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Abstract 

This investigation is concerned with the accuracy of numerical schemes for solving partial 
differential equations used in science and engineering simulation codes. Richardson extrapolation 
methods for steady and unsteady problems with structured meshes are presented as part of the 
verification procedure to determine code and calculation accuracy. The local truncation error de- 
termination of a numerical difference scheme is shown to be a significant component of the veri- 
fication procedure as it determines the consistency of the numerical scheme, the order of the 
numerical scheme, and the restrictions on the mesh variation with a non-uniform mesh. Genera- 
tion of a series of co-located, refined meshes with the appropriate variation of mesh cell size is in- 
vestigated and is another important component of the verification procedure. The importance of 
mesh refinement studies is shown to be more significant than just a procedure to determine solu- 
tion accuracy. It is suggested that mesh refinement techniques can be developed to determine con- 
sistency of numerical schemes and to determine if governing equations are well posed. The 
present investigation provides further insight into the conditions and procedures required to effec- 
tively use Richardson extrapolation with mesh refinement studies to achieve confidence that sim- 
ulation codes are producing accurate numerical solutions. 
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Nomenclature 
A 

A, B, c 
Surface area in control volume formulation 

Coefficients in discretization error difference Eq. (9) 

or coefficients in difference equation (See examples 1 , 2 , 3 )  

Temporal coefficient in discretization error expansion 

Spatial coefficients in discretization error expansion for 3D case 

Local truncation error terms defined in Eq. (27) 

Local truncation error terms defined in Eq. (43) 

Exponential mesh parameter = Ki + / K i  

Flux in x direction in integral formulation 

Global solution percent error relative to  exact solution, see Eq. (14) 

Global solution percent error relative to reference value, see Eq. (14) 

Discretization error at time n and spatial node location i 

Exact solution of partial differential equation 

Exact solution of governing equation in Richardson extrapolation formulation 

Reference value of solution for use in determining solution error 

Exact solution of difference equation at time n and spatial node location i 

Computational solution on mesh m in Richardson extrapolation formulation 

Richardson extrapolation solution from numerical solutions on mesh m , m + 
Value of x at end of solution domain 

Uniform cell size 

Non-uniform cell size = (xi - xi - ) 

Uniform cell size on mesh m 

Total number of spatial node points in solution domain 

Representation of partial differential equation 

Diffusion coefficient, e.g., viscosity or thermal conductivity 

Mesh number of finest mesh 

1, ... 

9 



m 

Q 
4 
r 

S ( X )  

t Time 

W 

W 

x, Y ,  Cartesian coordinates 

xi, y j ,  zK Node location 

Mesh number as refinement is performed (n = 0 is the coarsest mesh) 

Dependent variable in PDE for box scheme, Eq. (35) 

Dependent variable in difference equation, Eq. (36) 

Mesh refinement ratio = hm/hm + 

Source term in partial differential equation 

Right-hand side of PDE for box scheme, Eq. (35) 

Right-hand side of difference equation for box scheme, Eq. (36) 

Greek letters 

a 

a9 P 
Weight factor, see Eq. (25) 

Spatial coefficient in discretization error expansion for Richardson extrapolation 

or coefficients in differential Eq. (28) 

U f T )  Representation of difference equation 

A0 

A1 

A2 
At Time step 

Ax, Ay,  A z  

wn 1 
e 
Ki 

h 

5 
0 Step-size parameter = A ~ / A X ~  

T' 

Difference relation expansion for time derivative 

Difference relation expansion for first spatial derivative 

Difference relation expansion for second spatial derivative 

Cell size in x , y , and z coordinate directions 

Smallest cell size in mesh m 

Parameter used to  determine if time marching is explicit (8 = 0) or implicit (8 = 1 ) 

Spatial mesh ratio = Axi  + /Axi  

Parameter used in solution of difference equation, see Section 4.1 

Curvilinear coordinate, which is a function of x 

Local truncation error a t  time n and node location i 
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20 

21 

22 

9 

Local truncation error for time derivative 

Local truncation error for first spatial derivative 

Local truncation error for second spatial derivative 

Use to represent any dependent variable 

Other symbols 

%Eei 

%Er i  

Superscripts 

n Time index, t = nAt 

P 

Subscripts 

Solution percent error relative to the exact solution at  node i , see Eq. t 12) 

Solution percent error relative to  a reference value at  node i , see Eq. (13) 

n 

Order of leading term in discretization error expansion, Eq. (34) 

Average 

Mid-point location between i - 1 and i 

Mid-point location between i and i + 1 

Maximum value of grid indices 

Grid indices or node locations along x , y , and z coordinates 

Truncation error in cell d of PDE with F as the dependent variable 

Truncation error in cell e of PDE with F as the dependent variable 

Truncation error in cell d of PDE with Q as the dependent variable 

Truncation error in cell e of PDE with Q as the dependent variable 

Indicates a derivative with respect to t 

Indicates a derivative with respect to x 

11 



Executive Summary 

The verification and validation process is required to obtain confidence that a science and engi- 
neering simulation code is producing accurate numerical results. These processes are defined as: 

Verification: The process of determining that a model implementation accurately represents the 
developer’s conceptual description of the model and the solution to the model. 

Validation: The process of determining the degree to which a model is an accurate representation 
of the real world from the perspective of the intended uses of the model. 

The major efforts required for verification and validation of simulation codes and solutions are as 
follows: code verification, calculation verification, governing equation validation, and code model 
validation. These four efforts are defined and briefly described in the introduction. This report is 
concerned with part of the verification process where numerical solution error is evaluated with 
Richardson extrapolation which requires solutions on several refined meshes. The importance of 
mesh refinement studies on numerical solution verification and the potential impact on 
determining if the governing equations are mathematically well posed is also indicated. A literature 
review on papers concerned with evaluation of numerical accuracy is provided. This review covers 
the formulation of the governing equations in Cartesian coordinates, non-uniform Cartesian 
meshes, generalized curvilinear coordinates, and non-uniform and unstructured meshes. 

For structured meshes, the Richardson extrapolation method is demonstrated to be the most 
appropriate approach to estimate solution error. The Richardson extrapolation method requires a 
numerical scheme that is stable and consistent. The difference equation of a consistent numerical 
scheme accurately represents the partial differential equation as the mesh spatial sizes go to zero. 
In addition, Richardson extrapolation method is more effective if knowledge of the behavior of the 
discretization error is available. The local truncation error of the numerical difference equation is 
shown to be proportional to the discretization error for linear difference equations. As the local 
truncation error can be determined analytically for finite difference and control volume methods, 
its evaluation is a necessary part of the verification process. Procedures to determine the local and 
global solution errors are also given. Three simple examples are used to illustrate the errors for 
steady-state problems with uniform meshes. The examples have both exact solutions to the 
differential equations and the numerical difference equations. One example shows that the solution 
error relative to the exact solution goes to infinity at the location where the solution passes through 
zero even through the numerical solution is reasonably accurate. 

The effective use of Richardson extrapolation requires a series of refined meshes with co-located 
nodes at the coarser mesh nodes. For non-uniform meshes, the appropriate approach to refine the 
mesh is dependent on the numerical scheme that is being used. With some numerical schemes, a 
coarse to fine mesh approach is appropriate, whereas in other cases a fine to coarse approach is 
needed. Most problems require a non-uniform mesh to obtain sufficiently accurate results with a 
reasonable number of mesh cells. The order of numerical schemes can be adversely impacted by 
non-uniform meshes, especially if the mesh cell size varies too rapidly. The procedure to refine a 
mesh with a constant ratio of adjacent cell sizes K is described, and analytical results are presented 
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on the variation of K as the mesh is refined. Meshes with algebraic and exponential stretching are 
defined and illustrated. It is important to understand that non-uniform meshes become more 
uniform as the mesh is refined. 

The truncation error for a steady-state, one-dimensional problem with a non-uniform mesh with 
four forms of the governing equations and numerical schemes has been investigated. The form of 
the governing equation and the resulting local truncation errors in terms of the cell size h are: 

o Physical coordinates: T = C, ( K  - 1)h + O(h’) 
o Transformed coordinate approach: T = C,At’ + O(At4) 
o Box scheme: T~ = Ez(~h)’+ O [ ( K ~ ) ~ ]  
o Control volume method: T = E ~ ( K  - 1)h + O(h’) 

TF = C z ( K h ) ’ +  O[(Kh)4] 

The physical coordinate and control volume methods are first order on non-uniform meshes, 
whereas the transformed coordinate approach and box scheme are second order. Although two of 
these methods are formally first-order on non-uniform meshes, Ferziger and Peric concluded that 
numerical schemes are second-order asymptotically as the mesh is refined. This statement is 
clearly appropriate when the ratio of adjacent cell sizes K = 1 + h or the mesh stretching is 
algebraic with K near one. 

The Richardson extrapolation procedure for steady-state problems is described for multi-mesh 
refinement, for the de Vahl Davis approach, which determines the actual order of the numerical 
scheme in the code, and for multi-dimensional problems. Four examples are used to illustrate the 
Richardson extrapolation procedure. The examples are turbulent boundary layer flow, natural 
convective flow in a cavity, hypersonic flow over a blunt body, and transonic wing flow. The 
Richardson extrapolation procedure for transient problems is presented. The impact of both 
temporal and spatial mesh refinement on solution error is determined. An unsteady problem with 
an exact solution to the differential equation and an exact solution to the difference equation is used 
to illustrate the Richardson extrapolation procedure. Richardson extrapolation method is only 
applicable when the mesh is sufficiently refined such that higher order terms in the discretization 
error expansion can be neglected. The required solutions can be very computationally expensive. 

There are several items that have not been investigated and need further study: 
1. A capacity to obtain the local truncation error for new numerical schemes is required. A 

symbolic manipulation code, such as Mathematica, is needed to properly analyze the local 
truncation error for 2D and 3D difference schemes. 
The influence of non-uniform meshes on discretization error or solution accuracy of numerical 
schemes of current interest need to be evaluated. 

2. 

3. 

4. 

Investigate and develop a technique to determine the consistency of difference schemes with 
a numerical method rather than using the usual analytical evaluation of the truncation error. 
Determine how mesh refinement studies can be quantitatively used in the evaluation of the 
solution properties of the governing equations. Are the governing equations well conditioned 
with a unique solution? 
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1. Introduction 

1.1 Code & Calculation Verification and Equation & Model Validation 
Code verification is concerned with establishing that a code is accurately solving the 
governing equations that are being used to simulate a physical problem. There are many steps to 
ensure that the numerical solution technique is appropriate (stable and consistent), and the coding 
has been performed correctly; however, this work is concerned with the development of techniques 
to obtain the solution accuracy from mesh refinement studies. It is assumed that the initial steps of 
code verification have been completed before the code is used in the present solution accuracy 
studies. Also, it is assumed that the numerical scheme is consistent and will provide an accurate 
solution of the governing equations as the mesh is refined. The present investigation is concerned 
with local truncation error which has a direct impact on determining if a numerical scheme is 
consistent. The discretization error of the numerical solution is the issue being addressed in this 
work and is determined from mesh refinement studies. The present approach is to obtain the 
solution on three or more meshes and then use Richardson extrapolation [ 11, [ 2 ] ,  [3] to obtain a 
sufficiently accurate result that can be used to judge the accuracy or error of the numerical 
solutions. The application of Richardson extrapolation requires that the order of the numerical 
scheme is known. The order of the numerical scheme can be determined from mathematical 
analysis of the numerical method and its local truncation error or can be determined as part of the 
grid refinement studies. If the order of the numerical scheme is known, the solution error can be 
determined more effectively with fewer mesh solutions required. This is the value in knowing the 
behavior of the local truncation error. In addition, the behavior of the local truncation error as the 
mesh cell size goes to zero determines if the numerical solution approaches the solution of the 
partial differential equation or, in other words, determines if the numerical scheme is consistent. 

Calculation verification is concerned with determining the discretization error or solution 
accuracy with a verified code to ensure that the solution has the desired accuracy. The numerical 
accuracy of the solution from a simulation model must be determined as the first step after 
confidence has been established that the numerical solution technique is appropriate and the coding 
in the computer program is correct. This effort must be performed for each problem that is of a 
different class. When one has established the behavior and solution accuracy with a code for one 
type of problem, then additional mesh refinement studies on similar problems are probably un- 
necessary. 

Governing Equation validation is needed to demonstrate that a well-posed mathematical 
problem has been formulated, and a unique solution exists. 

Code model validation is required to establish the accuracy of the model used to simulate 
the physical problem being investigated. Verified solutions from a verified code are required for 
the evaluation of the models used in the code; verification must precede validation. The validation 
issue is not considered in this report. 

14 



Mesh refinement studies have significant value in the verification process for the following 
reasons: 

1. With numerical solutions obtained on several meshes, Richardson extrapolation can be 
used effectively to obtain an estimate of the local exact solution of the problem and 
then an estimate of the local solution error can be determined. 

2. The Richardson extrapolation procedure can also be used to obtain a more accurate so- 
lution than available from the finest mesh solution. The usual Richardson extrapolation 
method provides more accurate results only at the coarse or medium mesh point loca- 
tions. The improved results can be obtained at the fine mesh points with the Com- 
plete Richardson Extrapolation method developed by Roache and Knupp 
[4]. This improved accuracy is obtained with little additional cost. 

3. The numerical properties of the difference scheme can be evaluated to determine if the 
solution is consistent with the partial differential equation. The classic example of an 
inconsistent numerical scheme is the Du Fort and Frankel (1953) method, in reference 
[5 ] ,  of solving the unsteady diffusion equation. If the ratio of the time step to the spa- 
tial step-size is held constant as the mesh is refined, the difference equation is inconsis- 
tent with the original partial differential equation. A more recent example has been 
pointed out by Turkel [6] ,  [7] where the original difference scheme developed in refer- 
ence [SI becomes inconsistent for non-uniform meshes. Turkel then suggested a modi- 
fied numerical scheme that is consistent and more accurate on non-uniform meshes. 
Consistency of a numerical scheme has always been evaluated from truncation error 
analysis. A numerical approach to determine the consistency of a numerical scheme 
has not been used or developed. 

4. The mathematical properties of the governing equations can be investigated to see if 
the formulation is well conditioned. Numerical solutions on coarse meshes can have 
significant dissipation and appear to be well behaved, but as the mesh is refined the so- 
lutions can become unstable or not approach a unique solution, Two examples of this 
behavior are found in the Parabolized Navier-Stokes (PNS) model [9] and the Bald- 
win-Barth turbulence model [ lo], [ 111. The PNS model was used by Lubard and Helli- 
well (1978) to calculate viscous flow over a sharp cone and the solution procedure 
becomes unstable as the mesh is refined in the marching direction. A more rigorous 
analysis of the governing equation by Vigneron, Rakich and Tannehill (1978) deter- 
mined the appropriate formulation of the flow direction pressure gradient terms in the 
momentum equations. This model is stable and converges to a unique solution as the 
mesh is refined. According to Menter [lo], Rogers (1994) could not obtain grid inde- 
pendent solutions for airfoil flows with the Baldwin-Barth turbulence model using an 
incompressible Navier-Stokes code. With the Baldwin-Barth model, the properties of 
the solution at the interface between the turbulent and laminar flow regions appears to 
cause difficulties. There is no solution to the model equations at the shear layer edge 
interface. The problem was only identified by testing the model with a simple one-di- 
mensional analysis tool, rather than in a full Navier-Stokes code, as very fine mesh so- 
lutions where necessary. 
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This report is concerned with developing a capability to evaluate local truncation errors of finite 
difference and finite volume schemes analytically. In addition, the procedures for mesh refinement 
studies with Richardson extrapolation to evaluate numerical solution error is documented and 
investigated. In Chapter 2, the reason that Richardson extrapolation is used to estimate the exact 
solution is discussed. In Chapter 3, the discretization error and local truncation error are defined 
and how they are related is presented. Also local and global errors are defined. Three simple 
problems are presented to illustrate the issues discussed in this chapter. These examples are for 
steady-state solutions with a uniform mesh. In Chapter 4, the stretching used in non-uniform 
meshes is considered and this information is needed for the next chapter. Chapter 5 is concerned 
with determining the local truncation error on non-uniform meshes with four numerical schemes. 
Chapter 6 presents the Richardson extrapolation procedure for multi-mesh, for the de Vahl Davis 
extrapolation approach, and for multi-dimensional problems. Four benchmark numerical problems 
are used to illustrate these procedures for determining solution accuracy. Chapter 7 presents how 
to use Richardson extrapolation to determine the solution accuracy of transient problems. A simple 
problem with exact solutions to the governing equation and difference equation is used to illustrate 
how the solution accuracy can be determined from the numerical results. In Chapter 8, a summary 
of this study is given. This report covers the initial part of developing the desired capability of 
determining numerical solution accuracy. 

1.2 Review of Previous Work 

There have been many studies concerned with accuracy of numerical schemes and the evaluation 
of numerical accuracy of simulations. The literature reviewed is related to computational fluid 
dynamics. A book by Roache [ 121 provides a complete review of the verification and validation 
procedure for computational science and engineering codes and became available as this work was 
being completed. 

1.2.1 Uniform Cartesian Mesh 

Initially, Richardson extrapolation was used to obtain more accurate numerical results from several 
coarse grid solutions of boundary layer flows. This procedure was used by Cooke and Mangler [ 131 
with a Crank-Nicolson numerical scheme with a uniform mesh. The motivation for using 
Richardson extrapolation was the need to improve solution accuracy with a limited number of 
mesh points due to insufficient computer capabilities available at that time. The accuracy of the 
numerical solution of laminar boundary layer flows was estimated by Blottner [ 141 with the use of 
Richardson extrapolation. The flows were obtained on several meshes and then Richardson 
extrapolation was used to obtain a more accurate solution where the first term in the error 
expansion is retained. In this study, the extrapolated solution is assumed to be sufficiently close to 
the exact solution so that it can be used to judge the error of the numerical solutions. The natural 
convective flow in a square cavity has been solved by de Vahl Davis 11-51 on several meshes. The 
flow is governed by the Navier-Stokes equations and a central difference scheme was used. 
Richardson extrapolation was also used to obtain more accurate benchmark results and the error of 
the results have also been estimated. 
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1.2.2 Non-Uniform Cartesian Mesh 

Keller and Cebeci used the box scheme with a non-uniform mesh for solving laminar [ 161 and then 
turbulent boundary layer flow [17]. In this work, Richardson extrapolation is used to improve 
solution accuracy with results obtained on a coarse mesh that was refined several times. The natural 
convective flow in a square cavity has also been solved by Hortmann, Peric and Scheuerer [ 181. 
They have obtained more accurate results than previously obtained by de Vahl Davis. A cell 
centered control volume approach is used with both uniform and non-uniform meshes. The 
difference scheme is second order for the convective terms but only formally first-order for the 
diffusion terms. The mesh refinement studies indicated the scheme has second-order behavior. 
Turbulent flow over a backward facing-step problem with a non-uniform mesh has been 
investigated by Celik and Zhang [ 191 and Celik and Karatekin [20]. A commercial code was used 
and the method did not give monotonic spatial convergence for all of the variables in all regions of 
the solution domain. Richardson extrapolation could not be used for these cases. Also, mesh 
refinement studies discovered inappropriate application of turbulent boundary conditions at the 
wall. In the second paper, Richardson extrapolation method is modified to handle oscillatory 
spatial convergence. 

1.2.3 Generalized Curvilinear Coordinates 

There have been several Navier-Stokes codes developed with the governing equations written in 
curvilinear coordinates. With this approach, the physical space is transformed into the 
computational space where a uniform mesh is used. Therefore, the method is formally second- 
order when central differences are used. The truncation error for this approach has been addressed 
in Chapter V of the book by Thompson, Warsi, and Mastin [21]. They consider the order of these 
schemes as the number of points in the field increases with a fixed relative distribution of points, 
as the metric evaluation method changes, and as the non-uniform mesh spacing is varied to reduce 
solution error. A code with curvilinear coordinates has been used by Blottner [22] to solve the 
axisymmetric hypersonic flow over a blunt body where mesh refinement studies were performed. 
Properties of the numerical solution were evaluated with Richardson extrapolation method and 
solution errors were predicted. In this work, the mesh was refined with several approaches. For this 
two-dimensional problem, the mesh spacing in one coordinate direction was held fixed while the 
mesh spacing in the other direction was decreased by a factor of two. Then, this procedure was 
reversed for the other coordinate direction. In addition, the mesh spacing in both coordinate 
directions were simultaneously decreased by a factor of two. The transonic flow over two wings 
has been solved by Bonhaus and Wornom [23] with two compressible Navier-Stokes codes. This 
is a large three-dimensional problem which required significant computational effort and provides 
realistic simulation of flow conditions over an airplane wing. Four meshes were used for each wing 
solution but the mesh refinement approach resulted in insufficient information for the correct 
application of the Richardson extrapolation method. Also, it is not clear if both codes will produce 
the same numerical results as the mesh cell size approaches zero; however, the results from the two 
codes on the finest mesh are within a few percent. Zingg [24], [25] has performed a detailed 
investigation into the effects of grid clustering and refinement on the prediction of lift and drag of 
viscous airfoil flows obtained with a Navier-Stokes code. Richardson extrapolation is used to 
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obtain more accurate results and is used to estimate truncation error. The results provide useful 
guidelines for determining the levels of grid refinement and the outer boundary position required 
to achieve a given level of accuracy for a range of flow conditions. Hall and Zingg [26] use the 
solution accuracy predictions to develop a solution adaptive grid approach. Formulas for the local 
truncation error of convective terms in a curvilinear coordinate system have been obtained by Lee 
and Tsuei [27]. The truncation errors are a function of grid size, grid size ratio, angle between the 
grid lines, angle of velocity vector relative to the grid line, grid uniformity, and grid skewness. 

1.2.4 Non-Uniform and Unstructured Meshes 

For compressible flow problems, the aeronautics industry mainly uses finite volume methods for 
solving the governing equations numerically. The governing difference equation for a control 
volume cell is independent of whether the meshes are structured or unstructured. The origins of 
many of the present finite volume numerical techniques are related to two papers presented at the 
AIAA Fifth Computational Fluid Dynamics Conference in 1981. Ni [28] developed a 2D 
numerical scheme for quadrilateral cells where the dependent variables are located at the cell 
vertices. Jameson, Schmidt, and Turkel [8] developed a 2D numerical scheme for quadrilateral 
cells where the dependent variables are located at the cell centers. The accuracy of the Jameson, 
Schmidt, and Turkel scheme with quadrilateral cells was first investigated by Turkel [6]  in 1985 
and the numerical scheme was discovered to be inconsistent for non-uniform meshes. In addition, 
it is shown for many schemes that the accuracy of the space discretization for time dependent 
problems reduces to first order. Further work by Turkel, Yaniv, and Landau [7] have shown that a 
numerical scheme can be developed that has improved accuracy and at least first-order accuracy 
for general meshes. The accuracy of cell-vertex schemes with quadrilateral cells has been 
investigated by Roe 1291. A theoretical analysis of the local truncation error of these schemes has 
been performed. The results show that this approach obtained second-order accuracy on smooth 
meshes but the same accuracy cannot be obtained on arbitrary meshes. However, the cell-vertex 
scheme is more tolerant of non-uniform meshes than the cell centered scheme. Accuracy of the 
finite volume approach with triangular cells has been investigated by Giles [30] and Lindquist and 
Giles [3 I]. These authors concluded that triangular schemes perform as well as quadrilateral 
schemes, numerical dissipation influences the order of accuracy, and the solution error is second- 
order even though the local truncation error is first order. Morton and Paisley [32] investigated the 
cell centered and cell vertex finite volume formulations and determined that the cell vertex scheme 
is preferred because it is more accurate and has fewer spurious solution modes. Truncation error 
analysis for the finite volume method with the cell centered formulation for quadrilateral cells has 
been performed by Jeng and Chen [33]. They have considered a model steady convective equation 
with special attention given to the accuracy of the numerical approximation of the diffusion term 
on non-uniform meshes. The phase error of various finite difference schemes on regular triangular 
meshes has been determined by Zingg and Lomax [34]. An accuracy analysis of the finite volume 
method for triangular cells with the incompressible Navier-S tokes equations has been performed 
by Hwang [35].  This work showed that a numerical scheme that he developed and published in 
1995 is a conditionally consistent formulation which depends on the properties of the non-uniform 
mesh being used. 
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2. Determination of Solution Error 

One needs the exact solution to the problem to determine the solution discretization error, but the 
exact solution is not known except for a limited number of special cases. How accurate must the 
exact solution be known to obtain reasonable estimates of the numerical solution error? Insight into 
this issue will be addressed later. 

First, two approaches are considered to estimate the exact solution of problems that can be solved 
only with numerical schemes. These two approaches are 
1. Use a very fine mesh solution to determine accuracy of the more coarse mesh solutions. 

2. Obtain solutions on several meshes and use Richardson extrapolation to obtain a sufficiently 
accurate result so that it can be used to judge the accuracy of all of the numerical solutions. 

These two approaches are illustrated in Figure 2.1 with data that will be described later in Section 
6.3.1 and is given in Table 6.2 for six meshes. Each of the numerical solutions in Figure 2.1 is 
obtained on uniform meshes with different mesh refinements. In each mesh refinement, the cell 
size is reduced by a factor of 2 in each coordinate direction. The curve labeled “Bench Mark” uses 
two very fine mesh solutions (i.e., mesh 5 = 320 x 320 and mesh 6 = 640 x 640) on a non-uniform 
mesh and then uses Richardson extrapolation to obtain a very accurate estimate of the exact 
solution of the problem. This solution is used to determine the error of the four numerical solutions 
given in the figure and is considered to be an accurate prediction of the solution error. The curve 
labeled “Fine Mesh” uses the solution with mesh 5 as an estimate of the exact solution to determine 
the solution errors with the different meshes. This approach gives some error on the finer mesh 
solutions (Le., meshes 3 and 4). Also, the error of the finest mesh (i.e., mesh 5) solution can not be 
estimated with this approach. The curve labeled “Richardson” uses this method to extrapolate the 
solution from the solutions with the two finest meshes (Le., meshes 3 and 4) shown in the figure. 
With this approach, the error of all of the numerical solutions (i.e., meshes 1 to 4) can be estimated 
and the estimated solution error is close to the Bench Mark exact value. The use of a further refined 
mesh, as in the Fine Mesh curve, to estimate the solution error of the coarser mesh solutions will 
work but a more expensive fine mesh solution that requires a large amount of computer storage and 
time is necessary. In addition, the use of a refined mesh solution to evaluate the order of the 
numerical scheme requires a solution on a mesh where the cell size has been refined by a factor of 
perhaps four times smaller. Overall, the Richardson extrapolation approach is the more appropriate 
method to obtain an estimate of the exact solution as only the solutions on mesh 3 and 4 are 
required to obtain an accurate prediction of the solution error. 

In addition, a one mesh approach can be used with the adaptive mesh technique to estimate local 
solution error. This procedure obtains the solution on the mesh with two numerical schemes with 
different and known orders of accuracy. The higher-ordered scheme solution is used as the exact 
solution to estimate the solution error of the lower-ordered scheme. If a code with a higher-ordered 
scheme is available, then this scheme would most likely be the appropriate numerical method to 
use to obtained the desired solutions. The one mesh approach does not provide a technique to 
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determine the solution error of the higher-ordered scheme. Again, Richardson extrapolation 
approach is the most appropriate method to obtain an estimate of the exact solution with the higher- 
ordered scheme and to obtain an accurate prediction of the solution error. 

esh 1 

Mesh 4 

h 

Figure 2.1 Two Approaches to Estimate Discretization Solution Error 

3. Discretization Error for Richardson Extrapolation 

3.1 Discretization Error, Local Truncation Error, and Consistency 
The Richardson extrapolation procedure assumes that the exact solution f P  of the difference 
equation is related to the exact solution F ( t ,  x )  of the differential equation at time tn = nAt and 
location x i  = iAx with an expression of the form (for one-dimensional case) 

n P f n - F ( t n , x i )  = ei = ai(Ax)’ + ... +Ai (At )  + ... = Discretizationerror 

Morton [36] calls the above relation the global error. A stable and consistent numerical scheme 
is assumed in the development of Eq. (1). The justification for this type of expression for the 
discretization error is illustrated by considering the following partial differential equation (PDE): 
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The numerical solution of the PDE is approximated with an explicit difference approach with a 
uniform mesh spacing which gives the difference equation 

The amount by which the exact solution F ( t ,  x )  of the partial differential equation does not satisfy 
the difference equation at the point ( t n ,  xi) is called the local truncation error T: . For the 
present explicit difference scheme, the local truncation error becomes 

The truncation error of the individual derivatives in the PDE is initially evaluated with the exact 
solution determined from the following Taylor's series: 

FY+' = F;  +(E).,, + -[-I 1 a'F A t 2 +  ... 
at i 2 at* 

F;+, = Fi n + (::); - A x + -  l(3iF): - AX 2 + - -  1r3Fr  AX 3 + - -  l ( " ' F 1  A x  4 + ... 
2 a x 2  . 6 a x 3  24 ax4  

The difference relation and difference relation expansion of the time derivative are 

- Fn aF n + 1  n + l  

at i Aifn). 1 A, = (" At 

The local truncation error resulting from the difference approximation to the time derivative is T, . 
The difference relation and difference relation expansion of the second derivative are 
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A2 = 

The local truncation error resulting from the difference approximation to the spatial derivative is 
z2. The local truncation error of the difference equation for the partial differential Eq. ( 2 )  becomes: 

n 
n a 'F L(F;) = A ( F ; ) - T ;  = o zi = A o - A 2 - S ( x )  = - S ( x ) + z o - z 2  

(5) ax- 

In the above equation, it is assumed that the source term is evaluated exactly. At least for simple 
differential equations and difference equations, the local truncation error can be readily 
determined. The difference Eq. (3) has a local truncation error O ( A t )  + O ( A x 2 )  and this is 
referred to as a first-order accurate method in time and second-order accurate method in the spatial 
coordinate. The present numerical scheme is consistent since the local truncation error 
7: -+ 0 as At  3 0 and Ax + 0. In addition, the difference equation approaches the PDE as can 
be seen from Eq. (5). 

3.2 Relation Between Discretization and Local Truncation Errors 

For Richardson extrapolation, the discretization error must be evaluated. For a transient solution, 
the approach is addressed in Chapter 7. The present analysis is concerned with the steady-state 
solution of (2). For this case, the local truncation error of the PDE is obtained from Eq. (4) which 
gives 

The exact solution of the difference equation is obtained from Eq. (3) which gives 

a ( f i )  = ('i + 1 - 2 f i  + f i  - 1 +si = 0 
Ax2 

The discretization error equation is obtained by subtracting Eq. (6) from Eq. (7) 

(7) 

+zz = 0 
e i + l  - 2 e i + e i - 1  [ Ax2 
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If it is assumed that the boundary conditions are at x = +H or i = &I with the discretization 
error zero at these locations, the solution to Eq. (8) with constant truncation error ri = ‘I: is (see 
Boole [37] and Hildebrand [38], [39] for information on the analytical solution of difference 
equations) 

ei = A + B i  + C i 2  A = -C12 B = O  1 2  C = --AX ‘I: 2 (9) 

The results for A and B are obtained from the boundary conditions while the result for C is 
required to satisfy the difference equation. The above equation is rewritten as 

ei = 2 ‘ H 2 [  1 - (2)2]~~ xi = iAx H = IAx 

It is important to notice that the discretization error is proportional to the local 
truncation error, Using the truncation error as given in Eq. (6), the discretization error 
becomes 

ei = aiAx 2 + ... 4 

ax4  

For linear difference problems, the discretization difference equation in general becomes 

A(ei) = A(fi)-A(Fi) = - T ~  

The difference equation for ei  is the same as the numerical difference equation for fi except the 
local truncation error is added as a source term on the right hand side. For nonlinear difference 
problems, numerical results indicate that the local truncation error of the numerical scheme 
determines the behavior of the discretization error. 

3.3 Local and Global Errors 
It is usually desirable to write the solution error as a local percent error. The local percent 
error of the numerical solution relative to the local exact solution is defined as follows: 

2 % Eei = 100( f i -F , ) /Fi  = 100ei/Fi = 100[ai/Fi]Ax + 
The local percent error of the numerical solution relative to some representative solution value F, 
is defined as follows: 

% Eri = 100(fi - F i ) / F ,  = 100ei/F, = 100[ai/F,]Ax2 + ... 
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In order to measure the global solution percent error, the two errors above can be summed 
over all of the mesh points i using an L,  norm or least square as follows: 

The total number of mesh points used in the solution is I T .  

3.4 Illustration of Steady-State Errors with a Uniform Mesh 
The following examples show how the above errors can be determined for some simple one- 
dimensional problems. 

3.4.1 Example 1: Numerical Solution That Is Exact 

The foregoing analysis is evaluated for the steady-state form of the partial differential equation 
with the exact solution and boundary conditions indicated 

F = Fo[l  -(;TI F = 0 at x = +H 

The difference equation and boundary conditions become 

The solution of the difference equation is of-the form 

f i  = A+Bi+Ci2  A = -C12 B = O  
2 

C = -Fo($) 

and the difference solution becomes 

f i  = Fo[l  -(;) 2 ] 

The solution of the difference equation is the same as the exact solution for this problem. In 
addition, the discretization error and the local truncation error are zero for this problem. This is a 
excellent problem to determine if a numerical scheme is second-order on a uniform mesh. 
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3.4.2 Example 2: Constant Truncation Error Case 

The foregoing analysis is evaluated for the steady-state forrr . *. the partial differential equation 
with the exact solution and boundary conditions indicated 

The difference equation and boundary conditions becomes 

The solution of the difference equation is of the form 

f .  = A + B i + C i 2 + D i 3 + E i 4  A = -C12 - E14 B = O  1 

E = -F (Ax)4 OH C = -E D = O  

and the difference solution becomes 

The solution of the difference equation is the same as the exact solution plus a discretization error. 
In addition, the local truncation error from Eq. (5) is 

+... = 2-(--) Fo Ax 
H 2  

The above local truncation error is constant and approaches zero as Ax + 0 which shows that the 
numerical scheme is consistent. The discretization error can be determined from Eq. ( 1  1 )  which 
gives 

a. = -- 2 f i - F i  = ei = aiAx 1 

As expected, this result is the same as obtained from the difference solution given in Eq. (15) .  The 
local percent error of the numerical solution is obtained from Eq. (12)  and Eq. (13) with F ,  = F ,  
as follows: 
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% Eei = - 1 0 0 ( A ~ / H ) ~ [  1 - ( x ~ / H ) ~ ] ( F ~ / F ~ )  = -100(Ax/H)2/[ 1 + (x i /H)’]  

% Eri  = - 1 0 0 ( A ~ / H ) ~ [  1 - ( x ; / H ) ~ ]  

The upper half of the solution (0 I xi I H )  for this example is given in Table 3.1 for the case of 
step-size A x / H  = 0.2. The exact solution, discretization error, and percent errors are given at the 
mesh points in this table. The use of the exact solution to determine the error becomes 
indeterminate at xi = H and requires the use of the second form for an accurate evaluation. The 
global percent errors for this case are 

Ee = 3.112 % E r  = 2.785 % 

and are a reasonable indication of the solution accuracy. 

Table 3.1: Example 2 Results 

3.4.3 Example 3: Variable Truncation Error Case 

The foregoing analysis is evaluated for the steady-state form of the partial differential equation 
with the exact solution and boundary conditions indicated 

F = l a t x = H  3 5 - aF - --- d2F  20-3 x = 0 
F = (2) at ax* H F = - 1  a t ~ = - H  

The difference equation becomes 
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The solution of the difference equation is of the form 

f i  = A + Bi + Ci2 + Di3 + Ei4 + Fi5 

c = o  D = - ; ( A X / H ) ~  

and the difference solution becomes 

A = O  

E = O  

B = 5 s ( A x / H ) ~  

F = ( A x / H ) ~  

f i  = ( x i / H )  5 + e i  ei = - Z ( X , / H ) [ ( X , / H ) ~ -  ~ ] ( A x / H ) ~  3 

The local truncation error is obtained from Eq. (5) and varies with x 

n 
n Ax 2 +... = lo>(-) X .  Ax +... 

H 3  
The local truncation erior goes to zero as Ax + 0 and the numerical scheme is consistent. The 
discretization error difference equation is determined from Eq. (8) which gives 

The solution for the discretization error is 

2 ei = a i A x  

The local percent error of the numerical solution is obtained from Eq. (12) and Eq. (13) with 
F ,  = 1.0 

2 
% Eei = -lOO(;)(Ax/H) [ ( x i / H ) ’ -  ~ ] / ( x ~ / H ) ~  

2 
% Eri  = -lOO(;)(Ax/H) [ ( x ; / H ) ~ -  l ] ( x i / H )  

The upper half o f the  solution for this example is given in Table 3.2 for the case of step-size 
Ax/H = 0.2. The exact solution, discretization error, and percent errors are given at the mesh 
points in this table. The global percent errors for this case are 

Ee = Infinity 
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The use of the exact solution to obtain the local percent error for this case is inappropriate. The 
exact solution goes to zero at x = 0 with the local percent error going to infinity. The previous 
example and this example illustrate that when the exact solution is zero or near zero, the solution 
error % Eei can be very inaccurate or very large. The use of % Eri with a reference value of the 
solution (average solution value or maximum solution value) may be more appropriate for this 
situation. 

Table 3.2: Example 3 Results 

0.0 I 0.0 I Infinity 1 0.0 I O I O*O I 

4. Mesh Stretching 

Since numerical solution error is a function of the numerical scheme and the mesh employed, this 
section is included to give some background information on non-uniform meshes with different 
cell size variation. For non-uniform meshes, the local truncation error is a function of the cell size 
variation as will be illustrated in Section 5. In many cases, the local truncation error is proportional 
to ( K~ - 1 ) where K~ is defined in Eq. (17). 

A variety of methods have been used to vary the mesh spacing within the solution region. A 
commonly used method is to use a constant ratio of the mesh interval along a coordinate direction. 
The mesh increment or interval along the x coordinate is related to the mesh coordinates as 
follows: 

x i  is specified at i = 0, 1, 2, ..., I 
h .  = x . - x .  I 1 - 1  i = 1,2,  ..., I z 

The spatial mesh ratio is defined as ratio of adjacent mesh increments which is expressed as 

K~ = hi+ I / h i  i = 1,2,  ..., I -  1 

One approach is to keep the spatial mesh ratio constant while other approaches specify some 
variation of this ratio. 

28 



4.1 Constant Spatial Mesh Stretching 
When K~ = K, the mesh coordinates are determined from Eq. (16) and Eq. (17) which gives the 
difference relation 

X ~ + , - ( ~ + K ) X ~ + K X ~ - ~  = 0 

This mesh is related to the geometric progression series. The solution of this equation is of the form 

" 1  = ChL h * - ( l + ~ ) h + ~  = 0 and h = K or 1 

When the end points of the region and the spatial mesh ratio are specified, the location of the mesh 
nodes becomes 

i = 0,1,2 ,..., I 

When the first mesh increment and the spatial mesh ratio are specified, the location of the mesh 
nodes becomes 

1 xi = xo+ hl[-] K - 1  
K -  1 i = 0,1,2 ,..., I 

When the end points of the region and the first mesh increment are specified, the spatial mesh ratio 
must first be determined from the following relation in an iterative manner: 

This mesh stretching approach can be readily used to determine a series of refined meshes, m , 
which overlap or have co-located nodes. The spatial mesh ratio for a refined mesh is obtained from 

K ( m +  1 )  = JK(m) m = 0, 1, ..., M 
where the number of mesh cell is doubled with each refinement. 

4.2 Algebraic or Quasi-Uniform Mesh Stretching 
In the paper of Turkel [6] on the accuracy of numerical schemes with non-uniform meshes, the 
definition of algebraic and exponential mesh spacings are introduced. These definitions are used 
in determining the order of the local truncation error of difference schemes on non-uniform 
meshes. An algebraic mesh is defined with a spatial mesh ratio such that 

K~ = h i+ , /h i  = 1 +O(hp)  h = max(hi) i = 1,2,  ..., I -  1 
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The mesh spacing for this case is evaluated for xo  = 0 and x z  = 1 .  The value of stretching 
parameter is specified as 

K i  = 1 +hy  = K = Constant 

With this assumption, the algebraic mesh becomes the same as the constant spatial mesh stretching 
case of Section 4.1. The algebraic mesh defines a method to specify the value of K . The difference 
equation and solution for the mesh increment become 

i -  1 hi = K h ,  = 3ci-xi_] 

When the above difference equation is solved for the node locations, the result is given by Eq. 
(1 8). The sum of the mesh increments gives 

7 3  c h i  = h , ( l  + K + K - + K  + ... + K ' - ' )  = 1 
i = l  

The sum of a geometric series is known and is used to obtain 

Z hl(K - 1 )  = K - 1  = hy 

For the case with p = 1 and I = 10, the first and last increments are obtained from Eq. (20) 
and Eq. (21) 

hz = 1/( 1 +hZ)'-'  = 0.1974914 K = 1 +hz = 1.1974914 

h ,  = ( K -  l )hz  = h: = 0.03900285 hz /h l  = 5.06 

An iterative solution is required for the last increment h, . The mesh increments and node locations 
for this algebraic mesh spacing is given in Table 4.1. 

For the case with p = 2 and I = 10, the first and last increments are obtained from Eq. (20) 
and Eq. (21) 

Z I -  1 hz = ( K  - l ) / ~  = 0.1050064 
7 

K = 1 +hi  = 1.011026 
I h ,  = hI/KZ-I = h:/(K - 1 )  = 0.0951379 hz/hl  = 1.104 

An iterative solution is again required for the last increment hz . The mesh increments and node 
locations for this algebraic mesh spacing is given in Table 4.1. As p becomes larger, the mesh 
becomes more uniform as illustrated in this table. The stretching with p = 2 is insufficient for 
aerodynamic flow problems. 
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Table 4.1: Algebraic Meshes 

i 
p = l  K = 1.1974914 p = 2  K = 1.011026 

I I 

I hi I " i  I hi I 
0 

1 

0 0 

0.095 1 0.095 1 0.0390 0.0390 

2 

3 

4 

5 

I 6 I 0.0961 I 0.3849 I 0.1005 I 0.5868 I 

0.0467 0.0857 0.0962 0.1913 

0.0559 0.1416 0.0973 0.2886 

0.0670 0.2086 0.0983 0.3869 

0.0802 0.2888 0.0994 0.4863 

I 7 I 0.1150 I 0.4999 I 0.1016 I 0.6884 I 
8 

9 

10 

0.1377 0.6376 0.1027 0.79 1 1 

0.1039 0.8950 0.1649 0.8025 

0.1975 1 .oooo 0.1050 1 .oooo 

4.3 Exponential Mesh Stretching 
An exponential mesh is defined with a mesh spacing such that 

K ~ + , / u ~  = l + O ( h )  i = 1,2, ..., I - 2  

The mesh spacing for this case is evaluated for xo = 0 and x I  = 1 . The value of the spatial mesh 
ratio parameter is determined from 

K ~ +  I / ~ i  = 1 + h, = d = Constant 

The difference equation and solution for the spatial mesh ratio become 
i 

K i + l  -dKi = 0 ui = Cd i = 1,2, ..., I -  1 

The difference equation and solution for the mesh increment become 

i - 1  S. I - 1  S I  h i + , - C d L h i  = 0 hi = C d ' h ,  h, = C d h ,  
(23) 

where si = si-1 + i -  1 and s ,  = 0 i = 2,3, ...) I 
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The sum of the mesh increments gives 

I 
Chi = h l ( l + C d + C 2 d 3 + C 3 d 6 + C  4 d IO +...+ C I - 1  d S I  ) = 1 

i = l  

The series is rewritten as a relation for the last increment which gives 

For the case with I = 10 and C = 1 , the first and last increments are obtained from Eq. (23)  and 
Eq. (24)  

h, = I / (  1 + d-9 + 
h ,  = hz / (  1 + hITz = 2.965478 x 

+ d-24 + . ..) = 0.9980255 d = 1 + hz = 1.9980255 

13 
SI = 45 hz /h l  = 3 . 3 6 ~  10 

An iterative solution is required for the last increment hI . The mesh increments and node locations 
for this exponential mesh spacing is given in Table 4.2. This case appears to provide more 
stretching than is used in aerodynamic flow problems where usual mesh stretching requires 
hz /h l  = l o 3  to I O 6 .  

Table 4.2: Exponential Mesh 
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5. Local Truncation Error with Non-Uniform Meshes 

The local truncation error of the numerical difference scheme has been defined in Eq. (4). If the 
truncation error of each difference approximation used to replace derivatives is known, then the 
total truncation error of the numerical approximation can be evaluated. The difficulty of obtaining 
second-order numerical schemes on a non-uniform mesh is illustrated by considering first and 
second derivatives and a ordinary differential equation at the local node i. In the following 
sections, the notation is simplified with some of the variables at i being written without a subscript; 
for example, K = K ~ .  

5.1 Finite Difference Method in Physical Coordinates 
Two forms that are used to approximate the first derivative are as follows: 

hi+ = K h i  

1 
2 

T~ = -[a( 1 + K )  - l]F,,hi + ... 

If a = K / (  1 + K )  , then the approximation appears to be first-order as shown below 

1 1 2 2 3 
T~ = -F,,(K- 2 l)hi+-F,,,(K 6 - K +  l )hi  + O ( h i )  

If a = 1 /( 1 + K )  , then the approximation is second-order as shown below 

1 7 

71 = -FxxxKhL 6 + ... 

If the mesh is uniform with K = 1 , then both approximations are the same and second-order. In 
Eq. ( 2 5 ) ,  the first term in the truncation error goes to zero and the second term is of order hi2 for a 
uniform mesh. 
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The second derivative usually involves a parameter Z which is the fluid viscosity or the thermal 
conductivity of the material. The second derivative is approximated as follows with the notation 
given in the figure on the next page: 

f i  + I - f i  
p e (  Khi ) - Id (  -li - I)] 

2 

I ,  = ( I i + Z i - ] ) / 2  1, = ( l i +  1 + l i ) / 2  

The difference relation expansion and local truncation error for this difference expression is 

- 2  2 
Zz = E i ( K -  I ) h i + b i ( K  - K +  I)hi + .. a aF 

A2 = [ a ; E ( 1 x ) ] i + T 2  

With this analysis, the second derivative is second-order only if the mesh is uniform @e., K = 1 ) 
or the mesh varies such. that K = 1 + O(h) . 

The local truncation error of this method is best illustrated by the second-order differential 
equation with the indicated boundary conditions 

The difference equation for this differential equation is 

The local truncation error for this difference equation at xi  is 

2 1)h + ... 

The first term on the right hand side is the governing Eq. (28) and this term is zero. The leading 
term in the local truncation error is of order of the mesh size; therefore, the difference 
approximation to the governing Eq. (28) is first-order. The scheme is second-order only if the mesh 
is uniform (Le., K = 1 ) or the mesh varies such that K = 1 + O ( h )  . 
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5.2 Transformed Coordinate Approach 

A common approach to obtain a second-order numerical scheme is to use a uniform mesh but not 
in the physical coordinates x. This approach transforms the governing equations into a new 
coordinate system 5 where x = x ( 5 )  and the mesh spacing Ak is uniform. See references [21], 
[22], and [27] for more information on this subject. Also, it can be shown that the coordinate 
transformation approach can be equivalent to the finite volume approach. The relation between the 
two coordinates and the notation is illustrated below. The mesh points d = i - 1/2 and 
e = i + 1/2 are the mid-point locations for the 5 coordinate system. 

1 

X 

i- 
i 
3- 
L 

I 

i - 1  i i +  1 

The first derivative becomes 

5 
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The second derivative becomes 

The coordinate derivatives are approximated as 

The coordinate derivatives are used in the above to obtain the following difference relations for the 
derivatives, difference relation expansion, and the local truncation error: 

3 The evaluation of r22 has not been obtained as it requires extensive algebra with A& terms 
included in the expansion. The local truncation error for the ordinary differential Eq. (28) becomes 

The first term in the difference relation expansion is the transformed governing Eq. (28) which is 
equal to zero. This approach gives a second-order method without any restrictions on the mesh 
other than x5 f 0.  

The first derivative in Eq. (30) has the same difference approximation as Eq. (25)  while the second 
derivative in Eq. (30) has the same difference approximation as Eq. (26). In Eq. (30), the truncation 
errors are rewritten with 
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2 3 
Fg = xgFX Fgg = x g p x  + x p x ,  Fggg = X g g g F x  + 3xj"ggFxx + x p x x x  

The local truncation error for the first and second derivatives become 

T* = O ( A k 2 )  

When the coordinate derivatives are written in difference form as 

xtg = ( X ~ + ~ - - ~ X ~ + X ~ - ~ ) / A {  2 = [ ( K -  l ) h i ] / A 5  2 

then the truncation error for the first derivative in Eq. ( 2 5 )  and Eq. ( 3 2 )  is the same and the error is 
order of A5 . The truncation error of the second derivative in the physical coordinates [see Eq. 
(29)] is of order ( K - 1 )h  and this term can be written as 

2 

2 This shows that the truncation error T~ is order of A t  . The transformed coordinate approach gives 
also a useful procedure to express the local discretization error. With a variable mesh spacing hi ,  
Eq. (1) becomes with the use of Eq. ( 3 3 )  the following: 

ei = f i - F i  = ai(hi)'+ ... = Ei(Ak)'+ ... i = 0, ..., I A t  = I-' (34) 

If the number of mesh cells or control volumes I is specified, then the transformed mesh size A t  
is known and the Richardson extrapolation procedure for a uniform mesh can be readily applied to 
the non-uniform mesh case. With the transformed coordinate approach, the mesh should be refined 
such that the variable spacing function x ( 5 )  is used to determine the physical mesh spacing. 

5.3 Box Scheme Method 
The local truncation error of this method is best illustrated by the second-order differential Eq. 
(28), which is written as the two first-order differential equations 
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The above governing equations are written as difference equations with the mid-point scheme. The 
notation is illustrated below with d and e at the mid-point location of the cells. 

i- 1 i 
d 

i+ 1 
e 

The difference relation for cell e becomes 

f i + ~  + f i  f i +  I - f i  
w e =  a( 2 )+'( K h  ) 

The truncation error for the above relations has been evaluated with a Taylor series expansion of 
the dependent variables about the mid-point location which gives ( c p  is either of the dependent 
variables) 

( P i + ] -  

The truncation errors for the two equations become 

Similar difference equations can be written for ceZZ d and are 
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The truncation errors in cell d are 

The dependent variables can be solved from the difference equations given by Eq. (36)  and Eq. 
(38).  If i = 1, 2, . .., I ,  then the unknown dependent variables are 

This gives 2 ( I  - 1)  unknowns where f l  and f r  are known from the boundary conditions. There 
are 2 ( I -  1) difference equations for the ( I  - 1) mesh cells. The number of difference equations 
matches the number of unknowns and the linear difference equations can be readily solved. This 
scheme has a local truncation error of order h2 and the method is second-order for  any mesh 
spacing. The mesh refinement for  this approach takes the coarse mesh and divides each of the basic 
mesh cells into a uniform number of cells. For example, the first refinement would have 2 cells of 
equal size within each basic mesh cell and the next refinement would have 4 cells of equal size 
within each basic mesh cell. 

How is this approach related to the previous methods? The two difference relations given in Eq. 
(37) for cell e are combined with Qi + eliminated and this gives a difference equation with the 
indicated local truncation error 

F i + , - F .  
le  ( K h  L ) - Q ~  = ( F ) w ~ + A ~  i = 1,2,  ..., I -  1 

Ae = A ~ ~ + ( ? ) A ~ ,  = [ I F , - Q + ( $ ) ( Q , - w ) ]  + r e  
e 
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The leading term in the local truncation error results from the derivative term which is related to 
the second derivative in the original equation. The two difference relations given in Eq. (39) for 
cell d are combined with Qi - eliminated and this gives a difference equation with the indicated 
local truncation error 

The addition of the above two equations eliminates Qi and gives a difference equation only 
involving the dependent variable Fi which is 

The difference relation expansion and the local truncation error of the difference Eq. (40) are 

A = A , - A d  = p F x - Q + ( T ) ( Q x - W ) ]  K h  - p F x - Q - ( k ) ( Q x - W ) ]  +r 
e d 

or expanding the e and d terms about the i location gives 

A = A , - A d  = [ I F , - Q + ( ? ) ( Q , - W ) ]  - [ I F , - Q - ( ; ) ( Q , - W ) ]  d +?: 
e 

?: = ,--,[IFxxx 1 - 3 ( l F x ) x x ] i ( ~ 2  - l)h2 + O ( h 3 )  

The local truncation error appears to be second-order with an arbitrary mesh spacing with the 
formulation as given in Eq. (40). 

Eq. (40) is rewritten in a form consistent with the governing equation Eq. (28) which gives the new 
difference equation 
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The leading term in the local truncation error results from the second derivative and the local 
truncation error for Eq. (41) becomes 

- - 1  A = - a F -  PF,] + T T = ~ [ Z F x x x - 3 ( Z F  x ) x x  ] i ( IC-  1)h + O ( h 2 )  (42) 

Comparison of the above with the local truncation error for the physical coordinate case as given 
in Eq. (29) shows that the same terms appear but there are some differences. In addition, the local 
truncation error for both methods appears to be first-order for a non-uniform mesh. However, if the 
box scheme is written as Eq. (40), the method is second-order in this form. 

5.4 Control Volume Method 
The governing Eq. (28) is written in integral form as 

aF E d A +  a F d V =  0 E = PF-I- = Flux ax 
Surface Volume 

The notation and control volume for this case is illustrated below: 

I I I 

I I 
a a - 

I X 

I e 
I 
i I I i - 1  d 

i - 1 / 2  i +  1 / 2  

I 
i + l  

The control volume around the node i goes from i - 1 / 2  = d to i + 1 /2  = e . The surfaces of 
the control volume are at the mid-points between the nodes. The area of these surfaces is A .  The 
control volume round the node i is divided into the two subcontrol volumes which go from d to 
i and i to e .  This formulation approach allows boundary conditions to be more readily applied. 
The integral equation for the subcontrol volume from d to i is approximated as 
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and the difference equation for the subcontrol volume becomes 

h 
2 - - I x I O  

The local truncation error for this difference equation is obtained with a Taylor's series expansion 
about the point i and becomes 

*d - = ( Z F , - P F ) + T ~  
A ~d = [-(lF,),+crF+PF h ] - + - a h  1 -  2 - -bh  1-  3 +... , 2  2 2 

The coefficients in this expansion are 

- 
(43) 

1 1 - 1  1 
4 2 xx 8 6 

where the coefficient ?i and b are defined in Eq. (27). The first term in the above local truncation 
error expansion is zero as this is the governing differential Eq. (28). 

The integral equation for the subcontrol volume from i to e is approximated as 

b = b --aF,, - -PF,,, 2 = E--aF,--PF 

K h  O S x I -  2 

and the difference equation for the subcontrol volume becomes 

- i e ( f i + i h - f i ) ~ + a (  3 f i  + f i +  1 + f i + 1  
) ( y ) + p ( f i  )A-EiA = 0 

The local truncation error for this difference equation is obtained with a Taylor's series expansion 
about the point i and becomes 

- _  - (-IFx + PF) + Te ' e  
A 

K h  1 -  3 1 -  3 

2 2  2 T, = [- (IF,), + a F +  PF,]- - - U ( K h ) - -  - b ( ~ h )  + ... 

The difference equation for the complete control volume around the mode i is scaled by the 
volume of the control volume A( 1 + K ) h / 2  which gives 
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f i +  I - f i  f i - f i - 1  
A ( f i )  = (1 +2K)h[l.( Kh )-ld( h )] 

This scaling is required to obtain the correct local truncation error of the difference approximation. 
Comparison of the control volume scheme with Eq. (41) shows that the diffusion (second- 
derivative) terms and the convective (first derivative) terms are the same. The source terms use 
different weighting of the three mode values. The local truncation error for the difference equation 
for the complete control volume is 

= [ (ZF,)+ - aF - PF,] + z 2(Ad + A e )  I A ( F i )  = - A( 1 + K)h ! 
i - 2  2 

7 = & ( K -  l ) h  + b ( K  - K +  I )h  + ... 
The first term in the difference relation expansion is the differential Eq. (28)  which is zero. The 
truncation error is second-order for a uniform mesh and variable meshes with K = 1 + O(h) . A 
comparison of this truncation error with Eq. (42) shows that both are of the same order but have 
different coefficients. The coefficients in the above equation are given in Eq. (43). 

5.5 Ferziger and Perk Approach 
The authors Ferziger and Peric [40] have pointed out that a good numerical method makes the local 
truncation error approximately constant over the solution domain and this requires a non-uniform 
mesh. They investigated the local truncation error of the first derivative approximated with a 
central difference scheme. The mesh is defined as 

h i + ]  = K(m)hi 

The difference approximation, difference relation expansion, and local truncation error become 
[see Eq. (25)]  

1 1 7 
T I  = 2 -F& - 1 )hi + 6 - F x x x ( ~ 2 -  K + 1 )hi 

2 If the truncation error mesh coefficient I K  - 11 hi = hi , then the difference approximation is 
second-order; otherwise, the scheme is first-order. Ferziger and Peric investigated the behavior of 
the above difference approximation as the mesh is refined with the following two approaches given 
in Sections 5.5.1 and 5.5.2. 
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5.5.1 Add Nodes Between Coarse Nodes - Coarse to Fine Mesh Approach 

This mesh refinement approach is used with the Box Scheme Method (see section 5.3). In this 
approach after several mesh refinements, the mesh is uniform everywhere except at the original 
coarse mesh points. The authors indicate that global error decreases just a bit more slowly than in 
a true second-order scheme. No definitive results are presented to justify this conclusion. However, 
results for this type of mesh refinement has been investigated by Blottner [4 11 and results obtained 
for boundary layer flows indicate second-order behavior. 

5.5.2 Insert Nodes to Maintain Constant Spatial Mesh Ratio - Fine to 
Coarse Mesh Approach 

With this approach, the mesh stretching parameter K(m) is constant for a mesh m but will vary as 
the mesh is refined. In Chapter 4 on Mesh Stretching, it is shown in Eq. (19) that the mesh 
refinement parameter varies as 

m = 0, 1, 2 ,  

where ~ ( 0 )  is the coarsest mesh. The mesh spacing for an arbitrary point i for 4 meshes and with 
~ ( 3 )  = 1.1 is illustrated below. This mesh has co-located nodes at the coarse node locations. The 
value of i, used in the following relations is the i node location for the mesh m with 
i ,  = 0, 1, ..., I,. 

Mesh 
0 

2 

3 

Cells 
2 

4 

8 

16 

i - a  i 
b Nodes 
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On the finest mesh m = 3 ,  the stretching parameter is specified as K(3) = K > 1 . Then the 
stretching parameter for the other meshes is determined from Eq. (19) and is given in Table 5.1. 
For mesh m , the smallest cell occurs at i, = 1 or 6, = h ,  . If 6, = h , the size of the smallest 
cell for each of the meshes is given in Table 5.1. The cell size h i  is obtained from Eq. (1 8) which 
gives m 

him = 6,[K(m)Iim-* i, = 0, 1, ..., I ,  

6, = x1 - x o  = (xz-XO)[K(m)-  13/[K(m)zm- 11 

The truncation error mesh coeflicient I~(rn) - 1 I h i  
ble 5.1. 

is readily determined and is tabulated in Ta- 
m 

Table 5.1: Truncation Error Mesh Coefficient with Non-Uniform Mesh 

The foregoing mesh refinement is illustrated at one node location i, for the following conditions: 

xo = 0 xz = 1 Onmesh3: I ,  = 80 K(3) = 1.1 i, = 40 
(45) On all 4 meshes: I ,  = 10,20,40, 80 i, = 5,10,20,40 m = 0, 1,2, 3 

The results for this example are given in Table 5.2 for the four meshes. At each mesh refinement, 
the number of mesh cell doubles. The cell size is decreasing roughly by a factor of 2 as the mesh 
is refined. The truncation error mesh coefficient I K ( ~ )  - 1 I h i  is decreasing roughly by a factor 
of 4 as the mesh is refined. In the last column of the table, the trkcation error mesh coefficient has 
been normalized to one for the finest mesh. The parameter Q 2  is the expected variation of the 
normalized truncation error mesh coefficient for second-order behavior. The normalized 
truncation error mesh coefficient should be one for a second-order behavior. The example shows 
that even with a large variation of the cell size (approximately factor of two), the non-uniform mesh 
has a small impact on the second-order behavior of the local truncation error when K G constant. 
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Table 5.2: Example of Truncation Error Mesh Coefficient 

2 1.21 20 40 2 3.836530~10-~ 8.05 7 x lod4 1.0023 

3 1.1 40 80 1 2 .009611~10-~  ~ . O I O X ~ O - ~  1 .oooo 

As pointed out by Ferziger and Peric, as the mesh is refined, the stretching parameter K +j 1 and 
convergence becomes second-order asymptotically. Ferziger and Peric state, “Although central 
difference schemes become formally first-order-accurate on non-uniform grids, the error is 
reduced in nearly a second-order manner as the grid is refined.” Turbulent boundary layer results 
have been obtained by Blottner [42], [43] with a variable grid scheme on non-uniform meshes and 
the results indicate second-order behavior. 

5.6 Paradox of Truncation Error with Non-Uniform Meshes 
From a formal analysis of the Transformed Coordinate Approach and the Box Scheme Method, the 
leading term in the expansion for the local truncation error can be shown to be second-order. The 
local truncation error is proportional to the transformed cell size squared or is proportional to the 
inverse of the total number of cells squared. For the difference form of the partial differential 
equation in physical coordinates and the Control Volume Method, the local truncation error is 
formally first-order. Yet from evaluation of numerical results, all of the methods show second- 
order behavior if appropriate difference approximations and meshes are employed. It appears that 
the degradation of a second-order scheme to first-order on non-uniform meshes for the one- 
dimensional case is not very significant for meshes with reasonable cell size variation. More work 
is needed to determine how much larger than K = 1 + O ( h )  can be tolerated without changing 
the order of the scheme. 
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6. Richardson Extrapolation Procedure and Examples 
for Steady-State Problems 

6.1 Extrapolation with Multi-Mesh Refinement 
The solution of the governing equations should be obtained on a series of meshes to be sure that 
the errors are sufficiently small and the higher order truncations can be neglected in the Richardson 
extrapolation relations. In addition, the discretization error of the extrapolated result can be 
decreased by using several extrapolations. This procedure is illustrated for the case of the solution 
on 3 meshes, but can be used on a larger series of refined meshes. The following development 
assumes a one-dimensional problem or a multi-dimensional problem where the mesh is refined in 
all directions by the same factor. The computational result f , is related to the exact solution F,  
plus a discretization error. The discretization error for central difference schemes on uniform 
meshes has the following expansion in terms of the spatial step-size h, on the mesh m : 

(46) 
2 4 f, = F,+Error Error = ah, + ph, + ... m = 0, 1 , 2  

The numerical scheme is second-order as the first term in the error expansion involves the step- 
size squared. The second term in the expansion is fourth-order. The behavior of the discretization 
error for the difference scheme being used is needed and the impact of non-uniform mesh spacing 
on the truncation error is important. The 0 mesh has the largest spatial step-size and the step-size 
decreases as the value of m increases. The above relation is evaluated for the 0 and 1 meshes 
which gives the known numerical solution values as a function of the unknowns F,, a, and p 

2 4 2 4 f o  = F,+aho+pho+ ... f l  = F , + a h l + p h , +  ... 

These two relations are combined to obtain the Richardson extrapolation value, f o ,  , from the 
numerical solutions with meshes 0 and 1 

= F, - phih: + O ( h 6 )  h i f  1 - h:fo 
f 0 , l  = 

hi-h: 

A similar relation is determined for meshes 1 and 2 which gives 

(47) 

f 1 , 2  = = F ,  - phyh?; + O ( h 8 )  
ht - h?; 

From solutions on two meshes, the Richardson extrapolation value gives an estimate of the exact 
solution if the fourth and higher-order terms are neglected. This is expressed as 
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Eq. (47) and Eq. (48) are combined to obtain an improved Richardson extrapolation value where 
six-order terms are neglected 

6.1.1 Example 4: Turbulent Boundary Layer Flow 

The procedure is illustrated with results obtained by Keller and Cebeci [ 171 where the box scheme 
has been used to solve a turbulent boundary layer flow problem. The flow solution has been 
obtained with 3 meshes with the number of mesh points in the flow direction held constant and the 
grid refined across the layer. In addition, a fine mesh solution has been obtained and this result is 
close to the exact result. From these solutions, the skin friction f = cf at Re,  = 1.88 x lo7 is 
tabulated in Table 6.1. The extrapolated skin friction results from solutions on two meshes are 
obtained from Eq. (49) which give 

f o ,  , = 3.2536 x f l , *  = 3 . 2 3 3 0 ~  

Using these results, an improved extrapolated result is obtained from Eq. (50) for the skin friction 

f o ,  1 , 2  = 3 . 2 3 0 4 ~  

The Richardson extrapolated results and the fine mesh result have been used to estimate the 
accuracy or percent error of the skin friction which is defined as 

% Error = 100 x (f ,  - F, ) /Fe  on mesh m (53) 

The fine mesh solution is believed to provide a result that is close to the exact solution. The error 
results are given in Table 6.1 where it can be seen that a reasonable estimate of the skin friction 
error can be obtained with the use of either of the extrapolated results. This illustrates that 
Richardson extrapolation can be used to obtain a reasonable estimate of the numerical solution 
error. 
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Table 6.1: Skin Friction for nrbulent Boundary Layer 

I Finegrid I 18x231  I 1/230 I 3.2272 I I I I 
The value of the exact solution and the coefficients in the quadratic relation Eq. (46) are determined 
from three numerical solutions with different mesh sizes. The result for the value of the exact 
solution is the same as given by Eq. (50) and this is expressed as 

The coefficients in the quadratic relation Eq. (46) have the following values: 

= 52.24 x 

P =  .([v2]-[-]] f l  - f 2  = - 9 2 9 . 4 ~  
h i -h ,  h,-h, h , -h ,  

(55) 

With the result in Eq. (52) used as the exact solution and the coefficients in Eq. (55)  and Eq. (56), 
the expected variation of the numerical solution or the solution error with different mesh sizes is 
determined. This solution error is represented as the curve labeled “1st and 2nd terms” in Figure 
6.1. The line labeled slope = 2 is the linear part of Eq. (46). All of the ways to estimate the errors 
of the three numerical solutions give reasonable values for the numerical errors. It should be 
pointed out that the percent error for two finest meshes will fall on the slope = 2 line with 
Richardson extrapolation method with one term in the expansion. Therefore, the coarsest mesh 
result shows the real deviation from slope = 2. 
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Figure 6.1: Error in Boundary Layer Skin Friction at Re,  = 1.88 X lo7. 

6.2 de Vahl Davis Approach for Extrapolated Solutions 
If the order of the solution scheme is not known, de Vahl Davis [15] determined the value of the 
discretization error order from the results on three different meshes that have the mesh points co- 
located at the coarse mesh point locations. With this approach the numerical solution is related to 
the exact solution and the discretization error by the relation 

f, = F,+cthg+ ... m = 0, 1,2 (57) 

From the three numerical solutions, the order of accuracy of the numerical scheme, p , as the mesh 
cell size goes to zero is obtained from 

f o - f ,  
f l  - f *  

h0 

hl 
ro = - hl 

h2 
r l  = - 
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For the special case of r = ro = r l  , the above becomes 

p = 

p = In[-]/lnr f o - f l  

f l  - f 2  

(In[-] f o - f l  - l n [ y ] } / l n r l  rg+ 1 
f 2 - f 1  r l  + 1  

The estimated exact solution and the coefficient in Eq. (57) become 

(59) 

For the skin friction results given in Table 6.1, the order of accuracy of the numerical scheme is 
obtained from Eq. (58) with an iterative solution of the equation 

p = lni[&][i;.7;li”.” - 1  f o - f l  = 1.689509 

The estimated exact solution and the coefficient become 

Fe = 3.218285 x a = 21.60492 x loe3 

The expected error for various mesh spacing with the de Vahl Davis approach is given in Figure 
6.1. This approach will improve when the three meshes have been refined further. However, the 
present result is not accurate in estimating the solution error when the mesh sizes are very small. 
One should use four levels of mesh refinement to ascertain that the asymptotic order of accuracy 
of the numerical scheme has been obtained. 

In the work of Celik and Karatekin [20], the above equation for p is modified by taking the 
absolute value of the right hand side. This is necessary in order to ensure extrapolation toward 
decreasing step-size. For oscillatory convergence, the coarse and fine mesh solutions are given by 
Eq. (57) and the medium mesh solution is written as 

f l  = F , - a h f +  ... 

The resulting equation for p becomes 

When the calculated value of p is unrealistic, the value of p is bounded within its theoretical 
limits. This approach is used to avoid unreasonable extrapolated solution values and solution error 
estimates. 
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6.3 Multi-Dimensional Problems 

6.3.1 Same Mesh Refinement in All Coordinate Directions 

The appropriate Richardson extrapolation relation to use for a three-dimensional problem with a 
second-order numerical scheme is the following: 

(62) 

In the use of this relation, it is assumed that the spatial step-sizes are sufficiently small such that 
the higher order terms can be neglected. The mesh is refined in each coordinate direction by the 

2 2 2 f, = F, + a A x ,  + b A y ,  + c A z ,  + .,. m = 0, 1, ..., M 

mesh refinement ratio r as follows: 

A x ,  = r A x , + *  

In the above, if the mesh step-size 
numerical solutions can be written as 

2 f ,  = F,+ah ,  

2 
f m + i  = Fe+ahm+ 

AYm = rAYm+ 1 A z ,  = r A z ,  + (63) 

in each coordinate direction is halved, then r = 2 .  The 

2 2 2 ah: = a A x ,  + b A y ,  + c A z ,  

= h,/r 1 2  
1 = F,+-ah, r2 hm.1 

The relations in Eq. (64) are the same form as Eq. (46) and the extrapolation relations given in Eq. 
(49) and Eq. (50) can be used. 

6.3.2 Example 5: Natural Convective Flow in a Cavity 

This grid refinement approach is illustrated with the results obtained by Hortmann, Peric and 
Scheuerer [18] for the natural convective flow in a cavity. The solution results for the Nusselt 
number for the heat flux across the cavity for a Rayleigh number of lo6 is given in Table 6.2. A 
uniform mesh is used for this solution. Additional solutions for this case with a non-uniform mesh 
have been obtained with a finer mesh (640 x 640). A very accurate value of the Nusselt number 
has been obtained from the two finest mesh results with Richardson extrapolation which gives 

This solution is considered exact to the number of decimal places presented and can be used to 
accurately evaluate the error of the numerical solutions given in the table. It is assumed that the 
solutions are only available from meshes 1, 2 ,  and 3. If only the first term in the expansion is 
retained in Eq. (46), then this equation and its error become 

2 f ,  = F , + a h ,  m = 2 , 3  
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The Richardson extrapolated exact solution with the first temz expansion is determined from 

F,  = f 3  + [ T 2 ] ( f 3  h: - f 2 )  = 8.829030 
h2 - h3 

The coefficient is obtained from 

f 2 - f 3  a = - = 948.224 

The percent error of each mesh solution from Eq. (66) is given in Table 6.2 as the first term result. 

Table 6.2: Nusselt Number for Heat Flux Across Cavity with Uniform Mesh 
~~ 

Mesh Mesh - % Error % Error 
m Cells h m  'e 1st Term 

F, = NU 
I I I I I 

0 1  l o x  10 I 0.1000 I 8.46097 I -4.126 I 107.4 

I 1 I 2 0 x 2 0  I 0.0500 I 10.5976 I 20.085 I 26.85 

2 4 0 x 4 0  0.0250 9.42 167 6.760 6.712 

3 8 0 x 8 0  0.0125 8.97719 1.723 1.678 

I 4 1 160 x 1601 0.00625 I 8.86302 I 0.4293 I 0.4195 
I I I I I 

5 320x320 0.003125 8.83459 0.1074 0.1049 

% Error % Error 
1st + 2nd de Vahl 

Terms Davis 

-41.36 57.44 

18.80 21.71 

6.520 8.207 

0.4431 I 1.173 I 
0.1 112 0.4432 

When the first and second terms in the error expansion are retained, the Richardson extrapolated 
exact solution and coefficients in Eq. (46) are obtained from Eq. (54), Eq. ( 5 9 ,  and Eq. (56) using 
the same 3 meshes. The results for thefirst and second rem expansion are 

F,  = 8.815652 a = 1055.244 p = -1 .369862~ lo5 

The predicted error from Eq. (46) is given in the table as the first plus second term result. 

The approach of de Vahl Davis has been used with the same 3 meshes to determine the Richard- 
son extrapolated exact solution, coefficient, and p in Eq. (57) with the use of Eq. (59) and Eq. 
(60). These parameters become 

p = 1.4036 F ,  = 8.707089 a = 126.68 
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The percent error for this case becomes 

% Error = (T)hL 1 OOa 

and is tabulated in the table as the de Vahl Davis result. The error predictions for the four cases are 
given in Figure 6.2. The de Vahl Davis approach gives poor estimate of the solution error when the 
mesh size is small while all of the other methods give a reasonable estimate. All of the methods 
approach the same error estimate as the mesh is refined. When the mesh is coarse, only the error 
estimated with the first and second terms included gives the correct behavior. See the coarse mesh 
solution in the above Table 6.2 where the error is negative for this mesh. 

8 , , , , , , , I  I I I , / I ,  

1 o.2 10" 1 oo lO;Z~.. ' I l t l t l l  

h 

Figure 6.2: Error of Nusselt Number for Cavity Problem at Ra = lo6 

6.3.3 Mesh Refinement in One Coordinate Direction 

To obtain more information about the solution error, it is necessary to refine the mesh in one 
coordinate direction at a time. The mesh step-size in each coordinate direction should be of a size 
that results in solution errors of the same magnitude for each coordinate direction. The mesh can 
be refined from the coarse mesh where I = m = n = 0 to the fine mesh where Z = L ,  
m = M ,  and n = N .  In the present approach, only one of the grid indices of Z, m, n is varied 
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while the other two are held fixed. The previous numerical solution expansion Eq. (62) is now 
extended. The numerical solution, exact solution, and discretization error for a three-dimensional 
problem can be expressed as 

2 2 2 
f = F ,  + aAxl + bAy, + cAz, + . . . 

where the first term in the discretization error expansion has been retained. The subscripts I, m, n 
are used to indicate the mesh refinement being used in each coordinate direction. The numerical 
solution relations for mesh refinement in the x coordinate direction, y coordinate direction and z 
coordinate direction are the following: 

f l M N  = F,+aAxl 2 +AMN+ ... 

f L M n  = F,+cAz,+CLM+ 2 ... 

2 f L m N  = F,  + bAy, + B L N  + ... 

2 2 A M ,  = bAYM++AZN 
B L N  = aAxL 2 + CAZN 2 

2 2 CLM = aAxL + bAyM 

I = 0, 1, ..., L 

m = 0, 1, ..., M 

n = 0, 1, ..., N 

In the above relations, when the mesh is being refined in one coordinate direction, the mesh spacing 
in the other two directions is the finest mesh spacing. This is the best approach to use, but is 
computational very expensive. When the solution is obtained on two meshes in each coordinate 
direction, then Eq. (67) is used to obtain the value of the expansion coefficients as follows: 

In the above relations, the fine mesh solution is always used as one of the two solutions. The 
Richardson extrapolation solution relations for this approach become 

For example, as the mesh is refined in the x coordinate direction, the Richardson extrapolated 
solution always has an error of AM, but it can be used to determine solution errors for this one 

55 



. coordinate mesh refinement. This Richardson extrapolated result only indicates what value the 
solution is approaching as Ax + 0 with Ay and Az held constant. The Richardson extrapolated 
solution for an improved estimation of the numerical solution as all of the spatial step-sizes go to 
zero is obtained from 

6.3.4 Example 6: Hypersonic Flow Over a Blunt Body 

An example of this type of study for a two-dimensional problem is given in Table 6.3. These results 
are from Blottner [22] for Navier-Stokes equation results for the hypersonic flow over a spherical 
body. The governing equations are written in generalized coordinates before the numerical scheme 
is applied. Three mesh refinements in each coordinate direction were performed in this paper. The 
numerical results of surface heat flux at 90" from the stagnation point is tabulated for each mesh. 
The error of the heat flux is the quantity to be evaluated with Richardson extrapolation. The first 
extrapolated results are obtained with mesh refinement in the x direction only and are obtained 
from the first relation in Eq. (69) 

Ay = l / (M--1)  = 1/96 

Further extrapolation of these results is obtained from Eq. (50) which gives the more accurate result 

f 0 2 , 1 2 , 2 2  = 8.41140 Ay = 1/96 (71) 

The percent error of the heat flux for the first 3 meshes in the table is estimated with the above 
result used as the exact value. 

The second extrapolated results are obtained with mesh refinement in the y direction only and is 
obtained from the second relation in Eq. (69) 

f 2 0 , 2 1  = 8.41832 f 2 1 ,  22 = 8.48805 Ax = l / (L-  1 )  = 1/88 

Further extrapolation of these results is obtained from Eq. (50) which gives the more accurate result 

Ax = 1/88 

The percent error of the heat flux for the last 3 meshes in the table is estimated with the above result 
used as the exact value. The error in this case is negative as the numerical results are less than the 
above extrapolated value. The Richardson extrapolation of heat flux value when the mesh spacing 
in both coordinate direction is refined is obtained from Eq. (70). The coefficients in this equation 
are obtained from 
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The extrapolated value becomes 

m 

2 

f R E  = 8.42615 - 0.01578 -k 0.06190 = 8.47227 (73) 

Heat Flux %Error %Error % Error 
kw/m2 f 02, 12,22 f 20,21,22 f R E  

1/22 1/96 8.70938 3.543 2.799 

Ax1 AYm 

The error of the numerical prediction of the heat flux in Table 6.3 can be estimated with the value 
from Eq. (73) but as the results show in the table, the estimates are erroneous and this approach is 
inappropriate. For the meshes with refinement in the x coordinate direction, the extrapolated value 
in Eq. (70) is used to determine the error of the numerical predictions. For the meshes with 
refinement in the y coordinate direction, the extrapolated value in Eq. (7 1) is used to determine the 
error of the numerical predictions. 

Table 6.3: Heat Flux on Spherical Nosetip 

~ 

20 

Size 

45 x 97 

89x97 1 2 

2 I 1/44 I 1/96 I 8.47350 I 0.738 I I 0.015 

2 I 1/88 1 1/96 I 8.42615 I 0.175 I -0.784 1 -0.544 

1 11788 11/48r8.24044 I ~ I -2.970 I -2.736 

0 I 1/88 I 1/24 I 7.70679 I I -9.254 I -9.035 

The solution error with mesh refinement in the x coordinate direction is shown in Figure 6.3. When 
the error is evaluated with the extrapolated value given in Eq. (71), the error has the appropriate 
second-order behavior when obtained with the finest mesh. The use of the more exact solution as 
given by Eq. (73), where the mesh is refined in both coordinate directions at the same time, gives 
an inappropriate estimate of the solution error. The solution error with mesh refinement in the y 
coordinate direction is shown in Figure 6.4. When the error is evaluated with the extrapolated value 
given in Eq. (72), the error has the appropriate second-order behavior when obtained with the finest 
mesh. The use of the more exact solution as given by Eq. (73), where the mesh is refined in both 
coordinate directions at the same time, gives a reasonable estimate of the solution error in this case. 
Ij” you know the exact solution of 2 0  or 30  problems, the present approach of mesh refinement in 
one coordinate direction at a time is not appropriate. The correct approach is to refine the mesh 
by the same factor in all of the coordinate directions. 
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Figure 6.3: Error of Heat Flux for Blunt Body Problem with Mesh 
Refinement in x Coordinate Direction. 
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Figure 6.4: Error of Heat Flux for Blunt Body Problem with Mesh 
Refinement in y Coordinate Direction 
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6.3.5 Example 7: Transonic Wing Flow 

Another investigation on the accuracy of two Navier-Stokes codes has been performed by Bonhaus 
and Wornom [23]. The codes evaluated are CFL3D and TLNS3D which are cell centered finite 
volume codes and are believed to be second-order numerical schemes. CFL3D uses an upwind 
approach while TLNS3D uses a central difference methodology with dissipation terms added to 
stabilize the numerical scheme. Three-dimensional flow over two wings has been calculated for 
transonic Mach numbers. The governing equations are the same in both codes where a perfect gas 
model is used with the Baldwin-Lomax algebraic turbulence model. Solutions have been obtained 
with four mesh levels as shown in Table 6.4. The mesh in the x and z coordinate directions has 
been refined by the same factor while a different factor is used in the y coordinate direction. The 
use of Richardson extrapolation is limited with these mesh solutions as the mesh is not refined the 
same in the three coordinate directions. The average mesh size for each of the meshes is obtained 
from 

1/3 Axm AYm ‘ 2 ,  1 /3  
x - x -) = ( I o  x J ,  x Lo/Cells in Field) 

h a v g =  (.., AyO AZO 

and is given in Table 6.5. In the Bonhaus and Wornom paper, the numerical error of various 
quantities is plotted as a function of the reciprocal of the average mesh size. This is an 
approximation for the meshes used in this study and is not an appropriate choice. 

Table 6.4: Meshes Used for Wing Problem 

0 9 6 x 2 4 ~  16 1 1 1 

1 144x32~24 213 314 213 

I 2 I 192x48~32 I 1/2 I 1/2 I 1/2 

1 3 1 288x64~48 1 1/3 1 3/8 1 1/3 

In the Bonhaus and Wornom paper the lift, pitching moment and drag coefficients have been 
tabulated for the two codes and for the four meshes. In the present discussion of this work, the drag 
coefficient is used to illustrate the accuracy of the results which makes f = C, . The numerical 
results for the drag coefficient and errors are given in Table 6.5. 

Since Az,/AzO = A x , / A x o ,  Eq. (62) is written as 

2 
f ,  = Fe + (a + c ) A x t ( 3 ! : +  AXrn bay:(?;;;) A& + ... Ax 

m = 1, 2, 3 (74) 
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Table 6, Jumerica Results for Drag Coefficient for Lockheed Wing B 

% Error with F 

The above equation is evaluated for the three finest meshes and these equations are solved for the 
coefficients and exact value which gives 

2 
F ,  = f 3  - ( a  + C)AX 

For the CFL3D code, the results for the parameters in Eq. (75) are 

bAyi = -1.016471 x lod3 F, = 0.02540 2 ( a  + c)Axo = 4.616471 x IO-, 

For the TLNS3D code, the results for the parameters in Eq. (75) are 

7 
(a + c)Axi  = 3.578824 x bAyi = 9.411765 x F, = 0.02572 

The estimated exact values F ,  (extrapolated values) are used to determine the error of the 
numerical results in Table 6.5. These extrapolated values are different than the values given by 
Bonhaus and Wornom. This cause of this difference will be discussed subsequently. 

Another approach to evaluate the results is to determine the error behavior as the mesh is refined 
in one coordinate direction at a time. This approach has been developed in Eq. (67) and for the 
present case is expressed as 

Z = m = 0 , 1 . 2 , 3  

m = 0, 1 , 2 , 3  

2 
f L 3  = F , + ( a + c ) A x l  + A 3 + . . .  

f 3 m  = F, + bAy, + B ,  + ... 
7 (78) 

where the following coefficients should be constant if the mesh is refined properly 
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B3 = (CZ+C)AX Axo 
A, = bAy’(-) AYm 

O AYO 

With the present meshes, these terms are varying and have been determined for the four meshes. 
When the mesh is refined in the x coordinate direction, the value of F,  + A, is used as the exact 
value to determine the solution error. When the mesh is refined in the y coordinate direction, the 
value of F ,  + B ,  is used as the exact value to determine the solution error. The results of the one- 
coordinate mesh refinement behavior for the CFL3D and TLNS3D codes are given in Table 6.6 
and Table 6.7, respectively. A plot of these errors is given in Figure 6.5. The error variation 
indicates the methods are second-order in the x coordinate direction but further mesh refinement 
in the y coordinate direction is needed to confirm second-order behavior. 

Table 6.6: Estimated Error with One-Coordinate Mesh Refinement for CFL3D 

3 0.02578 1/3 0.02526 -2.059 3/8 0.02591 0.5017 
~ ~~~~~ 

Table 6.7: Estimated Error with One-Coordinate Mesh Refinement for TLNS3D 

3 0.02625 1/3 0.02585 1.547 3/8 0.02612 0.4977 
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Figure 6.5: Estimated Error of Drag Coefficient with One-Coordinate Mesh Refinement. 

As indicated earlier, Bonhaus and Wornom have used hdUg in a plot to illustrate the behavior of 
the errors in Table 6.5 as the mesh is refined. This is illustrated in Figure 6.6. The results for the 
CFL3D code do not show second-order behavior as the average mesh step size is not the correct 
mesh size to use. The solution error is correctly expressed as 

On the finest mesh ( m  = 3) ,  the value of am becomes with the effective step size set equal to the 
average step size 

2 a3 = 0.01457/(h3)eff = 0.12123 for CFL3D code 

2 a3 = 0.02061/(h,)eff = 0.17148 for TLNS3D code 

On the mesh m = 1 , the effective step size is 

(h , ) e f f  = 2(h,)eff  = 0.69336 

(h3)eff  = 0.34668 

(h3)e f f  = 0.34668 
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The effective mesh size on the other meshes are obtained from 

where E ,  is the sum of the percent errors in each coordinate direction found in Table 6.6 and Table 
6.7. The parameter a3 was used instead of a2 since these values should be constant. The effective 
step sizes are given in Table 6.5. The errors given in this table are plotted as a function of the 
effective step sizes in Figure 6.6. The error of the CFL3D solution has second-order behavior but 
additional mesh refinement is needed to be sure the higher order terms in Eq. (74) are sufficiently 
small. It is interesting to note that the two codes do not appear to be approaching the same value 
for the drag coefficient as the mesh is refined (see Eq. (76) and Eq. (77)). There is a difference of 
1.2% between the drag coefficient results from the two codes. Again, further mesh refinement is 
required to confirm this conclusion. 

0.4 0.6 0.8 1 . 
h 

Figure 6.6: Appropriate Mesh Size to Use with Study of Bonhaus and Wornom. 

6.4 Appropriate Method of Mesh Modification and Mesh Cell Size 

For Cartesian coordinates, there are two ways to obtain a series of co-located meshes with a 
changing number of nodes as discussed in Section 5.5. With the box scheme, the appropriate mesh 
modification procedure is the coarse to fine mesh approach. With this approach the 
spacing of the coarse mesh is decreased by adding nodes at the mid-points in the physical 
coordinate. The next mesh refinement is obtained by adding mesh points at the mid-points between 
the nodes of the previous mesh in physical space. With this approach, you start with the coarse 
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mesh and divide each coarse mesh cell into equal size cells as the mesh is refined. The nodes for 
the coarsest mesh will be co-located with the nodes of the finer meshes. The resulting mesh cells 
will be of uniform size between each of the nodes of the coarse mesh. The effective mesh cell size 
for Richardson extrapolation is 

Axeff  = 1 / ( I  - 1 ) I = Number of nodes along x coordinate 

Ayeff = 1 / ( J  - 1 ) J = Number of nodes along y coordinate (79) 

Azeff  = 1 / ( K  - 1) K = Number of nodes along z coordinate 

The cell size has been normalized by the length of the computational domain in the coordinate 
direction. This approach is mathematically correct for the Box Scheme Method but has not been 
justified for other solution approaches on non-uniform meshes. 

With the governing equations written in curvilinear coordinates, the resulting difference equations 
are for a uniform mesh or cell size in the computational coordinate. Mesh modification is obtained 
with the fine to coarse mesh approach (agglomeration). With this approach, one first 
obtains the mesh on the finest mesh that is going to be used and then removes every other mesh 
node to obtain the next coarser mesh. The next coarser mesh is obtained with every other mesh 
node removed from the previous mesh. The nodes for the coarsest mesh will be co-located with the 
nodes of the finer meshes. This mesh modification approach can also be obtained from the coarse 
mesh with the addition of nodes at the mid-points in the computational coordinate where a uniform 
mesh is always retained. In physical space, the mesh will have a variable spacing. The effective 
mesh cell size for Richardson extrapolation is again Eq. (79). 

The appropriate mesh modification approach for the finite volume method on structured meshes 
could follow either of the above approaches. The appropriate approach should be determined from 
the behavior of the local truncation error of the numerical scheme that is being used. More work is 
required on how Richardson extrapolation is influenced by the mesh modification procedure. It 
appears that after sufficient mesh refinement, either of the above mesh modification approaches 
will give solution errors that behave as determined by the order of the difference scheme. However, 
the coarse mesh solution error behavior could be sensitive to the mesh refinement approach. The 
effective mesh cell size for Richardson extrapolation should again be Eq. (79). 

The appropriate mesh modification approach for the finite volume method on unstructured meshes 
could also follow the ideas of either of the above approaches. The techniques used in multigrid 
solution techniques can provide guidance on how to perform mesh modification. In the 
agglomeration approach, coarse meshes are constructed by fusing together neighboring fine mesh 
control volumes to form the coarse mesh with a smaller number of larger and more complex control 
volumes with more surfaces. The appropriateness of multigrid mesh modification approaches to 
Richardson extrapolation appears to be untested. It is not clear what the effective mesh cell size for 
Richardson extrapolation is for unstructured meshes. Could it be as simple as the total number of 
mesh cells in the calculation? 
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7. Richardson Extrapolation Procedure for Transient 
Solutions 

The solution of transient problems can be improved and the accuracy evaluated with the 
Richardson extrapolation method. Consider a partial differential equation which is represented in 
differential or integral form as 

N 
= R ( F )  or F ( t N )  = R d t  

at 0 

where depends upon F and can contain spatial derivatives and a source term. The dependent 
variable F is the exact solution of the partial differential equation or integral equation. The 
Richardson extrapolation method for integration has been described by Fox and Mayers [44]. If the 
numerical value of the integral is obtained with the trapezoidal rule, the approximation becomes 
with a uniform interval A t  the following: 

f N  = At(2Ro+R1+R2+...+RN-1+TRN) 1 1 tn = n A t  n = 0, 1, ..., N (81) 

The superscripts are used to indicate the function is evaluated at the specified time. The true value 
of the integral and the error with the trapezoidal rule ( p  = 2) are 

f N  = F ( t N )  + Error Error = f N - F ( t N )  = a A t P +  ... 

The integral can be evaluated with step-sizes Ato  and A t  which gives 

f N O  = F ( t N )  + aAt:  + ... 
f N l  = F ( t N )  + a A t r  + ... 

tN  = NoAto 

tN = N , A t ,  

A more accurate estimate of the integral is obtained with Richardson extrapolation which gives 

1 Atf  1 ( '" )[fN1-fNO] if A t ,  = ZAt,, ( Atf  - A t d  = At: - Atf  
f N 0 4  = f N '  + 

When the numerical solution is obtained from the difference Eq. (SO), the governing difference 
equation is expressed as 

with 8 varying as follows: 

65 



0 = 0  
e = 1/2 

e = i  

Explicit ( first-order p = 1 ) 
Crank-Nicolson (second-order p = 2 ) 
Implicit ( first-order p = 1 ) 

The variable f is the exact solution of the difference equation and will be different than the exact 
solution F of the differential equation. At time tN  = NAt , the relation between f and F becomes 
as before 

f” = F ( P >  +Error (86) 

The solution F at different times is obtained from Taylor series expansions which gives the 
difference relation expansion for the time derivative 

1 n + -  

x0 = L[&] 24 at3 2 A t 2 +  ... 

The right side of Eq. (80) is also evaluated with Taylor series expansions which gives 

When R is completely evaluated, there are spatial errors that have not been included in this 
analysis. The amount the exact solution F does not satisfy the difference Eq. (85) is the Local 
truncation error. For the present case with the use of Eq. (87) and Eq. (88), the local truncation 
error becomes 

where 

The exact solution at any time step is obtained from Eq. (89) which gives 
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Fn+l = F n + A t [ 8 R  n + l  + ( l - e ) R " ] + A t ~ ~  O l n 5 N - 1  

It is assumed that y and F are constant as this allows the solution behavior to be readily evaluated. 
The exact solution at time t = tN with uniform time steps A t  becomes 

N - I  
F ( t N )  = FN = F o + A t  [OR n + l  + ( 1 - 8 ) R n ] + t N  yAt+6Atz+  ...I 

n = l  

while the numerical solution at the same time is obtained from Eq. (85) and becomes 

n = I  
0 The initial conditions for the exact and numerical solutions are the same, so that f = Fo.  

As A t  + 0 and N + -, the local truncation error goes to zero and the exact solution becomes 

N - 1  
FN = F o + A t  [ 6 R n + ] + ( 1 - 6 ) R n ]  

n = l  

while the solution with finite A t  is expressed as Eq. (86) which gives 

Error = -tN yAt + 6At  + ... 

(93) 

(94) 

The above relation shows that the various methods given in Eq. (85) have the order of accuracy as 
indicated. The form of Eq. (94) is the same as Eq. (46) and the ideas presented for Richardson 
extrapolation for steady-state solutions are applicable to the transient problem. For transient 
solutions, the solutions are obtained with several values of A t  and then the exact solution can be 
estimated with Richardson extrapolation as discussed previously or as illustrated in Eq. (84). 

7.1 Example 8: Unsteady Problem 

The governing equation has been given previously in Eq. ( 2 )  and is 

with initial and boundary conditions 

F ( 0 , x )  = Fosins.nx F(t,O) = F(t, 1 )  = 0 

S ( x )  = 0 

05t l . .  O l x l l  
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The parameter s = 1, 2, . . . and will be later set to one. If the initial condition is of the form 
F ( 0 ,  x )  = F ( x ) ,  then a Fourier series approach can be used to approximate the function F ( x )  
with an infinite series involving the s parameter. 

The exact solution of the PDE is 

(95) 

where the mesh point location and time are given by xi = iAx and t" = n A t .  An explicit 
(8 = 0) or implicit (8 = 1 ) numerical scheme is used for this problem which gives the following 
difference equation: 

n -( slt)'tn F ( t ,  x) = Foe-(s")'tsin(sxx) or F~ = Foe sin(sxxi) 

AX2 Ax2 
A ( f 3  = 

The above difference equation assumes that S ( x )  = 0 and is rewritten with CJ = At/Ax2 as 

( f ;  + - f ; )  - ( 1 - e)o(fi  + - 2fi + fi - )" - eo(fi + - 2 f i  + f i  - )" + = o 
The difference equation is solved with the separation of variables approach which uses 

(96) 

(97) 

where un is independent of xi and u i  is independent of tn . The substitution of Eq. (97) into Eq. 
(96) gives the relations 

n n f i  = u ui 

n + l  

n 
ou i  + 1 + ( 1  - 2 0 ) V i  + 0 u i -  1 - = he when 8 = 0 U - -  

ui U 

n oui+ 1 - ( I  + 2 0 ) U i  + CJui- 1 -- u -  - = -A, when 8 = 1 
Un+l 'i 

Since h, must be a constant, the above is written as two difference equations for the new variables 

n 
U n + l - h g U  = 0 o u ; + , + ( l - 2 0 - h e ) u ~ + o u i ~ ,  = 0 e = o  
U -+l-(L-)un = 0 Oui+,-(l +20-h , )u i+oui - ,  = 0 e = i  

The solution for un is 
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The second difference equation is rewritten for both cases of 8 as 

1 - 2 0 -  h, = -20cosa 

1 + 2 o - h ,  = 20cosa  e = i  

0 = 0  
U i + , - 2 u i c o s a + u ~ - ,  = 0 

with the solution 

vi = C, sin( ia)  + C2cos( ia )  when 8 = 0 or 8 = 1 

The solutions for un and ui are combined to obtain the difference solution that satisfies the initial 
conditions and boundary conditions which requires a = sxAx. The exact solution to the 
difference equation is 

e = o  
(98) 

0 = 1  

where C2 = 0 and C,C, = F ,  . When the exact difference solutions in Eq. (98) are compared to 
the PDE solution in Eq. (93, these solutions appear to be very different. For small values of Ax, 
the time dependent term is written as 

With Ax very small, the above is expanded to obtain the difference solution as 

- ' ) t n  + O(Ax4)]Fn e = o  6 
(99) 

f y  = [ 1 + ~ ( ~ x ) ~ A r * ( 0  + ')t" + O(Ax4)]Fn 0 = 1  
6 

With 0 and tn held fixed and Ax + 0, the above solution approaches the solution as given in Eq. 
(95). Unstable solutions which oscillate with exponentially increasing amplitude are avoided when 
8 = 0 with the explicit scheme if 

sxAx 1 2  At I -AX 2 4osin2(T) 5 1 0 s  1/2 

The discretization error for this example with 8 = 0 or 1 is 

4 1  

n n n  4 n  1 1 
2 12 ei = fi - F~ = (sx) t [-(2e - i ) ~ t  +  AX^ + O ( A ~ * )  + O(AX F; 
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The method is first-order in time and second-order in space. The discretization error in terms of the 
local truncation error for this example can be obtained from Eq. ( 5 )  which gives 

n n n  ei = -t zi 
4 1  

1 
12 1)At  + -Ax2  + O ( A t 2 )  + O ( A x  ) F: 

The difference equation discretization error needs to be evaluated from the numerical solutions. 
The appropriate procedures are illustrated by considering the solution at t = 0.1 and x = 0.5 
with s = 1 . The exact solution of the PDE at this time and location is obtained from Eq. (95) and is 

F(O.1, 0.5)/F0 = 0.3727078 

The difference equation discretization error can be evaluated by fixing the spatial mesh step-size 
Ax = 0.1 and then obtaining solutions with different time steps. This approach is shown in Table 
7.1 for the two difference schemes. As the time step is halved, the percent error is reduced by a 
factor of 2 for both schemes and this indicates the temporal scheme is first-order. Richardson 
extrapolation is used to estimate the exact solution to determine the percent error of the numerical 
results shown in Table 7.1. Since the temporal difference scheme is first-order, the appropriate 
relation and result from the explicit and implicit schemes is 

The discretization error as given by Eq. (1 00) and with At  
difference solution with Ax = 0.1 which gives 

0.3757332 

= 0 it  is used to estimate the exact 

4 1  

1 4 
f ; / F ,  = [1 + E ( S X )  t n A x 2 + O ( A x  ) ( F y / F o )  = 0.3757332 

The explicit scheme error is negative and has the same magnitude as the error of the implicit 
scheme. The explicit scheme gives a solution that is smaller than the exact solution while the 
implicit scheme gives a solution that is larger than the exact solution. These two solutions provide 
a technique to obtain an upper and lower bound on the solution with a specified spatial step-size. 

Table 7.1: Difference Solution and Error with Ax = 0.1 

3 0.3748256 -0.24 16 0.3766409 0.24 16 
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The difference equation discretization error can be evaluated by fixing the temporal mesh step-size 
At = 0.0001 and then obtaining solutions with different spatial step-sizes at t = 0.1 and 
x = 0.5. This approach is shown in Table 7.2 for the two difference schemes. As the spatial step 
is halved, the percent error is reduced by a factor of 4 for both schemes and this indicates the spatial 
scheme is second-order. Richardson extrapolation is used to estimate the exact solution to 
determine the percent error of the numerical results shown in Table 7.2. Since the spatial difference 
scheme is second-order, the appropriate relation and result from the explicit and implicit schemes 
is 

Spatial 
Mesh 

0 

1 0.3725262 explicit scheme 
0.3728893 implicit scheme f*2/FO = [ f 2  + $ f 2  - f ,)I/& = ( 

I I I I 

0.1 1 0.3755517 I 0.8121 I 0.3759148 1 0.8114 

The discretization error as given by Eq. (100) and with Ax = 0 is used to estimate the exact 
solution with At = 0.0001 which gives 

Explicit 
Ax 

% E r  

0.3725263 explicit scheme 
0.3728893 implicit scheme 

Implicit 

f p o  I 96 E r  

The explicit and implicit errors are nearly the same. 

Table 7.2: Difference Solution and Error with At = 0.0001 

1 I 0.05 I 0.3732826 I 0.2032 I 0.3736457 I 0.2029 I 
2 I 0.025 I 0.3727154 I 0.05076 I 0.3730784 I 0.05071 I 

The difference equation discretization error can be evaluated by refining both the temporal and 
spatial meshes simultaneously. For the present difference scheme, the temporal mesh is refined by 
a factor of 4 while the spatial mesh is refined by a factor of 2. This makes the total solution error 
decrease by a factor of 4 as the mesh is refined and gives an effective second-order behavior. This 
approach is illustrated in Table 7.3 at t = 0.1 and x = 0.5. Since the difference scheme acts as 
a second-order method, the appropriate Richardson relation and results from the explicit and 
implicit schemes are 

1 0.3727078 explicit scheme 
f 2 3 / F 0  = [ f 3 + j ( f 3 - f 2 ) ] / F 0  = ( 0.3727077 implicit scheme 

With this approach, the exact solution that should be used to determine the discretization error is 
the exact solution of the PDE which is given in Eq. (101) and this value is very close to the above 
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values. It should remembered that the implicit scheme is numerically stable while the explicit 
scheme becomes unstable if the time step is too large, At/Ax2  50.5. For the second-ordered 
schemes and for very accurate spatial solutions, the explicit scheme requires very small time steps 
while the implicit scheme has no time step restrictions. 

Table 7.3: Difference Solution and Error with Temporal and Spatial Refinement 

Explicit Implicit 

f"F0 I % E r  f w - 0  1 % E r  

Solution 
Mesh At  Ax 

I I 

0 4x10-' 0.2 0.3775485 1.299 0.3920705 5.195 

1 1 x ~ o - ~  0.1 0.3739180 0.3247 0.3775485 1.299 

2 2 . 5 ~ 1 0 - ~  0.05 0.3730103 0.081 16 0.3739180 0.3247 
I I I I I I 

3 1 6 . 2 5 ~ 1 0 - ~  I 0.025 I 0.3727834 I 0.02028 1 0.3730103 1 0.08116 I 

8. Conclusions and Future Work 

The necessity and importance of mesh refinement studies for code and calculation verification has 
been discussed. A review of previous work on determining solution accuracy with different 
governing equation formulations and meshes has been presented. It is demonstrated that 
Richardson extrapolation is the appropriate procedure for estimating solution error for structured 
meshes. The evaluation of local truncation error is an important part of verification as it determines 
the consistency of the numerical scheme, the order of the numerical scheme, and the restrictions 
on mesh variation with a non-uniform mesh. 

Mesh generation is an important part of the verification process as a series of appropriately refined 
meshes are required for use with Richardson extrapolation. The series of meshes must have co- 
located nodes in order to perform Richardson extrapolation at all the nodes of the coarsest mesh. 
A non-uniform mesh is usually necessary in order to reduce the total number of mesh cells required 
while obtaining a solution error that is nearly uniform throughout the computational domain. The 
mesh spatial variation must be sufficiently smooth such that the order of accuracy of the numerical 
scheme does not change from the order of accuracy on a uniform mesh. For structured non-uniform 
meshes, the refinement approach must be consistent with the numerical scheme such that an 
appropriate average cell size in each coordinate direction can be obtained. For unstructured 
meshes, further work is required to determine the appropriate mesh refinement procedure and the 
appropriate average cell size to use with Richardson extrapolation. 
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The local truncation error for a steady-state diffusion type partial differential equation with a one- 
dimensional non-uniform mesh has been investigated. Formal second-order accuracy can be 
obtained for some governing equation formulations and numerical difference schemes. However, 
other governing equation formulations and numerical difference schemes show formal first-order 
accuracy. For practical application, all of the approaches demonstrate asymptotic second-order 
behavior for the numerical examples as the spatial mesh is refined. The approach to obtain the local 
truncation error of the governing equation written in integral form is also described. 

The Richardson extrapolation procedure for steady-state problems with multi-mesh refinements 
and for multi-dimensional problems is documented. The de Vahl Davis approach to determine 
numerical scheme order and solution error from mesh refinement results is also described. Four 
examples are presented where the foregoing procedures are illustrated. The Richardson 
extrapolation procedure for transient problems is discussed and illustrated with an example 
problem with exact analytical and numerical solutions. 

There are several items that have not been investigated and need further study: 
1. 

2. 

3. 

4. 

A capacity to obtain the local truncation error for new numerical schemes is required. A 
symbolic manipulation code, such as Mathematica, is needed to properly analyze the local 
truncation error for 2D and 3D difference schemes. 
The influence of non-uniform meshes on discretization error or solution accuracy of numerical 
schemes of current interest need to be evaluated. 
Investigate and develop a technique to determine the consistency of difference schemes with 
a numerical method rather than using the usual analytical evaluation of the truncation error. 
Determine how mesh refinement studies can be quantitatively used in the evaluation of the 
solution properties of the governing equations. Are the governing equation well conditioned 
with a unique solution? 
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