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Abstract 

The vortices in the planar nematic are considered using the field-theoretical 

description in terms of the RP2 a-model. In the strong-coupling expansion the 

vortices interactions are considered and the new type of phase transition is ob- 
tained in the mean-field approximation. 
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1. THE PLANAR RP2 MODEL 

It is natural to describe the planar nematic in terms of the RP2 = S 2 / Z 2  2-D 

a-model in the same manner as we describe the planar magnetic in terms of the 

S2 or S3 = SU(2) 2-D a-models. The projective sphere RP2 appears because 

the nematic's order parameter-director &defines only the line in the R3, but 

not the direction. Thus the effective Hamiltonian is 

1 1 
S = - / d,d;3,1d2r = - - d;:G -t const JE RP2 , (1.1) 2g2 .. 2g2 '3 

where we s u m  over the nearest neighbor bonds ij in the lattice version. Using 

the Berezinsky-Villain formalism [l, 21 we can rewrite (1.1) as S2 a-model with 

auxiliary 2 2  gauge field: 

The statistical sum takes the form 

where {U) is the class of gauge equivalence. Action (we'll use later the field- 
theoretical terminology) (1.2) at U;j = 1 equals to the O(3) a-model lattice action 
with the continuum limit 

But it is impossible to get the continuum limit of (1.2) in the case of the 

The continuum limit nontrivial Uij due to the discrete nature of Uij E 2 2 .  
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is described by (1.1). The nontrivial configurations of U;i corresponds to the 
classical vortices configurations of field df These configurations arise because 

of nontrivial group n1(RP2) = n1(S2/22) = 2 2 .  Using parameterization d = 

(5, -Z), n' E S2 the vortex solution can be written, for example, as 

-+ 

4 n1 = cos - 2 
4 

722 = sin - 2 
723 = 0 

where &angle coordinate on the plane. When q5 changes from 0 to 27r, n' changes 

to -n' and this is the solution on RP2. As usual (see[3]) this solution has loga- 

rithmically large action 

where A is the total area of the plane, a is the ultraviolet cut-off, the size of the 

plaquette in the lattice model. 

Using the standard argument of the Berezinsky-Kosterlitz-Thouless (BKT) 
theory [l, 2,3] and comparing (1.6) with the vortex entropy one can lead to a 

conclusion about BKT phase transition at g2 = 7r/8, but the story is not so 

simple. The reason is that S2 or RP2 a-models are asymptotically free[4]. Thus 

g depends on the scale p and in the one-loop approximation 

1 Pc 

P 
-- 
s 2 ( p )  - ' 

where pc is the correlation radius which defines the mass scale. Taking into 
account the quantum corrections the vortex-vortex action (for 2 2  antivortex and 

vortex are the same) equals to 

?r P2 bn PC P 
8g2(p) a2 4 P a 

s1-loop = - In- = -1n-ln- 

and comparing (1.7) with the entropy lnp 2 2  / a  we see that at p - pc the last is 

larger, i.e., the quantum corrections shift the effective charge (or temperature) 
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g ( p )  sufficiently large and vortices will be in plasma phase, where the mass gap 

exists. The most adequate description of this phase is the high-temperature 

(strong coupling) expansion, which leading approximation is determined by the 

two first terms in the expansion I /g2 :  

In this approximation the statistical sum Z{q takes the form: 

Z{v) = J v?i n (1 + $G..) , 
9 v 

where the integration measure DG ni d 5  is determined in a usual way: 

dn"; * 1 = 1 I 
d G n ; = O  s 

(1.8a) 

(1.8b) 

(1.8~) 

etc. 

When calculating (1.8) we find that the statistical s u m  Z{u} comes to the 

sum over the closed contours [5]: 

where c1, . . . , cn are the closed contours on the plane, with the self-intersections, 

generally speaking, and U(c)  = nijEc Uij is the gauge invariant phase factor 

along the curve, and c is the 2 2  analog of the Wilson line exp(i jC A, dz , ) .  
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We sum in (1.9) on the number of contours n and as usual the natural desire 

appears for some expression which depends only on one contour. At first sight 

the sum on N in (1.9) leads to the exponentiation: 

Z{U} =exP , (1.10) 

where ei’(‘j{’}) = U(c, {U}) is the phase factor for the contour c at given gauge 
configuration {U}. However, (1.10) is not the precise analog of (1.9) because 

of some of the troubles arising in the case of the self-intersecting contours. To 

avoid these troubles we can either work with the honeycomb lattice, where the 

self-intersecting contours do not arise due to the odd number of bonds (three) 

which are going out from one point on a honeycomb lattice, or we can remember 
that (1.8) is the high-temperature approximation only where the contours with 

the multiple-passaged bonds are not taken into account. In any way we get (1.10) 
where the sum spreads on the nonself-intersecting contours only [6].  

Thus in the high-temperature or strong coupling limit, the calculation of the 

some vortices configuration free energy comes to the summation over the closed 
contours in the “external” field. This field manifests itself as a phase factor 

U(c,  {U}) = ei@(cj{u}), where the flux through the contour is 

where m is the number of vortices inside C. The average flux density, i.e., the 
flux per plaquette, cannot be larger than 7r evidently (see Section 2). Let us note 

that in the case of general contours with self-intersections 

m 

where n; is the winding number of the contour C over the i-th vortex. 
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The full statistical sum of the RP2 model in the strong-coupling limit is 

L c  

(1.11) 

where the statistical sum of the O(3) a-model 29 is a normalization factor here, 
2, is the statistical sum of vortices and equals to the sum of the zero-, one-, two-, 

and etc. vortices contributions: 2, = Z("), where 

r 1 

(1.12) 

here S = J is the number of possible vortex's positions on the plane, 
and in the sum on c-(u) there are only contours which contain point u (with 
odd winding number in the general case of the self-intersecting curves), c-(a, b) 

means the odd total winding number for two points a and b and so on. The gauge 
group volume factor 2', which we shall omit later, in the case of generad group 
G equals to (dimG)S. 
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2. THE PHASE TRANSITION IN THE VORTICES 
SYSTEM IN THE MEAN FIELD APPROXIMATION 

Consider now the opposite limit when there are as many vortices as plaque- 

ttes, i.e., there is flux @ = T at each plaquette. Using equations ( l . l O ) ,  (1.11) it 
is easy to see, that in this situation the total number of the length L contours 

with the odd winding number equals to the number of contours with length L 
and area S = a2(2K + I), k E 2 where a2 is the plaquette’s area. 

For the configurations with the smaller number of the vortices the mem field 

approximation is very natural, when instead of some nonhomogeneous vortices 

distribution we deal with the homogeneous flux: 

- m 
@ = T -  N ’  

where N = S/a is the number of plaquettes on the lattice and m is the number 

of vortices. Thus all information about vortices is coded now only in the one 
quantity-the number of vortices m or average flux %. 

It is easy to see that and the contour C area S are conjugate to each other 

and we can write 2, (see (1.10)) in the form of the path integral in the continuum 

limit ( L  = N u  = const, N + 00, a --+ 0): 

where 

even L 

where Z(S ,L)  is defined as: 

(2.24 

(2.2b) 

C 
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- f 4 ds ds' S[F(s) - F(s')]} 
2a2 

c c  
r 1 

* s 1s- ; f d s i ( i ( s ) ) ? ( s ) I  . 
L C J 

The second term in the exponent in (2.3) appears because we must work with 

nonself-intersecting contours (T > 0) and the 5-function picked out the contours 

with the area S, where 

1 
2 

S = - f dF i (F )  ; 
C 

A= f= (0)O)l)  

is the Green formula for the area of the curve C. Using (2.3)-(2.4) we get the 

expression for z(G) L )  

It can be shown[7] that problem of the 2(&, L )  calculation comes to the calcula- 
tion of the statistical sum of the n-component gauge theory 3b4) $ = ($1). . . , 3bn) 
in the limit n 3 0: 

Z(G) L )  = -& f e-XLZ(G, A) 
27ra 

a-ioo 
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Unfortunately (2.5) and (2.6) cannot be calculated exactly at nonzero T and 

we start from r = 0, thus including the self-intersecting contours in considera- 

tion. Then we shall use some scaling arguments to obtain formulae for nonself- 

intersecting contours only. 

Thus at r = 0 the statistical sum (2.5)) or more exactly the probability 

density P(G, L )  for the paths in the continuum limit, can be calculated exactly [8]: 

In the limit @ + 0, 

(2.7~) 

(2.7b) 

which is the correct probability density for the closed contours with the fixed 

point on the plane and corresponds to the normalization condition of the function 

Po(S, L )  (see (2.2)) s-", ds Po(S, L )  = 1/7rL~. Then the statistical sum on the 

lattice with the coordination number Z equals 

ZO(5)L) = ZL"P0(zj)L). ( 2 . 7 ~ )  

In the Appendix we shall demonstrate that calculation of the statistical sum 

on the lattice comes to the calculation of the Green function of the Hofstadter 

problem [9]. 

Using Eqs. (l.l), (2.2), and (2.7) for Po{.} on the square lattice with 2 = 4 
we get: 

Remember, that Po(%,L) using in (2.8) was obtained for self-intersecting con- 
tours. To be more accurate we take into account the first few terms in (2.8) 
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explicitly (for L = 4,6) and starting from L = 8 we substitute N summing on L 
by integration. We get then 

16 cos 6 (- + 432) cos G + 48 cos 26 
(3g2I6 

Fo(6) = + 
(3S2l4 

The entropy of the configuration with flux 3 equals to the entropy of system of 

m particles on lattice with N positions, where m / N  = 6/7r. Thus 

(2.10) 

h = 0 corresponds to the system without vortices, h = T corresponds to the 
system with one vortex for plaquette. 

The total free energy F: is determined by the (2.9) and (2.10) and the 

temperature dependence is contained in the coupling constant g (we can put 
g2 - T). 

The function F:(g, g) is described in Fig. 1. It is easy to see that at g < g," 
(g," = 1,31) the phase transition occurs to the state without vortices (h  = 0). 
The question about the order of this phase transition is still open. 

Now we use some simple scaling relations to take into account the fact that 

= 0 we have instead we must work with nonself-intersecting contours. Then for 

of (2.7a) 
- 1 

P(@, L )  = - (2.11) xR2 ' 
where 

R2 = L2" 

and critical index v = 3/4 for the plane[10]. 
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l u l l  I 

Figure 1. 

For & # 0 we can rewrite (2.7) in the form 

(2.12) 

We use the fact that 5 and S - R2 are the conjugate variables. Using (2.10) and 

(2.12) we get finally the free energy F:  

16~0.55 48cos26 + 
(3s2>4 (3g2I6 

F =  

- 1 L 2 U 5  + 3  7 dL ($)L-L- 4 
xL2u sh iL2”s 

-m 

(2.13) 

The FC dependence on g and 5 is described on Fig. 2. Now we see that critical 
value of g is g = 1.21. 

11 



Figure 2. 

Thus we obtain the new phase transition in the RP2 model (the planar ne- 

matic) in the mean field approximation. This picture agrees well with the quali- 
tative arguments concerning the vortex-vortex interaction. Namely, two vortices 

repulse each other thus there is tendency to diminish the average flux. 
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APPENDIX A 

Let us show, that Eq. (2.5) at r = 0 in the discrete version comes to the Hof- 

stadter equation, describing the hopping of 2-D electron in the uniform magnetic 

field. 

The recurrency relation for the statistical sum Z(& a, L)  takes the form: 

where g(l?,.$) is the probability of the one step transition. Taking into account 
that in the discrete version of the Eq. (A.l) the simple change is needed: 

1 dii’g(I? - 2)(. . .) -+ W(I? - ii’)(. . .) , (A.2) 

where W ( 8  - I?’) is the local hopping matrix, we get the Hofstadter equation: 

where 5 is the flux and (A.3) is written in the gauge A = 1/2(-Hy, H z ) ,  Ha2 = 

d, here u2 = 1. 

Eq. (A.3) cannot be solved exactly for all s. The solutions are known only for 

the rational G/T ,  which is reason for the appearing of the well-known “Hofstadter 
butterfly” [9]. Here we write as an example the number of the closed contours on 
the lattice at 5 = 0 and = 7r: 

Z(6 = 0) 2L) = (C2L) L 2  

Z(5 = 0) 2L) = 
L 

cr cg c,g;, . 
m=O 
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