1c0+c1(%dl+6o+x 9,)
© + ca(%dl+6o+x 61)2}-dx
B
/)
. ‘_3 . - -
- catL/ x Adl (Adl+8q+ﬁ d,) dx
° B
3
- p cy!t /(x4 Adl (Kd1+§o+x @1) dx
¢
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The regult is:

o]

1 1 1 1o
kd=0[zco+cl<z>\dl+zﬁ *“5—61/)

1 2
+ Cg( 7\6_1 . —ékdlz‘)o + g)\dl 131
1 e 1 2 = \
1 _ 1 1
+P{-§CO+01 EMa, tE Y FE N

1 s 2 1
+ ca <—5 ?\dl + = 7\d1 ?30 + 3 7\dl ¥,

1 2 1 2 1 3
+ -5- '80 + -;-7‘ '81 + -z- 750 '81 >}
1l L4 2 1l L2 1l 45
R CEAR AR PN G SR )
i1 a 1 .5 1 e
=D og' 15 3% May +Aa, (35% w+3 B”l>}] (14)

IV. HORIZONTAL FLIGET

Following the study of hovering the true flight stages
will be treated; that is, those stages in which the rotor
flow is avproximately in direction of the normal plane..
They are largely the operatin; stages of normal horizontal
flight.

The 1imit toward one side is formed by the autogiro
without power input (free-wheeling condition with k4 = 0),
and on the other side, by the driven helicopter without
regular propeller dbut forward-tilted rotor axis. Between
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thesc two limits lie the numerous possibilities of a "heli-
cogiro,?,onwwhichhthewpoweruCanwbewarbi#rarily distridbuted
over rotor snd regular propeller.

The study of the twistecd rectangular bdlade and the
nontwisted tapered blade is carried .out separately. Torque,
axial and normal thrust are computed. -The change—over
from these forces to the flow-axis system (1ift and drag)

%s effegted by simple transformation of the coordinates
fig: 4).

To characterize the particular blade, the coefficients
of axial and normal thrust and torque are supplemented by
the indices v and t for twist and taper, respectively.

1. Lincarly Twisted Rectangular Blade

The cquations for the coefficicnts of flapping motion
and axial thrust are taken from Wheatley's report (refer-
ence 10) which, at a twist of the form

Y o= b, X Oy
read as follows:
ag = g{%— 3% Ag+0.08 p® A+ % 3, <B4+p,a 3% - % u4>
+ % 51 (35 + % T Bs>} E%ﬁ; (15)
&1 T Fa7 zuug 32
X {xd (B‘"‘ -z p.g;\, + 9, (& B®+0.106 uf’)wl 34} (16)

1 3 i 1l 2 1l a2 _2 1 4>}
= . = + = -
+ 3 B oa; l-b1< B o B 35 i (18)
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The blade constant Y for a, in equation (15) is a
messure for the ratio of the air-force moments to the mass-
force moments: ' ‘

4
v - to cg' B p
I :
with R
t)
1 ‘ : .
I = = P —-ec R - (L
g/ (r)r(re )dI‘ (9)
eR '
For the first cases of e = 0 (flapping hinge in axis of

rotation) I 4is identical with the mass moment of inertia
of 2 vplade with respect to the rotor axis

J P(I‘) r2 dr

o]

Here P 1is the blade weight per unit length. Assuming
P = constant (uniform weight distribution across the blade
length), the expression for Y further rcduces to

R %

With the normal values:

P = 0.125 kg.-s® m™*
g = 9.81 m/&?
c,'= 5.6
it finally gives for this specific case (¢ = 0, P = con—

stant )

Y = 20.6 —=2 20
5 (20)
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. _Calculation.of torque,. . .. ... ... _

R 2x
M= _z L dz[ffv’ ‘P-cy-COSpdrdy .

——c.,.{—l-ffv‘ e (—+0,—i—'z§1)drdtp

lJt 2x

+f fv‘-r--;l(%zt-l—ﬂo—f-:ﬁl)di-dw
—pR-siny = *
—uR-siny 2x

—8,— 1:19'1) drdv}]

........ (21}

“F forlai

The 1ift contribution having been investigated by Wheatley
(reference 10), the terms with c, nmust be evaluated. They give:

—usiny 2ax
—f J'vxz-z-cw-dx-dtp] ....... (22)

0 E
1 =

=§% [f fvmz- x{co-l—cl (%4”904‘ "“91)
o 0

+ e ('Z_Z + %+ 93'31)2}.dx dy

of Jorsforafzoaol

—usiny =
2

+ ¢ (%:— + Do+ :m?l) } dzdy

—usiny 2%

__f fu,,ﬁ- x{co+01 (——l:i"{—ﬂo"l‘ ‘“91)
0o

+ e (— —:;:':'—I— P+ wﬁl)z} dx dzp] . (23)
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c
=_n'[(co+cl"ﬁo+02'?902) fjvmz'x-dxdw

+ 20+ 280y ea).{ [ va2 22 dady

+ o802 { (02 2 dzdy
+ cgffvyz-x-dxdvp
12x
+ (01+2'l9002)_gfvw'vy'x‘dfrdw
00
12»
4 2191-02550¢-v,,-x2-dxd1p] (24)
00

After arrangement of the terms, together with the
contribution of cg taken from Wneatley's report, the torque
of the linearly twisted rectangular blade is:

kz,v (ot 1+ B+ cadho?) (i +%l‘2‘—3i2ﬂ4)'
+5 e 5+ )

+ B2 (1 + P )+ Ag?y- 02+C‘2{a1 (;4‘%/‘2)

+l‘ﬂda1(‘;_%ﬂz)+}~d2(“1—_%,“2)_'§.uaob1
a0 — g ) o (15 )}
—c'{w( B )+ (5 B0t 9,

3
g Bttt ndaa (5 B )

+agt (g B gt — Sy B
+ a2 (§B4+1—6u232)+512(%B4+1—16H232)}. (25)

Normal thrust.- The normal thrust is built up
from the contributions of the forces at the blade
in circumferential direction (normal plane) and the
1ift components created by the flapping motion.

In the normal plane a section of the blade at
distance x has at blade setting ¥ & normal thrust of

vegtdrct sin Y

=v2-§tdr sin Y (cy - cg sin ¢ )

Considering first the share of c,, we find:

7T
g .
ks,,l——:ﬁ[ SS Vg2 ey Siny -dady
00

1 2=xn
+5 vaz-cw-siny;-dxdzp
—usiny «
—usiny 2x
—S jvmz-cw-sinqu-dx-dzp] ..... (26)
0 T
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These expressions outwardly have a resemblance
to equations (22) to (24). There sin Y substitutes
for 1 x x and accordingly, we have: "

" kemp= % [(b‘o‘l" oy+ By ‘F-c,a -8¢?) SS v?-sin pdzdy
(e - 19'1—{—'2'190 B+ c3) S‘S‘bw’ sz-siny dxdy
+ 03:512S$vm2-z2'sin¢dxd'w
it ) +- . c;S'S'uyz-sinwdxdtp

w 12x

-+ (es+28-¢5) va-v,,-sinwdxdtp
0

2r
0

Vg * Uy 2+ 8in y)dmdw]
. (27)

The share of cy, in the normal plane amounts to:

+ 26,0,

Oy °€’3

ocq

o X
B = :
[ ff ﬂ.<ﬂ+ﬁo+xﬁl)sinwpda¢dtp
Uy \Ug
0 0
2n
Joe

+f

ksﬂ n=

”“(ﬁ +190+.'m91) sin v de dy
Vg \ Vg

—usiny x
—usiny 2x
—f fvnﬁ-(———ﬁ)( — B —xﬂ)sintpdxdw
Dy, va:
... (28
:-—60“’ [SSU,, sinydzdy
—I—SSﬂo-vm-v,,-sinzpda:dtp
X
—{—SS'ﬁl-vw-vy-x-sinwdxdw] ce e (29)

The normal thrust of a blade with setting V is,

for flapping angle 3 and 1ift A,
- A B cosy

according to which-
ko = — 255 [ffv,; ( By xﬁl)ﬁ'-cos.pdxdw

+f fvmz(z—:—}-190—{—z191)ﬂ-cosw-dxd1p
—psiny = .
—psiny 2n

_}_f fvmz' (—Z—:——ﬁo—xﬁl)ﬂ-coswdxdw]

=— 6—-—————6“ [55 Vg vyecosypdrdy
+ 8 SS v cos pdzdy

+ 4 fS vtz cos pdao dw] ..... (80)
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Introducing B = a4 --a1 cosy - b] sinV¥, we find:

k,,,m'=;'_"_ ca’ [4-%5’5’1)0c vy-cospdady

—aljfvw-v,,-coszzpdzdrp
—blffvw-q,,-cos w-sin-zp-l;ixd’t.p

+ﬁo-a0'§?v¢2-cos y-dzdy

— %y f{ v;“hcos2 pededy

—z?o-lbljics‘vwz-cosw-sinw»dxdw

+ﬁl-aoﬁva¢2-x-cosy}-dxdw

— O j’fg’vzz.x-qoszw-d’aadw

—'01-1115’}%2-x-coszp-simp-dxdzp] (31)

The ultimate result is the sum of kgp; + kenyyy
as coefficient of normal thrust:

1
kspo=0 [(Co+01‘?9o+02'1902) (~2—,u—|-—;—,u">

e tit2at 0 (Futga )

TS Y P LR
+@atita) (guk—fautgua)
g e g 0 i — o [t — e )

—_— ._l__i 2 2 1 11 3
O

o (gt )
varfran(dpad )
cocnfi

+a1:"91( B4+19—2 )
1

+a0 ( Bzﬂ——E )
1 3
+a1 ( B2 16["8)
b I RN
—a 1( 457’[ ) ?:u d
1 4
‘——2“/‘141190(3—57{“#)

e
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2. Nontwisted, Tapered Blade

The blade chord is to be a function of the
_ radius of the form _ _
t=t, (L4 p-@) . ... (39)

Flapping motion.~ The coefficients a5, 81, 'b]_
of the flapping motion are as usual obtained by
Fourier division of the thrust moment Mg.

BR "
Ms_j’uz reteca-o/2dr
S0 B

= U R2e1,- cd’ - 0f2 [fvwz- z (ﬁ + 190) (14 pa)de
. 0 "

—usiny
34
—2f”¢2'””(’zl+’9°) 14+ pa)d ] - )
.0 T
2w
The manner of writing ] indicates that the

T
second expression should be allowed for only for
the region of the returning blade (Y =1+ 27).
From equation (34) follows:

Y B _ B
—_— 8 . e 2. 1.
w? RE-19-cq - 0)2 OS”w Uy & dx+’9°05”“° z-dz

B

B
—!—pva v,,-xz-dx—}—pﬁoj‘vmz'zz-dx
0

:;[?nz:: vy x-dx +79:§12:j z-dx

—usiny —usiny 2r
+ psz-vy- z?dx + pﬁGvaz- xzdx]
0 0

...... . (35)
The harmonic s.nalysis of this expression gives:
M,
mR4— 2 AaB% 40,0824 + - '190<B‘+#232_‘I4)
+P{"9o(?B5+ .uzB3)-l- B‘la—i,u‘la}
+'sinw{?,uﬂo-Ba-|-0,053,u4190——71—a}-B‘
1 1 1
t+guda BB~y ly+ gyt B
1 1
+p(GaBs+ 5 Bals
) 1 o 1 ps e
_gB a1+1~2B uay
-+ cos w{—%,u ay B*— 0,035 ut q, .
+ by Bk oty B
4+ 1 B%h _134
P E 1 4 b ay
1
+EB3,u2bl)}. ... (36)
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Since in this Fourier series the constant term
with the exception of one factor must be equal to a,
and the factors of sin  and cos  must equal zero,
the coefficients of the flapping motion are as follows:

G0 =7 [% 2q B®+ 0,08 481, +—1-0., (B‘ 1 ,4232—% ,44)

+p{%7.434-—332u4z,,+6( By 233)}] o
........ (37)

2p
oL ope 3 e L e
B——2—,uB+pB O,8B—E,u

X {zd (Bz—% yz) + 9 (% B+ 0,106 )
+p<aoB4+EBazd)}. 38

tpa ( 0, 035 3)
by=———— =7 (39)

Brdgpt+ p(O,S B+ 3,42 B)

a; =

Axial thrust.- The supplementary axial thrust in
relation to the rectangular blade with chord to, is:

B =
. . 4 U
Akgg=L"T"t0 ;nca [f fvf'x(v—:—}—ﬂo)dzdw
0 0

B 2r
—{—f fvﬁ- 1‘(% + 190) dxdy
—usiny *
—asing 2n

+f IU” . (__—19)dxdip]
_poa [ﬂ‘vx vy xdxdw+19offvx sdzdy| (@0)

In conjunction with the axial thrust for the
rectangular blade according to equation (18), it
therefore gives for the nontwisted, - tapered blade

1 1
ksat—‘o'ca 1_7d<32+?/‘2)+§‘.“3‘11
R YN NS SR
+ (3 B gt B— g )
2
+p a5 Ba+—ua)

.
_ R4 — R2 —
(g B+ B )

Torque.-~ Here also the additive terms relative to

the rectangular blade are considered. The share of c,

in analogy with the consideration of equation (21) is:

Akgop=— pocd [5}072'-732"1‘“1#'

27
X

0 {focrastazan] an
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and the additive decelerating moment from
cw 18, according to equation (24):

Akgop= p2__: [(c,,—}—clw Botca e Bo?) SS ve2ea?edady
-i—c,SSv,,z- z?edx-dy

12x
+ (e 29 cz)”um-'u,,-xhdxdzp] 43)
G0
After combining and arranging the terms,

the final result for the torque of & nontwisted,

tapered blade is:

K — (eoot 0y cit 0 (51— 55 )

(et 2B0-cp) 5 a

T {al” -1— -%ﬂ’) + piza (—;—-— —g— #’)
+ 4 (——1/4) 3ﬂaob1—|—ao( l‘—%#‘)
=+ b? (——+—1—16—.u’)}

el a2
+/41aa1(-2-B2——/4)+ao (—-#’Bz—ﬁﬂ‘)
—%y,a.,bl-BS-*-al (-B*+%p232)
+b2 (3 B+ g 5}

+p[(c.,+cl-ao+cs-w)(--+--p2)+-‘-za(c1+2aoc,)

+cz{a1 (10+ .u)+/ulaa1(; ;%It"-)
+ld( ——/4) uaobl-l-luao
+oe(55+ 355 ”)}

— e f12 (5 B — gy )+za«90(4 B g
e (5 B — i) at 5 Bt
——Z—,uaobl-B‘—{—al (T(T B5+—8—B’,u=)

+ b2 (110 B o 233)}] ....... (44)

Normal thrust.- The share of cy in the normal

plane is, conformeble to equation (27):
2 p [(co—i—cl-ﬂo—{-c,-ﬂo’) SS V2 x-sinydzdy
—I—c,SSv,,z- xz-sinyp-dxdy

12a

+ {1+ 280 ¢3) Ss‘vx'vy-z-Sinw dx d:p] 45)

4 k,,,1=

and the share of cg in the normal plane,
according to equation (29):

21
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Akgpyp=— B;z‘f;;_cg' [536. vy? e z-sinypdz ;11[)

+z905i§‘v,;-v,,-x-sinwdxdw} N € 11

The increment from the 1lift component
is in accord with equation (31):
X

'0. ’
Aksnrn:_p 2nca [+ aoSSUa;'Uy'x°£OSwda:d1p

—alﬁ"uw.vy- z-costypdzdy
—blﬁvz-vy- x-cos ysinydz dy
+00a05‘3§.vz’-x-coswdxdw
—8, a15§va,2- z-costydzdy
— B by ﬁ vt @ - cos - sin y da dy| (47)

By combining these terms with equetion (32),
normel thrust of a tapered blade follows as

1 1
l%’—lt—=(co+c1’0o+cz'ﬁoz) (—l"i‘—l‘a)
1 .
+(202"90+01)( uhdg— 6 +§/‘2a1)
1
+cg{?,uldz+§-,u3a02—a0b1(z,u2-—m,u3)
1 5 1 11
*““l(?‘?"z)““f(?”—nf‘a>
+ 5,® ( b+ == 48 .“)}
—I—ca’{al-}.d( Bz——,u> (
+ a? < Bzﬂ—ﬁu)+a1 ( u—fg#)
—aobl( B +45—n 3)—?,42,',12
1
—g e o(B—gu)}

+P[(co+01 ’9o+0219'o)( .“+45n )

3y =Y 3
B+45n)

1
+ @ ea By o+ ) (—uza—gaﬁﬁmal)

1 1
+ Ca{ zldz‘l'——.“ ao’ aobl( 14 —El‘)
1 44 1 44
—_— [y § 24 — 4
l"’“‘(.‘)’ 45n”) & (12" 105::”)
1 4\
——h.e P |
b ( 2"'*'315::")}

14 1 1
+ca'{a1}~d( B__l—5—7—t )+a1190(13‘+§§:“4)

4 1 122
2R3,y 4 2| RSy — 4
+ao( Br—g ﬂ)+al (GBM. 315,,#)

'_aobl( Bt + 19211') ,"‘2'1112

— nhady (32 —t ,ﬂ)}] ...... (48)

the
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V. CORRECTIONS

1. Allowance fb;uFiﬁi%éLfiéppiﬁg;ﬁiﬁéédbiétaﬁce
from the Rotor Axis

So far it had been assumed that the flapping hinge of
the tlade coincided with the axis of rotation. But in the
majority of counstructions thig hinge is a certain distance
away from the rotor axis and for such cases the flapping
motion and, consequently, the aerodynamic characteristics
of a rotor are erroneously reproduced.

If e 1indicates the nondimensional distance of %the
flapping hinge, the thrust moment with respect to this
hinge ig:

BR
Mo = /W v % ca t (x - e) R 4r
eR
B B
2 P a i [ 5 [’ 1
=T 5 t R L / Cp Vo X dx - @ / vx2 ¢y de (49)

(9 o
8 e

Since e & 0.1 in the practical designs, the lower

integration limit e can be falrly accurately put at O.
Then

-

il

Hd
0

B
. ol [
s S g LJ/ C, Vo X AX - eJ[\vx2 Cp dX] - (50)
o 0

‘where the first integral expressecs the 1ift moment con-

formable to the cited considerations with e = 03 the sec-
ond term comprises the change due to the outwardly shifted
flapping hinge.

} a) Linearly twisted rectangular blade.- For this mo-
ment caange the insertion of the subgtitute function for
¢, according to equations (5) and (9) gives:
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B
AM /) Ve ‘
S 2 N :
—- = e v L+ 3+ x B dx
) P X (v S o l) :
B® U to oy 5 J x |
~B osin g am
Vy
- a’_J 4 3
26 f vt Gl 49y + oz ﬁl> dx] (51)
o ﬂ
2 .
where ] again indicates that the second integral is to
i

be considered only for ¥ = w to 2m. HNeglecting this cor-
rection, which in fact is unimportant for the final result
at the practical coefficients of advance, the harmonie
analysis of the expregssion for the moment change conforma-
ble to equation (51) gives:

M r 71 2 2
e e RN LR I )
t
ZRUtOCa
4 2 .2
+ §q ZB +'2:.'LL 3>
+ gin w<{u 80 3% + 7 M 31 B3

1 =3 L 2 1 =
4 = + = B 2
% b1 3B o2 bl } » (D )

This affords as new cquations for the Fouricr coeffi-
cients of the flapping moments on a twisted rectangular
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=2 [lz,, B® 4 0,080 4% Ag + —l-ﬁo(B‘ Lo Ba——‘;i)
+ 01(B5+ ”233)

{ de=+ao( B3+——/42B)

+o (f gl e
—— 2 ()
34;0,5;4232—:3(333—”23)
+ 8, (% B3 0,106 ,ﬂ) 49, Bt
f —e(2ZdB+2ﬂoB2+%191-B3)}. .. (54)
. 1 0,035 e
4uB(5+ 5 —'p) 3
’ by=a, i I {55)
4 2 —_
| Btagw e( B+ ) For equa-
;f The harmonic analysm of this integral gives‘: tion (56)
‘ A M, see page
— BT e = (gl B oy B g B) 26

+p{zd( Ba+008/t)
1
- 4 2 2 = 4
+z?0(4B + 4,4 B 32ﬂ)}
+sinw{,uﬁoB2~%a1B3—I—,uldB+—i—,u2a1-B
—I—p(%yﬁoB3+O,O53,u4190——i-—a1B4
-}—l A Bz-———}—,uaﬂ. —|—lu2a BZ>
g Hha gl eTghth
1 1 1
—I.-cosw{—Tj,uaoBz—}-Ebl-Ba—l—z—,uzblB
+p(—-%—[.¢a0B3——-0,035y4a0

+ b B+ + by B2)}] ........ (57)

The flapping motion coefficients for & tapered
blade and a flapping hinge shifted out of the axis of
rotation (see footnote, p.26), are then as follows:

w=3{1=p-) {lzd B +0,08 phg +1190(B“+u23'2——1 ,u)}
+ p{-;: hg BA— 0,094 gt g + B, (-- Bo + 3 B3)}

1 M
——e{—2—ldB2.+190(?Ba+72-//,2 B)}]——I.gz . (58)

@ = 2”A 1 4
(B*-0,5u% BY)(1-pe)+ p (0,8 B — y"’B3)—e(§B3— e B)

1 4.
X [{ld (Bz——z [tz) + 9 (—g— B 4 0,106y3)}(1—p- e)
+ p(B‘ﬁo+%Bald‘)——e (28, B2+ 224 B)]. . (59)

0035 B
4[.¢B{(1———pe)( B .'ua)_|_p.z_2_eB}

(l_pe)(B2+_2_”2>+p(0’833+%,“23)—‘—-e(%:B+f“_;) ”

b1 =y
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blade and a hinge shifted out of the axis of rotation:*

b) Nontwisted, tavered blade.— The equation for the
change in 1ift moment ig:

B
AI" -~ v
R UT t, eyt p/2 L./ ¥ \vg
0
B
[ v
/ 2 g
P v X == + 60) dXJ
o x
o)
B B
- s
= e | /[)vX v, dx + 9, [/ v ® dx
L. ¢ -;j’
) )
B B )
/ - [ .2 I
+ D / Ve Vy X dx+D 8, [ v % dx-} (56)
v/ o
o ) “0

*Tquations (54,55) and (69,60) for defining a, and b,
are the result of the simplified assumption that the moment
of the Dblade mass forces

R
I =% f P(r) r(r-e R) dr

g€ eR
eguals the mass moment of inertia:
R
1 r a
I == J P r-¢ R) dr
o g eR (r) ( )

The exact solution gives two equations with unknown a;

and by, which are obtained when the nondimensional factor
of sin vy in the Fourler serics for the thrust moment is

cquated to —————T———o and that of cog ¥ 1is egquated to

4
tO Ca: R

o

Jote: For equations (57) to (80) inclusive, see page 25.
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The subsequent calculation of the rotor is effected
with the normal formulas, wherein the coefficients of the
new flapping motion, according to equations (53) to (55)
or (58) to (60) are simply inserted. Strictly speaking,
allowance should also be made, when determining the flow
angle ¢ at the blade section, that in the expression for

vy, according to equation (3), the term due %o the flap-
ring velocity
ag . dB
x Iy in (x -~ ) v

changes, though this can be ignored for values of e < 0.1.

2. Change in Profile Drag Coefficient Due to Yaw of
the Blade at Coefficients of Advance

In the determination of the resultant flew velocity
of a blade gection during rotation, it had thus far been
assumed that the flow in the normal plane is always per-—
pendicular to the blade - i,e., the velocity component in
blade direction was ignored. In reality, the resultant
velocity in the normal plane consists of the circumferen-
tial velocity of the particular blade element and the fly-
ing speed V = p U (fig. 5):

=x U% pvU
Vrosultant * K

honce the blade section is oxposed under a changing angle
8§ while rotating. It ig:

tan § = b_cos W ‘ (61)
x + W sin Y '

Since the polar of a profile, especially the drag,
changes in yaw with the angle of sideslip &, an average
value for this 8 1ig formed as function of the cooffi-
cient of advance. In this manner, a comparison with cor-
responding ~ind-tunnel tests affords a correction factor
for the drag coefficient which takes care of the yaw of
the blade at coefficients of advance.

Allowance for the rating of the blade elements in the
various settings is carried ocut in such a way that the in-
dividwal points of the disk area swept by the rotor are
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classed according to the dynamic pressure under.which the

blade element operates. For blade setting ¥, it is:
o1
7
2
d/ls Vo 4%
e}
tan 8pean -7
'/n Vo 4X
o
b/h B ocos ¥ (x + p sin ¥) ax
o
— (82)

i

2
' (x + @ sin V) dx
/ B

When forming the integral.over 1V, it should be ob-—
served that for the particular mean value &, the avsolute

amount without consideration of the sign is of interest.
The integral should therefore express only half a rotor.

Furthermore, & changes sign on the returning blade for
X = - W sin Y. Herewith, we have:
tan 8, =
3 ' e
T4
2 - 37 - siny

[ ;

j‘/ W ocos V¥ (x+p sin Y)ady dxz-2 /q /@ cosV (x+u sin Y)dv dx
. I3 </

0

o o

I'e

i Q

n

. ':-TT 1
2
f/(x+usinw) dy dx
[0}

o
2

02

)
u2>

(63)

|

N

QA
+ .

ol ol
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From the prescentation of this function in figure 6,

_it is seen that the mean angle of sideslip occurring at co-
efficients of advance is not insignificant. For p = 0.4,
for instance, it-amounts te about 20°. :

Allowance for this angle of sideslip is now made in
such a way that the normal polar is computed with 1 cy

= 2
instead of with Cy = Co * €1 dp + ¢z ap . The correction

*actor i is to be taken from corresnondlng wind-tunnel
tests as  £(8,). :

In earlier aerodynamic studies of rotors, the effec-
tive flow wvelocity of a blade had been expressed by the
component of the velocity pervendicular to the blade.
Hence the calculation was already made with a reduced dy-
namic pressure. In the evaluation of tests on alrfoils in
yaw, the coefficient of the drag must accordingly be re-
ferred t» the flow perpendicular to the blade.

To my knowledge there are at the present time no ac-
ceptadle test data of this kind for well~rounded blades
such as are employed for roter blades. For this reason,
it 18 very desirable tm make such exveriments now, in or-
der that the effect of the yaw, which at high coefficients
of advance is certainly of no small influence, may be elu-
cidated.

%+ Allowance for Break-away of Tlow at Returning
Blade with Coefficlients of Advanco

In the investigations on the representation of the
alr-force coefficients on the blade element at the begin-
ning of the report, it had already been pointed out that
the validity of the preceding considerations hinges uron
the contral-and outer parts of a blade during rotation
being subject to small aerodynamic operating angles.

However, inasmuch as these assumptions are no longer
always complied with at high coefficients of advance, it
is necessary to discuss the operating angles %y at the
different points of .the ,rotor disk more in detail., Con-
fined to the normal flight stages, where the flew through
the rotor is approximately in the normal plane, the disk
area swept by the blades can be fundamentally divided into
three zones of operating angle (fig. 7).
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On the side of the returning bdlade (VU = 180° to 360°),
the blade elements within the disk area

T = - W R sin Y
are in the reversed velocity region.

This is followed by a zone B of sevarated flow for
which the representation of the 1ift coefficient Cg . by

c o is no longer justified, This critical region can

1
a %p
be approximately demarcated from the sound flow with r =
-'b R sin ¥, where b 1is left to be determined. It is
the distance x at which, for V¥ = 27Y0°, +the valuse

ap = 15° is reached, according to the previous consider-

ationg,’

’

For VY = 270°, it isg

and consequentiy,

U SRS S B
“p X - W

Solving this equation with respect to =x, it affords with
ap = 0.26

Cp (0.26 = 8) + Ay

b = 64
0-26'-'311"‘23 ( )

For the rest of the principal share A of the disk
area the angles «a, are smaller than 15°, which confirms

the correctness of the theory of the foreges at the blade
element.

*It is advisable, however, fo analyze the working angles

Gy OF the different blade elements for Y = 270°, so as

to gain some opinion about the proper selection of b,
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The correction for the separated flow, (the shaded area) in figure
7, is applied in such a way that ca is replaced for this range by a
‘constant value c,,=0.5cayax. Naturally the share already contained in
the previous equations for kgg , kgn and kg must be subtracted again from
the assumption cg = cg' ap. Quite obviously this kind of correction is
possible only if b does not exceed the value B, but which will under
normal conditions be rarely the case with the present day customary
coefficients of advance. A
The signs for the subsequently computed correction terms are so
chogen that these expressions become additive to the old coefficients.
To illustrate: if ksacorrect 18 the coefficient of axial thrust with
allowance for the separated flow, and Akga the correction, it is;
ks‘correct = ks‘ + Aksa e o o s o e o & » (65)
a) Linearly twisted rectangular blade, Axial thrust:
27 —bsiny
A ksgp = %z [cau ffvzz' dydzx
7 —usiny
2n —bsiny
_ca'{ffum2(_z_”+z9o+ am91> dy d:c}]
7 —psiny z ’
, 25 —bsin g
_O¢Cq Cao
—*27[(%'“‘9°)ff"?2'd“’”
7 —usiny
27 —bsiny 27 —bsiny
_"01ffvw2‘ xdwdx—ffvz- vy-dy dz] (66)
7T —gesiny 7 —usiny
With the abbreviated method of writing (P = b2 -IL? , the result reads,
Akao=—0-cd [la(502— {00+ g (@ —Eu—tu)
Cao 2 (1...
+(190~—ca,>'g(—3—C3—C2#+C#2>
3 1
+01(@c4—§c3u+%c2u2)] . (67)

Normal thrust.-~ Similarly, it is for the normal thrust
2 —bsiny

Akgpy = 2%, [_caof fvxz -singsinydydz
7 —pesiny
27 —bsiny
+ ca'f fvmz(% 48+ :l:??,_)Sintpsin‘wdtpda:]
Ed —nsim#x
‘2% —-bginy
. I i
=3 [ca' J’Jﬁv,{‘.’ -sinpdydx
7 —psiny
. 2x _—-bslnw .
+ff'ﬂo-vx>-v,,-si_nrpd1pdx
a —msiny
2x —bsiny
—I—ffﬁl-v,,--v,,- z+sin yidwd/a:}
n —psiny
2 —bsiny
:—ca.,-f"rbm-vy-simpdwdw].“ ..... (68)

7 —usiny
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This contains only the shares of the forces in the
normal plane. The correction from the 1lift component due
to flapping angle may be neglected, since this effect
appears at the decisive blade settings of ¥ = 270°
primarily as lateral force, while the reaction on the
normal thruet is quite small. On these assumptions the
normal thrust correction reads,

’ Cao 1 2
Algpy=—0"-0¢q [(190 - ca’){ld‘(3_n C2—3—nC#)
o ca—ém—%cﬂa)}wl{h% s
3 .
_Ecz’u) + al<%c4__%caﬂ_éczuz)}

3 1 1 1
+laa1(ﬁéz+§é,u)+amdz+ao2-EC/ﬂ

5 1 1
+ a® (%C3+§§¢2M+ECH2)

1 1 1
+ b,® (%C3—3—2§2,u+3—25,uz)

—aoby (- i m)] ....... (69)

Torque.

) 25w —bsinyw
A hay= 5 [cffv 2 28y gt aty)dyda

&x
7 —psiny
27 —bsiny
v,
— Cgo fvxz-x-—ldwdx]
Vg
7 —psiny
2 —bsiny

= 0‘2‘; [(ﬁo'—%) ffvz-v.y-x-dwp dx
a

n —upsiny

27 —bsiny 2rx —bsiny

-l—r?lffvm-v,,-x?dtp dz —I—vayz'x-dtp dx] (70)

n—psiny 7 —usiny

The solution is:
Aran=oes[fa0—2) e (o =gk ) + [
—ig )+ g e gg )
*“%%¢+%?ﬁ+%ﬁw+ﬁﬁ%p

1 1 1
+553ﬂ+6_4¢2ﬂ2)+§4’2112 aoz_,_biz(ict

128
Y, Lo 4
48 G+ 642; ﬂ)"‘aobl( e Bu

— geﬂa)] e (71)
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b) Non-twisted tapered blade..
Axial thrust. Conformably to equation (66)

-the axial thrust correction reads:
) 2. —bsi!u}u o

. [f f(% )"wzd:d‘” .
. 2:: ——bsin\p

+f fv¢ vy*d'/jdx
I ) . x —psiny- )
S U gm —bsinv: :
=) Jorares
- 1 '—‘—yslnyp' .
27w —béinip . )
.+Jq Iv,,w,,-wdw-da:}] <. (12)
n —psiny . L .

A kza

Which, evaluated, gives;
Akaat='—6rca’[(0o °“")(9—ﬂc3———c2u+ )
+aa(§ =g ba)+ g @ — 8 u—
+r{(t—2) (Frr — 5 ou+ 550 )

+ ha(Z g o) + e 0t 2e )

Normal thrust. Conformably to equation (68) it is:
, 2sx —bsiny
Aksmza;;: [(ﬂo—%ﬁ'})f orv,-v,,-sinv;dtpdx
T —usiny
27 —b-siny
+S Sv,,z-sinapdtpdx
7 ~—psiny

27 —bsiny

+p{<0o—%:l)f fv,, Dy Slnlpdtpdx

n —usiny
27 —bsiny .
+S Sv,”-x-sintpdtpdx}] .. (74)

& —Susiny
Hence
Aks,,,=—a;c.,'[(0o. Z“°>{zd(37;c ;l—z_cp)
+a‘(Z{?—EC3__57C2'“ 15”5#)}A
_.+Aaa1(wc +glu) ¥yt

+ Qg "_CIJ

+.a1( C3+—C/4+ C.u) ‘
s (—ca——c=y+—¢ w) .

_d"b‘(wn u— 157 c"‘)

33
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+pf{ po— 2 aa (50— )
R & #)}

a0t )
o e G o C g
+ a® (—3:—7! 544% tu+ 3;71422 ﬂz)
1025n &= 311§7z Eut 104;71 Czﬂz)

—aobl(zls—z_:w—%cw)'}}]. )

+ 02

Torque. Conformebly to equation (70) the torque
correction reads;
27 —bsin Y

A kdtz'% [(190—%:’7)13 fvw-v,,- zdydx
7 —psiny
2x —bsiny
Sv,,z- z-dydx

£ wsiny

4

257 —bsiny
+p{(190— c“‘})f fvm-v,,-wzdzpda:
Ca w—psiny
25w —bsiny
+S Sv,,z-xzd«pdz}] ..... (76)
7 —upsiny

The result is;

2 1 ; 2
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