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A Computational Model for Three-Dimensional
Jointed Media with a Single Joint Set

J. Richard Koteras

Engineering Mechanics and Materials Modeling Department
Sandia National Laboratories

Albuquerque, NM 87185

Abstract

This report describes a three-dimensional model for jointed rock or other me-
dia with a single set of joints. The joint set consists of evenly spaced joint
planes. The normal joint response is nonlinear elastic and is based on a ratio-
nal polynomial. Joint shear stress is treated as being linear elastic in the shear
stress versus slip displacement before attaining a critical stress level governed
by a Mohr-Coulomb friction criterion. The three-dimensional model repre-
sents an extension of a two-dimensional, multi-joint model that has been in use

for several years. Although most of the concepts in the two-dimensional mod-
el translate in a straightforward manner to three dimensions, the concept of slip

on the joint planes becomes more complex in three dimensions. While slip in
two dimensions can be treated as a scalar quantity, it must be treated as a vector
in the joint plane in three dimensions. For the three-dimensional model pro-
posed here, the slip direction is assumed to be the direction of maximum prin-
cipal strain in the joint plane. Five test problems are presented to verify the
correctness of the computational implementation of the model.
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A Computational Model for Three-Dimensional
Jointed Media with a Single Joint Set

Introduction

The behavior of rock structures is complicated by the presence of joints. Joints can be,p,

defined as fractures along which little or no shear displacement has taken place. The

behavior of jointed media is discussed in various sources 1-5,and extensive work has been
done to incorporate some of the analytic models describing joint behavior into two-

dimensional finite element codes 6-8. This report describes work to develop a
computational model for three-dimensional .jointed media with a single set of joints. A
three-dimensional model with a single set of joints is more restricted than some of the two-

dimensional models incorporating two joint sets 5-7. Even though the three-dimensional
model discussed in this report is more restricted in terms of the number of joint sets than
some two-dimensional models, it does present the opportunity to examine issues that arise
in constructing a fully three-dimensional model. Some of the concepts used in the two-
dimensional models translate in a straightforward manner to the three-dimensional case

while other concepts become more complicated in three dimensions. This report was
written in part to discuss the complications that can arise as some well understood work in
two dimensions is extended to three dimensions. It was also written to document a

computational model that is useful for modeling layers of material where there are strongly
directional properties.

The computational model described in this report uses a continuum approach; a continuum
approach captures the gross response of jointed rock by distributing the individual
responses of the joints throughout the rock mass. The normal joint response is nonlinear
elastic and is based on a rational polynomial fit to experimental data. Joint shear stress is
treated as linear elastic in the shear stress versus slip displacement before attaining a critical
stress level governed by the Coulomb friction criterion. Beyond the critical stress value, a
linear relation analogous to strain-hardening plasticity governs the rest of the shear stress
versus slip-displacement relation. The rock matrix between the joints is treated as an
isotropic linear-elastic material. The constitutive model is formulated in terms of a set of
rate equations governing the stress-strain response of a jointed media.

• The following sections describe the theory of the single joint set model for three-

dimensional media and the computational implementation of the model in the finite

' element code JAC3D 9. Test problems are described to verify the computational
implementation. Both numerical and analytic results for the test problems are presented in
the verification sections. The test problems are simple enough so that certain key values
can be calculated analytically to verify the computational results.



Single Joint Set Model

The single joint set model (Figure 1) assumes a single set of evenly spaced parallel joints.
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Figure 1. Coordinate System for Single Joint Set Model in Three Dimensions.

These joints are associated with an mnr coordinate system. The m and n axes lie in the joint
planes, and the r axis is perpendicular to the joint planes. Quantities in a global xyz
coordinate system can be transformed to the mnr system by using proper coordinate
transformation equations.

The normal joint behavior is characterized by

-AUr (1)
Trr = Umax_ Ur'

II

where Trr is the joint normal stress, A is the maximum tensile stress across the joint, u r is
IB

the normal joint displacement, and Ureax is the maximum closure of the joint. The

maximum closure is a negative constant. Equation (1) sets an upper limit on the tensile
stress that can be carried across the joint, and this maximum value is set by A. As the joint

opening increases, the normal joint stress Trr approaches A asymptotically. The value for



Ureax limits the maximum amount of closure that can be sustained by the joints. The value

u r measures the amount of separation between the two faces of a given joint. The value for

the normal joint stress, Trr, as a function of the joint opening, u r, is shown in Figure 2.
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Figure 2. Joint Normal Stress as a Function of Joint Opening.

A bilinear shear stress-slip displacement response is assumed for the slip behavior of the
joints. The onset of nonlinear response is assumed to be governed by a linear Mohr-
Coulomb criterion. A scalar slip function is given as

F = IT,+ kl,Trr- C0, (9)

where Trr and 1:are, respectively, the normal and shear stress across the joint. In Equation

(2), IXis the coefficient of friction and C0 is the joint cohesion. The joint behavior is elastic

if F < 0 and inelastic if F > 0. The joint shear stiffness is Gs in the elastic range and Gs'

in the inelastic range. This behavior is shown in Figure 3.

Hooke's law for isotropic elastic materials can be combined with the normal and shear joint
iI

behavior to obtain strain rate versus stress rate relations. The strain rate versus stress rate

equations are presented because of the nonlinear behavior of the joints. The strain rate
, versus stress rate relations in terms of the local joint sets are

7"mm K- 2G/3
emm- 2G- 6KG tr(_, (3)
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Figure 3. Shear Stress Versus Slip Displacement Behavior for Joints.

7"nn K-2G/3
enn = 2----G- 6KG tr ( _ , (4)

Trr K - 2G 3 [57"rr

e'rr -- 2---G- 6KG tr (_/') + (5)(A - Trr) 2'

"Fm tl

e,n,,- 2G' (6)

• I 1 1, IT._, (r)e°_= _ +2--_

(_rm = _ + _'rm, (8)

where
ii

tr (T) = Tram+ 7"nn+ Trr, (9)

and

= -AUra,x8. (10)



In the preceding equations, the normal strain rates are denoted by Omm, en,,, and err' and

the associated normal stress rates are denoted by T,,,,,,, J",,,,,and Tr,', respectively. (The
subscripts on the normal quantities denote tensor directions and do not imply summation.)
In the equations for the normal strain and stress rates, tensiles stresses are positive and

compressive stresses are negative. The shear strain rates are denoted by e,,,n, 0,,,., and er,,,,

" and the associated shear stress rates are denoted by i",,,,,, _'nr, and i/'rm, respectively. The
dot above a given stress or strain component denotes differentiation with respect to time.

•' The shear modulus of the rock matrix is G, and the bulk modulus of the rock matrix is K.

The notation Gk indicates that either Gs or Gs' is used in the relations between the shear

strain rates, e,,r and erm, and the shear stress rates, T,,r and ]/'rm"

The normal strain rate in the r direction is composed of a contribution due to the
deformation of the rock matrix (the first two terms on the right hand side of Equation (5))
and a contribution due to the joint opening. If the effect of the joint opening is spread over
the distance 8 defined by the joint spacing, then the joint opening can be treated as an
additional strain component in a continuum model. The strain component due to the joint
opening is obtained by rewriting Equation (1) so that the normal joint displacement is a
function of the normal joint stress and then dividing the normal joint displacement by the

joint spacing ft. If (err)j is the normal strain component due to the joint opening, then

UmaxTrr

(e"r)J = Ur/_)= (T,.,.-A)8" (11)

By taking the derivative of Equation (11) with respect to time, it is possible to obtain the
normal strain rate component due to .joint opening, which is the third term on the right hand
side of Equation (5).

A process similar to the one just described for the normal joint opening is used to include
the effects of slip on the joint planes in the expressions relating shear strain rates to shear
stress rates. If the effect of the slip on the joint planes is spread over the distance defined
by the joint spacing, then the joint slip can be treated as an additional strain component in
a continuum model. The amount of slip in the n direction in the r plane as a function of the

shear stress T,,r, for example, is given as

u,.,, = 7;,,./G k. (12)

Dividing both sides of Equation (12) by 28 createsa shear strain component associated

with the joint slip, (e,,.)s, consistent with the shear strain component due to shear

deformation of the rock matrix. The expression for the shearstrain component e,_r as a

sum of the shear strain in the rock matrix, (e,,,.) matrix' and that attributable to the joint slip
is

5

i
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enr = (enr) matrix + (enr) s = Tnr/ (2G) + Tnr/ (2_SGk) . (13)

Taking the derivative of Equation (13) with respect to time yields Equation (7). A process
similar to the one just used to obtain Equation (7) can be used to obtain Equation (8).

Equations (7) and (8) for the shear strain rates, e,,r and e.rm, assume that slip on the joint
w

planes can occur in both the m and n directions, and that the joint slip in the m and n

directions is uncoupled. In Equation (7), for example, the shear strain rate e'nr has

contributions resulting from shear in the rock matrix and slip on the joint plane. The

calculation of e'nr is independent of the calculation of er,n' Equation (8) also assumes that

erm has contributions resulting from shear in the rock matrix and slip on the joint plane,

and that its value is independent of the calculation of e'nr" Additional comments will be
made in future sections about the inherent assumptions in Equations (7) and (8).

The mathematical description for joint behavior presented in the preceding sections has
been used as the basis for developing a computational model for a single joint set in a three-

dimensional ntedia, and this model has been implemented in the code JAC3D 9. JAC3D
solves nonlinear quasi-static solid mechanics problems using a conjugate gradient method.
In order to implement the single set jointed rock model in JAC3D, it is necessary to
calculate stress increments in terms of strain increments. The following sections describe
the process for calculating stress increments in terms of strain increments.

Implementation of Computational Model

With the preceding description for joint behavior, the normal stress calculations are
independent of the shear stress calculations. For the shear stress calculations, the normal
stresses enter into the calculation of whether inelastic behavior occurs [Equation (2)], but
other than this, the shear stress calculations do not depend on the normal stresses.
Therefore, the normal stresses are calculated first, followed by the calculation of the shear
stresses. The two sets of calculations are linked only via Equation (2).

Normal Stress Calculations

In order to calculate normal stress increments, first add Equations (3) through (5) to obtain
the relation

3KI3L
tr(7") = 3Ktr(_)- (14)

(A - Trr ) 2'
Ii

where

tr(e) = e"'n + en,, + err" (15)



If the expression for tr (T) in Equation (14) is substituted into Equation (5), the result is

al_JLr
7"rr + "- 2Gerr+ a2tr(e) , (16)

(A - Trr) 2

where

a I = K+4G/3 (17)

and

a 2 = K-2G/3. (18)

If the strain rates ernrn, enn' and e'rr are constant for some increment in time At, then it is

possible to integrate Equation (16). Integrating Equation (16) from time t to time t + At
yields Equation (19).

al[_ al[_
(2Gerr+a2tr(e.) )At = Ttr: At- Ttrr + - (19)

(A - Ttr: At) (A -- Ttrr )

The value for the normal stress, Trr, at time t is denoted by Ttrrand at time t + At is denoted

by Ttrr+ At If the quantity _/r is defined as

all3
Yr = [2Gerr + a2tr (p') ] At + Ttrr+ , (20)

then Equation (19) can be rewritten as

(Ttr:At) 2- (A + _[r) Ztr:At"_ • A3[r-al_J = 0. (21)

Equation 121) is quadratic in Ttrr+at, and the roots of Equation 121) are given by

7_+_, = - b + Jb_- 4c (22)rr• 2 '

where@

b = -(A + _r ) 123)

and



C "- A_r - a l _' (24)

The desired root is the smaller of the two values of the real parts of (- b - Jb 2 - 4c)/2

and (- b+ Jb2- 4c)/2. This is summarized in Equation (25).

T t+zxt = min{real[(-b+Jb2-4c)/2] real[(-b-Jb2-4c)/2]} (25)rl"

6

Now that a value for/4r+ At has been determined, it is possible to compute 7ram and Tnn at

time t + At. If the expression for tr (_ in Equation (14) is substituted into Equations (3)

and (4), the results are

a2_J'rr

*mm + (A - Trr ) 2 = 2Ge'mm + a2tr (e) (26)

and

a2_7"rr

'J'nn + (A - Trr ) 2 = 2Genn + a2tr(e) " 127)

By again relying on the assumption that the strain increments are constant over some time

increment At, it is possible to integrate Equations (26) and (27) to produce

T t+At = -a213

mm A -- Ttr: At + "_m (28)

and

Ttn,+At = -a2l_ + 7,,, (29)
A-Ttr: At

where

a213
Y,n = [2Ge,,,m +a2tr(e) ]At+ Ttmm +_ 130)

A - T t
rr

and

a213t
7n = [2Genn+a2tr(e)lAt+ Tnn+_ (31)

A - T t
rr



Equations (25), (28), and (29) give values for the normal stress components at time t + At.
Calculation of the normal stresses for the single set three-dimensional jointed rock model
is a simple extension of the concepts used for two-dimensional jointed rock models. Now
that the normal stress components have been computed, the shear stresses can be
determined.

Shear Stress Calculations

° The calculation of shear stress increments for the single set three-dimensional jointed rock
model relies on some of the concepts for the two-dimensional models. The transition from
two to three dimensions introduces some considerations in the calculation of the shear
stress increments that do not arise in two dimensions. This section examines calculation of

the shear stress increments and the special situations that occur in a three-dimensional
model. The first part of this section examines different schemes for calculating the shear
stress increments for a given set of shear strain increments.

One method for calculating the shear stress increments assumes that the shear behavior on
the r plane is uncoupled in the m and n directions. The Mohr-Coulomb criterion would be

used to determine if elastic or inelastic behavior governs the calculation of Ttrm+At. Then,

independent of these calculations, the Mohr-Coulomb criterion would be used to determine

if elastic or inelastic behavior governs the calculation of Ttnr+At. Equations (6) through (8)

would be u:;ed to describe the shear strain-slip displacement under this assumption.

The method just described, although not unreasonable, does not seem to be desirable from
an intuitive standpoint. Joint behavior is tied to a coordinate system that is arbitrarily
oriented in the plane of the joints. A more reasonable scheme would seem to be one where
joint slip occurs in some direction determined by a criterion using stress or strain. The
concept of joint slip becomes slightly more complicated in a three-dimensional model as
opposed to a two-dimensional model. A slip displacement increment in a two-dimensional

model, A us, is motion along a line that lies in the two-dimensional plane. The direction of

motion along this line is indicated by the sign of Aus. A slip displacement increment in a

two-dimensional problem can be treated as a scalar quantity with direction information
implied by the sign of the slip increment. For a three-dimensional problem, a slip
displacement increment is a vector quantity that lies in the joint plane. Going from two to
three dimensions results, therefore, in a more complicated concept of slip on the joint plane.
Because the concept of slip is more complicated in three dimensions, it becomes necessary
to examine certain issues in the calculation of the shear strain increments that do not arise

• for the two-dimensional case.

To account for the fact that joint slip is a more complicated phenomenon in a three-
" dimensional problem, use a scheme to calculate the shear stress increments that assumes a

slip direction is determined by some type of stress criterion. Since failure criteria are often
stress based, a stress criterion for determination of a slip direction seems a reasonable
approach for determining a slip direction.



As an initial proposal for calculating shear stress increments, assume that slip on the r plane
occurs in the direction of the maximum shear stress on the r plane. The direction of the
maximum shear stress is known at time t, but it is not known at time t + At until the values

of Ttr+At and Ttnr+At have been calculated. The problem is that there is no a priori method

of calculating the direction of the maximum shear stress at time t + At without knowing the in.

value for Ttrm+ At and 7Unr+6,. To use the shear stress values at timer + At to determine the
slip direction would require an iterative process, o

Rather than developing a scheme using the values idrn+Atand Ttnr+At to determine a slip

direction on the r plane, consider a scheme that uses the elastic estimates for shear stresses

Trm and Tnr at time t + At. Although there is no theoretical basis for this approach for

choosing the slip direction, it is a reasonable alternative that avoids the problem of having
to iterate the shear stress calculations. The following sections outline the shear stress
versus slip displacement calculations based on the assumption that the elastic estimates for

Trm andTnr at time t + At determine the slip direction on the r plane.

All calculations are based on shear strain increments Aemn, Aenr, and Aerm, which are

defined by

Aemn = _mnAt, (32)

Aenr = enrAt, (33)

and
!

Aerm = _rmAt. (34)

As has been done with the normal stress calculations, it is assumed that the shear strain rates
are constant over the time At.

The direction of the maximum shear stress is computed based on the elastic estimates for

the shear stress components at time t + At. These elastic shear stresses at time t + At are
determined by

( Lnn) t + At __ Ztmn q. 2GAemn ' (35)elastic
b

(Lzr)t+At "- ffnr d" (2GAenr)/[1 +G/ (SGs) ] (36)elastic
4

and

(Trm) t+At = Ttr,,, + (2GAerm)/[1 +G/ (_Gs) ] (37)elastic

10



Equations (35) through (37) produce values for the shear stresses assuming elastic shear
stress versus slip displacement behavior. These equations assume uncoupled elastic shear
stress versus slip displacement behavior in the m and n directions.

The angle associated with the maximum (or minimum) elastic shear stress value on the r
. plane is

atan[(Tnr) t+At /(T _t+At ] (Trm) t+At _0

,, elastic " rm_ elastic j ' elastic
O = (38)

71:/2, (T _t+At _ O.. rm, elastic --

A new coordinate system m'n'r is obtained by a rotation of 0 about the r-axis of the mnr

system. The shear stresses on the r plane in the m'n'r coordinate system are given by

Trm, = Trm COSO + TnrsinO (39)

and

Tn, r = TnrCOSO- TrmsinO. (40)

Because of the manner in which 0 has been specified, Equation (38) yields a value of zero

for (Tn,r) t . At and (Trm,) t+At takes on a maximum (or minimum) value.elastic elastic

The shear strain increments in the m'n'r coordinate system are given by

Aen, r = AenrCOS0 - AermsinO (41)

and

Aerm, = Ae_,nCOS0+ Ae.rsin0. (42)

The calculations for the shear stress increments can now be made in the m'n'r coordinate

system. In this system, the shear stress increments A Tin,., and A Trm, are written simply as

ATm,n, = 2GAem,., (43)

and
e

ATrm, = 2GAerm,/ [ 1 + G/ (SGk) ]. (44)
b

Now it is necessary to write some expression for the shear stress increment ATn, r in terms

of the shear strain increment A en, r. For the particular coordinate transformation chosen,

the strain increment Aen, r is not necessarily zero. In general, Aen, r can be a nonzero

11



quantity, and it becomes necessary to write some expression relating this shear strain

increment to the shear stress increment AT,,,r. Since it is assumed that all of the slip

displacement has taken place in the m' direction, it is not possible to use an expression

similar to Equation (44) to relate [_en, r and AT,,,,. without violating the assumption about

the direction of slip displacement on the joint plane. If the relation between Aen, r and ,t

AT,,,r is written in the form

ATn,r = 2GAe,,, r, (45)

then there will be a stress increment due to deformation of the matrix material only. This
violates the general assumption that a shear strain increment in any direction is composed
of both deformation of the matrix m;tterial and slip on the joint planes.

The method of determining the direction of slip on the joint planes given by Equation (38)

leads to difficulties when trying to specify an equation to define ATn, r. This becomes more

evident when the special case of 0 = 0 is considered. Suppose that Equation (38) predicts

that the direction of slip on the joint plane is in the 0 = 0 direction. Furthermore, suppose
that the shear stress versus slip displacement behavior is elastic. For this special case of

slip in the 0 = 0 direction and elastic slip on the joint plane, the elastic shear stress
increment in the m direction is given by Equation (44) and the total shear stress at time
t+Atis

Tt+At t+At = Ttr,,,+((2GAerm)/[l+G/(SG_.)]) (46)rm -- ( Trm) elan'tic " "

Since the direction of slip is in the 0 = 0 direction, Equation (38) requires that (T,,,.) t+ a telastic

be zero. Consider the case where T_nr is nonzero. For this particular situation, the value of

the shear stress increment ATn,. must be equal to and opposite in sign to the value of Tent.

If an equation similar to the form of Equation (44) is used to calculate the value of A Tnr ,
then the implication is that slip occurs in the n direction. If Equation (45) is used to

determine the value of ATnr, then the implication is that AT,,,. arises only from deformation
of the rock matrix. With the current scheme for determining the direction of slip on the

joint plane, there is no clear cut means to calculate the value of ATnr consistent with all of

the assumptions about the direction of slip on the joint plane and the behavior of the jointed
rock mass. The problem with this scheme is that the direction of slip is determined from
calculations that first assume that slip behavior in the two coordinate directions m and n is
independent. Shear stress increment calculations are then made on the basis that slip can
occur in only one direction.

As an alternative to the assumption that the elastic estimates for Tmr and Trn at time t + At

determine the slip direction, assume that the direction of the maximum shear strain

12



increment on the r plane determines the direction of slip. This assumption leads to
kinematically consistent behavior; it does not lead to difficulties in the calculation of the
shear stress increments like those obtained in the preceding sections. Furthermore, this
particular method for determining the slip displacement direction leads to a relatively

simple set of equations for ATrm and ATnr.

" The direction of the maximum shear strain increment in the joint plane (r plane) is

" 0 = { atan (Aenr/Aerm)_/2,Aemr='Aemr0._:0 (47)

A new coordinate system is again obtained by a rotation of 0 about the r axis of the mnr

coordinate system. The shear strain increments on the r plane in the m'n'r coordinate

system are given by equations (41) and (42). Because of the manner in which 0 is chosen,

Aen,r has a value of zero. The equations for the shear stress increments, therefore, take on
the form

AT,,,,,,, = 2GAe,,,,,,,, (48)

A Zn, r = 0, (49)

and

A Trm, = 2GAerm,/ [1 + G (SGk) ]. (50)

The determination of slip direction based on the maximum shear strain increment in the r

plane eliminates problems with the specification of A Tn,r.

Since ATn, r is zero, the equations relating shear stress increments in the mnr and m'n'r

coordinate systems become

ATr,n = ATrm,cosO (51)

and

AT,, r = ATrm,sinO. (52)

The equations to compute the shear stress increments for strictly elastic behavior have the
, form

2GAerm,COSO

A Tr'" = 1 + G (_)Gs) (53)
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and

2GAerm,sinO

ATnr = 1 + G (SGs) " (54)

Equations (53) and (54) can be used to calculate the shear stress increments for strictly

inelastic behavior by substituting Gs' for Gs. Since the choice of slip direction given by
Equation (47) does not lead to anomolous behavior and results in a relatively simple set of
equations for the shear stress increments, it is used as the basis for determining the slip
direction in the computational implementation of the single set jointed rock model. The
computational implementation uses various forms of Equations (47) through (54) as a basis
for calculating the shear stress increments.

Now that a coordinate transformation has been established for determining the direction of
slip on the joint plane and equations derived for shear stress increments, the criterion for
the onset of inelastic joint behavior can be defined. This criterion will be based on
extensions of the ideas used for two-dimensional jointed rock models. A full description
of the shear stress versus slip displacement behavior for the two-dimensional jointed rock
models is given in Reference 10.

The onset of inelastic behavior is determined by a simple Mohr-Coulomb failure criterion.
If the shear stress at time t + A t exceeds some limit, then inelastic behavior occurs. The

limit used to determine if inelastic behavior occurs is the effective yield stress. The

effective yield stress depends on two parameters, the yield stress at time t+ At and
permanent offset on the joint plane at time t. The first parameter, the yield stress on the r

plane at time t + A t, is defined by the relation

Try+ At _. C0 _ _l, rtr, + At (_)¢

The yield stress varies over time because it depends on the normal joint stress, Trr , which
also varies with time.

The second parameter, the permanent offset, depends on the current shear stress versus slip
displacement state. In order to define the permanent offset, first consider a special case
where there is shear deformatior:, only in the m direction. At time t, the permanent offset is
calculated from the relation

t -" U t -- (T t /G_) (56)U offset, m s, m rm , "

q

t is the total slip on the joint plane in the m direction at time t. The quantityThe quantity us, m

Ttrrn/Gs is the amount of slip on the joint plane in the m direction that can be recovered by

elastic unloading. If only elastic behavior has occurred up to time t, then the value for

14



Utoffset,m will be zero. If inelastic behavior has occurred at any point prior to time t, the
value for the offset will be nonzero. The difference between the total slip on the joint plane,

t

Us,m' and the amount of slip on the joint plane that can be recovered by elastic unloading,

Ttrm/ Gs, is the permanent offset.

Because the determination of the permanent offset depends upon the joint slip, and the
• concept of joint slip is more complicated in three dimensions as previously indicated, the

calculation of the permanent offset is not as straightforward in three dimensions as it is in
two dimensions. There are several methods that can be used to calculate the total slip used
in the calculation of the permanent offset.

For the first method for calculating total slip for determination of the permanent offset,
assume that the total slip in the m and n directions is known at time t. The total slip in the

t TO definem direction at time t is Uts,m and the total slip in the n dirt.,tion at time t is Us,n.

the permanent offset, use the slip and shear stress component in the 0 direction on the r

plane, where 0 is defined by Equation (47). The slip in the 0 direction is given by

t t t

Us,m, = Us,tacos0 + us, nsin0 (57)

and the shear stress conaponent in the 0 direction, 74rm,, is given by Equation (39). The

permanent offset is defined as

t t (Ttrm,/Gs) (58)btoffi_'et, m' "" bls, m' --

Equation (58) determines the permanent offset in terms of the total slip and the shear stress
in the m' direction, which is the direction of the slip on the joint plane. With this particular
method for computing the permanent offset, any slip component or shear stress component
orthogonal to the direction of slip does not affect the value of the permanent offset. Only
the slip and shear stress components along the direction of slip enter into the permanent
offset computations.

Another method for computing the permanent offset relies on a simple distance calculation.
Assume, as before, that the total slip in the m and n directions is known at time t. Define
the total amount of slip at time t as

" t J t 2 t 2Us,.,,, = (u_,m) + (Us,n) . (59)

If i and .j are unit vectors lying along the m and n axes, respectively, and the slip vector at
time t is defined as

t t m,l + Uts, _, (60)Y =Us,
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then Equation (59) represents the magnitude of the slip vector at time t. The slip vector at
time t is associated with a angle (x defined by

t ,,/ul+. ). (61)(x = atan (Us, m

The angle c_ is the angle between the slip vector at time t, _ut, and the m axis. The mnr

coordinated system can be transformed to the m"n" r coordinate system by a rotation of c_
about the r axis. This angle provides a basis for specifying an associated shear stress for '

the permanent offset calculations. The shear stress component in the joint plane in the m"

direction, Ttr,,,..,is defined by

_,,,. = Ttr,,,cos (x+ _,rSin_. (62)

The permanent offset, defined in terms of u[, m" and Ttrm,,,is

' ' _r,,," / Gs (63)Uoffset, m" = Us, m" --

In general, the angle c_ is not necessarily the same as the angle 0 specified by Equation

(47). Therefore, the slip and shear stress components uts,m" and Ttrm,, are not necessarily

the same as ul,,,,,, and _-m' and do not bear any direct relation to the transformation

specified by Equation (47).

Finally, one could specify the total slip at some point on the joint plane in terms of the path

traversed by that point. Suppose the slip at a given point on the joint plane over the ith time
increment is given by

• = , " + (Z_Us,,,)" (64)(AU_,)i (At/ m) t i'

where (Aus.,,,) i and (Aus,,,)i are the slip increments in the m and n directions,

respectively, for the i t/' increment. The total slip up to time t is given by

k

t (65)u, = _ (zXu_)i,
i=l "

t is a scalarwhere the total number of time increments up to time t is k. The quantity us

quantity and is not associated with any particular direction on the joint plane. Because of

this, it is difficult to define some related shear stress based on 7¢rmand Ttnr as in the

previous schemes for computing the permanent offset.
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There is no theoretical basis for choosing one of the above schemes for computing the
permanent offset as oppmed to another. For the purposes of the current computational

t

work, the first scheme based on Us,m, and Tts,m' has been selected as the means for

computing the permanent offset. The main reason for choosing this particular scheme is
that it is consistent with the calculation of the slip direction used in the calculation of the

, shear stress increments. In the implementation of the computational model, us, rnand Us,n
are stored as state variables, and Equations (39), (47), (57), and (58) are used to calculate
the permanent offset,Q

Now that a means of specifying the slip and an associated shear stress has been selected, it
becomes possible to compute the effective yield stress. Consider the shear stress versus slip
displacement history shown in Figure 4. The shear stress versus slip displacement at time

r, i_ p /

- "B

Try TM
- _

A
: t

-
" Us, m"

I° ' --iU offset, m'

Figure 4. Effective Yield Stress for a Given Shear Stress Versus Slip Displacement
Configuration.

t is given by point A. Assume that a loading situation occurs over the time increment A t.

The yield stress at time t + A t is given by Equation (55). It is assumed that the shear stress
versus slip displacement behavior will be elastic until point B is reached, which is the

. effe,ctive yield stress at time t + At. Inelastic behavior occurs when the effective yield
stress rather than the yield stress is exceeded. This approach represents a translation of
some basic ideas in strain hardening plasticity to the jointed rock model.

J

17



Point B lies on the shear stress versus slip displacement curve with a shear yield stress of
+at

_y . The total slip displacement on the joint plane in terms of quantities defining the
shear stress versus slip displacement curve at time t + A t can be written as

Us,t+Atm' : _y+ A t/as+ [Tte; At - Tty+At]/as'. (66) .

The total slip displacement on the joint plane in terms of the permanent offset shown in (I

Figure 4 is

t+A t t Tte+A t/ , .Us, m' = Uoffset, m' + y ( Gs ) (67)

By equating the right hand side of Equation (66) with the right hand side of Equation (67),
it is pos._ible to solve for the effective yield stress. The effective yield stress at time t + A t
is

a'sutffset, m' (68)
_ey At -- _y+At= F I_Gts//G s •

The effective yield stress coincides with the yield stress if the value for the permanent offset
is zero. The permanent offset is zero if there has been no inelastic behavior.

For the case of unloading, the effective yield stress at time t + A t is set to the yield stress

at time t + A t. The convention chosen for determining the effective yield stress results in
the shear stress falling on or below the shear stress versus slip displacement curve at time
t+At.

+at. is less than or equal to the value for the effective yield stressIf the value for (Ttrm, ) elastic

Tt . at then elastic slip behavior occurs and Equations (53) and (54) are used to calculateey '

the shear stress increment. If completely inelastic behavior occurs, Equations (53) and (54)

are still applicable if Gs' is substituted for Gs in both equations. If there is a transition from

elastic to inelastic behavior for a given strain increment, the expression for the stress

increment ATrm, becomes more complicated. In the transition from elastic to inelastic

behavior, the strain increment due to elastic slip on the joint plane is given by

(_e; A t_ Ztrm ,) / (2_Gs) , (69)

and the strain increment due to inelastic slip on the joint plane is given by

(-.t+At +At) /rm -- Tey / (28Gs'). (70)
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The sum of the elastic and inelastic strain contributions in Equations (69) and (70),
respectively, and the strain contribution from the matrix material gives the total strain

increment Aerm,. The expression for A erm, is

28Aerm, = 8ATrm,/G+ (Tte;At-Ttrm,)/Gs + (Ttr+m,At-Tte;At)/Gs'. (71)

By using Equation (71) it is possible to write the value for the stress increment A Trm, as

+

2GAerm,+ (TteyAt- Ttrm ,) [G/ (Sas" ) -G/ (SGs) ]

, A Trm, = 1 + G / (86s') . (72)

The shear stress increments ATrm and m Tnr are obtained by using the transformations in
Equations (51) and (52), respectively.

Now that A Trm and A Znr are known, it is possible to compute the slip displacements with
the relations

Aus,,n = 8(2Aerm-ATrm/G) (73)

and

Aus,n = 8(2Aenr- ATnr/G) . (74)

In summary, a strain based criterion [Equation (47)] is used to determine a slip direction in
the joint plane. The selection of the slip direction in Equation (47) leads to a set of
equations relating shear strain increments to shear stress increments. An effective yield
stress is then calculated to determine whether or not inelastic behavior occurs. The
calculation of the permanent offset quantity used in the effective yield stress calculations
also m_:es use of the slip direction determined by Equation (47).

Verification of Computational Model

A variety of problems are used to check the computational implementation of the single set
jointed rock model. This section describes these verification problems and key analytic
results from the problems that can be used to verify the computational implemetation of the

- jointed rock model.

. All of the test problems described are for a jointed media with a single set of joints and all
of the test problems utilize the same set of material properties. The matrix material in the

jointed media has a Young's modulus, E, of 1.0 × 10 6 psi and a Poisson's ratio, v, of 0.25.

These two material properties correspond to a shear modulus, G, of 4.0 × 105 psi and a bulk
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modulus, K, of 6.6667 x 105 psi. The maximum joint closure, Umax, is -0.003 in. and the

maximum tensile stress, A, is 1.0 x 103 psi. The joint shear stiffness, Gs, is 1.0 x 105

psi/in, the joint shear stiffness, G' s, is 1.0 × 103 psi/in, the joint cohesion, C0, is 250 psi,

and the joint coefficient of friction, la, is 0.7. The joint spacing, _5,is 0.5 in.

Sample Problem 1: Simple Compression . ,

The first verification problem tests the behavior of the joint model in a direction normal to
the joint planes. The geometry for this particular problem is a cube (Figure 5.) The cube,

10 in. _[

/,
10 in.

i

_ 10i_n y

Figure 5. Geometry for Sample Problems.

which has a length of 10 in. for its sides, is aligned with the xyz coordinate system, and the
mnr coordinate system is aligned with the xyz coordinate system. The joints lie in planes
that are normal to the global z axis. The planes of the cube perpendicular to the m axis (x

axis) have a prescribed displacement of um = 0, and the planes of the cube perpendicular

to the n axis (y axis) have a prescribed displacement of un = 0. The plane perpendicular

to the r-axis at r = 0 has a prescribed displacement of u = 0, and the plane perpendicular

to the r-axis at r = 10 has a prescribed displacement of u r = -0.05. The displacement

boundary conditions are shown in Figure 6. There are no initial stresses in the cube. The

prescribed displacement on the top surface generates a compressive value for Trr. The

20



z,r _LUr -" -0.05att = 1.0 z,r ur = -0.05att = 1.0

• un - 0 joint planes un = 0 Urn= 0 Um= 0
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"¢.,'//////////////////.4,/..,'A = "-
Figure6. Displacement Boundary Conditions for Sample Problem 1.

normal stresses, Tram and Tnn, are also compressive because of the Poisson effect. All of
the shear stresses are zero.

The displacement on the top surface of the cube, Ur[ r = 10' can be viewed as the result of a

constant strain rate e'rr for a given unit time. Using a unit time from the point where there
is no downward displacement to the point where the displacement at the top reaches a
maximum value is a convenient artifice for this particular test problem. It results in simple
expressions for the strain rate and strain increments and simplifies presentation of results.
The strain as a function of time is related to the total displacement by

tUr[r = 10

err - l - 0.005t, (75)

where l is the length of the side of the cube. The strain increments for the unit time are

Aerr = -0.005 (76)

and

Aemm = Ae,, n = Aemn = Aenr = Aerm = O. (77)

Since values for all of the strain increments are known from the prescribed boundary
conditions, it is possible to calculate values for the stresses by using Equations (25), (28),9

and (29). At time t = 1, Zrr = -1585 psi and Tram = Tnn = -528 psi. All of the shear

stress components have a value of zero. The normal joint displacement in the r direction is

uj = 1.8395 x 10-3 in. at time t = 1. The normal joint displacement is obtained by
substituting the value for Trr at t = 1 into Equation (1). The process used to compute the

stresses and joint closure at time t = 1 can be used for any time 0 < t < 1.
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This problem has been modeled with a 4 × 4 x 4 hexahedral element (eight nodes per
element) mesh. There are four elements along each coordinate direction so that there are a
total of sixty-four elements in the mesh. All of the elements are cubes of the same size

(2.5 in × 2.5 in × 2.5 in ). There are eight interior elements in the model, i.e., there are eight
elements that do not have a face on an exterior surface of the cube. Interior elements are

chosen for results since they minimize the influence of edge effects, which is important for
some of the sample problems, and seem to give the most accurate results.

Graphical results from the finite element calculations are shown in Figures 7 through 9 for

an interior element. The normal stress value, Trr, as a function of displacement of the top

surface of the block in the r direction is shown in Figure 7, and the normal stress values

Tramand Tnn as a function of displacement of the top surface of the block in the r-direction

are shown in Figure 8. The curve for the normal stress, Trr , in Figure 7 reflects the fact that

the joint normal stress behavior is defined by a rational polynomial. The curves for Tmm

and Tnn in Figure 8 show similar behavior to that for Trr since they result from the Poisson

effect. The normal joint displacement, uj, as a function of the displacement of the top
surface of the block in the r direction is shown in Figure 9. The results from the finite
element model agree with the analytic predictions. The computer implementation gives
values of Trr = --1585 psi and Zmm = Tnn = --528 psi at time t = 1 for an interior

element. The computed value for the joint closure is uj = 1.8395 x 10-3 for an interior
element.

Sample Problems 2 and 3: Rotation of the Joint Planes

For the second and third test problems, the block geometry shown in Figure 5 is used again.
The joint planes are rotated with respect to the xy plane, however, to test the computational

model in shear. For the second test problem, the joint planes are rotated 60 degrees
counterclockwise about the x axis. The bottom of the block is supported on a frictionless

surface (u z = 0 at z = 0), the sides are unconstrained, and the top of the block is given a

downward displacement. The joint plane orientation for Problem 2 is shown in Figure 10
along with the displacement boundary conditions. There are no initial stresses. At any

given time, the normal stresses, 6xx and (_yy, and the shear stresses, T,xy , T,yz, and "Czx,are

zero. Only the normal stress C_zzhas a nonzero value.

The stresses Trr and Tnr, which are the two stresses in the joint coordinate system that are

key to the calculation of the onset of inelastic joint slip behavior, are related to the stresses
in the global coordinate system by the transformations

Trr = Gzz (cosO) 2 + Gyy (sin0) 2 _ 2XyzCOS0sin0 (78)

and
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Figure 10. Displacement Boundary Conditions and Joint Orientation for Problem 2.

Tnr = ((Yzz --Oyy) cos0sin0 + "r,yz [ (cos0) 2_ (sin0) 2]. (79)

Since cos0 = 1/2 and sin0 = ,,fi/2, the expressions for Trr and T,,r can be written as

Trr = 1/4_zz (80)

and

T,,r = ,,fi / 4Ozz. (81)

Since inelastic joint slip behavior occurs when the magnitude of Znr is equal to gZrr- C 0,

the value for Ozz at the onset of inelastic behavior can now be calculated using Equations

(78) and (79). Inelastic behavior occurs when oz ' = -968.9445 psi. Now that the value

for Crzzcorresponding to the onset of inelastic joint slip is known, it is possible to calculate
the corresponding value of the displacement at the top surface of the cube. Equations (78)

and (79) can be used to obtain the values for Trr and Tnr at the onset of inelastic slip on the

joint plane. These values are Zrr - -242.2361 psi and Znr "-" --419.5653 psi. Equation

(82), which relates the stress component Tnn to the global stresses, can be used to compute

the value for Tnn at the onset of inelastic slip. This value is -726.7084 psi. Since the sides

of the cube are not constrained on the vertical planes, Tram -" 0 at all times.

Tnn = C_yy(cos0) 2 + ijzz (sin0) 2 + 2Xy cos0sin0 (82) .i

Now that all of the stresses in the joint coordinate system are known at the onset of inelastic
slip on the joint plane, the strain increments in the joint coordinate system required to reach

this point can now be calculated. The strain increments, Aemm , Aenn , and A err , can be
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calculated by integrating Equations (3) through (5) with respect to time under the
assumption of constant strain rates and substituting the values for the stresses at the onset

of inelastic slip into the resulting equations. The strain increment Aenr can be calculated

by using Equation (54) (with Aerm, replaced by Aenr ). The strain increments in the joint

, coordinate system corresponding to the onset of inelastic slip are Ae,n m = 2.4224 × 10 -4,

Aenn = -6.6615 × 10-4, Aerr = -1.2306 × 10-3, and Aenr = -4.7201 × 10-3. Now
" that the strain increments in the joint coordinate system at the onset of inelastic slip are

known, it is possible to use the transformation

Aezz" = Aerr (COS0)2 + Ae,, n (sinO) 2_ 2Ae,,rCOS0sin0 (83)

to obtain the critical strain displacement Aezz in the global coordinate system. In Equation

(83), 0 =-60 degrees since the transformation is being carried out from the .joint
coordinate system to the global coordinate system. Equation (83) gives a value of

Aezz = -4.8950 × 10-3 at the onset of inelastic slip, which corresponds to a displacement

at the top surface of the block of u z - -0.04895 in.

This problem has been modeled using the mesh for Problem 1. Figure 11 shows a plot of

Cyzzas a function of the displacement at the top of the block in the z direction for an interior
element. Obtaining printed results that show the exact transition from elastic to inelastic
behavior for this particular problem is difficult. The best means of verifying the results for
this particular problem is with graphical output. The graphical output in Figure 11 indicates
that onset of inelastic joint slip behavior in the computational model occurs at or near the

values of C_zzand uz predicted by the analytic calculations. Once the point is reached where
inelastic behavior occurs, the entire block of material becomes very soft. It becomes
difficult to obtain solutions for the problem when the displacement at the top of the block
exceeds -0.05 in., although it can be done. The conjugate gradient method implemented in
JAC3D has difficulty converging to a solution when materials soften.

Problem 3 is a simple variation of test Problem 2. The joint planes are rotated 60 degrees

clockwise about the y axis as opposed to 60 degrees about the x axis. A plot of Cyzzas a

function of the displacement at the top of the block for Problem 3 is identical to that for

Problem 2 (Figure 11), which is to be expected. The value for C_zzat which inelastic joint

slip behavior occurs is the same for this problem as it is for Problem 2.
91

Sample Problems 4 and 5: Pure Shear

The fourth and fifth problems test the model in pure shear behavior using the same
geometry shown in Figure 5 and the same joint orientation shown in Figure 6. The
boundary conditions are changed, however, so that the computational model can be tested
in a pure shear mode. For the fourth sample problem, the top surface of the block at r =10

27



@ NormoL Stress Z-OLrectLon (psL}

_ ! I I I I I

I

_Z _ I I I I I

_°

I

0

0 _ I

_°

_ ! I I i I

0



in. is displaced in the m direction by a distance of 0.2 in. The displacement in the m

direction at the bottom of the cube is set to zero. The displacement u,n on the vertical sides

of the cube with normals in the m direction is a linear function of r. The displacement un
on the vertical sides of the cube with normals in the n direction are set to zero. The

boundary conditions for Problem 4 are shown in Figure 12. The top surface of the block

. z.rt -,q 0 at,-,O• i ---I,.,'.......
I / joint planes // displaced

ion

• " x, m

Figure 12. Displacement Boundary Conditions for Problem 4.

reaches its maximum displacement in the m direction of 0.2 in. at time t = 1. The artifice
of a unit time is used for this problem in a manner similar to that for Problem 1. The unit
time convention _gain simplifies expressions for the strain and strain increments, and it also
simplifies the presentation of results. Since the joint plane axes align with the global axes,

the shear strain erm as a function of time is given simply by

erm = 1/2 (0.2t/l) = 0.01t. {114)

There is an initial stress state defined by Tram = Tnn = -200 psi, Trr = -500 psi, and

Tmn = Tnr = Trm = O.

Inelastic slip occurs for this problem when the magnitude of the shear stress, Tmr, is equal

to _Zrr- C O, which is 600 psi for this problem. The time at which inelastic slip occurs is

computed from the expression

2Ge 2G0.01t
I'ln

Trm = 600 = 1 + G (6G s) - 1 + G (6Gs) ' (85)
,11

which is t = 0.675. At time t = 0.675, the top of the block has displaced by 0.1350 in.

" Up to time t = 0.675, the shear stress increment A Trm is 600 psi and the slip displacement

increment, AUs,m, is 6 x 10-3 in. From time t = 0.675 to time t = 1, the shear strain

increment is 0.00325. Equations (53) (with Gs' substituted for Gs) and (73) can be used
1,
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to compute tile shear stress increment and joint displacement increment, respectively, for
the load increment corresponding to inelastic slip. For the inelastic slip phase, the shear

stress increment A Trm is 3.2459 psi and the slip displacement increment is 3.2459 × 10 -3

in. The total shear stress and slip displacements are, therefore, 603.2459 psi and

9.2459 x 10-3 in., respectively, at time t = 1.
It,

The same mesh used to model the first problem has also been used for the fourth test

problem. Figure 13 shows the shear stress, Trm, as a function of displacement in the m

direction at r = 10 in., and Figure 14 shows the slip displacement, us,,,1, as a function of

displacement in the m direction at r = 10 in. The results in Figures 13 and 14 are for an
interior element. The finite element results agree with the analytic calculations. The
graphical results indicate that the transition from elastic to inelastic behavior occurs at or
near the time predicted by the analytic results. Obtaining a detailed print of calculations
that shows the exact transition from elastic to inelastic behavior is a difficult process. The
best means of verification of the time for the transition of elastic to inelastic behavior is the

graphical output. The best means of verifying the overall accuracy of the computational
model is to compare results with the analytic calculations at time t = 1. At time t = 1,

Trm for an interior element has a value of 603 psi. This agrees with the analytic results for

Trm to within 0.05%. At time t = 1, us,,n for an interior element has a value of

9.2505 x 10-3 in., which agrees with the analytic results to within 0.05%.

The fifth test problem is a simple variation of the fourth test problem. Everything is
essentially the same except for the fact that the pure shear of the block leads to displacement
in the n direction as opposed to the m direction. The values computed for the fourth

problem become applicable to Tnr and u.s,,,. The time histories for Tnr and u_,, for an
interior element are shown in Figures 15 and 16, respectively. They are similar to the time

histories for Trm and Us,,n for problem four, which is to be expected. The graphical output

for Tnr and Us,, is again the best means of verifying the time of transition from elastic to

inelastic behavior. The value for Tnr for an interior element is 603 psi at time t = 1. This

agrees with the analytic results for Tnr to within 0.05%. The value tot Us,n for an interior

element at time t = 1 is 9.2505 × 10-3in., which agrees with the analytic results to within
0.05%.

Conclusion

A computational model has been developed for three-dimensional jointed media with
single set of joints. The computational model uses a continuum approach; that is it captures
the gross response of jointed rock by distributing the individual responses of the joints
throughout the rock mass. This particular model is useful for mode.ling a large block of

' material where there are fairly uniformly distributed joint planes lying parallel to one
another. It is also useful for modeling situations where there are two large blocks of
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material separated by a layer of material with a finite thickness that is relatively weak
compared to the surrounding blocks of material.

The strain-stress relations for the single set jointed rock model are given in a rate form
because of the nonlinear behavior of the joints. Under the assumption of a constant strain

- rate over some time, A t, it is possible to integrate the normal strain rate versus normal
stress rate relations and obtain values for the normal stresses from simple algebraic

, equations. The concepts used for two-dimensional continuum jointed rock models
translate easily to three dimensions when it comes to the normal stress calculations. Once
the normal stresses are known, it is possible to begin the computation of the shear stresses.
The normal stresses appear only in the Mohr-Coulomb equations used to determine
whether the shear behavior is elastic or inelastic.

The computation of the shear stress increments in three dimensions becomes a more
involved process than that in two dimensions. The main reason for this being that the
concept of slip on the joint plane is more complicated in three dimensions than in two
dimensions. In two dimensions, slip occurs along a line in a plane. It can be treated, for all
practical purposes, as a scalar quantity. The sign on the slip indicates the direction of slip
along the line, and slip will occur either in the positive direction or negative direction. In
three dimensions, the slip is really a vector quantity lying in the joint plane. This more
complex nature of slip in three dimensions complicates the computation of shear stress
increments and forces the examination of certain issues that do not arise in two dimensions.

The shear stress rate versus shear strain rate suggest that the two shear stress increments in
the joint plane could be calculated independently. This is really not a desirable approach,
however, since the behavior of the system becomes tied to an arbitrarily oriented coordinate
system in the joint plane. It becomes necessary, to consider some scheme for determining
a slip direction. Although it might appear that some type of stress-based criterion for
determining the direction is slip is a reasonable approach, trying to implement such a
scheme presents problems. A strain-based criterion for determining the direction of slip
offers a much better scheme for determining slip direction.

Once the issue of direction of slip is addressed, some definition of the total slip must be
determined in order to calculate an effective yield stress that determines whether or not
elastic or inelastic behavior will occur. The definition of total slip becomes more
complicated in three dimensions than in two dimensions simply because the concept of slip
in general is more complex in three dimensions. For the computational model discussed in
this paper, the definition of total slip was tied to the procedure used to calculate the
direction of the slip on the joint plane for the shear stress increments. There is no particular

Q

theoretical basis for this choice of the definition of total slip outside of the fact it is tied to
the scheme used to determine the direction of slip. The concept of total slip is one that may

• require further study.

Although the single set jointed rock model represents a more restricted model in terms of
the number of joint planes used in the two-dimensional model discussed in Reference 5, it
does serve the purpose of indicating the difficulties of translating certain well understood
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concepts in two dimensions to three dimensions. It is probably indicative of the effort that
will be required and the difficulties that will be encountered in the development of
extensive three-dimensional geomechanics capabilities.

The five test problems presented in this report represent a reasonable minimum set for
testing the model. The first sample problem verifies the joint normal behavior and its
influences on the other two normal stresses. Sample problems 2 and 3 verify that the model
is properly implemented in terms of the specification for the joint set rotation and the
coupling of the normal and shear calculations via the use of the joint normal stress for
determining the yield stress on the joint plane. Test problems 4 and 5 isolate the behavior
of the shear stress versus slip displacement description so that its implementation can be
easily verified. This set of problems again points out the complexity of moving from two
to three dimensions. For sample problems 2 and 3, the graphical output of most interest

(c_z: as a function of ur[,. = l0) is the same for both problems. Both problems are required,

however, for a thorough check of the model. Although test problem 4 is virtually identical
to test problem 5 except for the fact that the critical motion is at right angles to each other
for the two problems, both problems are necessary for a thorough check. All of the above
test problems can be verified by analytic results. Test problems 2 and 3 are best verified
by comparing graphical results from numerical calculations with analytic results. For test
problems 1, 4, and 5, it is possible to make direct comparisons of some key values in the
numerical calculations with analytic results. These direct comparisons show a high degree
of accuracy for the computational model. Differences in numerical and analytic results for
test problems 1, 4, and 5 are no greater than 0.05%.
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