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Abstract 
Atmospheric chemical-mdiative-transport (CFS)  mode^ are vital in performing 

research on atmospheric chemical change. Even with the enonnous computing 

capability delivered by massively parallel systems, extended three dimensional 

CRT simulations are still not computationally feasible. The major obstacle in a 

CRT model is the nonlinear ODE system describing the chemical kinetics in the 

model. These ODE systems are usually very stif€ and account for anywhere from 

75% to 90% of the CPU time required to run a CRT model. In this study, a simple 

explicit class of time stepping method is developed and demonstrated to be useful 

in treating chemical ODE systems without the use of a Jacobian matrix. These 

methods, called preconditioned time differencing methods, are tested on small 

mathematically idealized problems, box model problems, and full 2-D and 3-D 

CECT models. The methods are found to be both fast and memory efficient. Studies 

are performed on both vector and parallel systems. The preconditioned time dif- 

ferencing methods are established as a viable altemative to the mofe common 

backward differentiation formulas in terns of CPU speed across architectural 

platforms. 
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CHAPTER 1 Overview of Numerical Chemical- 
Radiative-Transport Modeling 

1.0 Introduction 
Human activities are a major force affecting the chemical composition of the earth's atmo- 

sphere. The atmosphere is composed primarily of nitrogen (78.1%) and oxygen (20.9%) 

with many other trace gases found in far smaller quantities. Ozone (0,) is an important 

example of a trace gas, existing in very small quantities but vital to life on Earth [36,73, 

741. Ozone plays an important dual role in influencing the global climate. Its climactic 

effect depends on its distribution in both the troposphere and the stratosphere [73]. Ozone 

and molecular oxygen we the primary absorbers of UV and visible radiation in the atmo- 

sphere. Absorption by ozone in the stratosphere is responsible for the increase in tempera- 

ture with altitude in that region of the atmoGhere. Ozone also absorbs infrared radiation. 

Thus, increases in 0, above 30 km tend to decrease surface temperature, while increases 

-below 30 km tend to increase surface temperature [36A]. 

The concentrations of other important trace gases are also changing [36,43,68,69,73,74, 

751. The most signiscant of these gases, with respect to their effect on the global ozone 

distribution and the global temperature structure, are carbon dioxide (C02), methane 

(CH,), nitrous oxide ( N 2 0 ) ,  and the various chlorocarbons (CZC's). The concentrations 
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of the chlorocarbons have, in recent decades, experienced the largest relative changes, a 

phenomenon due almost completely to anthropogenic sources [36]. Annual rates of 

change for all of the aforementioned gases are: C02 (+0.4%), CH, (+1-2%), N 2 0  (N.2- 

0.3%), CFCZ, (+5%), CF2CZ2 (+5%), CCZ, (+1%), CH,CCZ, (+5%)*. [68,69,74] The 

chemical and physical effects that variations in these trace gases have on ozone distribu- 

tion, temperature profile, and the global climate has been the subject of increasing investi- 

gation. [16,18,31,32,36,43,68,69,70,72,73,74,75] 

Of great importance in conducting research on the changes occurring to ozone are numer- 

ical chemical-radiative4ransport (CRT) models of the global atmosphere. [13,36,43,72] 

At the heart these models are large sets of highly stiff, coupled, nonlinear partial differen- 

tial equations of the advection-diffusion-reaction type. For example, as treated in the typi- 

cal zonally averaged two dimensional model of the global atmosphere, the equations are 

[36J:. . 

where 

y is a vector of zonally averaged mixing ratios (yi being the mixing ratio for the ith 

chemical species), that is the average value of the mixing ratio over a spatial zone. 

x and z are the horizontal and vertical directions, respectively. 

V and 

tisthetime. 

are the horizontal and vertical wind fields, respectively. 

Ri (y, t )  is the reactive portion of the system (i.e. a nonlinear function describing the 

actions of the chemical sources and sinks in the model). 

p is the air density. 

*. Until very recently. The increases in ClC concentrations have slowed due to control measures. 
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$ is the latitude. 

On the left hand side of the equation is the time derivative of the zonally averaged mixing 

ratio together with the advective part of the transport (the vertical and horizontal winds). 

The right hand side has chemical sources and sinks together with diffusive terms that rep- 

resent the effects of wave activity in the atmosphere together with sub-grid scale eddy 

transport. The constants Kxx, and Kzz parameterize this eddy transport and vary between 

the troposphere and the stratosphere [3@. Note that the reactive term is generally nonlin- 

ear, and couples the mixing ratios of the various chemical species. The spatial domain is 

typically a two dimensional atmosphere ranging from pole to pole (in latitude) and from 

the surface of the earth to at least 50 kilometers (in altitude), the top of the stratospheie. 

This equation represents the basic chemical mass conservation requirement for each 

chemical species. 

In addition to Eq. (l), there are also conservation equations for the atmosphere as a whole. 

These are the basic conservation equations for a fluid flow [6,42] and take the form 

(shown in 1-D for simplicity): 

These general conservation equations usually contain terms representing forces due to the 

fluid's resistance to shear stress. Viscosity is a measure of this resistance to shear stress 

and is considered negligible in the atmosphere. In this case, the equations for the conser- 

vation of mass, momentum and energy take the form [42]: 

where p is the total density, v is the velocity, E is the total energy, and P is the pressure. 

The pressure is determined by an equation of state relation with the other variables [6,42]. 
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Since the total density can be expressed as a weighted s b m  of the mixing ratios of the indi- 

vidual species [6,36J, the variable p is also a function of the yi in the system (1). Thus, 

Eq. (3) is coupled into Eq. (1) and together they describe the atmosphere as a reactive flow 

problem [a. 

1.1 Standard Numerical Techniques for Conservation Equations 

The three standard methodologies for numerically solving PDE problems are finite differ- 

ence [6,25,37,42,47], finite element (or finite volume) [14;62], and particle [40,41] 

methods. For many atmospheric simulations, finite difference is the methodology of 

choice [2,6,13,43,48,56,641. 

In finite differencing, the domain is discretized by choosing a mesh width Ax and a 

timestep A$. The finite difference methods then produce approximations yy to the soh- I 

tions y (xi, f n )  at the discrete grid points via a Taylor series expansion. Various finite dif- 

ference methods are designed by replacing derivatives with different finite difference 

approximations. Some of the more basic examples include the backward Euler, one-sided, 

Lax-Friedrichs, leapfrog, Lax-Wendroff, and beam-w &g techniques [42]. More 

advanced methods, such as the flux corrected transpofi (FCI') methods used for advection 

in this study, are also commonly used [48,56,64]. 

An important technique which is widely used in the context of reactive flow problems is 

the splitting [ 15,42,60] principle. Splitting can be illustrated by considering the PDE 

au au au 
at ax ay 
-+aa-++- = 0. 

Splitting (or operator splitting) allows the solution of two 1-D problems in place of the 

original 2-D problem [42], treating each operator separately: 

(4) 

aii aa 
at ax -+a- = 0, 
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a i  a i  
at . a Y  
- + b - = O .  

Operator splitting hds wide application in atmospheric modeling by separating the reac- 

tion operator from the advective-diffusive operators in the chemical mass conservation 

equation (1). Although splitting produces numerical results that are well within accuracy 

requirements, it is not well understood in a mathematically rigorous sense. This disadvan- 

tage is far outweighed by the advantage of treating the operators with techniques specially 

tailored to each operator's salient features. 

This study will focus on the solution of the chemical kinetic portion of Eq. (1). This oper- 

ator is split from the transport processes which are solved separately [56,64]. This results 

in a system of nonlinear stiff ODES describing the kinetics in each zone: 

3 = R ( y , t ) .  dt m 

Solving this system over the entire atmospheric grid has been shown to be the major bot- 

tleneck in atmospheric simulations [18,19,51,55]. Before discussing the particulars of 

these kinetics equations, the standard numerical techniques for the general ODE problem 

must be examined. 

1.2 Methods for the General ODE ProbIem 

Numerical techniques for the general ODE problem are, like their PDE counterparts, pro- 

duced by replacing derivatives with finite differences. Alternatively, one can apply stan- 

dard numerical quadrature techniques to interpolating functions fit to the discrete values of 

the dependent variable [25,37,58]. This results in the rather large class of linear multistep 

methods [12,28]. In a linear multistep method, the discrete values are dehed by the for- 

mula: . 

i =  1 i = O  
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where the ai, pi, Kl, and Kz are constants for a particular method and 

j '-i = R Op-i, t n - ~ )  (cf. ~ q .  (7)) 1121. The value K = man (K~, KZ> is the number of 
past values involved, so that Eq. (8) is said to be a K-step method. The methods can also 

bewritten iri terms of a variable stepsize [9,11,12]. 

The simplest examples are the forward Euler method 

3 - 1  y" = y"-l+Aty 

and the backward Euler method 

(9) 

y" = y"-l+ A$. (10) 

The most important distinction between these methods is whether a given method is 

explicit or implicit. The methods described by Eq. (8) are explicit if Po = 0 and implicit 

otherwise. For an implicit method, a nonlinear algebraic system must be solved at each 

. 

timestep which can be a computationally costly procedure. Common methods for treating 

these algebraic systems are discussed later. 

Another distinction is the particular order of a method. The order is the largest integer p 

for which 

4 K2 

. y(tJ - Caiyn-i-AtCPiY-i  = O(AP+l) 
i =  1 i = O  

as At + 0. If y is smooth, it is equivalent to say that the local truncation error satisfies 

yn-y(tn) = 0 (AP+') [12]. 

Common subgroups of methods, belonging to the class of linear multistep methods, are 

the Adams methods &d the backward differentiation formulas (BDFs). The Adams meth- 
ods [37], popular in solving non-stiffproblems, are obtained by having only the term y 

in the first sum in Eq. (8). The BDFs [12,24,251, most common for stiff problems, are 

n-1 
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obtained by setting K2 = 0 in Eq. (8). More detail is given to these methods after an 

examination of the phenomenon of stiffness in ODE systems. 

2.0 Stiff Systems of Ordinary Differential Equations 
Put simply, stiffness arises when components of the ODE system have widely Wering 

timescales or lifetimes. This situation causes the problem to be particularly challenging 

from a numerical standpoint, and many specialized techniques have been developed for 

treating these problems, both for the general stiff problem [lo, 12,17,24,25,37,49,53] 

and for chemical kinetics problems [3,4,19,27,54,59,61,65,66, 763. The difliculty is 

that when a standard explicit method is used, the timestep is restricted to the order of the 

shortest lifetime in the problem even after such transient terms have died out. This restric- 

tion on the timestep is necessary so that the method does not become unstable. A method 

is said to be unstable when any roundoff error that gets introduced into the calculation is 

successively magnified until it comes to dominate the true solution. As long as machines 

compute in finite precision, the methods carried out on them must be stable. Stiffness was 

first identified as an important property of the ODES describing chemical kinetics by Cur- 

tis and Hirschfelder [17]. 

There are several approaches that can (and have been) used to alleviate the problem of 

stiffness in atmospheric chemistry problems. One possibility is to assume a steady state 

for all of the faster species (Le. those with short timescales). This is done to some extent in 

avoid this approximation if at hl possible, since this provides the most mathematically rig- 

a l l  models and the loss in accuracy in doing so is open to debate. This study attempts to 

orous model. 

Another approach is the so-called family or lumping approach [5,7,16,23,63]. Here, 

chemical species are combined or lumped together into chemical families (such as NO, or 

Ox etc.) again in an attempt to eliminate the faster moving transients. This study uses no 
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lumping of any kind, since, as with the steady state approximation, it is not the most rigor- 

ous way to model and is subject to potentially signiscant emr. 

The final approach to stiff problems is to use numerical techniques to overcome their spe- 

cific difficulties. Doing so requires a more in-depth examination of the concept of stiff- 

ness. 

2.1 Basic Definition 
Stiffness occurs in a physical problem when widely varying timescales are simulated. 

Mathematically, 'this situation manifests itself with the existence of widely Wering mag- 

nitudes of the eigenvalues of the ODE system modeling the physical problem. This situa- 

tion can be illustrated by a simple linear initial value problem and serves to motivate the 

definition of a stif€ problem. The following example is taken from Lambert [37]. 

Consider the linear initial value problem with constant coefficients: 

9 = Ay 

and let 

-21 19 -20 . 
A = 19 -21 20 

[m  ,,$ 
with 

Now, the analytic solution to this problem is given by 
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Y ( t )  = 

+ :eaf (cos40t + sin40t) 

(cos40t+ sin40t) 1 -2t 1 -4Qt 
Ze -Ze  
. -e4' (cos40t+ sin40t) 

and is shown in figure 1. The important point to note here is that for time values greater 

than 0.1, u and v are nearly indistinguishable, and vary slowly with time, while y, the last 

component, is essentially zero. 

If the values obtained fiom the analytic result are used to produce an initial condition for 

t = 0.1 , and the forward Euler method (with a stepsize of 0.04) is used for an integration, 

the computation diverges due to instability. This occurs even though the solution curves 

are all gently varying in the region of integration. The use of an implicit method, such as 

the backward Euler method, would eliminate this restriction on step length and wil l  be dis- 

cussed later. The trade-off in the use of such a technique is that a ma& must be inverted 

at each timestep. Even though a matrix invert is easily accomplished for a 3 component 

problem such as this one, the work required on larger problems would be significant. 

Explicit schemes, such as the forward Euler method discussed here, are computationally 

cheap to implement and very efficient on vector and parallel machines. For the moment, 

therefore, this study will focus on the problems that these explicit schemes suffer when 

used on stiff problems. 

Now consider a different mank 

with the initial value as: 



1 

0.75 
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-1 
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FIGURE 1. Solution plot for the first example stiff prbblem. 
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. .  
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y(O.l) = 

which has the analytic solution 

(This second problem is designed to have an analytic solution that is almost identical to 

the first example in the range t 2 0.1). The application of the forward Euler technique, 

using the same stepsize, somewhat surpris@gly yields a stable computation! This is sur- 

prising since the two examples were nearly identical on the region of integration. 

To understand this situation, consider .the more general first order ODE: 

3 =fOttt) (18) 

To guarantee that a computation be stable, most explicit methods (including the forward 

Euler method) place a bound on the product hh,, where the hi are the eigenvalues of the 

Jacobian - , and h is the stepsize used [37]. For the simple linear constant coefficient af 
?Y 

I 

?f 
?Y 

example, - = A .  

Now, consider the eigenvalues of tle two sample matrices examined: the eigenvalues of 

the first matrix are -2, - 40 5 40i, while the eigenvalues of the second are -2, -2,O. The 

stability requirement for the forward Euler method (to be mentioned in a little more detail 

later on) imposes a max stepsize of h = 0.025 for the first matrix and h = 1.0 for the 
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second matrix. This is true even though, as emphasized earlier, their analytic solution 

curves are indistinguishable on the region of integration. The eigenvalues responsible for 

this behavior are - 40 f 40i, the very eigenvalues whose contribution to the analytic solu- 

tion is most negligible. This, then, is the phenomenon of stiffness: the existence of these 

(relatively] fast moving transients that contribute little to the solution curve, but whose 

numerical remnants linger to destroy the stability of the computation. This motivates the 

following ‘cdefinitionyy. 

2.1.1 Definition 

The linear constant coefficient problem y = Ay is said to be &ff if: 

1. R e  (hi) < 0, Vi 

- 2. Max (Re (hi)  ) >> Min (Re (hi) ) 

where, as before, the hi are the eigenvalues of A .  Note that this is not the most precise of 

definitions. Any system satisfying condition one will exhibit some degree of stiffness. One 

can define the quantity 

Min (Re (Ai) ) 
(19) 

called the Stiffness ratio, as a measure of how stiff the system is. The stiffness ratio in the 

first example matrix was 20. This turns out to be.quite modest, as stiffness ratios of lo6 or 

more are not uncommon in atmospheric chemical kinetics [ 12,37,65]. 

M a  (Re (Ai) 1 

For the more general first order IVP (Eq. (18)), stiffness.is seen if the eigenvalues of the 

Jacobian behave in a similar fashion. In this case, the eigenvalues are no longer constant, 

so it is said that the problem is stiff in an interval I if the eigenvalues meet the criteria in 

the definition for all t E I .  
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2.2 Stability for Stiff Systems 

The god in treating stiff problems is to find numerical integration techniques whose 

regions of absolute stability are “large enough”. The first step is to take a closer look at the 

stability requirement of the forward Euler technique. 

For absolute stability, forward Euler requires that [37] 

11 + hha e 1 (20) 

where h is the stepsize and hi is any eigenvalue of the Jacobian - of the right hand side 

of the IVP (18). This relation must be satisfied by all of the eigenvalues. In words, the rela- 

tion says that the product hh, must lie within the circle of radius 1 about -1 in the com- 

plexplane (this circle is often referred to as the region of absolute stability). Hence, stif€ 

systems, having eigenvalues with relatively large negative real parts, require a correspond- 

ingly small stepsize to meet the stability requirement. Higher order methods have larger 

regions, but can still run into the same types of difficulties. What is desired is a method 

whose region of absolute stability is in some sense infinite. The following definition is due 

to Dahlquist [20]. 

af 
?Y 

2.2.1 Definition 

A numerical method is said to be A-stable if its region of absolute stability includes the 

entire left hand half plane Re (hh,) e 0. Note that when an A-stable method is used to 

treat a stiff problem, stepsize is not constrained by stability! 

Consider the backward Euler method. The stability criterion here is [37] 

11 - hhil-’ 1 (21) 

and is satisfied for any stepsize given a stiff problem. The backward Euler method is there- 

fore A-stable. Figure 2 illustrates the forward Euler region of absolute stability, while fig- 

ure 3 illustrates A-stability. The following theorem is regarding A-stability: 



FIGURE 2. Forward Euler Region of Absolute Stabiity 

- 1  

FIGURE 3. A-Stabilitv 

2.2.2 Theorem (regarding A-stabiIity) 
1. An explicit linear multistep method cannot be A-stable 
.2. The order of an A-stable implicit linear multistep method cannot exceed two. 
3. The second order implicit linear multistep method with the smallest error constant is 

the trapezoidal rule. 

A proof is given by Dahlquist [20]. 

A-stability seems to be a pretty demanding restriction! It is limited to second order meth- 

ods. The restriction can be weakened with a concept due to Widund [71]: 

2.2.3 Definition 

A numerical method is said to be Ma)-stable, a E (0, -) , if its region of absolute stabil- 

ity includes the infinite wedge 

A 
2 

Wa = {hh,l (-a,< R- arg (hhi) c a) } (22) 

It is said to be A(0bStable if it is stable for some sufficiently small a. Note that for a 

given problem, hh, will lie either inside or outside the wedge for all values of h. 
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2.2.4 Theorem 
1. An explicit linear multistep method cannot be A(0)-Stable. 
2. There is only one A(0)-Stable bear  k-step method whose order exceeds k+l, namely 

the trapezoidal rule. 

3. For each a E 0, - ) there exist A( a)-Stable linear k-step methods of order p for [ i  
@=3 and'k-4. 

This result is given by Widlund [71]. So a slight weakening of A-Stability allows up to 

fourth order methods, while A(0)-stability allows methods of arbitrary order. A(a)-stabil- 

ity is illustrated in Figure 4. 

FIGURE 4. A (a)  -Stability 

2.3 The Problem With Implicitness 

The theorems of the preceding section illustrate that A-Stable and A(0)-stable imply 

implicit techniques. Thus, at each time step, a (potentially nonlinear) system of shulta- 

neous equations must be solved (cf. Eq. (8)): 

Yn+k = ~ P $ ( t , + , Y n + k )  +g 

where g is some known vector. 

One scheme: Use a predictor-corrector type [37l method. Problem: Correcting to conver- 

gence requires that LlhPd < 1, where L is the Lipschitz constant for f ( r ,  y) . Now, the 

af , and since the matrix nom satisfies Lipschitz constant may be taken as II 611 .. - .. 
11 All 2 p ( A )  = max (lhil) , it is clear that stiff systems imply LARGE Lipschitz con- 
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stants. Thus, the convergence requirement is usually as bad as the explicit stability 

requirement. 

. The acceptable alternative to predictorcorrector is to use a Newton type [ 12,24,25,37l 

iteration. That is, to solve for F (x)  = 0,  fix an initial guess and then compute the iter- 

ates: 

yS+l = ys- [JO",]-lF(ys) 

Applied to the linear multistep formula (Eq. (23)), this gives: 

Now, the question of convergence can be quite complicated [37], but is not nearly as bad a 

restriction on stepsize as explicit stability bounds provided the initial guess is "close 

enough". That is where a good predictor comes in handy. 

So, at each time step it is necessary to (possibly more than once): 

Evaluate the Jacobian matrix 
Invert the Jacobian matrix 

Does the increase in stepsize make up for the additional computation that must be done? 

In fact, the extra computation that must be perfo&ed by an implicit method is always out- 

weighed by the stability advantage [35]. One possibility for speeding the process up is to 

hold the Jacobian constant during the Newton iteration or even for several time steps and 

see if the iterates still converge. 

2.4 LSODE 

The LSODE [46] package is used for comparison in this study. LSODE is state-of-the-art 

in the robust implementation of methods for the general ODE problem. For the treatment 

of stiff problems, LSODE uses the backward differentiation formul& (BDFs) [25] men- 
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tioned in section 1.2. These methods are the most popular currently used for the general 

stiff problem [52]. The BDFs possess stifF stability [25] and do not suffer the stepsize con- 

straint that the traditional explicit methods do. Thus, the numerical stepsize is constrained 

only by the user’s accuracy requirement. 

LSODE also includes the implicit Adams methods (mentioned in section 2.1) which are 

well suited for nonstif€ problems. As with the BDFs, these methods are members of the 

family of linear multistep methods (Eq. (8)). LSODE implements these methods in a way 

that allows both the stepsize and the method order to dynamically vary throughout the 

course of the integration. The method orders vary from 1 to 12 for the AdamR methods and 

from 1 to 5 for the BDFs. The ability to dynamically vary the method order and the step- 

size is critical to the efficient use of the multistep methods [4Q. This allows them to “tip- 

toe” through phases of the problem where solution comp0nents.are rapidly changing, 

while integrating slowly changing phases by leaps and bounds. 

LSODE consists of 21 subprograms and a BLOCK DATA module. The package has been 

designed so that the user need only communicate with a single subprogram, called 

LSODE for convenience. LSODE’s features include a highly flexible user interface, 

highly modularized code, dynamic storage allocation, a wide range of linear algebra mod- 

ules, and a wide range of error types. It has been designed to virtually eliminate the need 

for user adjustments to the code before it can be used effectively. The different capabilities 
of the code can be exploited by setting flags in the parameters passed to the program. This 

philosophy eliminates the need for the user to become familiar with the inner workings of 

the code, allowing it to be used almost as a black box and reducing the possibility of erroq 

being introduced into the code by user modification. 

In this study, LSODE will be called to use the BDFs, using a Newton iteration to solve the 

resulting nonlinear system. The Jacobian matrix is automatically generated using finite 
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differences and is inverted as often as the code deems necessary. This is one of the code's 

optimizations, since it is sometimes unnecessary to change the Jacobian at every step. 

3.0 Basic Language of Chemical Kinetics 
This work concerns the treatment of the chemical kinetic portion of the chemical mass 

continuity equation (Eq. (l)), so a brief digression into the language of kinetics is in order. 

. Chemical kinetics is the study of the rates of reactions. These methods were developed for 

the resolution and understanding of the systems encountered by chemists. The rate or 

velocity, v, of a reaction, tells how quickly it is occurring. If cis the chemical concentra- 

tion, then: 

dc 
dt 

' v = -  

which gives the rate of the reaction. 

The Rate Law [57] states that v is a function of the concentrations of the species involved. 

v = f (concentrations) 

Substances that influence the velocity of a reaction can be grouped into two categories: 

1. Those whose concentdons change with time (Reactants, Products, Intermediates) 
2. Those whose concentrations do not change with time (Catalysts, Steady State Inteme- 

diates) 

The stoichiometry of a process shows how many moles of each reactant are needed to 

form each mole of products. For Example: 

2H2 + 0 2  + 2H20 (28) 

The mechanism details how the molecules react to form products. The mechanism is, in 

general, a set of elementary reactions consistent with the stoichiometric relation. The pre- 
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vious stoichiometry, for example, in the gas phase, is thought to be a chain involving 

hydrogen, oxygen and hydroxyl radicals: , 

H2 + 2H 

H + 0 2 + O H + 0  

OH + H2 4 H 2 0  + H 

0 + H2 + OH + H 

(31) 

. (32) 

Each reaction is an elementary one; the four taken together describe the proposed mecha- 

The kinetic order of a reaction describes the way in which the velocity depends upon the 

concentration. Consider a reaction whose stoichiometry is 

A + B + P  

For many such reactions, the rate law is of the form [VJ 

where the concentrations are raised to the powers m, n, and q, that are usually (but not 

always) integers or zero. In this study, they will always be zero or one. 

The order OS a reaction with respect to a particular component is just the exponent of the 

concentration term. The overall order is the sum of the exponents of all components. The 

constant k is the rate coefficient of the reaction. 

If the concentration of a particular component doesn't change during the reaction, it is fie- 

quently omitted from the rate law expression. 

Note: One cannot deduce the rate law from the stoichiometry of a reaction. It mum be 

memured by experiment. 



4.0 Chemical Kinetics Equations 
This study is primarily concerned with the chemical kinetics portion of the atmospheric 

advection-diffusion-reaction equations (Eq. (7)). This is split from the advectivediffusive 

part and results in a nonlinear system of ordinary differential equations having the form: 

[4,57,65,66l 

where y ( t )  is the vqctor of chemical concentrations, y2 ( t )  is the vector containing the 

square of each chemical concentration, P (y, t )  is a vector representing the "production 

rate" term, while 2 (y, t )  and (y ,  t )  are diagonal matfices representing the "loss rate" 

terms. 

- 4Y = R ( y , t ) =  P ( y , t )  - 2 ( y , t ) y - z ( y , t ) y 2 '  
dt 

Interesting to note are the forms of the production and loss rates. In terms of section 3.0, 

Pi  = z k & " y ; ~ ; ~ ,  where the components of the chemical concentration. vector are 

raised to the powers jq, rq, sq which are either zero or one, depending on the chemical 

reactions in the problem. That is to say, this production rate term is the sum of all of the 

terms €tom the rate law for each reaction producing species i. These terms are of integral 

' r s  

4 

order of at most one in their dependence on other species. Further, uq, v4' w4 # i for each 

q,  so that Pi does not depend on yi. The k4 represent reaction rate coefficients (as in Eq. 

(34)) and may be time dependent (for photochemical reactions, which are dikally vary- 

ing). Finally, & and zii which are henceforth denoted as & and zi, have the forms 

= x k  jqyrq  and = xk4&; where the exponents of the chemical concentrations 
4 

4 % v9 
4 

are.again either zero or one and the entire term is independent of yi [57]. These are the 

corresponding rate law terms for reactions destroying species i. 

4.1 'The Chapman Atmosphere 
Consider the equations describing the generation and destruction of ozone in the simple 

Chapman model. The Chapman model was the f h t  attempt (in the late 1930s) to explain 
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the ozone distribution in the stratosphere. The Chapman mechanism assumes that only 

oxygen-containing chemistry is sufficient to explain ozone distribution. In this case, the 

atmosphere includes only the chemistry of 0 , O  and 0, [12,22,36]. In this situation 

there & four chemical reactions: 

02+ hv 
0 + h v  + o+o 

where the ki denote the reaction rate coefficients, M denotes an extra molecule required to 
carry off excess energy, and hv denotes the absorption of light (a photochemical reaction). 

Ozone formation occurs through the first reaction while ozone destruction occurs in the 

second and last reactions. For this problem, the concentration of molecular oxygen, O,, is 

held constant (making the reasonable assumption that the loss of 0, from this chemistry is 

negligible). The first two reaction rates are fixed (functions of temperature only) while the 

latter two (being driven by the absorption of light) will vary diurnally. 

Set yl ,  y2, y, to be the concentrations of 0, O,, O,, respectively. Again, the concentrgtion 

of 0, is assumed to be unchanging. The resulting system of kinetic equations takes the 

form of Eq. (42), for y = [i , with 

r 

(Z= 0). 
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The constant values are: 

y3 = 3.7 x 10l6 

k, = 1.63 x 

k2 = 4.66 x 

and 

with 

1 0, sinatso 

n 
43200. a3 = 22.62, a4 = 7.601, o = - 

The constant 43200 is just twelve hours in seconds, so that the diurnally varying rate coef- 

ficients (k3 and k4) have 24 hour periods. Initial conditions assumed are 

y1(0) = 1O6,y2 (0) = 10l2. 

The Chapman mechanism has important characteristics shared by the larger problems in 

atmospheric chemistry [lZ] in that: 

The Jacobian of the differential system is non-constant. 

The diurnal effect is present. 
The problem is sufficiently stif€ 

The Chapman problem .a be the initial testbed for the development of the basic ideas for 

the numerical techniques in the next chapter. 
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CHAPTER 2 Preconditioned Time Diferencing : 
Development and Initial Results for 
Atmosphevic Chemism 

1.0 Preconditioned Time Differencing 
This chapter develops the methods for treating st i f f  diurnal kinetics equations fiom mo- 
spheric chemistry. The goal is to get the "best of both worlds", by developing an explicit 

class of method that is unconditionally (or at leastaearly unconditionally) stable. Consider 

the first order nonlinear system of ordinary differential equations: 

(1) 
4Y - = f ( Y , t ) *  Y(0) = Yo dt 

Eq. (1) is assumed to be stiff. Stability constraints brought about by the stiffness of the 

problem generally force the use of a k-step implicit multistep formula [25,373 

n+ 1 

n + l -  

Y"+l = AtP,fO, 9 tn+J +g" (2) 

(with At = stepsize, tn+l = ( n +  1) At, y - ~ ( t ~ + ~ ) ,  f3, = const., and gn a 
known vector) for its solution. In this chapter, the first order backward Euler method 

(3) n+l  = yn+Af" Y 

(where f " = f (yn+ ' ,  tn+ 1) ) and the second order trapezoid rule 



are considered. 

At 
yn+l = ,Ct"'l+f) +yn 
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. (4) 

The major task in implicit schemes is the solution of the nonlinear system of equations 

(Fq. (2)) at each time step. Many ODE packages, such as the ODEPACK routine MODE 

[28,46l and the DAE solver DASSL [8,44], resort to a Newton iteration for solving this 

system. Although the Newton iteration converges rapidly, it requires the cornputationally 

cumbersome construction, storage, and inversion of a large (and often non-sparse) Jaco- 

bian matrix [21]. This problem can be avoided by considering the fixed point iterative 

method as a means of solution. 

Fixed point iteration (or Picard iteration) for the solution of the nonlinear system in Eq. (2) 

begins by defining the function 

and then performing the iteration 

n+l = G U Y  1 1 o"t 1) (s+ 1) 

n+l (0) (y ) = arbitrary. 

n+l (0) Convergence of the iteration to yn+ will occur if the in&l guess (y is chosen in 

a neighborhood of contraction of G about yn+ [21]. If G is not contractive at yn+ then 

the fixed point iteration may diverge. A sufficient condition for the existence of a contrac- 

tive neighborhood is that the spectral radius of the Jacobian of G at yn+ be less than 

unity. If such a neighborhood does exist, then one must assure that the initial iterate 

) 

is a member of this contractive neighborhood. (r"+l) (0)  
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The problem of diverging or slowly converging fixed point iteration schemes can often be 

rectified by "preconditioning" [26,47]. That is, a function F (u, v, t )  is defined such that 

F (v, v, t )  = G (v, t )  ; the iterates are then computed in the following fashion: 

. (yn+') arbittarye 

this procedure were to converge to yn+ then 

yn+l = F(yn+ l ,yn+ ly tn+ l )  = GO,n+l,tn+l)= AtPkf(yn+l,t,,l) +gn 

and the desiredwlution is obtained Although each iteration r e q ~ e s  the construction and 
solution of another nonlineaf. system of equations, in the case of chemical kinetics equa- 

tions a preconditioner F may be defined that is easily solved. 

and the Gauss-Seidel preconditioner 

Here, N is the number of dependent variables in the system Eq. (1). 

Now, if the iteration is terminated prematurely after Z iterations 0) n + l  = 0, n + l  ) (0 ) then 

time differencing methods are generated in the form: 

Algorithm 1.1 

1. Set (y ) (theinitialguess). 

2. Fors = 1,2, ..,,Z,compute (yn+') = F (  (y ) , (y ) 

3. setyn+l = ( y  

It+ 1 (O) 

(4 n+; (4 n + l  (-1) 
' fn+ 1) 

n + l  (0 
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These methods are called Preconditioned T i e  Differencing Methods [3,4,47]. It should 

be noted that the idea of premature termination of Newton's iteration has been used suc- 

cessfully in other contexts (see [l] for example), but in these situations a Jacobian ma@ 

needs to be formed and inverted.. In addition to the choice of preconditioner, there is also 

the issue of choosing the initial iterate, or initial guess in step 1 of algorithm 1.1. Com- 

monly used is the so-called "identity predictor" [3,4]: 

m 
The idea behind preconditioned t ime differencing is illustrated by considering the applica- 

tiop of the Jacobi preconditioner (Eq. (5)) to the backward Euler method (Eq. (3)) with the 

identity predictor (Eq. (7)) as the initial guess. Taking only a single iteration ( I  = 1 in 

algorithm 1.1) yields, for i = 1.. .N: 

A Gauss-Seidel preconditioner (Eq. (6)) yields in a similar manner: 

For an arbitrary linear multistep method Fq. (2) and an arbitrary number of iterations, the 

Jacobi &d Gauss-Seidel preconditioners take the respective forms: 

For this specific class of problem, preconditioned time differencing methods will yield 

explicit schemes with expanded regions of absolute stability. 



1.1 Chemical Kinetics Equations 

The preconditioned time difference methods are applied to the Chapman problem 
described at the end of chapter 1 (section 4.1). Their behavior is analyzed on a linearized 

system of equations derived from the Chapman problem. The equations describihg the 

nonlinear ODE system are restated here, for completeness: 

(Z= 0). 

The values of all numerical constants may be found in section 4.1 of chapter 1. The diur- 

nally varying rate coefficients are mathematically idealized, and take the form 

1 0, sinot I O  

. 1.1.1 Linearized Chapman Mechanism 

For the purpose of analysis, the behavior of the preconditioned time differencing schemes 

for solving the nonlinear Chapman mechanism is studied by analyzing their behavior on 

the linearized system of equations 

dt 
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whqe 

Note that 

with a = 6.03, E = 4.66 x lo-''. 

In this case, k-step implicit numerical schemes take the form [47] 

k- 1 

where the Qj 's are real polynomials, and at each time-step, the linear system 

must be solved. A preconditioned Iked point iteration begins with Eq. (12) in the form 

k- 1 

j = O  

Note that for this linear problem, the Jacobi and Gauss Seidel preconditioners (Eqs. (5) 

and (6)) are exactly the Jacobi and Gauss Seidel matrix splittings applied to the matrix 
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Q-l (AtA) . More precisely, for the Jacobi case, the matrix is split Q-, (AtA) = D - 0, 

where D is the diagonal and -0. is the off-diagonal. The iteration is perform& 

Rearranging to solve for (y"+ ') gives 

k- 1 
( I - D )  ( Y ~ " ) ~  = -0 (y n+l ) S-1 + C Qj(AtA)yn-j ,  

j = O  

which is exactly the Jacobi splitting of the matrix of the linear system in Eq. (12). Thus, 

for a linear problem, preconditioned time differencing is a,first order linear iterative 

method [47], where the implicit matrix is split [ I -  Q-, (AtA) 3 = M - N and the soh- 

tion yn+ ' is obtained by the iteration 

k 
M(y"+l) '=  N ( y  n+l ) S-1 + X . Q j ( A t A ) y n - j , s  = 1,2, ... 

j=O 
The method is convergent (i.e. contractive) if and only if the spectral radius of K I N  is 

less than 1 [is]. 

As an example, consider the Backward Euler method 

y"+l = At A y"+'+yn.. (13) 

'A fixed point iteration for solving the implicit system of equations (13) would fail to con- 

verge unless a restrictive At is taken since the eigenvalues of A- are essentially h = -a, -&. 

The Jacobi preconditioner (Eq. (5)) applied to Eq. (13) using the identity predictor 

(Eq.(7)) when only one iteration is taken (cf. algorithm 1.1) has the form 

My"+' = ( N + I ) y n ,  where M = 



This method will be stable if the spectral radius of M-' (N + I) is less than unity. Now, it 

is easy to see that the eigenvalues of this matrix are approximately 

h = ( 1 + aAt)-', (1 + &At)-l, which are clearly less than 1. The exact eigenvalues are 

graphed as functions of the stepsize At in Figure 1. Unconditional stability may therefore 

be ex'pected using the Jacobi preconditioner (Es. (5)) on the nonlinear problem (to the 

extent that this linear approximation applies). Other preconditioning schemes can be ana- 

lyzed in this fashion. 

1.1.2 Numerical Experiments: The Nonlinear Chapman Mechanism 

The preceding section dealt only with the linear initial value problem approximating the 

Chapman mechanism. The full nonlinear Chapman mechanism is solved using the Jacobi 

and Gauss-Seidel preconditioners Eqs. (5) and (6). The underlying implicit difference 
methods here are the first order Backward Euler method (Eq. (3)) y d  the second order 

trapezoid rule a. (4)). Experiments with one or two iterations are carried out. A variable 

time step is used, where the stepsize is adjusted by examining the difference in the calcu- 

n+ 1 lated species values from a single step 0) (A t )  ) with that taken from two half steps 

At  
(yn+ (%) ). This difference provides the highest order term in the en& even though this 

is an expensive method for stepsize control, it is the 6n1y accurate means for allowing the 

stepsize to vary. More precisely, note that (in the case of a &st order accurate method, 

such as backward Euler) yn' (A t )  = y ( f n +  1) + C (A t )  for some constant C. The 

n+l At  At assumption is made, that for the same constant y (T )  = y (tn+ 1) + 2C (5) . Thus, 
when the two are subtracted, the quantity 
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FIGURE 1. Plots of the eigenvalues of the transition matrix r' (N + I )  from the Jacobi 

preconditioned backward Euler example on the linearized Chapman model (la and lb) 
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At 
2 is an approximation to the truncation error in y"' (-) . A higher order method works 

the same way: a pth order method has a mcation enor that is 0 ( 
0 ( (At)  2, as in this first order example [45, pp.708-7163. 

instead of . 

The stepsize is adjusted by defining 

where ATOL arid RTOL are arrays containing the absolute and relative error tolerances 

respectively. That is to say, the user desires the local truncation error to be less than 

ATOL ( I )  + RTOL ( I )  y;  for each i ,  at each step. Hence, ATOL specifies a portion of the 

enor as an absolute parameter, while RTOL specifies the remaining portion as a percent- 
age fraction of the species value. This method of specifying error tolerance is common in 

ODE solvers of this type [3,9,29,46,67]. Pure relative error control can be obtained by 

setting ATOL to zero. RTOL then gives a measure of the number of significant digits that 

is desired for the solution. It is a problem, however, if the solution vanishes, as the relative 

error then becomes undefined. It is similarly possible to obtain pure absolute error control 

by setting RTOL to zero. ATOL is then a measure of the largest number that can be 

neglected by the solver. This method of control is inappropriate if the solution is expected 

to change by manyorders of magnitude. In chemical kinetics, the solutions commonly 

vary by orders of magnitude and sometimes vanish (or at least nearly so). This is why a 

"hybrid" error control is necessary. Thus, if the weighted norm 11 E"+ 'I[ is less than one, 

the step is accepted. The next stepsize to be attempted is calculated via the expression 
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where p is again the order of the integration scheme. The stepsize is not allowed to be 

increased more than a factor oftwo for any single adjustment. Whenever a step is rejected, 

the stepsize is subsequently not allowed to be increased by more than five percent in any 

single adjustment. When at least ten successive steps are accepted, the stepsize is again 

allowed to increase by as much as a factor of two. This scheme prevents the method from 

increasing the step length too aggressively. 

1.13 First Order Backward Euler, Jacobi Preconditioner 1 

Preconditioned time differencing for the nonlinear Chapman Mechanism is illustrated by 

considering the Jacobi preconditioner (Eq. (5)) and the identity predictor a. (7)) as 

applied to the backward Euler method (Eq. (3)). This yields, in the case of a single itera- 

tion, the component equations (use algorithm 1.1, apply to Eq. (10) and recall that E = 0) 

where Pyy 

then easy to solve for yy+ explicitly: 

indicate that these values are calculated using old values of the yjy j # i .  It is 

It is not difficult to verify by Taylor expansion that Eq. (14) retains first order accuracy. 

Note also that Eq. (14) looks very much like the situation 

1 n  y:+’ = K ( y  + b )  

-1 
with K1 a diagonal matrix having (1 + A d n )  on its main diagonal (assuming these 

values are constant). These “eigenvalues” are clearly less than one, which is suggestive 

that one may expect unconditional stability for this type .of nonlinear problem. Multiple 

iterations of the preconditioner in algorithm 1.1 are implemented in the obvious way: 
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. \ y i -  -1 = " 
m + l  * l+At(Li ) 

Figures 2 and 3 show graphs of the average step length in seconds during a given hour ver- 

sus the time in hours. All runs began at sunrise and end at sunset (hours 0 and 12 respec- 

tively). These graphs show the large stepsizes that this method is capable of taking. The 

average step starts out quite small and builds throughout theday, as the chemistry 

approaches equilibrium. In the latter part of the day, the diurnal rates are gradually turned 

off. This causes species to change, and is seen in the dropoff of the stepsize in the last six * 

hours of these graphs. Investigation into the use of more than one iteration of the precondi- 

tioner (Eq. (15)) showed that second'iteration seemed to allow a larger average step (Fig. 

3), but this effect quickly diminished. The average step taken by the Jacobi preconditioner 

after twenty iterations is no better than that permitted by a single iteration. 

In Tables I and 11 CPU times and accuracy data are given for the ozone species (the second 

component of the dependent variable) solved with one and two iterations of this method. 

In terms of CPU time, these were the most successful versions of this first order method. 

Each column represents a run using the value of RTOL specified at the head of the col- 

umn. The first row shows the accuracy in terms of the significant digits delivered, the sec- 

ond row shows the CPU time spent, and the third row shows the total number of numerical 

steps taken. The initial time is zero (sunrise) and the finish time is 43,200 (sunset). m L  

is set to 0.01 for all runs. Themmber of significant digits is calculated by taking the log of 

the relative (percent) error at the linish time. 

TABLE L Ozone solved using the backward Euler method with the Jacobi preconditioner, one 

iteration, and the identity predictor. 
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FIGURE 2. Backward Euler method with the Jacobi preconditioner, one Iteration, and the 3entitJl 

predictor. Average step length versus hour. 

Seconds 
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FTGURE 3. Backward Euler method with the Jacobi preconditioner, two Iterations, and the 

identity predictor. Average step length versus hoar. 

Seconds 
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RTOL 
Sig. Digits 

TABLE IL Ozone solved using the backward Euler method with the Jacobi preconditioner, two 

lo4 
2.02 2.94 3.92 

iterations, and the identity predictor. 

CPUtime 
Steps 

0.6units 1.4unitS 82units 
608 1508 8618 

Interesting to note in Table I is that the method struggles when asked to provide higher, 

accuracy answers (column three, this could be a result of the cautious manner in which the 

stepsize was increased). This is not much of a handicap in atmospheric kinetics, as greater 

than 1% accuracy in solving the kinetics equations is generally considered redundant [65, 

66l. Table II presents results obtained using the same parameters as in Table I but with two 

iterations of the preconditioner (cf. Eq. (15)). The number of steps remains about the same 

(except for the high accuracy data in column three) but accuracy and run times are 

increased 

Figure 4 shows a full 48 hour run of the Chapman mechanism. At sunrise and sunset 

(hours 0,24,48 and 12,36) photochemical reactions are turned on and off respectively. At 

these times, reaction rates and species concentrations change sharply, forcing very small 

timesteps in order to resolve the behavior. The stepsize does build throughout the day, 

characteristic of an. unconditionally stable method. During the nighttime hours, the 

method manages timesteps of one hour (the set maximum allowed). This indicates that the 

step control is behaving properly. 

1.1.4 First Order Backward Euler, Gauss-Seidel Preconditioner 

The Gauss-Seidel scheme is devised by recalculating the production and loss terms with 

successively more accurate values as species are calculated (cf. Eq. (6)). Again, numerical 

experiments show the scheme to be unconditionally stable. 
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A study of figures 5 and 6 shows that a Gauss-Seidel preconditioner can outperform the 

Jacobi method, in t e r n  of the average step taken. This performance, though, is under- 

CPUtime 
steps 

standably affected by‘the order in which the updates are done, since the species that are 

updated first are computed with less accmte information than those that are updated last. 

1.4units . 2.6units 39.6units 
1242 . ’ 2138 33799 

The Gauss-Seidel method clearly outperforms Jacobi when atomic oxygen is updated last 

(Fig. 6), but seems to have little if any advantage when oxygen is updated fist (Fig. 5). 

This indicates that the Gauss-Seidel method is preferable if the equations are arranged in 

I 

cr m 1 1 

Sig.Digits 3.26 4.08 4.08 
CPUtime 15units 2.5units 10.1units 
steps 1267 2092 8490 

the most efficient order. Since there seems to be no clear way of ordering the equations a- 

priori, the Gauss-Seidel could be detrimental. Not easily seen in these figures is the larger 

number of steps that the Gauss Seidel method takes at start-up (sunrise). This is when the 

divally varying rates are activated and seems to demonstrate the difficulty Gauss Seidel 

has with the diurnd effect (this is clearly seen in the total number of steps taken in the fol- 

lowing tables). Actual CPU times for the Gauss-Seidel schemes show a clear advantage 

for the Jacobi method (Tables ID, IV, V, and VI). 

TABLE III. Ozone solved using the backward Euler method and Gauss-Seidel preconditioner, one 

iteration. Atomic oxygen updated first. 

I RTOL I 1 lo4 I I m I I 

Sin. Dinits I 1.51 1 356 I 5.43 I 

TABLE N. Ozone solver using the backward EuIer method and Gauss-Seidel preconditioner, one 

iteration. Atomic oxygen updated last. 

I RTOL . I I lo4 I I 
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FIGURE 4. Jacobi preconditioned backward Euler method, one iteration, using the identity 

predictor. (48 hour run). Average step length versus hour. 
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FIGURE 5. Backward Euler method with the Gauss-Seidel preconditioner, one iteration, identity 

predictor. Atomic oxygen updated first. Average step length versus how. 

Seconds 
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FIGURE 6. Backward Euler method with the Gam-Seidel preconditioner, one iteration, identity 

predictor. Atomic oxygen updated Iast. Average step length versus hour. 

Avg . 
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L 

RTOL lo4 
I 

Sig.Di5t.s 237 4.13 5.03 

TABLE V. Ozone solved using the backward Euler method and Gauss-Seide1 preconditioner, two 

iterations. Atomic oxygen updated first. 

CPUtime 2.7units 39units 128unit.s 

steus 

TABLE VI. Ozone solver using the backward Euler method and Gauss-Seidel preconditioner, two 

iterations. Atomic oxygen updated last. 

CPUtime 2.7unit.s 4.0units 12.4units 
1257 1822 5518 

In summary, the Jacobi and Gauss-Seidel preconditioners (Eqs. (5) and (6)) applied td the 

Backward Euler method (Eq. (3)) with the "identity predictor" (Eq. (7)) yield first order 

accurate, unconditionally stable, explicit methods for this problem (cf. algorithm 1.1). The 

large stepsizes together with the small computational overhead (explicit calculations) 

show considerable promise for speedup over the implicit Newton solvers currently in use 

on larger problems. The next focus is the develbpment of a second order method. 

1.1.5 Second Order Trapezoid RuIe 

The implementation of a second order method begins with the trapezoid rule (Eq. (4)). 

The Jacobi preconditioner (Eq. (5)) is applied, taking only one or two iterations, as this 

combination was most successful (in terms of CPU time and robustness) in the last sec- 
. .  

tion. Even though the trapezoid rule is not the best choice for a very stif€ problem, a one- 

step method is desired at this early stage, as the one-step property would be very memory 

efficient on larger problems. This yields (in the case of only a single iteration) 
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where the identity predictor (Eq. (7)) has been used as in the last section. A Taylor expan- 

sion reveals that the method (16) is only first order accurate. At least a first order predictor 
must be used as the initial guess (step 1 in algorithm 1.1) in order to preserve the second 

order accuracy of the trapezoid rule [4]. The explicit, first order accurate Jacobi precondi- 

tioned Backward Euler method (Eq. (14)).of section 1.1.3 is used. 

The second order preconditioned time differencing method is then: 

Algorithm 1.2 

,n+ 1 
2. Calculate p+' and L using these values. 

3, y;+l= (yi n+l ) 1 2  * k 

At ,n+ 1 
2 1 + -Li 

Multiple iterations of the preconditioner are again implemented in the obvious way as.in 

Es. (15). 

This method, like the first order preconditioned scheme, seem to have good stability char- 

. acteristics. A table of results forozone (Table VII), similar to Table I is presented here. 

The parameters for the problem are the same, as are all error control parameters. 

A Gauss Seidel scheme is possible in the same manner as with the Backward Euler 

method (in this case the Gauss Seidel Preconditioned Backward Euler method is used as 

the predictor in step 1). A comparison of the Jacobi and Gauss Seidel preconditioners 

leads to results similar to those in the previous section. Gauss Seidel run times are signifi- 

cantly longer using the same error control parameters. 
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- -  

CPUtime 
SEDS 

The results for multiple iterations of the preconditioner reduced the number of steps taken, 

but nearly doubled the CPU time for this problem. As the methods go to higher order, the 

iterations are more expensive and provide diminishing returns [4]. 

1 

2.7units . 3.0units 3.8units 
1132 1167 1503 

Tables VIII and IX show. Gauss Seidel runs and, as in the last section, show a clear advan- 

tage for the Jacobi method. 

TABLE VII. Ozone solved using the trapezoid rule with the Jacobi preconditioner, one iteration, 

and the Jacobi preconditioned backward Euler method as a predictor. 

RTOL I .lo--? I lo4 I I m I I 

Sin.Digits 1 2.17 I 3.02 1 3.99 1 
I CPUtime 1 0.6units I 09units I 4.7units I 
I Steps I315 I488 12964 I 

TABLE VIII. Ozone solved using the trapezoid rule with the Gauss-Seidel preconditioner, one 

iteration, and the Gauss-Seidel preconditioned backward Euler method as a predictor. Atomic 

oxygen updated first. 

RTOL I ’ I lo4 I 106 
I Sig.Digits I 1.71 I 2.36 I 3.33 I 

TABLE M. Ozone solved using the trapezoid rule with the Gauss-Seidel preconditioner, one 

iteration, and the Gauss-Seidel preconditioned backward Euler method as a predictor. Atomic 

oxygen updated last. 

Sig. Digits 
CPUtime 2.7units 3.1 units 3.8units 
steps 1122 1246 1530 

As a final accmcy performance check, a comparison of the Jacobi preconditioned trape- 

zoid.n.de (1 iteration, detailed in Algorithm 1.2) with the secondprder Backward Differen- 

tiation Fomula PDF) [12] is presented. An integration of the Chapman mechanism from 

sunrise to sunset was performed using a constant stepsize of 50 seconds for both tech- 

http://zoid.n.de
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niques (50 seconds was chosen because it was a reasonable average step length, 6. Table 

VII). Figure 7a is a plot of the concentration of atomic oxygen (yl) over time as computed 

by the preconditioned technique. In Figure 7b, the absolute relative difference between the 

value computed by the &ond order BDF and the preconditioned technique is shown. The 

difference between the two is generally much less than five percent, the exception being 

when the species concentration goes to zero (the relative difference is undefined when the 

species value is zero). This demonstrates that the preconditioned &hemes possess accu- 

racy comparable to the benchmark schemes for stiff equations. Given an accurate method 

of step control, they should take nearly the same number of steps for the same problems. 

Since the preconditioned schemes are much less expensive to compute, they should 

clearly be the superior techniques in terms of CPU time. 

When diurnal effects are not considered, Gauss Seidel iteration has been shown to be very 

efficient [63 ;  however, as the preceding computations demonstrate, the diurnal effects 

hurt the Gauss Seidel technique's performance. The Jacobi iteration is the clear choice 

when CPU time is the metric. In the next section, hydrogen and water vapor chemistry is 

added to the equations. This provides a more'difficult problem to examine the precondi- 

tioned techniques, and confirm these results before proceeding with the I k a l  evaluation. 
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9x104 

- 

FIGURE 7. (7a): PIot of atomic oxygen vs. time from the Chapman problem. Computed using the 

Jacobi preconditioned trapezoid rule (I iteration) and a constant stepsize of 50 seconds. (7b): Pkit 

of the relative difference between the computed values in (7a) and the computed values from tbe 

second order BDF usi.ng a constant stepsize of 50 seconds. 

mol .  Atomic Oxygen 

= 12 
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kl = 1.46 ~ 1 0 - l ~  

k2 = 2.12 x 

k3 = 2.80 x 

1.2 More Complexity: Hydrogen Chemistry 

k4 = 4.20 x 

k, = 2.20 x lo-'' 

k6 = 3.70 x 

k, = 6.00 x lo-" 

k, = 1.50 x 

ks = 1.20 x 10-l' 

k,, = 2.30 x 

k,, = 1 .50~  

The preceding Chapman problem was quasi-linear and easily produced an explicit calcu- 

lation when treated with the various preconditioned time differencing techniques. In this 

section a slightly more complicated mechanism that includes the quadratic behavior found 

in many reaction problems is used (i.e. # 0). 

The following chemical species are included in the mechanism: (which are represented by 

the variables yi, i = 1, ..., 9 )  0, O,, OH, H O ,  H202, N2, 0 ,  H20,  0 ( ID)  . The mech- 

anism itself consists of 15 chemical reactions: 

O+O,+M -+ O,+M 
o+o, -+ 202 
0 ('0) +N2 4 O+N, 
O( 'D)+O2 3 o+o, 
O ( ' D ) + H 2 0  3 20H 
OH+O, 3 HO2 + 0 2  
HO2 + 0 -+ O H + 0 2  
HO, + 0, + OH + 202. 
H 0 2  + OH 3 H 2 0  + 0, 
HO2 + HO2 -+ H202 + 0 2  

02+ hv 3 2 0  
0, + hv 3 o+o, 

H202 + OH 3 H20 + HO2 

O,+hV . -+ 0 ('0) + 0: 
H,O, + hV 3 20H 

The constant reaction rates are: 



The diurnally varying reaction rates are again mathematically idealized, and take the same 

form as in the Chapman problem (Eq., (1 1)) wih 

a12 = 22.62 a13 = 7.601 a14 = 7.500 a15 = 10.40 

n 
Again, 6.1 = - 43200 

Three of the species are assumed constant: 

y6 = 1.3 x IO , y7 = 3.4 x 

nqus e q d i b r i m  

17 ys = 9.4 x and one is assumed to in instanta- 

The five remaining species react according to a differential system which again has the 

general form of (Eq. (10)): 

' & - - -  
dt 

with appropriate initial conditions being 

I y1 (0) = 106 I y 2 ( ~ )  = 10121 y3 (0) = 106 I y 4 ( ~ )  = 2 x  106 I y5 (0) = 107 I 
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12.1 Numerical Implementation 

Again, for illustration, the backward Euler method (Eq. (3)), Jacobi preconditioner (Eq. 

(5)), a single iteration, and the identity predictor (Eq. (7)) are used. 

The method then takes the form (algorithm 1.1): 

The quadratic behavior in this problem necessitates the solution of a quadratic equation 

(17) to compute yY+ '. A quick balysis reveals that the roots of the quadratic equation pe 

a positive and a negative real number. The obvious choice is to set y i  to be the positive n + l  

root [4]. 

At the expense of a square root function call (used in the quadratic formula to solve Eq. 
' .  

(17)), the preconditioned time differencing method again yields an explicit method. Addi- 

tionally, a Taylor expansion shows the method (17) to be first order accurate. Finally, as 

the stepsize goes to Wty, the calculated value will remain bounded. 

The implementation of the second order method proceeds along similar lines: set the pre- 

dicted value using the first order method (step 1 in algorithm 1.2), calculate the predicted 

production and loss rates (step 2), and solve for y i  using the quadratic formula (step 3). 
n+l Other than the use of the quadratic formula to .solve for the value of yi , the numerical 

implementation is identical to that used in the last section (as in algorithm 1.2). For clarity, 

one iteration of the Jacobi preconditioner (Eq. (5)) applied to the trapezoid rule (Eq. (4)) is 

detailed here. This algorithm takes the foxm: 

n + l  

, 



3. Solve 

m 

Sig. Digits 1.10 
CPUtime 1.7units 
steps 411 

At 2 

1 
I 

1.99 3.89 
8.1units 63.6units 
2161 17212 

Runs using the same error control parameters as with the Chapman mechanism are pre- 

sented here. Again, experiments with larger stepsizes confinn that preconditioning the 

backward Euler method with an "identity predictor" yields first order accurate, uncondi- 

tionally stable, explicit methods for this problem. The same holds true for the second order 

trapezoid rule with the first order method as the initial guess. 

1.2.2 Timings for the 5 Species Problem 

The timings for the 5 species problem are summarized here. In these results, the number of 

signiscant digits was computed by taking the log of the relative error of the most inaccu- 

rate species at the finish time. In each case, this was either OH or HO,. These species are 

relatively rapidly evolving transients; ozone accuracies were significantly higher. 

The backward Euler techniques were not extremely successful. CPU times rose consider- 

ably in comparison to the Chapman problem. Results for the preconditioned trapezoid rule 

were much better, with the Jacobi preconditioner again clearly outperforming the Gauss 

Seidel. The Jacobi trapezoid rule was the clear winner. CPU time and accuracy data are 

given in tables X and XI. 

TABLE X. Five species problem solved using the trapezoid rule with the Jacobi preconditioner, one 

iteration, and the Jacobi preconditioned backward Euler method as a predictor. 

RTOL I lo-, 1. lo4 I iodj i 
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RTOL lo-, I lo4 
I I 

Sig.Digits 227 I 229 3.85 

TABLE XI. Five species problem solved using the tcapezoid rule with the Jacobi preconditioner, 

two iterations; and the Jacobi preconditioned backward Euler method as a predictor. 

CPUtime 
steps 

3.6units 5.Ounits 125units 
421 688 1806 

Finally, in the same spirit as the comparison done at the end of section 1.1.5, the accuracy 

of the Jacobi preconditioned trapezoid rule (1 iteration, detailed in Algorithm 1.3) is again 

demonstrated with a constant step length of 50 seconds. Figure 8a shows a plot of the con- 

cenkration for HO, (one of the two species the technique had trouble with) over time com- 

puted with the preconditioned method, while Figure 8b shows the relative difference 

between the preconditioned scheme and the second order BDF analogous to Figure 7. 

Again, the preconditioned technique is in good agreement with the BDF, differing by 

around eight percent near sunrise, and much less than four percent thereafter. Again, the 

preconditioned techniques are of comparable accuracy to the counterpart BDFs commonly 

used to treat stiff problems, 

This study has determined the successful variant of this technique to be used on chemical 

kinetics equations with strong diurnal cycles. The next task is to establish this technique as 

an acceptable alternative to the most commonly used methods. In the next section, the 

Jacobi preconditioned trapezoid rule is compared with one of the more efficient, robust 

ODE solvers on a set of kinetics equations taken from a full chemical-radiative-tsport 

model. 
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FIGURE 8. (Sa): Plot of H02 vs. time ftom the 5 species problem using the same method as Figure 

7. (Sb): Corresponding plot of the relative difference between the values in (Sa) and those obtained 

from the second order BDF using a constant stepsize of 50 seconds. 

7 mol. H02 Plot ' 

Hour = 12 



55 

(Figure 8b--Continuation of Figure 8) 

H02: Rel. Diff. from BDF2 

12 
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2.0 The Box Model 

2.1 Description 

A "box model" 1701 isolates the reaction equations in a single spatial zone from a full 

chemical-radiative-transport model. It uses the same radiative and chemistry routines 

found in the full models [36,43,72,75], but with no advection or.diffusion. In this sec- 
tion, a set of twenty chemical species is used in addition to two that are assumed to be in 

equilibrium [3, Appendix]. Temperatures and pressures are from U.S. Standard Atmb 
spheres (1976), as is the radiation field. The radiation field uses dear sky, a ground albedo 

of 0.1, with only Rayleigh Scattering, and no aerosoVcloud chemistry. There are 47 ther- 

mal reactions and 21 photolytic reactions [3, Appendix]. 

The model is run for several different points in the atmosphere: equatorial and mid-lati- 

tude, tropospheric and stratospheric, Winter and Summer. These tests give a good indica- 

tion of the behavior of preconditioned time differencing in a full model. The drawback to 

this model is the proportion of run time that is taken up by the radiative calculations. In a 

chemical-radiative-transport model, radiative calculations are done for each coZumn of 

zones, while chemistry is done for each zone. Thus, for a full model, chemistry is the dom 
inant computation. Since the box model is only a single zone, however, the overhead spent 

in doing the radiative calculations is going to limit the overall speedup seen in the model. 

A good rule of thymb is to assume a 50/50 split in run time for chemistry and radiative cal- 

culations. 

2.2 CHEMSODE 

CHEMSODE [3, Appendix] is a collection of FORTRAN subroutines implementing the 

successful variant of the algorithm developed on the two simple test case problems 

described earlier. It uses the Jacobi preconditioned trapezoid rule and only a single itera- 
(0) 

tion of the preconditioner. The initial guess (yn") 

tioned backward Euler method. This is detailed in algorithm 1.3. 

is taken to be the Jacobi precondi- 
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The major change is in the estimate of the local truncation error E"+ described in section 

1.1.2. Error control is a significant challenge for these methods. The choices are extreme 

with little possibility for an "in between" compromise. Previously, an extrapolation 

method comparing the calculation of two half steps with a single whole step was used. 
This was fairly accurate but obviously expensive. Here, the local error indicator: 

p+l= -((cy 2 n+l- ( l+c)yn+y n-1 ) 
c+ 1 

which is a bit conservative, but was used with success in [4,65,67]. Given this alternate 
~ 

error estimate, the values for 11 I?+ [ I  and At- are computed in the same manner as in 

section 1.1.2. 

The maximum and minimum stepsizes ak 1 hour and 1 second respectively. A non-zero 

minimum is needed because of the intolerably small stepsizes forced by the approximate 

error indicator Eq. (18) at start-up. The initial stepsize attempted is the minimum step 

length. All implementation details may be found in [3, Appendix]. 

CHEMSODE, the implementation of the second order Jawbi preconditioned method 

(algorithm 1.3), is compared with the ODEPACK [29] routine LSODE [q. LSODE is 

currently used in many chemical-radiative-transport models [36,43,72,74,75] and is rep- 

resentative of the state-of-the-art in the robust implementation of implicit multistep meth- 

ods for the general ODE problem. MODE uses a Newton iteration to solve the nonlinear 
system of equations resulting from the implicit calculation. One of LSODE's major opti- 

mizations is that it updates the Jacobian matrix used in the Newton iteration only when 
there is a convergence failure [4q, so that it does not necessarily have to calculate and 

invert the Jacobian at every step. 
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Test # 
Test 1 

2.3 Timings 

Six test runs are performed using a cross section of points in the atmosphere. ne start 

Altitude Latitude Date 
26km 5deg.N. July1 

time (the calendar date), temperature, pressure, and latitude variables are varied but the 

initial conditions in the model remain constant. The temperature and pressure values are 

obtained from the U.S. standard atmosphere and represent the desired altitude. The lati- 

tude value affects the radiative transfer calculations. The date (time of year) affects the 
length of day (depending on the latitude) and therefore affects the &mal cycle and all 

Test# 
Test 1 
Test2 
Test 3 
Test4 

radiative 

LSODE CHEMSODE Speedup 
427.6 seconds 328.1 seconds 1.30 
461.4 seconds 400.7 seconds 1.15 

.460.0 seconds 344.6 seconds 133 
428.1 seconds 4033 seconds 1.06 

transfer calculations. Even though initial conditions are the same for all 

changing latitude, pressure, temperature, and start date provides a good first approxima- 

tion to the desired atmospheric locations. Table XII summarizes the parameters for all 

tests. 

TABLE XII. Summary of parameters used for all box model tests for the comparison of . 

CHEMSODE and LSODE. 

Test 2 
Test 3 
Test4 
Test 5 
Test 6 

4krn 30deg.N. July1 
2okm 30 deg. N. July 1 
4Okm.. 30deg.N. July1 
2Okm. 30deg.N. Jan.2 
40 km 30 deg. N. Jan. 2 

All runs begin at noon local time and integrate forward 24 hours. Table Xm shows CPU 
times for all tests and the speedup obtained by CHEMSODE. In each C~S~,’CHEMSODE 

is the winner, averaging approximately a 20% speedup over MODE. In the next section, 

the numerical results obtained by CHEMSODE are compared with those of LSODE. 

TABLE X I K  CPU times for CHEMSODE and LSODE on all test problems. Speedup is defined as 
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TABLE Xm. CPU times for CHEMSODE and LSODE on al l  test problems. Speedup is defined as 

LSODE’s CPU time dividd by CHEMSODE’s CPU time. 

T&# 
Test 5 
Test6 

LSODE CHEMSODE Speedup 
449.5 seconds 384.8 seconds 1.17 
452.2 seconds 328.9 seconds 137 

2.4 Results 

Identical parameters. are used for all test runs. The error control values are set in an attempt 

to achieve less than one percent global error. Since the parameters passed to the solvers 

control the local error and not the global error, they must be chosen conservatively. Thus, 

a relative tolerance of lo4 and an absolute tolerance of 2.55 x lo-’ are used. The abso- 

lute tolerance requests an error of approximately one fourth of a particle, since computa- 

tions are done in species concentrations. Thus, LSODE is called with RTOL set at lo4 
while MOL is set at 2.55 .x lo-’. The maximum order is set at 2. CHEMSODE uses the 

same values but, as previously stated, is forced to take a minimum stepsize of 1.0, because 

the local error indicator Eq. (18) forces an intolerably small stepsize at start-up. This min- 

imum step constraint is needed to get things started. 

During the comparison runs, CHEMSODE‘and LSODE are called to integrate forward 15 
minutes and record output. They are then“restarted” to integrate forward another 15 min- 

utes; continuing this process until the full %hour run is completed. The term “restart” 

means that the routines begin each 15 &Ute part of the run as though it was the initial 

call. This is in contrast to the concept of a “continue” [46, see “SRC0M”J which implies 

that the integrator picks up where it left off and continues the computation as though it had 

never stopped. Restarting the routines is representative of the way in which they would be 

called in a full model. If the number of gridpoints is at all large, the memory required to 

facilitate a continue call would clearly be prohibitive in LSODE’s case [4q. =M- 
SODE’s one-sep nature makes a restart virtually identical to a continue call. This is also a 

motivation in choosing the trapezoid rule. 

’ 
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Test# 
Test 1 
Test2 
Test 3 

Test 4 
Test 5 
Test 6 

In almost all cases, the difference between the two results is less than one percent, in terms 

of the average species concentration over the 24 hour period. This corresponds to two sig- 

nificant digits of accuracy. The only areas of interest are for test 3 and test 5 (which is a 

wintertime run of test 3). ~n these cases, there is a higher error in a few of the species, vir- 

tually confined to the NO, f k y .  The errors stay in the 2-3% range, but are definitely 

more noticeable thai other cases. Overall, accuracy was very good, particularly with the 

ozone concentrations. Table . .  XIV summarizes the relative error in ‘the 24 hour average spe- 
cies concentrations for some ofthe more interesting trace gases. The number of signiscant 

. .  

0, CH,‘ N20 NO NO, NO, 
4.03 exact exact 2.29 238 258 
4.46 exact exact 2.18 2.26 2.65 
453 . exact exact 2.02 1.93 1.96 

3.86 4.20 exact 3.28 3.48 ~ 3.13 
4.17 exact exact 1.94 1.76 2.09 
3.i6 3.92 exact 3.66 3.16 3.12 

digits is again calculated by taking the log of the relative (percent) error (error being the 

difference between LSODE’s and CHEMSODE’s results). 

TABLE XN. Summary of CHEMSODE accuracies for all test runs on selected species. Agreement 

to within machine accuracy is indicated by the entry uexact.” 

It is insightful to examine the time evolution of two interesting selected species from these 

tests. Figure 9 shows the ozone plot from test 1. CHEMSODE is in good agreement with 

LSODE in this case, as the difference between the two is always much less than one per- 

cent. The characteristic rise in ozone concentration during the daylight hours is seen here. 

This provides additional confirmation that both solvers are working correctly. Figure 10 

shows the plot of NO, taken from test 3. This is one of the cases where CHEMSODE’s 

daily average differed by more that one percent. Also shown in Figure 10 is a plot of the 

number of significant digits over time. In Figure 10, one can see where CHEMSODE has 

its problems in modeling a fast transient species. The initial concentration for this species 

is zero. As a convenience, the initial number of signiscant digits is defined to be zero as 

well. The accuracy quickly climbs to a respectable two digits of accuracy until the seventh 

hour, when the concentration begins to spike. This is where the first dip in the accuracy 
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FIGURE 9. Time evolution of ozone for both CHEMSODE (9b) and LSODE (Sa). 
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(Figue 9b-Continuation of Figure 9) 
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1.72 X 10”-14 

.I 

FIGURE 10. Time evolution of NO3 (loa and lob) dong with plot of significant digits vs. time 

(10c). 
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occurs. There is a second dip in accuracy at hour nine, conesponding to the knee in the 

plot of concentration (seen in 10a and lob) at hour nine. The major drop in accuracy 

occurs when the concentration begins to peak out at hour 14. These problems are caused 
by the minimum stepsize that must be imposed on CHEMSODE. This is a compromise 

between reasonable step control, and reasonable accuracy. This study is not interested in 

the exact modeling of transient behavior (CHEMSODE may not be the solver of choice in 
that case). In terms of long term average behavior, CHEMSODE is close .to the desired 

two digit accuracy for this species. CHEMSODE's accuracy is therefore sufficient for use 
in a full model even in the less accurate cases such as this one. 

3.0 Conclusions 
Jacobi and Gauss Seidel preconditioning of the backward Euler and trapezoid rule tech- 

niques result in explicitly computable, unconditionally stable methods for atmospheric 

chemical kinetics problems. During the midday periods, when the reaction rates are nearly 

constant, Gauss Seidel has a slight advantage over the Jacobi preconditioner, as far as the 

average step length taken. When the diurnal effect is present, however, this study has 

shown that the Jacobi method clearly outperforms Gauss Seidel in both the number of 

steps taken and the CPU time required. It is clear that Jacobi is the preconditioner of 

choice in a global atmospheric chemical-dative-transport model. Finally, CHEM- 

SODE's implementation of the Jacobi preconditioned trapezoid rule outperf'orrns the 

ODEPACK routine LSODE by an average 20% in a realistic chemistry scenario taken 

from a full chemical-radiative-transport model. These results lay the foundation for the 

development of higher order multistep methods that promise to sisnificantly improve the 

performance of these vital research models. 
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CHAPTER 3 Preconditioned Time Diflerencing 
in Full CRTModels 

1.0 Chemical-Radiative-Transport Models 
Atmospheric chemical-radiative-transport (CRT) models are used to investigate the role 

trace gases have on both chemical and physical processes that determine the distribution 

of ozone and other trace constituents. A two-dimensional model includes transport in the 

meridional (latitude) ak well as the vertical direction. Therefore, such models offer a more 
realistic representation of the feedbacks that dynamics can have on the distribution of 

trace species such as NO,, HO,, Br,, and CZ, than would a 1-D or box model. Since 

these chemical families control ozone production and loss processes, the role of transport 

can be extremely important in determining the distribution of ozone in the atmosphere 

[75]. A three-dimensional model canies this a step further with transport in all directions. 

In this chapter, CHEMSODE is compared to LSODE in two full CRT models (one 2-D 

and one 3-D). Tests are pexformed on both vector and parallel architectures. These tests 

confirm CHEMSODE's superiority to LSODE for use with CRT models. 

2.0 3-DModel 
The 3-D model will be examined first. Even though it is spatially the more complex of the 

two models, the chemistry set being examined here is smaller than in the 2-D model. The 
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3-D model is in the latter stages of development and has not yet incorporated full chemis- 

try. The high amount of CPU time forces the use of a small number of chemical Species at 

this early stage. An examination of the architectures to be used is presented here. 

2.1 Architectures 
Tests are performed for two different architectures: one high perfoxmance vector machine, 

and one massively parallel machine. In each case, CHEMSODE is shown to be the supe- 
rior choice. Also shown is the atmospheric CRT problem's suitability for parallel comput- 

ing. 

2.1.1 CRAY e-90 

The CRAY C-90 consists of 16 vector processors compatible with the CRAY Y-MI? 

design. There are'two vector pipes per CPU running on a 4.2 ns clock giving each proces- 

sor a peak performance of 1 gigaflop. It has four parallel memory ports per CPU, 16 chan- 

nel adapters per cluster (for YO), and a memory bandwidth of 245 gigabytes per second. 

This supports the vector and scalar performance with the highest memory and UO band- 

width available and results in a very balanced architecture. It is the state-of-the-art in pro- 

duction vector machines. 

2.1.2 Meiko CS-2 

The Meiko CS-2 is a 256-node multiple-instruction multiple-data (MIMD) architecture 

offering massive parallelism with a choice of processor architecture. Its processing ele- 
ments are scalar configured for results presented here. 

The processing element nodes (PENS) consist of two 90 MHZ Sparc chips (capable of 180 

Megatlop perfo&ce) and a local cached memory system. Communication is accom- 
plished via message passing using a multi-stage switching network constructed from 8 by 

8 crosspoint switches. This multi-stage packet switch is a fat tree in which the bandwidth 

between stages remains constant. The number of network stages is logarithmic in the num- 

ber of processing element nodes: two stages connect 16 nodes, three C O M ~  64, etc. The 

. 
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longest path between any two PENS in the 256 node system is seven network switches. 

The network also supports hardware broadcast at full bandwidth and low latency bulk syn- 
chronization. 

2.2 IMPACT 

IMPACT, the 3-D CRT model used in this study, is based on the operator splitting method, 

where each of the primary operators (advection, diffusion, convective mixing, photolysis, 

and chemistry (including sources)) is dealt with in an independent fashion. Advection in 

all three directions is currently treated using a second order van Leer method (an 

upstream-biased monotonk grid point scheme) [2,30,64]. The upstream nature of this 
method reduces phase errors to a minimum and the monotonicity control eliminates the 

need for a filling algorithm and the severe problems that would arise with negative values 

of the chemical species concentrations. Diffusion is currently included using a very simple 

constant coefficient multiplied by a grid-based second derivative [38]. 

Photolysis implementation allows simulations using either complete diurnal calculations 

or diurnally averaged reaction rate coefficients. In this study, complete diurnal calculations 

will be used. The photolytic loss rate constants are calculated by integrating the product of 

absorption coefficient, quantum yield, and solar flux over wavelength (175 nm to 760 nm). 
To capture the spectral detail needed for photodissociation calculations, the two-stream, 

multiple-layer, W-visible model uses 126 wavelength bins between 175nm and 735 nm. 
The scatteringof energy from the direct solar beam within each individual layer is treated 

using the delta-eddington algorithm [34]. The scattering of diffuse radiation (i.e. previ- 

ously scattered radiation) from each individual layer is modeled using the simpler Sagan- 

Pollack algorithm [SO]. Both algorithms allow inclusion of the bulk optical properties of 
clouds and aerosols. Finally, the adding method is used to calculate irradiances throughout 

the vertically inhomogeneous atmosphere. The absorption cross sections and quantum 

yields include temperature and pressure dependence where appropriate and available. 

IMPACT was implemented onto the parallel architecture using a two-dime~onal domain 

decomposition paradigm where the horizontal direction is divided into sections and each 
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section is then given to a separate processor. This shall produce a slight load imbalance 

when the model is run on a small'number of nodes (more detail later). .The advantage to . 

this type of domain decomposition is that it leaves the vertical extent of the domain intact 

while resulting in a number of smaller blocks of grid zones. The paradigm works 

extremely well for CRT models which use the vast majority of time to evaluate photolysis 

rates and solve the chemic.al equations. Photolysis is a column calculation and chemistry is 

a local calculation, thus both calculations are done within the node and r e q k  no inter- 

processor communication creating a scalable, parallelized code. 

IMPACT can be run either in an interactively coupled mode or stand-alone (off line) using 
externally obtained meteorological fields (for example, derived from a general circulation 

model or from assimilated data sets). For the Calculations performed in this study, done off 
line, the use of data assimilated meteorological fields (winds, temperature, etc.) from the 

Data Assimilation Program at NASA Goddard has been adopted. 

2.2.1 Chemistry 

Due to the large amount of CPU time needed at this early stage, a limited chemistry we- 
nario will be used. There are eight chemically reacting species used in these tests, (0, , 

H 2 0 ,  OH, HO,, H 2 0 2 ,  CH,, CH,O, CO), modeled by 15 thermal reactions and 6 pho- 

tolytic reactions (listed in Appendix B). 

2.2.2 Timings 

IMPACT was started at noon on sidereal day two. The model timesteps were five minutes 

long in order to keep the local error of the advection scheme under the one percent level. 

within the model, LSODE was called with RTOL set at lo4 (in the same spirit as with 

the box model calculations) and MOL set at ATOL is set in this way so that the 
local error does not exceed machine roundoff (here, calculations use mixing ratios). 

CHEMSODE used the same parameters, with the exception of a minimy stepsize of one 
second, as was used ii the box model comparison. 
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During the runs, CHEMSODE Ad LSODE are called to integrate forward 5 minutes and 

record output. At the next model step, they are “restarted” to integrate forward another 5 
minutes, continuing this process until the full run is completed. As in the previous chapter, 
the term “restart” means that the routines begin each 5 minute part of the run as though it 

was the initial call. Restarting the routines is necessary in LSODE’s case due to the pro- 

hibitive amount of memory required to facilitate a continue for each zone in the model [4]. 

Initial runs are performed on the CRAY C-90. Code is written to allow the compiler to 

vectorize when possible. No special attempts were made to increase vectorization as in 
[33] however, so that accurate comparisons between the preconditioned method and the 

backward differentiation formulas used by LSODE were attained. 

In table I, C-90 runtimes are shown for IMPACT using both CHEMSODE and LSODE. 

CHEMSODE is superior for both one and ten model steps. Interesting to note is that 
CHEMSODE is more favorable on longer runs. For one model step, IMPACT runs 39 per- 

cent faster using CHEMSODE. For ten model steps, CHEMSODE makes the model 85 

percent faster. The reason for this behavior is the necessity to restart LSODE at each call. 

This forces LSODE to immediately calculate and invert a Jacobian matrix, something it 

may not have to do on a continue call. CHEMSODE’s one step explicit nature makes 

restarts a non-issue, since no Jacobian matrix is necessq. Thus, one shall characteristi- 

cally see the speedup grow.for longer runs. 
TABLE L Timings for one and ten time steps: CRAY C-90 

# of steps CHEMSODE LSODE speedup 
1 1947seconds 2699seconds 139 

10 7igisec0nds 13306sec0nds 1.85 

Runs on the Meiko CS-2 were performed with no special attempts at load balancing. Sun- 

rises pose a challenge to the chemistry integrator, since species concentrations tend to ’ 

change quite sharply at the moment of sunrise’ [4]:1deaUy, one would like the number of 

spatial zones undergoing a sunrise to be evenly distributed among the processing nodes. 

Although conceptually easy, this is very difficult to implement. Thus, the spatial zones . 

were partitioned ckcording to atmospheric location with no special attention given to the 
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section of the atmosphere undergoing sunrise. Thus, the effects of slight load imbalance 

will be seen when the number of nodes is smaU 

Table II lists &times for the Meiko CS-2. Each row shows the runtime for both CHEM- 
SODE and LSODE for the number of nodes given in the first column. Enclosed in paren- 

theses are the &times for one and five model steps. The time for one model step is 

subtracted from the time for five model steps with the resulting quantity divided by four. 
This gives an average runtime per step without the overhead of start-up. 

Again, CHEMSODE is faster in each instance, although only moderately so. An interest- 

ing phenomenon is that the average runtime per model step is larger th& the &e for the 
initial model step when using 26 nodes or less. This is caused by the load imbalance of 

. 

having the majority of zones seeing a sunrise assigned to a small number of nodes. Run- 
ning with a larger number of nodes breaks the region up a little more and brings the over- 

allruntime down. 

TABLE IL Timings for Meiko CS-2: (one step, five steps) avg. time per step in seconds. 

# of nodes 
5 
10 
17 
26 
37 
50 
65 
82 

CHEMSODE 
(2601,14600) 3000 
.'(1305,7609) 1576 
(786,4189) 851 
(550,2921) 593. 
(429,2091) 416 
(349,1547) 300 
(294,1224) 233 
(260,971) 178 

LSODE ' 

(2879,16523) 3411 
(1374,8216) 1711 
(867,4675) 952 
(607,3112) 626 
(458,2177) 430 
(433,1711) 320 
(301,1322) 255 
(264,1074) 203 

bother interesting note is how well suited the atmospheric problem is to parallel comput- 

ing. Note that the model's performance scales almost perfectly with the number of nodes. 
Performance is defined to be the inverse of the runtime and the speedup is defined to be 

15,000 times performance. Speedup is defined in this way so that the speedup for five . 

nodes (which is the baseline for comparison) is five. Figure 1 shows the speedup versus 

the number of nodes for the CHEMSODE runs. It is very nearly a perfect linear speedup. 
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An extended runtime comparison is presented in table III. The model was run for 144 

model timesteps or twelve hours of simulation. Again CHEMSODE's performance 

increases for the longer run. Although it was only 10 to 40 percent faster for the short runs 
in table E, it shows Mce the perforxnance of LSODE for the extended run. This is again a 
result of LSODE having to restart at each model step. 

TABLE EL Timins for extended run on Meiko CS-2: 144 time steps (0.5 days) 

#of nodes CHEMSODE LSODE Speedup 
65 4372seconds 9233seconds 2.11 

2.23 Results 

The difference between the numerical results obtained by LSODE and m S O D E  is 
examined for a run of ten model steps (nearly an hour of simulation). Figures 2 through 7 
show the relative error (error being defined as the difference between MODE'S and 

. CHEMSODE's computed values) for ozone at several different slices in the atmosphere. 

Figure 2 shows the relative error at approximately 40 km (high stratosphere). At this alti- 

. tude, the relative difference between CHEMSODE and LSODE is much less than one per- 

cent. The area of greatest discrepancy is the small area over Antarctica near 60 degrees 

longitude. Here, the accuracy flirts with the 0.01% error level only in a few localized 

spots. Overall, accuracy is acceptable, however. As the model gets into the mid-strate 

sphere (Figure 3), the accuracy improves noticeably. In Figure 3, the calculations agree to 

a one thousandth of a percent or better everywhere. This is the section of the atmosphere 

where the chemical mechanism in this model is most appropriate and the results are pre- 

dictably very good Interesting to note is that the error begins to show a correlation with 

latitude. 

Going further into the middle stratosphere (Figure 4), CHEMSODE continues to show 

good agreement with LSODE and a somewhat stronger correlation between latitude and 

the discrepancy between the two solvers. Figures 5,6, and 7 show low stratospheric error 

plots and continue the trend of good accuracy with a strong correlation between accuracy 
and latitude: At this stage, lMpAcT is not equipped with a large enough chemical mecha- 

nism to model the troposphere in a meaningful way. This study, therefore, only examines 
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the results of IMPACT’S stratospheric calculations. Predictably, CHEMSODE is accurate 

to at least a thousandth of one percent almost everywhere. Thus, accuracy is well within 

acceptable tolerances.’ 

Figures 8,9,10 and 11 show the computational results of extended runs in the upper 

atmosphere. Figure 8 shows the numerical results obtained after ten model steps for ozone 

in the middle stratosphere. There is not much change in the makeup of this section of the 
atmosphere after such a short run. In contrast, Figure 9 shows the ozone results of the 

same run at a high stratospheric location. The activity in this region is more lively, with 

noticeable changes in concentration after only ten model steps. 

Figure 10 shows the ozone results of an extended run of 200 model steps in the middle 

stratospheric region (corresponding to Figure 8). In contrast to Figure 8, a fair amount of 

change has occmed by this point in the simulation. The results seem to be dominated by 
the advective process. Figure 11 shows ozone from a run of 200 steps in the region corre- 

sponding to Figure 9. It also shows a great deal of change, with results that seem to be 

dominated by the chemical process. 

From .the preceding figures, we can conclude that CHEMSODE is meeting the accukcy 

requirement quite well at a reasonable savings in CPU time. This study has now shown 

CHEMSODE to be the superior choice for a full CRT model. The solver must now.be run 
on a larger chemistry set to confirm these results; this will require the use of a two dimen- 

sional model. Even with the speedup obtained by this new solver, the CPU time required 
for a larger chemistry in 3-D could be siwcant.  2-D tests will be run in the next section. 



FIGURE 2. CHEMSODE's relative error after 10 model steps at reference altitudel6. 
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FIGURE 3. CHEMSODE's relative error after 10 model steps at reference altitude 15. 
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FIGURE 4. CHEMSODE's relative error after 10 model steps at reference altitude 14. . 
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FIGURE 5. CmMSODE's relative error after 10 model steps at reference altitude 13. 

0 
- ,  
W 

u 
c 
a, 
0 
0 a 
L 

.. 
a, 
C 
0 
N 
0 

0 
0 
rs) 

W 
U 

0 3  2 '6 
c 
0 
J 

0 
N 
7 

0 a 

1 ' 0  
0 0  0 0 0 0 0  m m c o m  

1 I I 
c n c o  



80 

FIGURE 6. CHEMSODE's relative error after 10 model steps at reference altitude 12. 
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FIGURE 7. CHEMSODE's relative error after 10 model steps at reference altitude il. 
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FIGURE 9. Ozone results for ten model steps at reference altitude 16. 
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F I G m  10. Ozone results for two hundred mode1 steps at reference altitude 14. 
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FIGURE 11. Ozone results for two hundred model steps at reference altitude 16. 
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3.0 2-DModel 

The LT.,NL 2-D CRT model has been described elsewhere ([43] for example). The chemi- 
cal mechanism determines the distributions of 44 chemically active trace constituents in , 

the troposphere and stratosphere [43, Appendix B]. This model provides a much larger 

chemical mechanism to test the preconditioned time difference techniques. For the runs 

presented here, the model has been m&ed to calculate fully diurnal photolysis rates at 

each timestep that the chemistry solver takes. Thus the model has been given a strong 

diurnal cycle for this study (Tn many of the previous studies [36,43,72,75], it primarily 

used diurnally averaged rates). 

The model was run for one full day of simulation, starting on the Wmter solstice. Model 

timesteps were 15 minutes long. The same parameters used for the 3-D runs were used for 

the 2-D runs. Times on the CRAY C-90 are presented in Table Tv. 

TABLE IV. Timings for the diurnal version of the LLNL 2-D model. 

CHEMSODE LSODE Speedup 
2569 seconds 15117 seconds 5.88 

Table IV shows CHEMSODE to be nearly six times as fast as LSODE for this model. This 

is likely due to both the larger chemical mechanism and the calculation of photolysis rates 

at each step. 

3.0.1 Results 

The figures presented in this section show the percent difference in CHEMSODE's and 

LSODE's computed values for the 2-D calculations. Figure 12 begins with the percent dif- 

ference in ozone, and demonstrates that, as with the 3-D model, QHEMSODE's accuracy 

is well within the required one percent. The difference is zero for most of the atmosphere, 

with the exception of the extreme lower and upper altitudes shown in the graph. In those 

sections of the atmosphere, the discrepancy is still only a few hundredths of a percent. 

Figure 13 shows the error plot for the OH radical. This species has a very strong diurnal 

cycle and although the error is nonzero everywhere, it is again well within the one percent 



error criterion. Figure 14 shows a similar plot for NO,, while Figure 15 shows the plot for 

CO. Again, the error is within acceptable tolerance in both cases. Plots formethane and 

NO proved to be very uninteresting since the error in these cases was zero everywhere. 

In Figure 16, a plot of.the error in the chlorine atom is shown. This species had one of the 

highest errors in the mechanism. The contours in the 60 degree latitude range at 20 km 
altitude show an error of about seven tenths of a percent. Even though this error is higher 

than most, it is again well within the acceptable limit of one percent. The bromine atom 

(Figure 17) also had a higher error than most, while HCl (Figure 18) was exceptionally 

accurate. 

Finally, Figures 19 through 23 demonstrate the results of the run for OH at five different 
hours during the calculation. This ion has a very strong diurnal cycle, and is not present 

during nighttime hours. Figure 19 shows the initial condition (at 1 PM). Note the absence 
of OH in the North Polar region of the atmosphere, due to the 24 -hour night in that region. 

Figure 20 shows the state of the atmosphere at 7 PM. The sun has-set in the lower atme 
sphere and has set in a large portion of the upper atmosphere. A disappearance of OH in 

these areas is noted In Figure 21 (3 AM), only the South Pole (which has 24 hour sun- 
light) has any concentration of OH left. Figure 22 shows the atmosphere at 7 AM and the 

resulting reappearance of the OH ions. Figure 23 shows the calculation at noon the follow- 

ing day and is almost identical to the initial condition 
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FIGURE 12.2-D model percent difference in ozone 
Approx. Altitude - km 

A 

0 .  

. .  

(rl 
0 '  

P 
0 

I 

. .  

1 1 1 1 1 1 1 1  1 1 1 1 I  1 I 1  I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  



89 

I- 
Q e. 
c 
Q 
CD 

r+. 

I O  

3 

Q 
(D cn 

CD 

FIGURE 13.2-D model percent difference in OH 
Approx. Altitude - km 

N c.r 
0 0 0 
2 P 

0 

t 



FIGURE 14.2-D model percent difference in NO2 
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FIGURE 15.2-D model percent difference in CO 
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FIGURE 16.2-D model percent difference in C1 
Approx. Altitude - km 
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FIGURE 17.2-D model percent difference in Bromine 
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FIGURE 18.2-D model percent difference in HCl 
Approx. Altitude - km 
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FIGURE 19.2-D model OH at 1 PM 
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FIGURE 20.2-D model OH at 7 PM 
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FIGURE 21.2-D model OH at 3 AM 
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FIGURE 23.2-D model OH at 12 PM 
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4.0 Conciusions 
The number of chemically reacting. species in the 3-D model was very small, so at first 
glance, it would appear that CHEMSODE's advantage would be quite limited. CHEM- 

SODE employs an explicit technique that eliminates the need for an implicit solve. Thus, 

the bigger the ODE system, the bigger CHEMSODE's advantage over the classic implicit 

methods employed by LSODE. Even running a modest eight species model, however, 

CHEMSODE proved to be significantly faster. In this chapter (unlike the previous chap- 

ter), LSODE was allowed to use up to its full fifth order accurate techniques, while 
CHEMSODE used its lixed second order technique. In using the 2-D model, CHEM- 

SODE's superior speed was confirmed as was its accuracy. It is clear that CHEMSODE is 

superior to LSODE for use in diurnal CRT models. 
I 
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CHAPTER 4 Conclusions and Future Direction 

1.0 Summary: Results of this Study 
Atmospheric CRT models are vital to research on the global climate and atmospheric 

chemical change. At this point, fully diurnal 3-D CRT models are still somewhat prohibi- 

tive in the enomous amount of B U  time required to perform even the most modest runs. 

The majority of CPU effort in running these models is the solution of the chehcal kinetic 

ODE system, which is nonlinear and very stiff. 

Several approaches are available to reduce the stiffness of the ODE system, in particular 

the family approach or the assumption of steady state. Although numerically beneficial, 

these methods are approximations whose implications are not well understood and can be 

limiting as to the results obtainable to the models that employ them. Thus, the overwhelm- 

ing majority of effort has concentrated on research into spe&ilized numerical techniques 

for treating these stiff kinetics equations. This study attempted to proceed along these lines 

by not only producing a fast solution technique, but by doing so yithout the use of a Jaco- 

bian matrix. This makes the preconditioned time differencing techniques attractive from a 

storage standpoint as well. 

Simple Jacobi and Gauss Seidel preconditioning of the backward Euler and trapezoid rule 

techniques resulted in explicitly computable, unconditionally stable methods for atmo- 



qheric chemical kinetics problems. This study showed Jacobi to be the clear choice for 

equations with strong diurnal cycles. It is clear that Jacobi is the preconditioner of choice 

in a global atmospheric chemical-radiative-transport model, This algorithm has led to the 

development of the CHEMSODE numerical ODE package for the robust solution of these 

chemical kinetics equations. CHEMSODE has been created for kinetics equations in the 

Same spirit as the more general LSODE and VODE [ 101 packages (which apply to the 

general ODE problem). CHEMSODE's implementation of the Jacobi preconditioned trap- 

ezoid rule outperformed the ODEPACK routine LSODE by an average 20% in a realistic 

chemistry scenario taken fkom a full chemical-radiative-tsport model, even with the 

large amount of overhead that was required to perform the radiative calculations. These 

results l@d the foundation for the use of these methods with full CRT models with strong 

diurnal cycles. 

The use of CHEMSODE with a 3-D CRT model .was examined on vector and parallel 

architectures. CHEMSODE outperformed the LSODE package by a factor of two in sev- 
eral cases. This result is encouraging both because of the small number of species modeled 

in the 3-D code and because of the advantage in method order LSODE was allowed to 

enjoy over the CHEMSODE solver. CHEMSODE's advantage is that it eliminates the use 

of a Jacobian matrix i d  the need for an implicit solve. Thus, one would believe that the 

greater the number of species involved (Le. the greater the size of the nonlinear system 

that the classic methods would have to solve), the greater CHEMSODE's speed advan- 

tage. Even with a small number of species, this study has shown that CHEMSODE enjoys 

a respectable advantage. Further, during these runs, LSODE was allowed to use up to fifth 

order methods, while CHEMSODE used a fixed second order method. Thus, the develop- 

ment of higher order preconditioned techniques should stretch the margin of superiority 

even further. Also shown was the high degree of parallelism achievable with these models. 

It is doubthl that we'could design a better problem for demonstrating the advantages of 

parallel computing. 
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2.0 Future Direction 
The results of this study lay the foundation for further work in several directions. Most 

obvious is the development of higher order preconditioned techniques together with the 

robust software to implement them. LSODE and VODE vary the method that they use 

from first up to fifth order. As error control for the preconditioned techniques becomes bet- 

ter understood, such variable order algorithms can be developed for the preconditioned 

schemes to bring them toward the order of accuracy of the standard solvers used for com- 

parison in this study. The issue of cheap, accurate mor control is not an easy one however. 

Another obvious direction for additional research is the development of higher perfor- 

mance preconditioners. This study examined the two most obvious and straightforward 

preconditioners available, namely Jacobi and Gauss Seidel. These two were attractive 

because they did not require any knowledge of the Jacobian matrix. There are, of course, 

other possibilities. An attempt to bridge the gap between the “full Jacobian” and “no Jaco- 
bian” approaches would be the obvious “partial Jacobian” approach (see, for example [59, 

611). The form of these kinetics equations makes the diagonal band of the Jacobian readily 

available analytically. This could certainly be employed in a decoupling of the equations 

(in the Jacobi sense) followed by a Newton linearization of the resulting series of scalar 

equations, for example. There is certainly no shortage of research to be done in this area. 

There are also implementation issues to be improved. There exist implementations of the 

BDF formulas which take great advantage of vector architectures by vectorizbg around 

grid cell dimension [33]. The same attention can be given to the preconditioned tech- 

niques. Given the same.efficient implementation, the performance of the grid-cell vector- 

ized codes can be bettered in this way. 

There is also the possibility of applying preconditioned techniques to the PDE conserva- 

tion equations. This study relied on the operator splitting principle to separate out the 

equations of the chemical kinetics. This allowed the development of the specialized 



numerical techniques examined here. Recent efforts have seen some success in the devel- 

opment of hybrid techniques for the entire non-split PDE conservation equation system 

[65A]. This approach, if successful, is in many ways more desirable than the approach 

used in this study, since splitting is not completely understood at this time. 

Finally, there are other application areas outside of the atmospheric sciences. Combustion 

is an excellent.example [39], since many combustion codes are at least as complex as 

atmospheric CRT models. These combustion codes often have many more species than do 

the atmospheric codes, so much so that the memory required to run a solver like LSODE 

becomes prohibitive. CHEMSODE’s lack of a Jacobian matrix makes this very nearly a 

non-issue for the preconditioned techniques. 

In summary, as with any ccyoung” technique, there is a large amount of knowledge yet to 

be gained with respect to the preconditioned time difference techniques. Issues ranging 

from the development of theory and more accurate, higher order methods, to error control 
and robust, efficient implementation, to the examination of their suitability in other appli- 

cation areas are yet to be fully exhausted. This study has shown, however, that these tech- 

niques promise to deliver significant improvement over the classic linear multistep 

methods currently in wide use with chemical kinetics codes. 

. 
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Appendix A CHEMSODE 

1.0 Code 
At this time, CHEMSODE uses a second order method (the trapezoidal rule) with .a Jacobi 

preconditioner (one iteration). The package consists of the following subroutines: 

1.0.1 SOLVER 

SOLVER is the driver for the package. It takes the following arguments: 

F (EXT) Name of the submutine for the right'hand side of the ODE system (the deriv- 
ative). This is supplied by the user and must be declared as EXTERNAL in the calling 

program, having the form 

The inputs are NEQ, T and Y (the number of ODEs, current time and chemical species 

concentrations). F is to set the chemical production and loss terns P(i), LHAT(i), 

LBAR(i). 

NEQ: 0 The number of fitst order ODEs. 

Y: (INOUT) Array of components of the Y(t) (dependent variable). Y shall be dimen- 
sioned at least NEQ elements long. On initial call, it contains the species concenttations 

at t = T. On return, it contains the values at t = TOUT (see below). 
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T: (INOUT) Value of the independent variable. Upon return, it will contain the value 
TOUT. 

TOUT: (IN) The next point where output is desired. 

ATOL (IN) Array of absolute error tolerances (size NE@. 

RTOL (IN) A m y  of relative error tolerances (size NE@. 

RWORIC (WORK) This work array must be dimensioned at least 10 * NEQ real ele- 

ments long. It is also used to pass optional arguments to the solver (see below IOPT). 

IOP'E (IN) Indicates whether the user has supplied optional input. IOPT = 0 indicates 

no optional input. IOPT = 1 indicates that RWORK(1) contains the first stepsize to be 

attempted, RWORK(2) contains the maximum allowable stepsize, and RWORK(3) 

'contains the minimum allowable stepsize. Default values recently used are RUMACH 

(see below), 1 second, and 1 hour respectively. A non-zero minimum is required since 

our "loose" method of step contr@ has problems otherwise. 

lTASK: (IN) Indicates whether the call is a continue or a restart. I?IASK = 0 indicates a 

restart. ITASK = 1 indicates a continue. 

A flowchart for SOLVER is provided in Figure 2, and is very run-of-the-mill for this type 

of code. At this stage there is very little error checking and recovery, however the code has 

proven to be quite bullet-proof in our experiences. In adjusting the new stepsize, if two 
successive steps are rejected, the stepsize is automatically reduced to the minimum allow- 

able; that is, the method is restarted. 

1.0.2 STEP2 

STEP2 takes a single discrete time step and returns an estimate of the error to the ' 

SOLVER routine. The stepsize attempted is specified by the SOLVER routhe. The error 

estimate is based on the formula of Eq (18) in Chapter 2, section 2.2. This information is 
passed back to the SOLVER routine which calculates the weighted nom of the error and 
accepts or rejects the step accordingly (while adjusting the stepsize for the next try). 
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1.03 ADVANCE2 

 ADVANCE^ implements the component equations for the preconditioned trapezoidal rule 
assuming that the production and loss rates are set. It essentially provides for the solution 

for yr+ assuming all other values are explicitly known (which they are). It uses a scalar 

newton iteition and a fixed number of iterations (two). This works well with a close 

enough initial guess (yl - not to be confused with the initial guess for the preconditioner). 

Attempts at using the quadratic formula proved unsuccessful since it requires the subtrac- 
tion of two positive quantities that are nearly equal. 

1.0.4 ' ADVANCEl. . 

ADVANCE1 implements the component equations for the preconditioned backwad Euler 
method, again assuming that the production and loss rates are set. This is done in a manner 

identical with that in ADVANCE2. 

1.0.5 RUMACH 

RUMACH calculates the machine's unit roundoff in a machine independent manner. 

FIGURE 1. CHEMSODE subroutine Caning hierarchy. 

SOLVER 

I I STEP2 
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FIGURE 2. Flowchart for the CHEMSODE algorithm. (Subroutine SOLVER) 
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2.0 Code usage and Example Problem 
The reader will find strong similarities between LSODE’s calling sequence (and parame- 

ters) and CHEMSODE’s. CHEMSODE’s parameters shall be declared as follows: 

INTEGER NEQ, IOPT 

REAL RWORK (10*NEQ) 
EXTERNAL F 

REAL Y (NEQ) TI TOUT, ATOL(NEQ) RTOL(EQ) 

The solver is then called in the main pmgram 

CALL SOLVER(NEQ, F, Y, T, TOUT, ATOL, RTOL, 
1 RWORK, IOPT, ITASK) 

2.1 EXAMPLE 

We use a simple problem from chemical kinetics. The Chapman atmosphere has been 

dealt with previously. It can be written in a simplified form (recall chapter 2) Eq. (42) for 

(E = 0) 

and the constant values 

y3 = 3.7x1Ol6 

k, = 1.63 x 

I k2 = 4.66 x 



and 

1 0, shot 5 0 

with 

x 
a3 = 22.62, a4 = 7.601, o = - 43200 

This problem can be coded 

PROGRAM TEST 

INTEGER NEQ, IOPT 
REAL Y (2), T, TOUT, ATOL(2) , RTOL(2) 
RJ3AL RWORK(20) 
EXTERNAL FEX 

IOPT = 0 
ITASK = 0 

NEQ = 2 
T = 0.0 
TOUT = 1.0 * 86400.0 
ATOL (1) = 1.OE-2 
ATOL(2) = 1.OE-2 
RTOL(1) = 1.0000E-4 
RTOL(2) = 1.0000E-4 
Y ( 1 )  = 1.OE6 
Y(2) = 1.OE12 

CALL SOLVER(NEQ, FEX, Y, T, TOUT, ATOL, RTOL, 
lRWORK, IOPT, ITASK) 

PRINT *, 'VALUES AT TIME ', T, ARE I ,  Y 

END 
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SUBROUTINE FEX(NEQ, T, Y, P, LHAT, LBAR) 

REAL K1, K2,  Y 3  
REAL' K3,  K 4  
REAL K 
PARAMETER ( K 1  = 1,633-16) 
PARAMETER (K2 = 4,663-16) 
PARAMETER (Y3 = 3.7316) 

P ( 1 )  = 2.0 * K 3 ( T )  * Y 3  + K4(T) * Y(2) 
P ( 2 )  = K 1  * Y(1) * Y3 

LHAT(1) = K1 * Y 3  + K2 * Y ( 2 )  
LHAT(2) = K 2  * Y(1) + K4(T) 

LBAR(1) = 0.0 
LBAR(2) = 0.0 

RETURN 
END 

REAL FUNCTION K3(T) 

REAL T 

REAL P I ,  OMEGA, A3 
PARAMETER (PI  = 3.14159265358979323846264338) 
PARAMETER (OMEGA = PI/43200.0) 
PARAMETER (A3 = 22.62) 
REAL TEMP 

TEMP = SIN(T * OMEGA) 

IF (TEMP .GT. 0.0) THEN 
K 3  = EXP (-A3 / TEMP) 
ELSE 
K 3  = 0.0 
END IF  



RETURN 
END 

REAL FUNCTION K4(T) 

REAL PI ,  
PARAMETER 
PARAMETER 
PARAMETER 
REAL TEMP 

OMEGA, A4 
( P I  = 3,14159265358979323846264338)  
(OMEGA = PI /43200 .0 )  
(A4 = 7.601)  

TEMP = S I N ( T  * OMEGA) 

I F  (TEMP ,GT. 0 .0 )  THEN 
K4 = EXP(-A4 / TEMP) 
ELSE 
K4 = 0.0  
END IF  

RETURN 

END 
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Appendix B Chemical Mechanisms 

1.0 The Box Model 
TABLE L Chemically reactive species wed m the box model. 

0 3  N 2 0  . N O  NO2 NO3 N2°5 

H O N O  HNO,  HO2NO2 H 2 0  OH HO2 
H 2 0 2  H2 CH4 cH302 C H 3 0 0 H  C H 2 0  

co cH302N02 

TABLE II. Chemical species assumed to be in steady state for the-box model. 

O('D) 0 

TABLE IIL Thermal reactions in the Box Model 

0 + 0 2  
-+ 0 3  

0+03 3 202 

0 ('D) + N2 + O + N 2  

O ( l D )  +02 -+ 0 + 0 2  

o (lo) +o, + 20, 

o ( l ~ )  +o, -+ 0 2 + 2 0  



TABLE III. Thermal reactions in the Box Model 

H 2 0 + 0 ( ' D )  

0 ('D) +H2 

N20 + 0 ('D) 

N 2 0  + 0 ('D) 

CH,+O('D) 

CH, + 0 ('D) 
H2+OH 

OH+O, 

OH+O 
H 0 2  + 0 

HO, + 0, 
HO2 + OH 

HO2 + HO2 

2HO2 + H20 

H202 + OH 
NO + 0, 
NO+OH 
NO + HO, 

NO, + 0 

NO, i- 0, 

NO2 + HO2 

NO, +NO2 

N2O5 
NO, + OH 
HONO + OH 

HNO, + OH 
HNO, + OH 
H02NO2 

2 0 H  

OH + HO2 

N2 + 0 2  

2NO 

CH20 + H2 

CH302 + OH 

H20 + HO2 

HO2 + 0 2  

0 2  + H 0 2  
OH+O, 

OH + 202 

H20 + 0, 
*202 + 0 2  

H202 + 0, + H20 
H20 + HO2 

NO2 + 0 2  

HONO 
NO, + OH 
N O + 0 2  

NO, + 0 2  

H02N02 

N2°5 

NO,+NO2 1 

HNO, 
H20 + NO2 

H20 +NO + 0 2  

H20 +NO,+ 0 

HO2 +NO2 
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TABLE IIL Thermal reactions in the Box Model 
H02N02  + OH 

CO+OH 

CH, + OH 

CH20 + OH 

CH302 + 0 

CH20 + 0 

CH302 + H02 
CH302 + CH302 

CH302 + NO 
CH302 + NO2 

CH302N02 
CH3OOH + OH 
CH,OOH+ OH 

-+ 

-+ 

-+ 

-+ 

-+ 

+ 
+ 
+ 
-3 

-+ 

-3 

-+ 

+ 

H 2 0  +NO2+ 0, 

HO2 
CH302 + H20 

H 2 0  + HO, + CO 

CH20 + HO2 

H 0 2  OH+ CO 

CH300H i 02 
2CH20 + 1.4H02 

HO2 + CH20 + NO2 
CH302N02 

CH302 + NO, 

CH20 + H20 + OH 
CH302 + H20 

TABLE IV. Photolytic Reactions in the Box Model 

0 2  + hv 

O3 + hv 
0, + hv 

H202 + hV 
NO2 + hV 
N 2 0  + hv 

NO, + hv 

NO, + hv 

N205 + hv 

N205 + hV 
N205 + hv 

N205 + hv 

HONO + hv 

-+ 

-+ 

-+ 

-3 

+ 
-3 

-+ 

-+ 

-+ 

-3 

-+ 

-+ 

-+ 

2 0  

o+o, 
0 ('0) +02 

2 0 H  

NO+O 

N2+ 0 ('0) 
NO2 + 0 
N O + 0 ,  

2N02  + 0 

2NO + 02+ 0 
OH+NO 

NO2 + NO + 0 2  

NO2 + NO + 2 0  

HNO, + hv -3 OH+NO2 
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TABLE IV. Photolytic Reactions in the Box Model 
H O 2 N O 2  + hV + O H + N O + 0 2  

H O 2 N O 2  + f i ~  + O H + N O 2 + O  

H O 2 N O 2  + hV + H O 2 + N O 2  

CH20 + hv + C 0 + H 2  
CH20 + hv + 2 H 0 2 + C 0  

C H 3 0 0 H  + hv . + C H 2 0  + H O 2 +  OH 
C H 3 0 2 N 0 2  + hV + C H 3 0 2 + N 0 2  

2.0 3-D model 

TABLE V. Reactions in the 3-D model (IMPACT) 

~~ 

oio, + 0 3  

O i O ,  3 2 0 ,  

O('D) +N2 + OiN,  

0 ('Dl + 0, 4 O+O, 

H20iO( 'D)  + 20H 

O H i O ,  + HO,iO, 

H 0 , i O  + O H i O ,  

HO, i 0, + OH+202 

HO,+OH + H2OiO2 

H 2 0 2 i  OH 

C O i O H  

CH,iOH 

CH,O + OH 

0 , i h v  

0, i- hv 

0, + hv 

H202  i hv 

CH20 i hv 

H 2 0  i HO, 

H 0 2  

CH20 i HO,+ H 2 0  

H20 +'HO,+ CO 

2 0  

O+O, 

O('D) io, 

20H 

eo 



125 

3.0 2-D Model 

1: 
2: 
3: 
4: 
5: 
6: 

, 7 :  
8: 
9: 

10: 
11: 
12: 
13: 
14: 
15: 
16: 
17: 
18: 
19: 
20: 
21: 
22: 
.23: 
24: 
25: 
26: 
27: 
28: 
29: 
30: 
31: 
32: 
33: 
34: 
35: 

03 
N20 
NO 
NO2 
NO3 
N205 
HN03 

H02N02 
H20 
OH 

H02 
H202 
H2 
CH4 

CH302 
CH300H 
CH20 
co 
c1 
c12 
c10 
OClO 
a202 
HC1 
HOC1 

C10N02 
Br 

BrCl 
BrO 
HBr 
HOBr 

BrON02 
CH3C1 
CH3Br 
CFC13 

dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 

. dynamic 
. dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 



36: 
37: 
38: 
39: 
40: 
41: 
42: 
43: 
44: 
1: 
2: 
3: 
4: 
1: 
2: 

CF2C12 
CFC113 
CFC114 
CFC115 
HCFC22 
CC14 

CH3CC13 
CF3Br 

CF2ClBr 
0 

01D 
N 
H 
N2 
02 

T h e r m a l  r e a c t i o n s :  

dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 
dynamic 

s t e a d y s t a t e  
s t e a d y s t a t e  
steadystate 
steadystate 

c o n s t a n t  
c o n s t a n t  

1: 
2: 
3: 
4: 
5: 
6: 
7: 
8: 
9: 

10: 
11: 
12: 
13: 
14: 
15: 
16: 
17: 
18: 
19: 
20: 
21: 
22: 
23: 
24: 
25: 
26: 
27: 
28: 
29: 

0 + 02 = 03 
0 + 03 = 2*02 
01D + N2 = 0 + N2 
01D + 02 = 0 + 02 
01D + 03 = 2*02 
01D + 03 = 02 + 2*0' 
H20 + 01D = 2*OH 
H2 + 01D = OH + H 
N20 + 01D = N2 + 02 
N20 + 01D = 2*NO 
CH4 + 01D = CH302 + OH 
CF2C12 + 01D = 2*C1 
CFC113 + 01D = 3*C1 
CFC114. + 01D = 2*C1 

HCFC22 + 01D = C1 
H + 02 = H02 
H + 03 = OH + 02 
OH + H2 = H20 + H 
OH + 03 = H02 + 02 
OH + 0 = 02 1: H 
OH + OH = H20 + 0 
H02 t 0 = OH t 02 
H02 + 03 = OH + 2*02 
H + H02 = 2*OH 
H02 + OH = H20 + 02 
H02 + H02 = H202 + 02 
H02 + H02 + H20 ='H202 + 02 + H20 
H202 + OH = H20 + H02 

CFC115 + 01D = C1. 



30: 
31: 
32: 
33: 
34: 
35: 
36: 
37: 
38: 
39: 
40: 
41: 
42: 
43: 
44: 
45: 
46: 
47: 
48: 
49: 
50: 
51: 
52: 
53: 
54: 
55: 
56: 
57: 
58: 
59: 
60: 
61: 
62: 
63: 
64: 
65: 
66: 
67: 
68: 
69: 
70: 
71: 
72: 
73: 
74: 
75: 
76: 

N + 02 = NO + 0 
N + N O = N 2 + O  . 
NO + 03 = NO2 + 02 
NO + H02 = NO2 + OH 
NO2 + 0 = NO + 02 
NO2 + 03 = NO3 + 02 
NO2 + H02 = H02N02 
NO3 + NO = 2*N02 
NO3 + NO2 = N205 
N205 = NO2 + NO3 
N205 = 2*HN03 
NO2 + OH = HN03 
HN03 + OH = H20 + NO3 
H02N02 = H02 + NO2 
H02N02 + OH = H20 + NO2 + 02 
C1 + 03 = C10 + 02 
C1 + H2 = HC1 + H 
C1 t H202 = HC1 t H02 
C1 + H02 = HC1 + 02 
C1 + H02 = OH + C10 
c10 + 
c10 + 
c10 + 
c10 + 
c10 + 
c10 + 
c10 + 
c10 + 
c10 + 
c10 + 

0 = c1 + 02 
OH = H02 + C1 
OH = HC1 + 02 
H02 = 02 + HOCl 
NO = NO2 + C1 
NO2 = C10N02 
c10 = 2*c1 + 02 
c10 = c12 + 02 
c10 = c1 + OClO 
c10 = c1202 

OClO + c1 = 2*c10 
OClO + 0 = 02 + c10 
OClO + OH = HOCl + 02 
O C l O  + NO = NO2 + C10 
c1202 + c1 = c12 + c1 + 02 
c1202 =' 2*c10 
HC1 + OH = H20 + C1 
HOCl + OH = H20 + C10 
C10N02 + 0 = C10 + NO3 
C10N02 + OH = HOCl + NO3 
C10N02 + C1 = C12 + NO3 
C10N02 = HOCl + HN03 
Br + 03 = BrO + 02 
B r  + H02 = HBr + 02 
B r  + CH20 = HBr + H02 + CO 
BrO + 0 = Br + 02 
BrO + H02 = HOBr + 02 
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77: 
78: 
79: 
80: 
81: 
82: 
83: 
84: 
85: 
86: 
87: 
88: 
89: 
90: 
91: 
92: 
93: 
94: 
95: 
9.6 : 
97: 
98: 
99: 

100: 
101: 

BrO + 
BrO + 
BrO + 
BrO + 
BrO + 
BrO + 
BrO + 
HBr + 
HBr + 

OH = Br + H02 
NO = Br + NO2 
NO2 = BrONO2. 
C10 = Br + OClO 
C10 = Br + C1 + 
C10 = BrCl + 02 
BrO = 2*Br + 02 
0 = Br + OH 
OH = Br + H20 

BrON02 = HOBr + HN03 
CO + OH = H 

Photoiytic reactions: 
1: 
2: 
3': 
4: 
5: 
6: 
7: 
8: 
9: 
10: 
11: 
12: 
13: 
14: 
15: 
16: 
17: 
18: 

02 

CH4 + OH = CH302 + H20 
CH20 + OH = H20 + H02 + CO 
CH302 + 0 = CH20 + H02 
CH20 + 0 = H02 + OH + CO 
CH302 + NO = H02 + CH20 + NO2 
C1 + CH4 = CH302 + HC1 
C1 + CH20 = HC1 + H02 + CO 
CH302 + H02 = CH300H + 02 
CH300H + OH = CH302 + H20 
CH3C1 + OH = C1 + H20 + H02 
CH3CC13 + OH = H20 + 3*C1 
HCFC22 + OH = C1 + H20 
CH3C1 + C1 = H02 + CO + 2*HC1 
CH3Br + OH = Br + H20 

02,+ hv = 2*0 
03 + hv = 0 + 02 
03 + hv = 01D + 02 
H02 + hv = OH +' 0 
H202 + hv = 2*OH 
H20 + hv = H + OH 
NO2 + hv = NO + 0 
N20 t hv = N2 t 01D I 

NO + hv = N + 0 
NO3 + hv = NO2 + 0 
NO3 + hv = NO + 02 
N205 + hv = NO2 + NO3 
N205 + hv = NO + 0 + NO3 
HN03 + hv = OH + NO2 
H02N02 + hv = OH + NO3 
H02N02 + hv = H02 + NO2 
C12 + hv = 2*C1 
ClO + hv = C1 + 0 
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