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ABSTRACT The latest nuclear data are used to examine the sensitivity of the least
squares adjustment of the 235Ufission spectrum to the measured reaetion rates, dosimetry
cross sections, and prior spectrum covariance matrix. All of these parameters were found
to be very important in the spectrum adjustment. The most significant deficiency in the nu-
clear data is the absence of a good prior covariance matrix. Covariance matrices generated
from analytic models of the fission spectra have been used in the past. This analysis re-
veals some unusual features in the covariance matrix produced with this approach. Spe-
cific needs are identified for improved nuclear data to better determine the 235Uspectrum.
An improved 235Ucovariance matrix and adjusted spectrum are recommended for use in
radiation transport sensitivity analyses.

KEYWORDS: Adjustment, least squares, fission, benchmark field, 235U,Madland-Nix,
spectrum covariance, spectrum uncertainty

INTRODUCTION

Previous work [1] has examined the consistency of the nuclear data for the 235Ufission
standard benchmark field. The purpose of this paper is to examine the sensitivity of least
squares adjusted 235Uspectra to the input nuclear data (reaction rates, dosimetry cross sec-
tions, speetrum standard deviation, and spectrum relative correlation matrix) and to make
recommendations on the use of adjusted 235Uspectra in radiation transport calculations of
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the neutron fluence for power reactors. The least defensible input quantity in the spectrum
adjustment is the a priori covariance matrix for the 235Ufission spectrum. This paper looks
particularly carefully at the fidelity of the a priori covariance matrix and explores the effect
of reasonable variations in the covariance on the adjusted spectrum.

REPRESENTATIONS OF FISSION SPECTRUM

The previous work [1] used an a priori spectrum covariance matrix based on an ad-
justment of experimental data [2]. Several analytic representations of the fission spectrum

235Uspectrum is typically represented as aappear in the literature and the uncertainty in the
variation in the parameters used in these analytic expressions. In order to provide a foun-
dation for a discussion of the energy-dependence of the spectrum uncertainty and the en-
ergy dependent relative correlation, these analytic representations need to be introduced.

A4axwellian Form

One of the most basic representations of the fission spectrum is the one parameter Max-
wellian spectrum [3]. Equation 1 shows the functional form of the neutron number spec-
trum where E is the energy of the emitted neutron and TM is the single model parameter
often referred to as the Maxwellian temperature.

2hexp(–E/TM)
N(E) =

~TM3’2
(1)

The TM parameter is typically fit using a least square method to the experimental data. A
nominal value for TM for 235Ufission from fast neutrons is 1.426 MeV [4]. The TM value is
typically reduced from this value, which would be expected based on the average fission
neutron energy, to values in the range of 1.3 [5] in order to fit the high energy part of the
neutron spectrum. When the spectrum normalization (integral of unity) is considered this
reduction in the high energy part of the spectrum enhances the low energy part. The vari-
ation of TM found in the literature, based on fits at different times to the energy-dependent
experimental data, supports a fitting uncertainty of -9% for TM

Watt Form

Another commonly seen form for the fission spectrum is the Watt spectrum [6].

JN(E) = ~ sinh(&E) e-ab’4 e-~’a (2)
na b

Watt assumed the center-of-mass fission neutron spectrum to be approximated by a Max-
wellian spectrum and then applied a transformation to obtain the laboratory spectrum for an
average fission fragment moving with a kinetic energy per nucleon of Ef [4]. The Watt rep-
resentation is typically written as a function of two model parameters, a and b. For incident
neutron energies below 1 MeV the ENDF/B-V recommendation [7] is to use a = 0.988
MeV and b = 2.249 MeV-l. The uncertainty of the a and b parameters has been estimated
[7] as 1.2% and 5.9%, respectively.



A4adland-Nix Form

The Madland-Nix form of the fission spectrum [8] simulates the fission fragment dis-
tribution and uses a triangular distribution for the residual fission fragment nuclear tem-
perature. The Madland-Nix fission spectrum is given by:

(3)

where:

fv(E, Ef) =
1

[
zJ23’2E@2) – u~

3/2

r )-841 ‘4).E~(u~)+y5,U2
3( EfTm)”2

u] = (Z- @f)2% > U2 = (X+ @f)2% (5)

A is the mass undergoing fission, Al is the mass of the light fission fragment, Ah is the mass
of the heavy fission fragment, EF is total average fission fragment energy, El is the ex-
ponential integral, and ‘y(a,x) is the incomplete gamma function. For the 235U+n system, A
is fixed and the Madland-Nix (MN) formalism has three free parameters, Tm, E$d, and the
ratio Al/Ah. The maximum temperature, Tm, is related to the fission fragment excitation en-
ergy and a nuclear level density parameter. Given the systematic of fits to the level density
parameter [5] with A, the uncertainty in Tm is -10%. The uncertainty in 11~ is estimated to
be 2%. Given that the light and heavy fission fragment mass are represented by a single
value, we represent the variation in the Al/Ah mass ratio as about 570.

SENSITIVITY OF ADJUSTMENT TO INPUT PARAMETERS

Having established a background for the representations traditionally used for the fission
spectrum, we now examine the sensitivity of the spectrum adjustment to the initial nuclear
data. Two metrics are used to evaluate the sensitivity, the X2for the least squares adjustment
and a graphical comparison of the consistency of the resulting spectrum adjustment. The
following sections examine the nuclear data used in a spectrum adjustment.

Dosimetiy Cross Sections

A spectrum adjustment requires the use of high fidelity consistent dosimetry cross sec-
tions. We used the dosimetry cross sections recommended in the SNLRML compendium
[9]. In order to provide an independent a priori selection of cross sections, we consider all
dosimetry-quality reactions (having cross section with covariance matrices) for which we
have experimental reaction rates. We then examined the consistency of these reactions in
the independent well-characterized 252Cfstandard fission benchmark field. Since the chi-
squared per degree of freedom (~2/j) for the nuclear data in this field is 1.457, we iteratively
removed the reactions which produced the largest ~2 until the ~2/fis close to unity. This
procedure resulted in a ~2/fof unity with the removal of the 48Ti(n,p), 54Fe(n,p), and
24Mg(n,p) reactions. This identification of inconsistent dosimetry reactions in the 252Cf
field was not sensitive to the removal criteria used.



. .

An alternate selection procedure was to only accept the Category I [1] dosimetry re-
actions. This procedure, however, was felt to be biased in that it resulted in a X2/f=0.55,
when applied to the 252Cffield, and resulted in the use of only 15 reactions in the 235Ufield.

Experimental Reaction Rates

Identifying bad measured reaction rates for the 235Ufield is difficult without biasing a
subsequent least square adjustment. Figure 1 shows the X2contribution (using baseline a
priori data from Ref. [1]) from the various reactions with significant X2contributions and
clearly indicates that the “Zn(n,p) reaction measurement is suspect. This reaction stands
out when the direct Z2 contribution is examined or when the more tedious iterative removal
process based on the ~2/fis used. If more reactions were to be eliminated applying this vi-
sual Z2 contribution approach, the next cluster of reactions contains seven more reactions
and would include removal of the community reference 197Au(n,y) reaction. Furthermore
the expanded set of reactions is sensitive to the removal metric used (X2contribution versus
iterative ~2/freaction removal).

Recent work on the RRDF-98 dosimetry library [10] characterized the 24Mg(n,p) ex-
perimental integral data as “seems to be erroneous” and said that “A revision of the integral
data is needed” for the 4GTi(n,p) and 48Ti(n,p) reactions. Two of these three suspect re-
actions were eliminated by our a priori approach to the selection of acceptable dosimetry
cross sections. The third reaction, 4GTi(n,p), is certainly appears to be suspect to us since it
is the largest remaining contributor to the X2in the 235Ufield, but our approach can not jus-
tify its a priori removal before the adjustment process.

Reaotion

FIGURE 1. %2For Iterative Removal of Reactions

Spectrum Uncertainty

This section and the following section ad-
dress the a priori spectrum covariance. In
order to analyze a complex input such as a
covariance matrix, we divide it into two
more tractable components, a relative stan-
dard deviation and the relative correlation
matrix. This section will deal the spectrum
standard deviation, or uncertainty. The fol-
lowing section will address the energy-de-
pendent correlations in the spectrum.

The 235Uprior spectrum was taken from the
latest ENDF/B-VI MF=5, MT=18 entries [1 1]. Figure 2 shows the range of estimates for
the spectrum uncertainties in the 235Ufield. The 252Cfspectrum uncertainty is include in
Figure 2 for comparison purposes only and is intended to represent a reasonable uncertainty
for a very well characterize field. The 252Cfspectrum uncertainty is not a recommended a
priori uncertainty for the 235Ufield. The Petilli uncertainty [2] looks very reasonable, but
has a coarse energy structure which averages over regions with significant change in the un-
certainty. The energy-dependent uncertainty for the analytic models were generated using
statistical sampling of the analytic MN equation with the parameter uncertainties detailed
earlier in this paper. All of the analytic fission forms produced similar energy-dependence
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in the uncertainties. The uncertainty for the Maxwellian and MN spectra were larger than
that for the Watt spectrum due to the larger role the differential neutron measurements had
in setting the Watt parameter uncertainties.

An inspection of the curves in Figure 2 raises concerns about the uncertainty estimates
produced by the use of the analytic models. The plateaus in the low energy uncertainty,

‘W.(MI ,
I 1 [

.
..;.............

O.LW~
. . . . I

104 10” 10° 10 ‘
Neutron Energy (MeV)

FIGURE 2. Spectrum Prior Uncertainty Estimates

the very low uncertainty near the 2-MeV
spectrum peak, and the very large high en-
ergy uncertainty (without the measurement
constraints) are all unexpected and unusual
features. The ENDF/B-VI recommended
252Cf spectrum has an MN spectrum rep-
resentation, but the shape of the ENDF/B-
VI recommended uncertainties (shown in
Figure 2) bear no resemblance to the un-
certainties from the MN analytic equation.
Consideration of the trends in the uncer-

tainty estimates suggests that these unexpected features are imposed by limitations in the
parameter space described by the analytic models. The more traditional shaped uncer-
tainty curves reflect the uncertainty in the differential neutron energy measurements.

The analytic uncertainty models capture the uncertainty components imposed by the
physics incorporated into the models. But does the MN physics capture all of the relevant
physics, or could some of the constraints be imposed by model approximations? The MN
formalism, as captured in this work, makes several model approximations. One approx-
imation in the MN model is the use of only two fission fragment masses and associated
fragment energies rather than a complete fission fragment distribution. Another approx-
imation is the use of a constant value for the compound nucleus formation cross section,
OC(&),where &is the center-of-mass energy of the emitted neutrons. A more general in-
tegral representation of N(E,Efi OC)is sometimes used [5] instead of Equation 4 when oC(&)
is a function of 8. Often the CTC(S)obtained from using an optical model potential is used in
conjunction with the more general form of the Madland-Nix spectrum representation. Still
other approximations involve the assumption of a triangular temperature distribution and
neglecting the competition between neutron and gamma-ray emission in the fission frag-
ment and the resulting anisotropy in the center-of-mass spectrum. It is beyond the scope of
this paper to quantitatively address the effect of these approximations on the model un-
certainties. Other more complex mathematical models for the fission neutron spectrum ex-
ist. One is called the Complex Cascade Evaporation Model (CCEM) [12] which uses a
more complete treatment of the fission fragment mass and energy distributions. Another is
the Hauser-Feshbach approach [14] which treats the neutron and gamma competition in the
fragment de-excitation and the angular momentum distribution for each fragment. These
more complex models involve too many parameters with unspecified iincertainties to per-
mit a statistical derivation of the resulting covariance matrix as addressed in this paper. The
more traditional differential neutron measurement uncertainty can be used to provide a
bound on the uncertainty components which may not be represented in the analytic model.
To a first approximation, this component can be modeled as inversely proportional to the
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neutron fluence in an energy region (AcD@j). Figure 2 depicts this fluence-weighted un-
certainty component which is approximated as three times the neutron number fraction in
an interval raised to the 0.2 power.

Spectrum Correlation Matrix

The observation of unexpected features in the standard deviations generated from the
analytic models also applies to the relative correlation matrices. The correlation matrices
for the analytic fission spectrum representations were generated by statistically varying the
model input parameters, with a sample size of’5x 10d, and analyzing the correlations in the
energy-dependent spectrum representations. A normal correlation matrix, such as the
Petilli or ENDF/B-VI 252Cfmatrix, shows a complex structure. All three analytic models
show a simple two energy region partitioning (a component on either side of the median
spectrum energy) with near total correlation within each region and a strong anti-corre-
lation between regions. This highly correlated structure is not seen in correlation matrices
derived from the consideration of the neutron time-of-flight experimental data.

The simple highly correlated structures in the correlation matrix are also revealed when
the eigenvalues of the matrix are considered. An 80x80 energy representation of the cor-
relation matrix only has four non-zero eigenvalues. The eigenvectors show features con-
sistent with the two highly correlated regions seen in the relative correlation plots. Since
the correlation matrices for the analytic models are so highly correlated, the opposite ex-
treme is a totally uncorrelated matrix which is represented by a diagonal matrix. But the
neutron spectrum embodies a normalization condition. Application of this normalization
constraint produces a matrix where the covariance elements sum to zero (as required by any
covariance matrix) and a graph depicts a diagonal matrix with anti-correlated off-diagonal
regions. The MN analytic correlation matrix appears to correctly capture the long range
correlation imposed by the physics of the fission process, but it strongly inhibits short range
uncorrelated components. The features lacking in the MN correlation can be represented
by taking the normalized totally uncorrelated spectrum and using a projection operator to
remove the component of the phase space spanned by the non-zero eigenvectors in the MN
correlation matrix. This orthogonal normalized uncorrelated matrix will be referred to as
the uncorrelated component in the rest of this paper.

EFFECT OF VARYING INPUT PARAMETERS

The previous section detailed various estimates for the input nuclear data used in a spec-
trum adjustment. Variation of any one component, by itself, was found to be sufficient to
reduce the X2for the adjustment back to unity. This indicates that each component of the
nuclear data is important and its uncertainty must be adequately represented.

The effect of variation in the input parameters strongly supports the rejection of the
“Zn(n,p) measurement data and the 48Ti(n,p), 54Fe(n,p), and 24Mg(n,p) dosimetry cross
sections. The selection of the best covariance matrix is much more problematic. Too stiff
a correlation matrix inhibits spectrum adjustment while too loose a correlation or too large
an uncertainty introduces oscillations in the adjusted spectrum. The most “defensible” a
priori covariance is that generated by the MN analytic formalism. The uncorrelated matrix
is considered as a bounding case. A “Combo” case, which represents the addition of the
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MN variance with the uncorrelated variance, is also examined in this paper.
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FIGURE 3. Sensitivity of Spectrum Adjustments

Figure 3 shows the spectrum adjustments
which result from various a priori cova-
riance models. The adjustment in the 235U
spectrum showed similar features when
the input parameters were varied over a
wide but reasonable range. The -570 in-
crease in the high energy (4-7 MeV) spec-
trum was a constant feature in most
adjustments. The activity adjustment
were found to be relatively independent of
the a priori spectrum covariance.

The ~2&for the various least square adjustments were 1.123, 1.241, 1.253, and 1.193 for
the Petilli, MN, uncorrelated, and “Combo” cases. The quality of the adjustment is seen to
be fairly stable for the various a priori covariance assumptions. For the adjustment, which
had 32 degrees of freedom, we can w reject the null hypothesis that the analytic MN co-
variance is an acceptable a priori covariance with a 95% m even a 9090 level of confi-
dence. (1.24 <1.42, and 1.24 <1.31).

Since ~2/~for the adjustment was not found to be very sensitive to the range of realistic
a priori covariance matrices, we investigated the measured reaction rates data to see if it
was responsible for the larger ~2. This conjecture was verified by examining the effect of
selectively removing reactions. When the “Combo” covariance is used, removing the

1271(n,2n)and 55Mn(n,2n) reactions‘3Cu(n,2n) reaction gave a ~2/~of 0.928, removing the
gave a ~2/’of 1.02, and removing all three reactions gavea~2/~of0.831. There is no “un-
biased” way to use this observation to change the adjustment, but it clearly explains the in-
sensitivity to the form of the a priori covariance matrix. Given the fact that these three
reactions were found to be consistent with the other reactions for the 252Cffield, it also sug-
gests that better measurement data should be gathered for these reactions in the 235Ufield.
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:TGURE 4. Adjusted Spectrum Uncertainties

Figure 4 shows the uncertainty in the
adjusted spectrum for the MN and
“Combo” covariance assumptions. The
“Combo” case was identical to the un-
correlated case and shows a significant
reduction over the prior Petilli uncer-
tainty. When the proportion of the flu-
ence-weighted variance added to the
MN analytic modeling variance was
changed, the “Combo” curve in Figure 4
moved up or down in proportion to the
scaling parameter. In Figure 4 the MN

case shows a dramatic reduction in the spectrum uncertainties. If the analytic MN cova-
riance is accepted, and we see no evidence in this analysis that it should be rejected, then
the use of activation data to adjust the 235Uspectrum results in a very high quality spectrum
characterization. Indeed, this uncertainty appears to be comparable to the ENDF-endorsed
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community-accepted differential neutron “measurement-based spectrum uncertainties for
the 252Cf field.

CONCLUSION

This paper has explored the sensitivity of the 235Uspectrum adjustment to the input nu-
clear data. Recommendations were made on the measurement data and cross sections to
use in the adjustment process. These recommendations were relatively insensitive to the
selection metric used. Several covariance matrices were investigated. The MN model-
based a priori spectrum covariance matrix had some unexpected properties but produced a
dramatic decrease in the uncertainty of the adjusted spectrum. While there was no reason to
reject the model-based MN a priori covariance, we also explored the effect of adding a
short-range uncorrelated uncertainty component and found that, while it increased the ad-
justed uncertainty over that seen for the MN covariance, it provided very consistent spec-
trum adjustments which were insensitive to the methods of combining uncertainty
components. An adjusted 235Uspectrum is presented. This spectrum can be used in sen-
sitivity studies of current reactor dosimetry radiation transport calculations.
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