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INTRODUCTION 

Mode methods for rigid, perfectly plastic structures usually involve the 

definition of a basic mode having a fixed velocity o r  displacement profile and 

time-dependent amplitude and then the determination of an amplitude history, 

using momentum and energy principles, that gives a good approximation t o  the 

exact final displacement at some point of the structure. Because of the perfect 

plasticity assumption, the basic mode consists of stationary plastic hinges 

connected by rigid links. In a hrther elaboration of this method, the hinges are 

allowed to  move and the velocity profiles are referred to  as “instantaneous modes.” 

If the material strain-hardens the deformation profile changes 

significantly during the response and the size of the plastically deforming region 

changes as the motion progresses. In the method presented here, polynomials in 

the spatial coordinates with time-dependent coefficients are used to  represent the 

deformation in time-dependent plastic regions, which are connected by rigid 

links. By analogy with the methods for perfectly plastic structures, these will be 

referred to  as “instantaneous modes” for strain hardening structures. Two stress 

fields are associated with the modal shape, one satisfying the dynamic relations 

and the other satisfying the constitutive equations. The application of suitable 

matching conditions results in a set of simultaneous differential equations for the 

time dependence of the plastic region sizes and the amplitude coefficients of the 

modal shape. Pulse shape effects are automatically taken into account, and the 



motion during the pulse is computed. The procedure can be made as accurate as 

desired by increasing the number of terms in the mode shape, with a 

corresponding increase in the number of matching conditions. 

Mode solutions have been obtained for simply-supported [ 13, 

cantilevered [2], and clamped beams [3]. In each of these cases, it is found that 

the polynomial coefficients naturally divide into significant and insignificant 

groups, and the division is not affected by the load distribution, pulse shape, 

choice of matching conditions, or  order of the polynomial, provided the number of 

terms is high enough t o  include all the significant coefficients. Moreover, the 

relative contributions of the significant coefficients remain essentially constant, 

regardless of these choices. The load distribution and pulse shape do affect the 

time-dependence of the overall amplitude and the plastic region size, and, 

through them, do affect the deformation shape. An optimum mode can therefore 

be selected for each type of beam, involving only the significant polynomial terms. 

The only unknowns are the amplitude and the plastic region sizes, which are 

determined by the numerical solution of coupled differential equations resulting 

from the application of matching conditions. 

The accuracies of various types of matching conditions have been 
compared. The best choice is to  equate the integrals over the plastic regions of the 

internal bending moment distributions associated with the solution t o  the 

dynamics relations and the solution t o  the constitutive equations. Parameters 

characterizing the relative effects of strain hardening and inertia and 

characterizing the effects of pulse shape and load distribution fall naturally out of 

the derivation of the approximate method. 

A derivation of the mode solution for a strain-hardening, clamped beam 

will be given here. The analogous modes for the simply supported and cantilever 



beam can be obtained from this solution by eliminating the appropriate plastic 

region in the governing equations. 

Consider a beam of length 2L having ends which are clamped against 

deflection and rotation but free to  move axially. The beam cross-section will be 

assumed to have a rigid, linear strain-hardening constitutive relation, given by 

aZw 
ax2 ’ m = my -a- 

where m(x,t) is the b-nding moment, w(x,t) is the deflection, my is the yield 
is the curvature moment, and a is the linear strain-hardening coefficient; -- 

for small deflections. Take the distributed dynamic loading p(x,t) to  be symmetric 

about the center of the beam x = 0, so that only the half 0 5 x 5 L need be 

considered. Plastic regions of length 2eL and qL will form at the center and each 

end, respectively, as the beam deforms. 

a2w 
ax2 

Define dimensionless axial coordinate X, time T, load P, bending moment 

M, deflection W, and hardening parameter o by 

X X=- 
L’ 

P(X,t)L2 P(X,T) = T=-, Y 

t 
t 0  

w (x , t)CiL2 M(X,T) = W(X,T) = 2 ’  
myto 

where p is the mass per unit length and to is a measure of the load duration. 

The equation of motion in dimensionless form is 



a2M a2w a2y 

where the load integral Y is defined by 

X Y(X,T) = Jo (X - X)P(X,T)dX. 

(3) 

(4) 

Then, Y is the moment applied about point X by the distributed loading in the 

region 0 to  X, - is the corresponding applied force, and - = P. The applied 

moment H(T) about the end of the beam exerted by the loading on the half-beam is 

a y  a 2 y  
ax ax2 

H(T) = Y(1,T). 

The generalized impulse I associated with H will be defined as 

I = I" H(T)dT 
TY 

where Tf is the time when the deformation reaches its greatest magnitude. 

The parameter i2 defined by 

3 2 2  Q2= - a  I 
4 (7) 

provides a convenient measure of the relative importance of strain-hardening 

and dynamic effects. As i2 + 0, the solution obtained here approaches that for a 

perfectly plastic beam, and the quasi-static solution for a slowly loaded strain- 

hardening beam is approached as i2 + =. 



Take P t o  be a monotonically non-increasing function of X. For plastic 

deformation occuring in the regions 0 I X I {(TI and l-q(T) 5 X I 1, with the 

remainder of the beam remaining rigid, we have, 

a2w 
ax2 M=l-$-21 for OIXet, 

M = l  atX={, M = - l a t X = l - q ,  

- 1 c M c 1  for t e X c 1 - q .  

Appropriate initial, boundary, and smoothness conditions are applied t o  W, 
aM , M, and - aw aw 

ax' aT ax' -- 

STRAINHMXDENINGMODE 

The deflection W up to the time f maximum response .will be approxir ated 

in each of the plastic regions as a polynomial series in X with time-dependent 

coefficients. Take the Ne, Nq order approximation t o  W in the form 

WN=A,(T)-A(T)X+~(T) , OIXIE,(T); 
j=O 

WN = A,(T)-A(T)X+q(T) 
j=O 

l-v(T) 5 X I 1; 



where the amplitude functions AJT) and A(T), plastic region sizes &T) and q(T), 

and polynomial coefficients Bj(T) and Cj.(T> are to  be determined from the solution 

to the dynamics problem and constitutive relations. 

Substitution of WN into the equation of motion (3) and double integration 

with respect t o  X gives a representation for the bending moment distribution 

which will be denoted by MD. Another representation for the bending moment 

distribution, which will be denoted by Mc, is obtained by substituting (9) into the 
constitutive relations (8). The application of smoothness and boundary conditions 

yields algebraic relations between some of the polynomial coefficients, and 

differential equations in T for the others are obtained by equating MD and Mc at a 

sufficient number of locations. Results for a variety of load distributions and 

pulse shapes [SI show that the ratios Bj/A and Cj/A remain essentially constant 

throughout the response, the choices of load distribution and pulse shape have 

little effect on these ratios, and Bj for j > 5 and Cj for j > 4 are insignificant 

compared to  the lower order coefficients. 

Neglecting the insignificant coefficients, the mode representation becomes, 

using appropriate smoothness and boundary conditions, 

WM(X,T) = A(T)( I------+-] q 35 3x2 x4 0 5 X 5 S(T); 
3 8 46 8c3 ’ 

The shape WM will be referred t o  as the instantaneous mode for a strain- 

hardening clamped beam since the only unknowns are the amplitude A and 

plastic zone sizes 5 and q, and the form of the representation does not depend on 



the load distribution or  history. This is analogous t o  the instantaneous mode 

solution for perfectly plastic structures, where the deflection is represented as the 

product of an amplitude function and a function of position and plastic hinge 

locations. 
Three relations are needed to  determine the amplitude A(T) and the plastic 

region sizes {(T) and q(T). One of these arises from putting MD = Mc = +1 at the 

edges of the plastic regions; it is 

Applying matching conditions in each of the plastic regions gives the other two 

relations needed. Parameter studies were performed to  determine the best choice 

of matching conditions. These included equating MD t o  MC at a point in each of 

the plastic regions and equating integrals of MD and Mc over the plastic regions 

using various weighting functions. The matching condition that gave the 

smallest deviation between MD and Mc is putting the integral with weight one of 

MD equal to  the integral of Mc over each of the plastic regions. The resulting 

differential equations are 

1 1 7  02A = JY(X, T)dX - qY( 1- q,T) - 
1-7\ 



+( - 1 4  - -q)q2 -$(Aq) - -q 1 2 -(Aq2) d2 + -q 1 2 d 2  -( At2) 
6 45 dT 60 dT2 20 dT2 

Equations (11) and (12) are three simultaneous second-order differential 
equations for A, 5, and q, which determine the mode solution for a clamped beam. 

They were solved numerically using power series to  start the computation since 

the equations are indeterminate at the initial yield time. 

The analogous mode solution for a simply supported beam [l] can be 

obtained by putting q = 0 and dropping the third of Equation (10) and the second of 

Equation (12). Similarly, the mode solution for a cantilevered beam [2] is obtained 

by putting 6 = 0 and dropping the first of Equation (10) and the first of 

Equation (12). 

REsuLm 
Numerical results were obtained using a library subroutine for 

simultaneous differential equations following the initial power series solution. 

Computational times were less than 5 CPU seconds per problem. Figure 1 gives 

the final deflection shape of a simply supported beam for a tent-shaped and a 

ramp pulse, i.e., 

P(X,T) = PmT (1 -X), 0 IT I 1, 0 < X I  1, (13) 

= 0, T > 1, 

Deflection shapes are shown for various values of the strain-hardening 

parameter Q, and the dots indicate the final extent of the plastic region. Results 

for other loadings have different histories of A and 5 but are qualitatively similar. 

The deflection for the perfectly plastic material (Q = 0) has a stationary plastic 

hinge at the center of the beam. 



Figure 2 shows the final deflection shape of a cantilevered beam for various 

values of Q (X is measured from the built-in end here). The load, which 

increases linearly from the root t o  the free end and is applied with a triangular 

pulse, is given by 

P(X,T) = BPmTX, 0 I T S  0.5, 0 I X I  1, 

= 2Pm(l-T)X, 0.5 I T  I 1, 0 I X I 1, 

=O, T>1 

Dots again indicate the final extent of the plastic region. 

Finally, Figure 3 shows final deflection shapes for a clamped beam with 

both uniform and tent-shaped load distributions. The strain-hardening 

coefficient a is proportional to  Q2, all other properties and the applied impulse 

being held constant. The dots show the extent of the E,-region, and the open 

circles show the extent of the q-region. For small values of Q, the deformation 

shape approaches the simple hinge mechanism appropriate to  a perfectly plastic 

material. For large values of Q, the plastic regions are larger but the maximum 

deformation is smaller. The difference between the results for the two load 

distributions is small for a given Q if H(T) is used to  characterize the loading. 
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