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A B S T R A C T 

The flow behavior of a two-dimensional, unsaturated fracture-matrix system is characterized by a critical 

flux q'j = $(S, — Si)Dm where $ is matrix porosity, S, maximum matrix saturation, Si initial saturation, 

and Dm matrix imbibition diffusivity constant. If the flux q/ into the fracture satisfies qj ~> q/', the Sow 

field is fracture-dominated; whereas, if qj <L j / * , the flow is matrix-dominated, and the system behaves as 

a single equivalent medium with capillary equilibrium between fracture and matrix. If the fracture entrance 

is ponded, the critical fracture hydraulic conductivity Kf', or corresponding critical aperture 26* from the 

"cubic law,* controls the flow behavior instead of the critical flux. Rocks with fracture apertures 26 that are 

sufficiently large, 6 3 > J*3, have flow that is fracture-dominated while rocks with small aperture fractures, 

b3 <e b*3, will be matrix-dominated. Numerical modeling verifies the theory an<?. tests approximate analytical 

solutions predicting fracture front movement. 

I N T R O D U C T I O N 

The U.S. Department of Energy is investigating the suitability of Yucca Mountain, Nevada, for storage 

of high-level nuclear waste in the unsaturated zone. Advantages of the site include arid climate and great 

depth to the water table, factors which reduce the potential for ground water contamination. Hydrology 

plays an important role in analysing the performance of the site. The magnitude and duration of liquid 

fluxes as well as the aqueous geochemistry are important parameters in estimating waste package corrosion, 

waste form dissolution, and radionuclide transport to the water table. 
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The site lithology consists of various welded and non-welded tuffaceous units, many highly fractured. 

Flow of liquid water through the tuffs may occur either through the rock matrix or the fractures, or both in 

combination. At low fluxes, strong matrix capillary forces absorb water from fractures resulting in primarily 

matrix Sow; at high fluxes, flow occurs primarily in the fractures. An understanding of this basic flow process 

is needed to provide a foundation for hydrologies! analyses and model development. 

The equivalent continuum model (ECM) has often been used for analysing hydrologic flow at Yucca 

Mountain; it is a single porous medium theory assuming local capillary equilibrium between matrix and 

fracture.1 For Topopah Springs tuff, ECM predicts significant fracture flow only when the matrix is nearly 

saturated. However, under high flux conditions, transient fracture flow occurs before the matrix saturates. 

Wang and Narasimhan2 performed ear'y simulations of infiltration through Yucca Mountain, and clearly 

understood the limitations of ECM under high flux conditions. Klavetter and Peters1 gave a conservative 

estimate of the critical flux for ECM to be valid, but there is a need for a general and more precise theory. 

P R O B L E M S T A T E M E N T 

This paper considers a two-dimensional fracture-matrix system with fracture half-aperture 6 and 

matrix block half-width a (Figure 1). Liquid enters the fracture at the top either under a fixed pressure due 

to ponding or under a fixed flux. Lateral boundaries at the midpoint of the matrix are no-flow boundaries 

so the system can be viewed as an infinite periodic system of fractures spaced 2a apart. The distance a 

can also be interpreted as a characteristic matrix block dimension. If the effect of gravity in the matrix is 

negligible compared to capillary suction, the analysis can consider only half of the system, utilising axial 

symmetry along the fracture midplane. Matrix properties are homogeneous and isotropic, and initial matrix 

saturation is uniform. The fracture is inclined at an angle 9 (0 < 8 < 90 degrees) from the vertical. The z 

coordinate refers to lateral distance from the fracture, and the y coordinate is distance along the fracture 

from the entrance. 

The governing flow equations are 

* f = *•*** (!) 
as, _ a a*, \Kra*] 



<f>, 4>j porosity of matrix and fracture 

S, Sf matrix and fracture liquid saturations 

Kr, KTj matrix and fracture relative hydraulic 

conductivities 

\ji, \j>j matrix and fracture potential heads 

Equations (1) and (2) describe flow in the matrix and fracture, respectively, with the fracture treated as a 

porous medium. The last term in Eq. (2) is the capillary sorption flux from the fracture into the matrix. The 

matrix potential is given by 0 = p s — p 0 — fiy where pg is the gas phase pressure head (assumed constant), 

p„ is the capillary head (a function of 5) , and /} is the cosine of $. The last term is lero if gravity in the 

matrix is negligible. A similar definition holds for the fracture potential. 

Initial conditions in the matrix and fracture are S = St and Sf = 0, respectively. Boundary conditions 

are 

V = </>,, x = 0, y > 0 (3) 

| £ = 0, x = a, y > 0 (4) 

-£• = 0, 0 < x < o , y = 0 (5) 
ay 

-Kn-^ = q,/b, i = 0, y = 0 (6) 

or, fy = p e , 1 = 0, y = 0 (7) 

Equation (3) specifies the equivalence of fracture and matrix potentials at the fracture wall. Equations (4) 

and (5) express no-flow conditions at the lateral and top matrix boundaries. Equation (6) is the boundary 

condition at the fracture entrance for constant flux qj, and Eq. (7) is the boundary condition for constant 

pressure head pe > 0. All heads are defined with respect to sero as being the ambient condition. The 

volumetric flux qj is the flux into an entrance of unit width along the fracture plane and has dimensions of 

distance squared over time. 

SOLUTIONS UNDER HIGH FRACTURE FLUX CONDITIONS 

Nitao and Buscheck3** have derived exact and approximate analytic solutions under fracture-dominated 
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conditions. A sharp fracture front was assumed which approximates the boundary condition along the frac

ture wall by V> = 0 behind the fracture front, y < h(t), and V" = i>{Si) ahead of the front, y > h(t) (see 

Appendix A). Here, h(t) is the distance traveled by the fracture front from the entrance. This approximation 

assumes that capillary forces in the fracture are negligible compared to those in the matrix. The derivation 

also assumed transverse matrix flow (TMF), Le. the matrix front propagates orthogonally along the fracture. 

Except for early time, entrance fluxes greater than [x/2)Kjf)b cause ponding while fluxes less than Kffib 

cause no ponding, where A"/ is saturated fracture conductivity. Fluxes between these two values result in 

different stages of ponding and non-ponding. Under constant volumetric flux q; < Kjfib, the approxunate 

solution for the penetration distance h[t) of the fracture front from the entrance is 

MO ~ (?//')«. '«*» (8) 

tb « t « t« (9) 

*« ~ b+a«s.-sy- «•«* < 1 0 > 
where S, is maximum matrix saturation. Here, tb = x6 2 /« i s (5 , - Si)3Dm is the matrix-fracture interaction 

response time, the time it takes for matrix suction to significantly affect fracture flow, and ia = ra?/Dm is 

the fracture interference time, the time it takes for the matrix front to interfere with the lateral boundary. 

The time period for which t < tt is ia most cases very short except for large apertures or nearly impervious 

matrix. The matrix diffusion constant Dm is a measure of matrix imbibition and is defined so that the 

imbibition flux into a one-dimensional semi-infinite matrix can be written in the form3 

«mk = 4{S. - Si)y/Dm/xt (11) 

For a finite matrix, this equation is valid for t < ta. The solution given by Eqs. (8)-(10) assumes that ?,„,(, 

exponentially decays to zero as the matrix front interferes with the lateral boundary, i.e. for t » ta. This 

behavior has been demonstrated for various matrix block geometries. 5 

Instead of constant entrance flux, consider ponding with constant pressure head pc. Let the total bound

ary head be defined as po = p« + pc; > 0 where pcf > 0 is the capillary pressure head drop across the 

fracture front. As long as the gravity head fih{t) is much less than the boundary head po, i.e., f)h(t) <. Po, 
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the penetration is given approximately by 

h(t) ~ Tfij^Kjt1'3, t-Ctb (12) 

AM ~ 2 \ / £ T i ( t t ' ) 1 / * ' *6««<:*. (13) 

AM ~ ^ f " 3 , « .«« (14) 

For a horisontal fracture (/S = 0) the boundary head always dominates so that this solution always holds. 

For non-horisontal fractures, the gravity head will eventually become larger than the boundary head as 

h[t) increases, until 0h(t) >• po- The solution after this point is given by 

AM ~ \K}Pt, *<«» (15) 

AM ~ jffrsjVZ/DZ=X,f)Vu;. 

t t < t <: t„ (16) 

""> ~ t + „ g - 5 , ) ' - «•«« <"> 
The three flow periods for both the constant flux and constant pressure cases can be interpreted physically. 

In Flow Period I (t •« h), flow is not strongly influenced by matrix imbibition, and the fracture front 

approximately travels as if there were no matrix sorption. In Flow Period U[tb <t:t <. ta), matrix imbibition 

retards fracture flow, and the fracture front velocity continually slows down as t - 1 / 2 . In Flow Period III 

(t a < t), interference of the matrix imbibition front with the lateral boundary causes the fracture and matrix 

fronts to stabilise to a steady profile; the matrix becomes nearly saturated except around the head of the 

fracture front. If 0h(t) :> po, the velocity of the fracture front approaches a constant in this last Sow period. 

Similar flow behavior has been observed in numerical solutions of one-dimensionai dual porosity equations.6 

C R I T I C A L F L U X 

Fracture flow always occurs in Flow Period I, where the amount of water imbibed by matrix suction 

is small compared to the volume of water in the fractures. In Flow Period II, fracture flow continues to 

dominate if the entrance flux is above a critical flux q'j. The value of qj is now presented for the constant 

entrance flux boundary condition using a heuristic argument. Equation (9) for the fracture penetration is 
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rewritten as h{t) ~ Zy/D/t/x where we define Dj = [q//<l})3Dm and 

9,'=4>{S.-S<)Dm (18) 

The expresaion for h(t) is identical to that for a diffusive front with Df identified as the 'apparent fracture 

diffusivity.* Thus, there is a formal analogy with a two-dimensional heat conduction problem corresponding 

to a thin strip with thermal diffusivity D; sandwiched between two strips with diffusivity Dm. If Df :> Dm, 

conduction occurs predominately along the thin strip with lateral conduction to the outer strips occuring 

orthogonally. This condition implies q; > q'j with q't identified as the desired critical flux. A more sophis

ticated argument can be given comparing the relative movement between the fracture and matrix fronts 

(Appendix B) . 7 As an aside, experimental evidence for critical fracture-matrix behavior has been reported 

in laboratory experiments of water imbibing into oil-filled rock.8 

Because the solution in the ponding case with 0h{t) » po = 0 it similar to the constant flux case, the same 

argument can be made. The condition for fracture-dominated flow is Kj >• K's and for matrix-dominated 

flow is K[ < K's where 

K's = § « / 7 W (19) 

is the critical fracture hydraulic conductivity. The case ph(t) <C p 0 will be considered elsewhere. 

Assuming a planar fracture with laminar flow, the "cubic* law 9 relates fracture hydraulic conductivity 

to aperture by Kf — (24')3ps/12fi where n is dynamic viscosity and p is density of water. Prom Eq. (19) 

th- critical half-aperture for fracture u . matrix-dominated Sow is 

- (3 f 
Thus, fractures with half-apertures much less than this value, i e with b3 •« b'3, are matrix dominated and 

those much above, b3 » 6*3, are fractue-dominated. 

The calculation of the critical flux requires knowledge of Dm. r-'or the characteristic curves of van 

Genuchten,10 Zimmerman and Bodvarsson11 have derived an approximate expression for the imbibition flux 

9imt mto a semi-infinite slab for van Genuchten parameter m not too small. Applying their formula to 

Eq. (11) we obtain the approximate expression 

^W-^S.-sA^1-*)1"1 ( 2 1 ) 



8 

where 7 is the normalized initial saturation 

1 = {Si-Sr)/{S.-Sr) (22) 

and a is a parameter in the van Genuchten curves. In order to determine the accuracy range of Eq. (21), 

numerical simulations of one-dimensional matrix imbibition were performed for different values of m and 

t using the VTOUGH integrated finite difference code. 1 3 The resulting values of <j>(S, - Si\D 

m are given 

in Table 1. The agreement is fair to good except for small m, m = 0.14, which is off by several orders of 

magnitude. Data for units at Yucca Mountain1 4 indicate values of m greater than 0.35, which is within the 

observed range of accuracy. 

from Eqs. (11) and (21), the approximate critical flux is 

tf-s^fe^r (23) 

The critical flux and apertures were calculated for the unsaturated units at Yucca Mountain, and are 

shown in Table 2. The values calculated from data collected by Klavetter and Peters 1 4 except for the 

initial saturation, which is from Montaser and Wilson. 1 3 The non-welded units PTn and CHnlv have ma

trix diffusivities several orders of magnitude larger than the other units due to their high conductivities. 

Therefore, relatively large fracture apertures, on the order of 100's of microns or more, are required for 

fracture-dominated flow. The fracture-matrix interaction times t^ are less than a second, resulting in an 

almost immediate slowdown of fracture flow by high matrix sorption fluxes. The matrix fronts interfere with 

the lateral matrix boundary at t = ta, less than a few minutes for a fracture spacing of 0.2 m. Fracture flow, 

if it occurs, happens primarily under Flow Period III. The welded units, such as TSw2, have very low conduc

tivities, and, therefore, low matrix diffusivities. Several days are required for the matrix front to interfere; in 

which time, the fracture front may have passed through the -ait if a high flux is sustained over a long enough 

period of time. Fracture flow, if it occurs, will last into Flow Period II for several days. For flux events of 

short duration, this period will be the most important one. The critical aperture for matrix-dominated flow 

under ponding conditions is about an order of magnitude less than for the non-welded units and is on the 

order of 10's of microns. All of these observations are based on hypothetical conditions assuming sufficiently 

high fluxes and through-going fractures. 
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DIMENSIONAL ANALYSIS 

A dimensional analysis will facilitate numerical simulations. We make the following transformation 

to dimensionless variables into Eqs. (1) to (7) 

f = t/r, »' = */£, • = !,/£ (24) 

where L = a/A is the length scale and T = l?/Dm is the time scale. Here, A = ai^[S,-Si)/b is dimensionless 

fracture spacing. Using the van Genuchten curves, it can be shown (Appendix C) that the dimensionless 

equations depend on the dimensionless groups qf/q}, Kfbfi/q}, A, 1, pt/L,*ad m. The equations alio depend 

on the fracture characteristic curve parameters which in the simulations are kept fixed. 

The parameter A has no influence on the flow behavior in the flow periods before the matrix front hits the 

lateral no-flow boundary. After this, its only efiect is to change the time and distance scales of the problem 

(Appendix D). Under constant entrance Sux boundary condition, the only effect of Kjbp/qj is to change 

the level of fracture saturation; a large value results in low fracture saturation (Appendix A). Hence, our 

problem can be characterised by the remaining parameters 7, m, and q//q}. Under sero entrance head, the 

problem is characterised by 7, m, and Kjbf)/q'f. The third member of these two parameter sets determines 

whether fracture or matrix dominated flow occurs. 

NUMERICAL EXPERIMENTS 

To gain further insight the fracture-matrix system is solved numerically using the VTOUGH inte

grated finite difference code.12 The flow equations that are solved include air and heat in addition to that 

of water and are, therefore, more general than those stated earlier. The problem domain of the simulated 

system is 0.1 by 1.35 m and is gridded using rectangular elements. The fracture is modeled as a single column 

of elements. Only the constant flux case will be discussed here. The characteristic curves for the matrix 

and fracture are from van Genuchten.10 Fracture characteristic curves were kept fixed in the simulations. 

The fracture capillary pressure is consistent with a fracture having an aperture of 100 micron by setting the 

characteristic head 1/a in the van Genuchten curve to the Young-Laplace law15 for capillary tension. The 

fracture front position was tracked by plotting the movement of the midsaturation between the maximum 

and minimum values. The initial fracture saturation is <ero. The value of m for the fracture is consistent 
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with that for a sandy material. The parameters fixed in the simulations are given in Table 3. The fracture 

hydraulic conductivity is computed using the cubic law. from the previous section matrix flow is character

ised by parameters m and 7. The simulations varied these values over the parameter space shown in Fig. 2 

and Table 4. The central parameter point m = 0.4438, 7 = 0.62 (case III) corresponds to those measured 

for Topopah Springs unit.' 4 The value of Dm used in calculating the critical fluxes for each parameter point 

were obtained from numerical simulations of one-dimensional imbibition. 

Figure 3 shows the matrix saturation contours for ?/ varied from O.lgJ to 10qJ for case III. The position 

of the fracture front is also shown. The juah.ative behavior seen in the three plots are representative of all 

the cases. We first consider the low flux case, q/ = 0.1}}. There is an early flow period, not shown, when 

the matrix front emanates radially from the entrance point. As the front reaches the lateral boundary, it 

travels in the direction of the fracture. Since flow occurs along saturation gradients, the contours orthogonal 

to the fracture indicate that matrix flow is parallel to the fracture (Fig. 3a), and fracture to matrix flow is 

negligible. Therefore, capillary equilibrium exists between the matrix and fracture. The flux q; is larger 

than aKm, which is the maximum flux for unsaturated flow to occur in the matrix block; therefore, there is 

a saturated region behind the matrix front and some fracture flow will occur. The fracture front moves with 

the matrix front because of capillary equilibrium (Figure 4). The matrix-fracture fronts approach a constant 

velocity (Appendix E) equal to 

»oo = ? / / ( l + A)6 (25) 

The width of the matrix front during the constant velocity regime is much less than 1 meter for nominal 

Topopah tuff parameters. At fluxes lower than aKm, the saturated region behind the matrix front will not 

be present. At even lower fluxes, the matrix suction becomes so high that the fracture saturation is near 

residual and essentially no fracture flow occurs. 

For 7/ = qj, the fracture front advances slightly ahead of the matrix front. The contours are no longer 

orthogonal, but some are skewed, indicating the existence of a disequilibrium region where significant fracture 

to matrix flow occurs. Behind the disequilibrium region, the matrix is nearly saturated. 

In the high-flux case, 4/ = 10-0q'f, the disequilibrium region is significantly larger, and the contours are 

nearly parallel to the fracture except in a small region at the head of the fracture front. Matrix sorption 
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occurs along a significant portion of the fracture. Not shown is the late period t » ta when the matrix 

front interferes with the no-flow boundary. In this period, a nearly saturated sone follows the disequilibrium 

region. A fixed fracture-matrix saturation profile develops, traveling at constant speed vm. The length of 

the disequilibrium region in this flew period is Latc, » Xqjtt/b = xaqj/q'j, if X » l . 3 

Transition from matrix to fracture-dominated flow regimes does not occur abruptly at q'{, but is gradual 

and characterised by the length of the disequilibrium region, which is significant only for qj > qj. For 

all values of q/, there is an early period before the matrix front reaches the lateral boundary; in matrix-

dominated flow the matrix front is circular, emanating from the entrance. In fracture-dominated flow, the 

matrix front is elongated and emanates from the fracture. After the lateral boundary is reached, the fronts in 

both Sow regimes stabilise to a steady profile traveling at velocity u M . The main difference is the existence 

of the disequilibrium region in the fracture-dominated case. 

Figure 5 compares the approximate solution givin by Eq. (9) for fracture-dominated flow with the nu

merical simulation cases. Agreement is within 25%. For matrix-dominated flow, the velocity of the matrix 

and fracture front approach v„ for t > !„. Figure 6 shows the position of the midsaturation point of the 

matrix front as a function of time approaching the constant velocity asymptotic solution v^t. Because of 

our limited simulation domain, we did not carry out the simulation for t » t„, but the trend towards a 

constant velocity is evident. 

COMPARISON OF DISCRETE FRACTURE WITH EQUIVALENT 

CONTINUUM 

The equivalent continuum model predicts that the frontal movement is given by 

ft ~ q,t/{b + a${S. - Sm)) (26) 

If 9/ «fc q/', the equivalent continuum model will be in good agreement with the two-dimensional discrete 

model. If o/ > q/', the equivalent continuom model will significantly underpredict fracture flow for t <. t„. 

In Flow Period II, the ratio of the EC front movement to the discrete fracture (DF) simulation is given by 
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Since t <. ta in Bow period II, the EC will underpredict front movement. For example, consider b = 100 pm, 

a = 0.1 m, qt/b = Kt = 3.3 X10 3 m/'s, and matrix parameters for TSw2 used to calculate Table 2. The 

equivalent continuum model predicts a front movement of 8 m it t = 10* a based on Eq. ("6) while the 

discrete fracture model predicts 34 m of movement using Eq. (9) which is significantly larger. As we go into 

Flow Period m, the EC front and the mean volume averaged position of the fracture and .natrix fronts in 

the DF model become approximately the same, but the DF fracture front is ahead of the EC front by a 

distance %L,u,tt fi» ^aq//q} which can be large for sufficiently high Boxes relative to the critical flux and/or 

for large fracture spacing!. 

COMBINING EQUIVALENT CONTINUUM AND DISCRETE 

FRACTURE MODELS 

Examination of intact pieces of core taken from Yucca Mountain indicates a high density of small aperture 

fractures in some of the units. For example, Klavetter and Peters' 4 report less than 10 /im aperture fractures 

in the Topopah Springs unit at a density of 40 fractures per cubic meter. Table 2 indicates that these fractures 

are matrix-dominated. Therefore, it is appropriate to lump the fine fractures with the matrix as an equivalent 

continuum. Thus, large aperture fractures can be modeled discretely with the fine fractures lumped as a 

single porous medium. The characteristic curves for the lumped matrix are derived using the equivalent 

continuum theory and can be easily incorporated into numerical models. The presence of the fine fractures 

results in higher "matrix" sorption and therefore reduces the possibility of fracture-dominated flow. If the 

fractures are sufficiently fine enough that gravity in the lumped matrix can be neglected, the critical flux is 

given by Eq. (18) where O m is the lumped matrix diffuiivity constant. 

CONCLUSIONS 

A combination of theoretical analysis and numerical simulation shows that the Sow behavior of a 

fracture-matrix system is characterised under non-ponding conditions by a critical flux q't with the flow 

fracture-dominated if q/ » j j and matrix-dominated, or equivalent continuum, flow if qj < q'j. Under 

ponding conditions the criteria for fracture-dominated flow is Kj 7P xqj/2 and for matrix-dominated flow 

is Kf <L *q'j/2. Assuming a cubic law dependence, fractures with small enough apertures will be matrix-
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dominated. Previously derived analytical expressions for fracture front movement under fracture-dominated 

flow conditions show good agreement with numerical simulations and can be used to estimate approximate 

fracture flow movement. Equivalent continuum models can severely underpredict liquid front movement 

under fracture-dominated flow conditions; therefore, our criteria can be used to determine their applicability 

to specific problems. 
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A Equations for a Sharp Fracture Front 

The sharp front approximation assumes that the saturation behind the fracture front is constant, 

{ 59, 0 < y < h{t) 

(28) 
S), y > h(t) 

where 59 and Sj are constants and y = h{t) is the front position. The boundary condition between the 
fracture and matrix becomes 

t<h{t) ( -p°cf-y, o<y<i 
,(z = 0,s,) =i 

{ -p'cf-y, y > * ( « ) 
(29) 
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where p°{ and p'c, are the fracture capillary function evaluated at S? and 5 j . If the matrix capillarity is 

much greater than fracture capillarity, the boundary condition can be approximated as 

f 0, 0 < y < t 
• Pcm(s = 0, y) = I (30) 

where pcm is matrix capillary pressure, so that there is sero matrix capillary pressure behind the fracture 

front. The equation in the fracture (Eq. (2)) reduces to 

with imbibition flux given by 

— - [ T S L (32) 

At the fracture front y = h[t), the boundary conditions are 

¥ - K"nr l ' 
and 

* / = -Pet + * (34) 

Under fracture-dominated conditions, these equations can be shown to reduce to a single integrodifferential 

equation in h{t)A 

Assuming boundary condition Eq. (30) and constant entrance flux, the equations can be shown to be 

independent of fracture conductivity Kf except the value of saturation 5° in the fracture. Integrating 

Eq. (31) from y = 0 to y = h(t), the problem reduces to 

0 = - ^ + «//» + / 9imk{y,t)dy (35) 

which is independent of Kf. The boundary condition at the entrance 

K,krt(Sa,) = q,lb (36) 

determines 59 and is dependent on Kf. The larger the saturated fracture conductivity Kf, the smaller will 

be Sj since h(t) solves Eq. (35), it is independent of Kf. 
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B Derivation of Critical Flux based on Comparison between 
Fracture and Matrix Fronts 

Suppose that TMF holds for t less than time *i, and that we are in Flow Period II. From Eq. (9), the 

distance traveled by the fracture front from time ti to time t, t > ti , is 

L, ~ 2 i J N / (A»/*)(V£ - V^D (37) 

where we define dimensionless Bux 17 = ?//?/*. The maximum longitudinal distance traveled by the matrix 

front is 

lm ~ 2\/lDm/x){t-tl) (38) 

In order for the fracture front to advance ahead of the matrix front we must have L/ > Lm. Solving this 

inequality we have 

r,>m <•» 
If qt :» qj, i.e., T; » 1, this condition holds for t> *i + St where S is small in the sense that the distance 

traveled by the fracture front over this interval is negligible compared to total fracture penetration. Con

versely, if q/ <L q'/t then it can be shown that the matrix front advances ahead of the fracture front. Hence, 

q't Li the critical flux. 

A similar analysis can be applied to determining the critical flux for Flow Period III (t > ta). From 

Eq. (10) 

Lf ~q,(t- tt)/{b + aftS. - Si)) (40) 

We have Lj > Lm if 

t_ iDnjb + aiiS.-Si))2 

rT * 1 + TqY, < 4 1 > 

> fig)' W 
> 1 + St (43) 

where we used the fact that ti > ta. Thus, t/ti > 1 + St where St is small if qf > 2 ^ / T , which is a slightly 

less stringent requirement than the qj » ?/" for Flow Period I. 
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C NONDIMENSIONALIZING THE FLOW EQUATIONS 

The governing equations and boundary conditions under the transformation of variables in Eq. (24) 

become 

2£ = v-v* (44) 
as, a M ^ k a s n 

where Jfe,̂  is the fracture relative permeability function, S' = (S — Si\/(S, — Si), t) = qf/q}, K = Kfbfi/qj, 

0' = $/L, $/ = &///3L, and d = ir(7, (1 - 7)5' + 7). Gravity has been neglected in the matrix. The 

boundary conditions under the transformations are 

# = ty, x' = 0, 1/ > 0 (48) 

| £ = 0, «- = A, y ' > 0 (47) 

^- = 0, 0 < s' < A, s/ = 0 (48) 

~Kkr'ly = vlq''K I = °. y = o («) 
^ = p'e> i ' = 0 , » ' = 0 (50) 

The initial conditions are S' — 7 and •?/ = 0 at t = 0. This result assumes that matrix diffusivity can be 

expressed in the form 

D[S) = Om<7(7,S') (51) 

where the function <r and its arguments are dimensionless. 

The shape of <J depends on the two parameters m and a of the van Genuchten characteristic curves 

_ {i-W>)-Mn-M0"rm} 2 ,.„ 
* " |l + (a*n»/» ( 5 2 ' 
* = ^ ( 5 ' " 1 / m _ 1 ) l / " ' m = 1 - l / « (53) 

S' = (5 - Sr)/(S, - Sr) (54) 

However, a can be absorbed into Dm in Eq. (51). Thus, the problem is completely characterized by the six 

parameters A, 7, IJ, K, p'e, and m, and the fracture characteristic curves. 
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D DEPENDENCE ON DIMENSIONLESS FRACTURE SPAC
ING 

If A is much larger than one, we show that the only effect of A on the Sow behavior is to change time and 

space scales. We will make the following assumptions: (1) sharp front approximation in the fracture, (2) t 

a sufficiently large enough that ph{t) > p c so that we may assume p, = 0, (3) t > ta. The parameter A 

is the ratio of the initial unsaturated matrix pore volume to the fracture. It is typically much greater than 

one unless the matrix is almost saturated; in which case, matrix sorptiou is negligible and can be considered 

impermeable. Parameter A has no effect in Flow Period I and II since the lateral boundary has not been 

reached. After the matrix front hits the lateral boundary, we are in Flow Period III, and the matrix and 

fracture fronts attains a fixed profile moving with constant velocity v = j / / ( l + A)4. The matrix saturation 

function approaches a steady profile of the form 

S[x,y,t) = F[x,y-vt) (55) 

Substituting into Eq. (1) we see that F satisfies 

dF d nlmdF d _ . n > < / f , , 

where { = x - ut and D(F) = Kr(F)di^/dS. The variables are made dimensionless by the transformation 

x' = x/L, y' = y/X, f = t/T (57) 

where the length and time scales are 

L = Dmb(l + X)/qt (58) 

T = 6 3 ( l + A ) / r t S . - S ( ) 7 / (59) 

Substituting these variables we obtain 

S{x,y,t) = ^ 1 , 1 . ( ^ ) 1 , (60) 

" * " ' • ' • * ' - ( T + A ) 1 , ) ( 6 1 ) 

where f (x ' . f ) = F(x,L,i'L) and solves 

" d e - S ? r ( ' , ^ + 5? r ( ' , dF ( 6 2 ) 
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where r ( f ) = <r(i, (1 — l)F' + 7 ) . The function a is defined by Eq. (51). Assuming a sharp front approxi

mation the equation in the fracture, Eq. (31), becomes 

°=fe*^ + K r ( n SL (63) 

The boundary conditions for the matrix become 

S = 1, x' = 0, ^ < 0 (64) 

S = Sit x' = 0, ? ' > 0 (65) 

At the fracture front 

-Kr,^=dh.'/dt, ? = h'(t) (67) 

At the fracture entrance which sufficiently far enough back from the front is at constant flux boundary 

For zero bead at the entrance 

tff = 0 ? - . -co (69) 

The only dependence on A is the boundary condition in Eq. (66) at i ' = y£y which for A 3> 1 becomes 

x' = 1 and is independent of A. Therefore, the effect of variations in A is to scale time and distance by A 

since T ~ A and I ~ A for A > 1. 

E ASYMPTOTIC SATURATION PROFILE UNDER EQUIV
ALENT CONTINUUM FLOW 

The expected solution for a stable, advancing saturation front moving with velocity v = q//(b + 4>{S. — Sj)a) 

is 

S(y,t) = F(y-Vt) (70) 

where F —* Si as f —> oo and F —> 5-,, , as f —» —oo. Substituting this solution into the one-dimensional 

infiltration equation 



to 

we have 
. dr d ,' . _, dr _ dKr /-«.* 

- „ , _ = _ , / > ( * . ) _ - ^ (72) 

where { = y — ut. Integrating from - c o to £ we have 

-v*F{Q = 4D(F)-£-PKr{F) (73) 

where we used the fact that the flux -$D[F) +f}Kr(F) approaches v/frS-a, as f -» - c o . Let the foot of the 

front be at y = ut so that F{0) = S;. Integrating from 0 to f, we have 

If the integrand on the right-hand side is non-positive, the function defined by the integral is a strictly 

decreasing function and has an inverse function defining F, so that the desired solution with constant 

velocity will exist. The integrand will be non-positive if 

vjS > 0Kr{S), Si<S< S-oo (75) 

Since F = S_<„ at f = - c o , we have dF/d( = 0 at £ = - c o . Hence, from Eq. (73), we have vj> = 

y9i f r ( i '_ £ 0 ) /5_ 0 0 at f = - c o . Therefore, the inequality becomes 

Kr{S.„)/S-„ > Kr(S)/S, Si<S< £_«, (76) 

This inequality is satisfied if the relative hydraulic conductivity function Kr is concave upward (see Fig. 7) 

for S < S _ „ . 

Numerical simulations show that the transient will asymptotically decay to the above steady state solution 

(Fig. 4). 
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Table 1: Comparison of numerical calculation and formula for Dm 

Normalised initial 
saturation 7 = 
( g , - 5 r ) / ( S , - 5 , ) 

van Genuchten 
parameter 
m 

xl<r 9 m 2 /s 
Numerical Formula 

0.3 0.14 0.36 11. 
0.62 0.14 0.36 6.5 
0.97 0.14 0.18 0.74 
0.3 0.4438 2.3 4.3 
0.62 0.4438 2.4 3.0 
0.97 0.4438 0.90 0.74 
0.3 0.9 5.8 4.6 
0.62 0.9 6.2 4.3 
0.97 0.9 5.1 3.3 
ei = 5.69X10"3 m _ 1 , 5 , = 0.08, S, = 1.0, 
* = 0.10, Km = 1.86xlO-"m/s 

Table 2: Critical flux 2q'f and aperture 24" for unsaturated geological units at Yucca Mt. 

Unit Dl •J 1* 2q'. 
m'/s 

26*' 
m'/s s s 

2q'. 
m'/s fjm 

TCw 4.1X10-* 2.7x10 s 7.7x10" 2.2X10" 9 12. 
PTn 3 .0X10 - 4 1.1x10-* 1.5X103 6.5xl0" 5 370. 
TSwl 8.1x10"* 6.5X10 1 3.9X10 6 8.2X10" 9 17. 
TSw2 8.1x10"* 6.5X101 3.9X106 6.2X10- 9 17. 
TSw3 1.3x10"* l.OxlO 3 2.5x10* 6.2x10-'° 8. 
CHnlv 2.8x10"* 1.3X10"3 1.1x10* 2.5X10" 5 270. 
CHnls L l x l O - 7 1.1x10* 2 .9x l0 6 5.5x10-* 16. 
Calculated using data from Table 2 of Ref. 14 with initial 
saturation from Table 1 of Ref. 13 
t Based on Eq. (21). 
t For fracture aperture 25 = 100 pm. 
§ For fracture spacing 2a = 0.2 m. 
5 For vertical fracture ponded at the entrance, 

neglecting the boundary pressure-dominated Sow period. 
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Table 3: Fixed parameter values in simulation cases 

Parameter Value 
a 0.1m 
Km 1.86 x « T " m/s 
4m. 0.20 
dm 5.69 X l 0 " s m - 1 

Sr 0.08 

s. 1.0 
b 50 pm 
«r 8.17 x l O - 3 m/s 
<*/ 13.4 m" 1 

m, 0.7636 
Si 0.0 
Sr 0.04 

s. 1.0 

Table 4: Values of varied parameters and case numbers 

Case number 
7 m q,/q't = 0.1 1.0 10.0 
0.3 0.4438 la - Ic 
0.62 0.14 Da - lie 
0.62 0.4438 nia nib nic 
0.62 0.90 IVa - IVc 
0.97 0.4438 Va - Vc 
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Figure 1. Problem geometry 

• simulation case - , - data point 
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Figure 2. Parameier space of normalized initial saturation vs. van Cenucbten parameter m used in simulations 

and Yucca Mountain unsaturated units 
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Figure 3. Saturation contours for case III with finite matrix (a) qf/qf =0.1, 

(b)qf/qf"=1.0,(c) qf/qf* =10 
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Figure 4. Fracture and matrix saturation fronts for matrix-dominated flow case Ilia 
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Figure S. Comparison of fracture penetration with analytical solution for 

fracture-dominated flow cases Ic, lie, IUc, IVc and Vc 
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Figure 6. Comparison of matrix front position with analytical solution 

for matrix-dominated cases la, Ila, Ilia, IVa, and Va 
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slope = K r 
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Figure 7. Condiiion on the relative hydraulic conductivity function K r 

for steady state solution under equivalent continuum flow 



Appendix A 

This report does not use any information from the Reference Information Base nor 
contain any candidate information for the Reference Information Base or the Site and 
Engineering Properties Data Base (SEPDB). 


