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Anomalous Physical Effects from 
Artificial Numerical Length Scales 
Ralph Menikoff, Klaus S. Lackner 
Theoretical Division 
Los Alamos National Laboratory 
Los Alamos, NM 87545 
Abstract: Shock capturing algorithms are widely used for simulations of com- 
pressible fluid flow. Though these algorithms resolve a shock wave within a 
couple of grid points, the artificial length scale from the numerical shock pro- 
file can have side effects. The side effects are similar to physical effects that 
occur when a relaxation process gives rise to fully or partly dispersed shock 
waves. Two anomalies due to a non-zero shock width are discussed: (i) In one- 
dimension, a non-decaying entropy spike results from a transient when a shock 
profile is formed or changed; (ii) In multi-dimensions, front curvature affects the 
propagation of a shock wave. We show that both the entropy anomaly and the 
curvature effect are a natural consequence of the conservation laws. The same 
analysis applies both to the continuum equations and to their finite difference 
approximations in conservation form. Consequently, the artificial length scale 
inherent in a shock capturing algorithm can mimic real physical effects that are 
associated with partly dispersed shock waves. 

Key words: shock capturing, wave propagation, shock interaction, curvature 
effect, Hugoniot jump conditions 

1. Introduction 

Fluid flow is described by the Euler equations. When transport effects are 
neglected, the Euler equations are a system of hyperbolic partial differential 
equations (PDEs) modeling the conservation of mass, momentum and energy. 
An understanding of the wave structure of solutions to the PDEs plays a crucial 
role in developing numerical algorithms for fluid flow. 

In the early days of computer simulations it was found that straight forward 
finite difference algorithms of the Euler equations were adequate for smooth 
solutions but were unstable for shock waves. There are two reasons for the 
numerical instability: (i) The truncation error associated with the finite differ- 
ence discretization is large at a shock discontinuity; (ii) The hyperbolic PDEs 
have no dissipative terms yet entropy must increase across a physical shock. To 
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cure the numerical difficulty, von Neumann & Richtmyer (1950) introduced the 
concept of artificial viscosity. The idea is to add dissipation to the equations in 
such a way that (i) smooth flows are not affected, (ii) the state behind a shock is 
correct, and (iii) the time step for an explicit algorithm is not unduly restricted. 
This is achieved by smoothing out the discontinuity and giving a profile to a 
shock wave. The profile is analogous to what occurs for real viscosity. However, 
the numerical profile must be a few cells wide, and hence is artificially large 
compared to the real physical shock width. 

This numerical procedure works because (i) an artificial profile is a localized 
error that does not affect the global solution, and (ii) the conservation laws 
give rise to the Hugoniot jump conditions which determine the state behind a 
shock independent of the form of dissipation generating the entropy. This led to 
the development of “shock capturing” algorithms. By modifying the equations 
such that a shock has a narrow profile, a simple uniform algorithm can be used 
for the entire flow rather than employing a specialized treatment to detect and 
track a shock discontinuity. This was especially important in the days when 
computers were limited in both speed and memory. 

With current computers, much more elaborate algorithms and much higher 
resolution are possible. Shock capturing algorithms have evolved to use Rie- 
mann solvers or approximate Riemann solvers to generate the dissipation nec- 
essary for a shock and to account properly for the flow of information along 
characteristics. They generally give accurate solutions and spread a shock wave 
over only a couple of grid points. However, calculated solutions with shock 
capturing algorithms sometimes display “glitches” which frequent,ly manifest 
themselves as localized error; see e,g., Quirk (1994). We show that some of 
these numerical anomalies mimic real physical effects and are a consequence of 
the artificial shock width. 

Two types of physical effects are described. In section 2, we analyze in one 
dimension an entropy anomaly that arises from the interaction of fully or partly 
dispersed shock waves. The entropy anomaly explains a wide class of common 
numerical errors such as excessive wall heating when a shock reflects from a rigid 
wall, startup errors when a shock is initialized as a discontinuity, errors from 
an impedance mismatch when a shock impacts a material interface, and errors 
from a shock passing through an abrupt change in mesh spacing. In section 3, 
we show in multi-dimensions that front curvature leads to a modification of 
the Hugoniot jump conditions. A consequence of the modified jump conditions 
is the diameter effect in a rate stick of explosive. The curvature effect also 
explains the artificially large numerical diameter effect that occurs when the 
reaction zone of a detonation wave is captured and not resolved. Our results 
are summarized in section 4. 

DISCLAIMER 
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Government. Neither the United States Government nor any agency thereof, nor any of their 
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bility for the accuracy, completeness, or usefulness of any information, apparatus, product, or 
process disclosed, or represents that its use would not infringe privately owned rights. Refer- 
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manufacturer, or otherwise does not necessarily constitute or imply its endorsement, recom- 
mendation, or favoring by the United States Government or any agency thereof. The Views 
and opinions of authors expressed herein do not necessarily state or reflect those of the 
United States Government or any agency thereof. 
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2. Transient effects in one-dimension 
The Euler equations for fluid flow in one-dimension can be express in conserva- 
tion form as 

where p, e and u are the density, specific internal energy and particle velocity, 
E = $u2 + e is the total specific energy, V = l / p  is the specific volume, and 
the pressure P(V, e) characterizes the gas or fluid of interest. For a steady-state 
shock wave, the conservation form of the equations leads to the Hugoniot jump 
conditions. The shock speed and the state behind a shock are independent of 
the dissipative mechanism that generates the necessary shock entropy. 

The jump condition do not apply to transients when a shock profile is formed 
or changed. We show that the amount of entropy generated in a transient 
depends on the dissipative mechanism. When heat conduction is neglected, 
outside a shock profile, entropy is convected along particle trajectories. Con- 
sequently, the entropy generated in a transient is frozen into the particle tra- 
jectories and does not diffuse. When shock waves interact, a localized entropy 
anomaly originates in the region in which the shock profiles of the incoming 
waves overlap. 

As an example, we consider the simple case of a partly dispersed shock 
wave reflecting from a rigid wall. Because this example is equivalent to the 
symmetric collision of t~7o shock waves, it also serves to illustrate the entropy 
anomaly caused by the interaction of shock waves. Moreover, this example 
has been studied in shock tube experiments. The gas and incoming shock 
strength can be selected such that a relaxation process causes the shock to have 
a measurable width. Experiments and numerical simulations with relaxation 
processes included show that the reflection of a partly dispersed shock wave 
results in an entropy layer at the wall. This is nicely summarized in a review 
article by Becker (1972)) see in particular his fig. 9. 

Sometime later an idealized problem was formulated by Noh (1987) to test 
the effect of artificial viscosity in calculations using the Euler equations. In the 
Noh problem, an ideal y-law gas is initialized to have a uniform state consisting 
of a cold gas and a velocity directed towards a rigid wall. The problem has 
a simple analytic solution consisting of a strong shock wave propagating away 
from the wall. His calculations showed that a numerical error occured near the 
wall. The particle velocity and pressure were correct but the specific energy 
was too large and compensated for by a low density. Noh called this numerical 
anomaly “excess wall heating”. It is qualitatively similar to the entropy layer at 
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the wall that had previously been measured in experiments with partly dispersed 
shock waves. 

Both the physical effect and the numerical effect can be explained based on 
the conservation laws. We outline the analysis given by Menikoff (1994). The 
solution with dispersed shock waves is compared to the corresponding solution 
of the Euler equations with discontinuous shock waves. We start by defining 
the front position for a dispersed shock wave. Let the subscripts a and b denote 
the states on the shock Hugoniot. ahead and behind the shock front. The shock 
position 2, is defined such that the mass of the dispersed wave matches that of 
the idealized discontinuous shock. For a right facing wave, 

Matching the momentum would give the same position. But the position based 
on matching the total energy is frame dependent. However, the relative energy 
between the dispersed wave and the discontinuous shock 

, c 

is Galillean invariant. The key observation is that the relative energy depends 
on shock strength. 

The asymptotic outgoing waves from a shock interaction are the solution 
to the Riemann problem with initial data corresponding to the states behind 
the incoming waves. Typically, a shock profile forms and equilibrates on a very 
fast time scale. The asymptotics sets in after the outgoing waves are separated 
by a distance on the order of the sum of the widths of the equilibrium shock 
profiles. Otherwise, the dissipative mechanism would affect smooth flows as 
well as generating the entropy needed for a shock wave. 

We consider the case of a symmetric shock collision. This is equivalent to 
the reflection from a rigid wall. Let the position of the wall be z = 0 and a 
left facing shock wave impact the wall at t = 0. Suppose at time t > 0; the 
outgoing shock wave has reached its asymptotic steady-state profiles. The flux 
of mass and energy into a fixed region that contains the outgoing wave is given 
by 

m =  -paua,  and E'= - P a u a ( E a  t PaVa) 
A uniform state behind the outgoing shock would lead to the equations for 
conservation of mass and total energy 

(PS  - P a )  + 2 s  = & ~ t  9 
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Since we are considering a symmetric collision, the total momentum is always 
zero and momentum conservation is identically satisfied. 

The conservation laws reduces to two equations for the one unknown shock 
position. The constraints from the Hugoniot jump condition imply that there 
is a solution for the hyperbolic problem when x, = at, where 0 is the outgo- 
ing shock speed. The difference in the relative energies of the incoming and 
outgoing shock waves, SEi, - &Eout, is not zero. This upsets the degeneracy 
of the equations. Therefore, the states behind the outgoing shock wave can 
not be uniform. Consequently, an anomaly must occur when the incoming and 
outgoing wave profiles overlap. 

Without heat conduction, the entropy anomaly is frozen into the particle 
trajectories. Because of the wall, the velocity behind the outgoing shock must 
be zero. Therefore, the entropy anomaly appears as a boundary layer at the 
wall. For weak waves the entropy anomaly is small because the entropy change 
across a shock is third order in the shock strength. The anomaly is large for the 
Noh problem because the outgoing wave is a strong shock. Thus, by isolating 
and exaggerating a single numerical effect, the Noh problem is a good test 
problem for shock capturing algorithms. 

The argument based on the conservation laws can be extended to a non- 
symmetric wave interaction. In general there are three degrees of freedom cor- 
responding to the positions of the three outgoing waves, and three equations 
for conservation of mass, momentum and total energy. Typically, the contact 
is smeared out and there are small offsets or phase shifts in the asymptotic 
wave positions compared to the hyperbolic problem. Entropy is an important 
variable for the transient when wave profiles overlap because of its role as an 
adiabatic invariant. 

A pronounced entropy anomaly at the contact occurs in some cases. A shock 
wave impacting a material interface is an important example. In this case, there 
is a seperate conservation law for the mass of each material. This leads to four 
equations for the three unknown wave positions. Again a constant state behind 
the outgoing waves is not possible. The entropy anomaly can be large when the 
equations of state of the two materials is very different. When the equations 
of state are similar, for an Eulerian algorithm, mass diffusion from advection 
through a mixed cell can cause the entropy anomaly at the contact to artificially 
diffuse away. A pronounced entropy anomaly also occurs when a shock wave 
impacts an abrupt change in mesh, and when a shock wave is initialized as a 
discontinuity. In the last case, in addition to an entropy error which convects 
along the particle trajectories, there can be a weak wave of the opposite family. 
The initial data is not compatible with an additional shock. Instead there is an 
N-wave or discrete diffusion wave, see Chern (1991). 
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A numerical shock width may have additional side effects. The mass, mo- 
mentum and energy within the discrete profile oscillates as the shock front 
propagates through a cell. The oscillation acts as a source of acoustic noise. 
For upwind schemes the noise radiates behind the shock front. Numerical sta- 
bility requires sufficient dissipation to damp short acoustic wavelengths which 
the mesh can not resolve. However, for a nearly stationary shock in an Eulerian 
mesh, the acoustic noise has a long wave length. This is indistinguishable from 
acoustics waves that the grid is supposed to resolve. Consequently, it is difficult 
to  damp the noise without affecting real signals. This example shows how the 
discretization can break the Galilean invariance of the continuum equations. 

3. Wave propagation with curved front 
In multi-dimensions, a discontinuous shock wave obeys the Hugoniot jump con- 
ditions in the direction normal to the front. However, when the wave has a 
width, there is a correction to the jump conditions from the front curvature. 
This gives rise to  a curvature effect on a propagating partly dispersed shock 
wave. A good example of the combined effect of a non-zero wave width and 
front curvature is the diameter effect in an explosive as measured in rate stick 
experiments. 

A rate stick is a cylinder of explosive. Vl'hen detonated at one end, the flow 
rapidly approaches a steady-state detonation wave with a curved front due to  
a rarefaction from the side boundary. The detonation velocity decreases with 
the diameter of the rate stick. The curvature effect can be used to explain 
the diameter effect of the rate stick experiments; see e.g., Menikoff (1989) and 
references contained therein. 

In the model of Zel'dovich-von Neumann and Doering (ZND), a detona- 
tion wave is a shock followed by a thin reaction zone. It is similar to a partly 
dispersed shock wave. Because of the chemical energy released, there exists a 
self-sustaining detonation wave; the lead shock heats the explosive and triggers 
a chemical reaction which releases energy and drives the lead shock. Moreover, 
an important effect of the energy release on the Hugoniot locus is that the self- 
sustaining detonation has the minimum possible wave speed. The curvature 
effect is an inescapable conclusion of the fact that the detonation speed mea- 
sured in a rate stick experiment is less than the minimum value for a planar 
detonation wave obtained from the Hugoniot jump conditions. 

Rate stick experiments can be simulated using the reactive Euler equations. 
A systematic numerical study by Donguy & Legrand (1981) used a 2-D Eule- 
rian code with a uniform grid and varied both the charge diameter and the cell 
size. With a fine grid, the calculated diameter effect agreed with experiments. 
However, on a coarse grid, the reaction zone was not resolved and the numerical 
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diameter effect exceeded the physical effect. Furthermore, the numerical effect 
increased with cell size. On a coarse grid, the numerical reaction dynamics 
serves as an artificial process to give the detonation wave a profile, and plays an 
analogous role to artificial viscosity for a shock wave. In effect, there is a numer- 
ical curvature effect that increases with the artificial reaction zone width. The 
numerical variation in the curvature effect with cell size is qualitatively similar 
to experimental results on heterogeneous explosive that used the distribution of 
grain sizes to vary the reaction zone width, see Aleksandrov et al. (1967) and 
Moulard (1989). 

The analysis by Menikoff, Lackner & Bukiet (1995) explains both the phys- 
ical and numerical curvature effects in terms of the conservation laws. We 
assume that the detonation front is smooth and the reaction zone width w is 
sufficiently small. Then within the reaction zone the derivatives of the flow 
variables tangent to the front are small compared to those normal to the front, 
and the transit time for a particle in the reaction zone is small compared to the 
time scale for variations in the flow outside the reaction zone. These assump- 
tions imply a long wavelength, low frequency approximation that describe the 
average behavior of a detonation wave and also is consistent with the typical 
mesh resolution used in numerical simulations. Locally the reaction zone can 
be approximated as one-dimensional and quasi-steady. However, for a curved 
front, the normal directions are not parallel to each other. This effect can not 
be neglected. We show that. the leading order multi-dimensional effect can be 
accounted for by a geometric source t,erm. 

We consider the local flow tube generated by the streak lines from a small 
areal patch on the detonation front. Let A be the cross sectional area of the 
flow tube. The reaction zone is modeled by the reactive flow equations in a 
duct of variable cross sectional area 

where X is the mass fraction of the reaction products and R is the specific 
reaction rate. 

The flow tube is not Galilean invariant. There are two special frames in 
which to leading order &A = 0 and the equations simplify: (i) the shock at- 
tached frame, and (ii) the normal frame. In these frames the only geometric 
term that enters the duct equations is the local divergence of the streak lines, 
K = limA,o(dzA/A). The shock attached frame is unsuitable because ~ ( z )  is 
not a priori known. The normal frame is defined by the condition that the 
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velocity ahead of the front is on average normal and has magnitude given by 

where is the front curvature and V T  - u' is the velocity divergence in the plane 
tangent to  the front. In 2-D the normal coordinates correspond to the streak 
lines. In 3-D the streak lines are neither normal to the front nor do they lead 
to a stationary flow tube. Nevertheless, in this distinguished frame K = ~j is 
constant to O(yw) ,  [Menikoff, Lackner 8~ Bukiet (1995)]. 

To leading order the reaction zone is quasi-steady and adjusts adiabatically 
to its local front curvature. The PDEs then reduce to ODEs for the reaction 
zone profile. The ODEs extend the ZND model of a planar detonation wave to 
the case of a curved detonation wave. Integrating the ODEs across the reaction 
zone leads to the modified jump conditions 

1 
2 E + P V +  -(D - u ) ~ ]  = 0 

where D is the detonation velocity, A[f] = f (a , ) - f ( xb )  is the change of variable 
f across the detonation wave, and 

is the average value of f in the reaction zone. The left hand side correspond to 
the standard jump conditions, and the correction term on the right hand side 
is proportional to  the dimensionless product qw. Because these relations are 
derived from the quasi-steady approximation, they are only valid in the normal 
frame and are only accurate to 0 (( ~ j w ) ~ ) .  

In contrast to a planar detonation in which the jump condition depend solely 
on the equation of state of the detonation products, for a curved detonation the 
jump conditions are also affected by the reaction zone dynamics, in particular, 
the competition between the source term for the heat release and the geometric 
source term from the front curvature. The averages are slowly varying func- 
tions. The dominant factor in the correction term is the reaction zone width. 
Consequently, a large numerical reaction zone width leads to an artificially large 
curvature effect. Similarly, changing the grain size of an explosive varies the 
reaction zone width and has a corresponding affect on the physical curvature 
effect. 
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The one-dimensional approximation breaks down in regions of high front 
curvature when the tangential flow gradients are comparable to the normal 
gradients. This also occurs in the interaction region in which wave profiles 
overlap. When the interaction of discontinuous waves does not have a unique 
solution based on a shock polar analysis then the dynamics within the wave 
profiles would resolve the non-uniqueness. For example, the transition between 
regular and Mach reflection is a threshold phenomena and could be affected by 
the dissipative mechanism that gives shock waves a profile. The experiment by 
Lambourn & Wright (1965) shows that the von Neumann interaction identified 
by Colella & Henderson (1990) occurs when Mach reflection of detonation waves 
is expected. 

Since the physical dissipative mechanism is difficult to vary experimentally, 
numerical calculations in which the wave profile is resolved would be very useful 
to develop an understanding of how the bifurcation of 2-D wave patterns can 
be affected by dissipative mechanisms that take place on short length scales 
and represent sub-grid physics for a shock capturing algorithm. Transitions can 
depend on dimensionless ratios of length scales associated with different dissipa- 
tive mechanisms even in the limit as the shock width vanishes. In assessing the 
accuracy of numerical solutions, it is important to know when localized errors 
can trigger phenomena that changes the global fiovr7. 

4. Summary 
The conservation form of the fluid equations leads to strong constraints on 
the wave structure of fluid flow. In one-dimension, when a shock wave has a 
non-zero width, transients can cause an entropy anomaly. This is because of 
the mass, momentum and energy contained within a shock profile that must 
be accounted for when a profile is formed or changed. An entropy anomaly 
commonly results from intera.ctions involving shock waves. The effect has been 
measured in experiments with partly dispersed shock waves. In this case, the 
shock width is due to a physical relaxa.tion process. 

In multi-dimensions, the leading order effect on a shock profile is an extra 
geometric source term due to front curvature. The competition between source 
terms results in a modification of the Hugoniot jump conditions proportional 
to the dimensionless product of the shock width and the front curvature. This 
leads to a curvature effect on the propagation of a partly dispersed shock wave. 
The curvature effect is most noticeable in an explosive because of the minimum 
speed at which a steady-state underdriven detonation wave can propagate. The 
effect has been measured in rate stick experiments. 

In order to simulate correctly the propagation of a steady-state shock wave, 
finite difference shock capturing algorithms are written in conservation form. 
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Numerical solutions are subject to the same analysis as those for the continuum 
PDEs. A numerical shock width has qualitatively the same effect as the width 
of a partly dispersed shock wave from a relaxation phenomena or a chemical 
reaction. Hence, an artificial numerical length scale can mimic real physical 
effects. This analogy provides a unifying explanation for a large class of diverse 
and seemingly unrelated numerical errors. 
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Los Alamos National Laboratory. 
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