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Abstract
A theoretical and computational study of the ion temperature gradient and r]i instabilities
in tokamak plasmas has been carried out. In toroidal geometry the modes have a radially ex-

I

tended structure and their eigenfrequencies are constant over many rational surfaces that are
coupled through toroidicity. These nonlocal properties of the ITG modes impose strong constraint on the drift mode fluctuations and the associated transport, showing a self-organized
characteristic. As any sigmficant deviation away from marginal stability causes rapid temperature relaxation and intermittent bursts, the modes hover near marginality and exhibit
strong kinetic characteristics.

As a result, the temperature relaxation is self-similar and

nonlocal, leading to a radially increasing heat dif€usivity. The nonlocal transport leads to
the Bohm-like -ion

scaling. The heat input regulates the deviation of the temperature

gradient away from marginality. The obtained transport scalings and properties are globally
consistent with experimental observations of Lmode discharges.
")Also at Advanced Science R.esearch Center, Japan Atomic Energy Resesrch Institute N h , Ibaraki

Japan

I.

INTRODUCTION
The ion temperature gradient (ITG)instabllity and q,-in~tability'-~are considered to

play an important role for anomalous ion thermal transport across magnetic flux surfaces
in many auxiliary heated tokamak plasmas and have been experimentally investigated to
confirm this c o n j e c t ~ r eTurbulent
.~~~
density fluctuations whose phase is rotating in the ion
diamagnetic direction have been observed in several tokamaks,67' indicating the presence of
the ion branch. The modern diagnostics to investigate the detail of tokamak plasma turbulence and its connection to anomalous transport has become available in the hot core
region on large tokamak experiments by using, for example, the beam emission spectroscopy

(BES)and the correlation refle~tometer."~The recent diagnostics results in TFTR Lmode

discharges show that long wavelength fluctuations with kop, 5 0.1 - 0.2 (pi: the ion Lamnor

radius) dominate and that the radial correlation length is in the range of 2-4 cm, which is
much greater than the ion Larmor radius. Furthermore, recent efforts to determine local
thermal transport of Lmode discharges show that the ion thermal diffusivity Xi approximately scales as the Bob-like diffusion rather than the g~moBohm.'~~'~
This implies that

the long wavelength fluctuations whose scale length is related to the plasma equilibrium size
are important to the ion thermal transport.

In addition to these results, it has been pointed out that some experimental plasma
profiles show similarity to the theoretical marginal stability boundary of the ITG/qi-mode,
indicating that the observed profile hardly goes significantly beyond marginal stability in
the core regi~n.'~''~The degree of excess of the ion temperature gradient over the critical
gradient is small in the core and then increases at the edge, although the edge analysis is
inconclusive due to the necessity of including other modes, especidy the impurity gradient
mode. Some discharges show that strong profile resilience occurs in the ion temperature
2
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profile in the L-mode and even during the L-H phase tran~ition.'~?'~
As explained later,
transport near marginal stability where the fluid approximation breaks down is complicated
~ ' far,
~ many of theoretical and computational works
and has not been well u n d e r ~ t o o d . ' ~So
have been carried out to explain tokamak thermal transport based on the fluid model and
also on the annular torus model which assumes locally homogeneous turbulence devoid of
global

structure^.^^^^^^^^

However, such a fluid model and/or local treatment are insufficient

to fully understand the experimental results described above and the global treatment that
allows the radial turbulent energy convection in full toroidal geometry is desired.
Recently, we carried out toroidal particle simulation based on the TPC (Toroidal Particle Code) to study the characteristics of the toroidal ITG mode.21-24 We found in those
simulations that the instability and related turbulence in toroidal geometry is quite distinct
from the one in 3D slab (or cylindrical) geometry, showing (i) that radially extended global
modes which are localized to the outside of the torus encompassing many rational surfaces is
developed, while cylindrical ones are localized on each rational surface, that is, the potential
structure forms a well-defined radial profile; (ii) that the eigenfrequencies are nearly constant
over the extended radial region; and in particular (iii) that the heat conductivity X, is an
almost flat or rather increasing function of the minor radius as opposed to a decreasing trend
in a cylindrical counterpart. Parker et aL2' (also Lee et ~ 1 . studied
~ ~ ) the ITG driven turbulence by 3D gyrokinetic simulation and also found the global nature of turbulence which
is consistent with the recent TFTR fluctuation

measurement^.^ These remarkable features

are primarily due to the toroidicity-induced coupling of mode rational surfaces over a finite
radial region and are showing the importance of the toroidal geometrical effect.
Motivated by these simulation results, in this work we investigate the characteristics of

the plasma relaxation induced by the prominent ITG turbulence. From a series of TPC
simulation runs, the typical radial correlation length
minor radius a and/or the temperature scale length

3

L, is found to be smaller than the

&(E

Idlnz/&]-'), but greater than

the ion gyroradius pt. Namely, the results imply that the short ion Larmor length and large
plasma scale length couple with each other, providing the relation L, a pt-Qua and that the

-

turbulent structure is nonlocally determined. When the radially extended modes are well
sustained, the exponent a is estimated as cr

0.5, which is supported by or at least consistent

with the recent theoretical s t ~ d i e s ~ ~including
-~’
the fist-order envelope ballooning equation.
Therefore, we can say the radially extended toroidal modes with exponent cy is 0.5, the ideal

radial modes.
Furthermore, the nonlinear stage of the global pazticle simulation shows that such a radially extended nonlocal fluctuation provides a strong constraint on the plasma so that the
plasma relaxation and related profile are self-organized. The initial (or arbitrary) temperature profile

r(r),which gives the unstable ITG mode, tends to be an exponential functional

form given by To(r)2 exp(-r/LT). This happens in a fast time scale. Namely, a small tem-

perature deviation from the organized profile To(r),i.e. 6T(r) = (T,(r)- To(r)l,
is quickly
smoothed out over the finite radial region. Once such a (nonlocal) profile is achieved, the
system evolves more slowly with the profile functional form being kept constant, showing
self-similarity in the plasma relaxation. Such a constraint is considered to result from the
fact that the temperature at two radial locations (i.e. r = r1 and r ~ cannot
)
be changed
arbitrarily, because these two radial locations are correlated with each other through the
nonlocal mode when the condition Ar(=

Irl-

rzl) 5 L, is satisfied. This is strong exper-

imental evidence of such an effect.3o The functional form To(r)is found to be determined
so that the characteristic parameter

ET

L=/R that defines the instability source becomes

spatially constant over this spatial extent. This will be discussed in Sec. 111.
Another important characteristics obtained in the simulations is that the plasma profile is
forced to relax toward the vicinity of marginal stability of the ITG mode as a manifestation of

a strong constraint on the plasma. Namely, the instability is radially nonlocal and robust in
toroidal plasmas so that the plasma parameters that characterize the instability source have
4

to relax until they suffciently approach marginal stability. This is the case even when there

l

is external heating. As long as there is such an energy input and the instability parameter

stays near but slightly above marginal stability, sustained long wavelength fluctuations can
cause heat flux with a large E x B step size even near the critical gradient. Although sometimes referred to as a result of transport caused by small scale fluctuations," the hypothesis

of near margznal stability should be considered to be a direct consequence of the nonlocal
nature of the toroidal mode excitation and the related radial turbulent energy convection.
Near marginal stability, the commonly used estimates based on the strong turbulence ordering break down. Thus transport near marginal stability has been even less understood,
especially in toroidal geometry. This is in part due to the fact that near marginal stability,

heat flux is principally sustained by the wave-particle kinetic resonance which has a compli-

cated velocity space dependence due to the ion magnetic drift motion.18 F'urthermore, the
saturation mechanism of the nonlocal toroidal mode and related nonlinear processes might
be quite different from the one in the fluid regime of strong robust instability. For example,
a mechanism pointed out by Mattor17 is ion Compton scattering near marginal stability.

Such a nonlinear kinetic effect may be important for long wavelength fluctuations which
have an organizing character near the critical gradient. We call the relaxed state observed in
the simulation, the self-organized critimlzty, a concept based on our observation that large

scale vortices exert an organizing influence on the plasma, which forces the plasma profile

to tend to the critical gradient and any deviation from that critical profile can be quickly
transported away, and thus the collective drift modes sustain the plasma profile and the
associated profile resilient transport. This concept is similar to Bak et d.,31in which they
argued the critical gradient of a sand box.

Based on the simulation results, we present a critical gradient model to describe transport
near marginal stability which is subjected by self-organization. The model is incorporated
with a quasilinear kinetic calculation of heat flux and consists of coupled dynamical equations
5

for the nonlocal turbulent energy W and the inverse temperature gradient p ( ~5~).
~
The
model describes how far the profile can deviate from the critical gradient through the balance

between the external heating power and the radial turbulent energy convection. As a steady
state solution, we obtain thermal d i h i v i t y X, whose expression includes the heating power

Pz,.The thermal diffusion is found to scale as Bohm-like near the critical gradient when
L,

N

pf-"a"

exponent

a,

and

CY

= 0.5, (that is, the geometrical mean of p1 and a ) is satisfied. The

signifies the strength of the dependence of the radial correlation length on the

global scale length a. (When the exponent

CY

tends to a = 0 where the radial correlation

length is an order of p,, the thermal diffusion scales as gyroBob, reflecting transport due
to small size fluctuations.) Thus, the Bohm-like diffusion is basically obtained in toroidal
geometry when the ideal radial modes are well established. The diffusion, however, may be
changed into the gyroBohm diffusion by introducing a mechanism which disintegrates the
ideal radial mode. This transport change may take place, for example, by the presence of a
sheared plasma rotation.
The outline of this paper is as follows. In Sec. 11, we first study the fundamental trans-

port behavior of the ITG mode near marginal stability based on the local kinetic dispersion
relation and quasilinear theory. Especially, we investigate the dispersion relation of the ITG
mode in the complex frequency plane by performing analytical continuation from Imw > 0
plain to Imw < 0 one (w: the

ITG mode frequency) by using the coordinate transformation

method. We show that the heat flux is sustained even if Imw = 0 due to the toroidal kinetic
resonance, and this effect plays an important role in determining heat flux near the critical
gradient. In Sec. 111, we show typical simulation results of the ITG mode and describe the
characteristics of the toroidal turbulence structure. In addition, we present a phenomenological relaxation theory in See. IIIC to describe the remarkable plasma relaxation phenomenon
obtained by the simulation in terms of the reductive perturbation method. Based on the

transport analysis, we explain the radially flat or rather increasing heat difisivity observed

6

in Ref. 17. In Sec. IV, we present the critical gradient model and investigate the dynamical and static properties of transport near the critical gradient. In Sec. VI we provide the
concluding remarks.

11.

LOCAL DISPERSION RELATION AND QUASILINEAR
HEAT FLUX

In this section, we investigate the local kinetic dispersion relation governing Vpi driven

ITG mode. The meaning of “local” and its relation to the globalness of the phenomena

are to become clearer in later sections. As we discussed in Sec. I, later we pay attention

to transport near marginal stability of the ITG mode. In Sec. IIA, in order to investigate
the dispersion behavior around the critical gradient] we perform analytical continuation on

the complex frequency plane from Im w > 0 plan to Im w < 0 plane by introducing the

coordinate transformation method developed in Ref. 32. We describe quasilinear heat flux
which is available to analyze transport near marginal stability] including the stable plane
(Im w < 0) in Sec. IIB and show the typical numerical results in Sec. IIC.

A.

Local dispersion relation
The basic equation to describe the toroidal pressure gradient driven mode is the electre

static linear gyrokinetic equation where the ion perturbation is given by bfi = -(e@T,)fiM

Gexp(iC) and C s v x b . IcJwd (b = B/B and L

J ~

+

eB/Mic). Here, we employ a sim-

ple formula for the perturbed nonadiabatic amplitude 3 where a differential operator with
respect to ballooning coordinate 8, i.e. (rR)-la/a8 is replaced by the local parallel wave
number kll, as follow

where a circular MHD equilibrium is assumed and only circulating particles are taken into

account. Note that Eq. (1) is defined in Im u > 0 plane. Normalizations are

7

W/w&

Q

= (2b,)'I2G~,fly,

w z / w d , f l t = kIIt.$/wd(= kIlR/kep,),

v, 3 (zT,/M,)'/~,b,

(kep,)*/2,

is magnetic drift frequency and

= q / V , and V'L = VL/Z),,

- ( k e p t ) ( v t / z L T ) , wd
fM =

no/(..

3/2v,3 )

distribution. The perpendicular wave number

where

[z - ( l ~ e p ~ ) ( ~ , / & ) ]

~ E W , ,T

exp( - G i - G:) is an unperturbed ion

ki =

k,&(O,$)

and the magnetic drift fre-

~ , Salso
^ ) estimated at 6 = 0 by choosing K = G = 1, where
quency w d = ~ w ~ E T G ( are
= ( ~ q - ~ a q / &represents
)
the shear parameter. The nonadiabatic ion charge density

is simply obtained for Im w > 0 by carrying out the "11-integration as follows,

where Z(<)represents the plasma dispersion function, and u1 = u - slt/2,
u = (Q

+ $2: - %/2)'/*.

212

= u +Stt/2 and

The linear dispersion is then determined from the quasi-neutrality

condition by assuming an adiabatic electron response bp,,& = -k&$/47r as

where r

T,/T, represents the ratio of the electron temperature to ion.

Before performing analytical continuation to the Im w < 0 plane, we briefly discuss the
physical picture of marginal stability. Around marginal stability, the denominator in Eq.(1)
becomes zero along the curve of resonance ions and the resonant exchange of energy and
momentum between the ions and the mode occurs. The resonance condition is expressed by
a

1D elliptic curve in velocity space and given by

Here, the center of the ellipse locates at
= -f&/2 f d Q + @/4.

= -slt/2 (E -kllVi/&),

and the edges are at

Equation ( 5 ) is found to lead to the magnetic drift resonance
8

w

-

wd(?.f

+v:/2)

for f& = k[1?I11/wd<< 1 case and the transit Landau resonance w

-

k\,v, for

R, >> 1 case, which correspond to the so-called toroidal mode and slab mode, respectively.
The transition property from the toroidal to the slab mode was studied by Kim and H o r t ~ n . ~ ~
Xote that the real eigenfrequency for the toroidal mode at around marginal stability is
characterized by the lower frequency, Le. the magnetic drift frequency wd, which is smaller
than the ion diamagnetic drift frequency WE.
In order to investigate the dispersion relation around marginal stability and perform the
analytical continuation, we now introduce the coordinate transformation method.18 In this
method, the coordinate is transformed from the present (vll, v l ) space to new one ( p ,t ) which
is given by the relation

with integral intervals -1 5 p 5 1 and 0 <_ t 5 00. In this ( p , t ) space, we see the resonance
curve is mapped into a straight line where the usual onedimensional Landau damping theory
is applicable. Then the nonadiabatic ion charge density bpi,na is expressed in the following
form

g(p, t ) = t’/2Ji(ar)[n- G Z ( 3

and 3 and

LY

+ qyl - 3/2)] exp(-G2),

are now function of (p,t ) given by

It is found in Eq. (7) that the resonance takes place only when the real frequency Re w(=
wd

wb

Re

a) satisfies the condition Re w > wb,where w b is the branch frequency
-ki$/hd.

Therefore, the branch cut is found to exist dong

9

-00

defined by

< Im w 5 0 at

from Re w < Wbr to Re w > Wbr on the Im w < 0 plane. Note that in the toroidal limit given
by kll

-+

0, the branch frequency tends to zero, Le. w b

slab lime given by wd

4

-+

0, the branch frequency tends to wb

0. On the other hand, in the
-+

which means that the

-00,

branch cut has effectively disappeared. The branch frequency w b is closely related to the
damping rate by the phase mixing of the ballistic response as shown in Ref. 18.
which is analytically continued to the Im w < 0 plane

Then the explicit form of

for Re w > W b r , is represented by the s u m of the residual contribution bpi::)

and nonresidual

(nomea)
contribution bpi,+
(nonres) as bpi,,, = bp!;:) +bpi,,
. The residual part is obtained from Eq. (7)

as follows

dpg ( p , t = R

+ a:/4)

Here, o is given by a = 112 for Im w = 0, and

{

+

= [(a Q:/4)p
Q

CT

= --"a

JiF

= 1 for Im w

4(a + a:/4)lf2

(io)

e 0, and

- Qt/2]' + 2(52 + 0?/4)(l - p2)

= kop;J2(0+ 0:/4)(1

are employed. The nonresidual part bpi%-)

(11)

- p2)
is given by

where P represents the principal d u e . At marginal stability, bpi%-)

becomes pure real and

6 p : z ) becomes zero to satisfy Eq. (4). Assuming that thermal particles with "1 cz 2 r l

mainly contribute to resonance, we can estimate the real eigenfrequency by

Rt < 1 and SZ

21

at for Rt > 1.

N

a 21 3/2

v,

for

Therefore, the transition from the toroidal mode to the

slab mode where the parallel transit damping plays an important role takes place roughly
at

at = 1.
10

Quasihear heat flux

B.

The fluctuating field induced by the instability causes relaxation in the plasma as observed in the simulation. The evolution of the background distribution function fo may be
described by the quasilinear theory: afo/ilt = V[E(Sf,), Sf,], where Sf, is the perturbed
ion distribution, E the electric field generated by Sf%,and V is the usual quasilinear Vlasov
operator. When we make a second moment of velocity of this quasilinear equation, we obtain
an equation describing the background temperature evolution:

9
Here,

d

(n,T,)

+ V .Q = 5'.

refers to the background ion temperature and heat flux Q is the second moment of

, and it takes the form
velocity of the term V [ E ( b f i )bfi]

where & is the unit vector in the radial direction, and G = G(R, E T ,qi, kepi, kllR) represents
normalized heat flux (of order unity). The thermal d i h i v i t y Xi is written in terms of the
normalized fluctuation energy W

= le&/ (Ti)I2 as

xi = j7 w,

-

and T,

Ti/ (z).Here, (T,) is the average temperature of the system. Normalized heat flux

G is calculated in the same manner as the one for the ion charge density (see Eq. (7)) as

which is defined for the Im 0 > 0 plane.
The function G is also analytically continued to the Im s15 0 plane when the condition
Re w > w b is satisfied, and can be also represented by the s u m of the resonant part

11

G(")

and the nonresonant part G("""'") as G = G('")

Gc'") = - 4 6 0

-

j:l

J

fl

-1

dpg (p?t = R

+ R:/4)

+ G(nonres),
which are respectively given by

G2 (p,t = SZ + RZ/4) = - 4 6 0

dpJ;(a)ij2 exp( - G 2 ) {R - SIT,(C2

+ qT1 - 3/2)} ,

and

At exact marginal stability (Em $2 = 0), the nonresonant part of G does not contribute
to heat flux because G("""")

is pure imaginary. However, the resonant part G('"), which

describes the wave-particle kinetic interaction, gives rise to heat flux with the fluctuation
energy W determining the rate of flux through Eq. (14). This is explained as follows: As

found in Eq. (9),at marginal stability, bPff",' vanishes as a result of the detailed charge

density balance in velocity space between particles with v' < CC and those with E > GC along
the elliptic curve given by Eq. (5), where GC is given by Gc = (w/w%- qyl

+ 3/2)'i2.

This

condition actually determines the real eigenfrequency. However, such a detailed balance
as held for ion charge density fluctuations breaks down for heat flux, because the velocity
moment for the heat is weighted by v2. Namely, near marginal stability, the wave emission

from ions with v/va > Gc is in balance with the wave absorption from v/v, > Gc, but
those particles with v/vi > Gc contribute more to the out-of-phase part of the ion pressure

fluctuation, i.e. Im (#;E),than those ions absorbing the fluctuation energy. Thus, there is
net thermal flux proportional to wave energy density ]e$/ (T,) l2 and the excess contribution

from higher energy ions. This implies that the finite external heat source 6Pa, can balance

with such kinetic heat fluz, i.e. heat flux which is kinetically sustained by wave-particle

interaction, maintaining the plasma profde and linear toroidal eigenmode at exact marginal
stability. Thus, the plasma is found to be still active even at marginal stability. Such kinetic
heat f l v z is also important especially when we consider the dynamica..l/transient problem like

12

the boundary crossings of the stable/unstable plasma profile.
Near the critical gradient, the normalized heat flux G may be calculated from the kinetic

resonance part of the pressure fluctuation as G 2i G('") = g1
g1 = - 2 6 n (0

+~ : / 4 )

6(Q + Q:/4)1'2

1'2

1"

I+'
-1

+ g 2 / e ~where

d,u~i(cx)exp(-v-2 )v--m ,

(19)

d p J ; ( a ) exp(-ij2)P (G2 + q;l - 3/2) ,

g2

=

CL

are again given by Eq. (11). The eigenfrequency can be evaluated by

and ?i and

w / w d ) 'v 3/2 for the

-1

(20)

a(=

ideal toroidal mode when the condition .Rt << 1 is satisfied as discussed

in Sec. IIB. In Eqs. (19) and (20) resonant pressure contributions, g1 and

g2/ET

cancel with each other according to the above discussion. However, for

smaller than a

critical value

ET <

ET

partidy

]grj/g2,the resonant pressure fluctuation gives net positive thermal flux.

For the hydrodynamic regime where the mode frequency (growth rate) is given by w2 =
-w:wd,

normalized heat flux G is directly evaluated from Eq. (16) by using the relation

IRI = /W/WdJ

-

l/G>> 1 as

which leads to Gh N, Q/& by neglecting the term proportional to ET. Here, Q is a function
of kepi and given by

Q=$s+"

dv: J,'(a) (C:

- C:/2)

exp( -v:),

(22)

which is of order unity.

C. Numerical example of ITG dispersion relation
Here, we numerically investigate the linear dispersion relation and normalized heat flux
in the complex w plane based on the discussion in Sec. IIA and B. Figures l(a) and (b)
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illustrate the eigenfrequency normalized by the magnetic drift frequency Im w/wd (a) and
Re w/wd (b) as a function of ET for different d u e s of

x(=kpi,/wd = kl,&/k&).

Figure l(c)

shows the normalized heat flux G. Basic parameters are given by kepi = 0.3(pi 3 pi/,/&
T(=

T,/T,) = 1 and

L J R ) = 3.0. The ITG mode is continuously (with E T ) connected

E,(=

with the damped mode for

ET

crossing the threshold value ctc(= LTC/R) (for example etc N

0.31 for X = 0 case). The damping of the mode originates from the magnetic drift-transit
resonance along the ellipse given by Eq. ( 5 ) . With an increase of X , the threshold value eTc
becomes small due to the effect of parallel transit resonance. Around the threshold

ET N eTc,

the real frequency Re W / W d is roughly given by 1.6 for the region X 5 0.6, which is consistent
with the discussion in Sec. IIB. Furthermore, for a smdl vdue of X
is found to be insensitive to
This indicates that the

ET and

ranges over Re w/wd

N

(X 5 0.6), Re w/wd

1.5 - 1.7 around the threshold.

ITG mode near the critical gradient is dominated by warnparticle

resonance interaction covering the finite region around

ET

= ET^. As seen in Fig. l(c), the

normalized heat fluxRe G is sustained as a finite positive value of

E = qc,
as

discussed in

Sec. IIB. It is also found in Fig. 1 that the mode behavior qualitatively changes between

X 5 0.8 (region A) and X 2 1.0 (region B). That is, in region A, the real frequency w/wd
begins to increase with ET whereas the mode is heavily damped. This change with increasing

X results from the transition of the ITG mode from the toroidal branch (region A) to the
slab one (region B) that suffers strong wave damping due to the particle transit resonance.
The dependence of the stability boundary ET^ and corresponding real frequency w/wd
on X is shown in Fig. 2(a) for a given value of kep, = 0.3. The mode frequency
is found to be almost constant (w/wd

N

1.6) for the toroidal regime of X

w/Wd

5 0.6, whereas

2X) for the slab regime of X 2 1.0. Figure 2(b) also

in proportion to

X (i.e.

shows

and normalized heat flux G as a function of kep, for a given value of

eTc, w/wd

w/wd

N

klR = 0.25. The marked point (A) in Fig. 2(b) corresponds to the one in Fig. 2(a) where
X

= 0.42.An eigenfrequency (w/wd zi 3/2) is established constant for a wide range of bpi
14

for the toroidal regime. Figures l ( c ) and 2(b) show that for a small deviation of the ion
temperature gradient from
as G N G o ( q= ET^)

111.

ET^,

i.e.

ET =

-

ET^,

+ G ~ ( ~ assuming
ET)
I~ETI/ET~

normalized heat fluxG can be expanded

<< 1 where GI= ( ~ G o / ~ E T ) ~ ~ = ~ ~ ~ .

TOROIDAL PARTICLE SIMULATION

Here, we present simulation results from the TPC (Toroidal Particle Code2') both for
the toroidal ITG mode which has a flat density profile

(Ln

00)

and the qj-mode, although

we concentrate our discussion mainly on the ITG mode. At first, we briefly explain the

TPC and typical simulation parameters we employed in See. IIIA. In Sec. IIIB, we show

the simulation results and describe notable characteristics of the toroidal ITG mode and
related plasma transport phenomena. In Sec. IIIC, we present the relaxation theory for the
toroidal plasma to explain the observed transport phenomena which become the basis for
our transport model.

A.

Global toroidal code and simulation parameter
We carried out a series of particle simulations in full toroidal geometry using the TPC.21In

the TPC, the global toroidal coordinate
T

(T,

8, cp) is employed where the surfaces of constant

are nested and a nonuniform radial discretization from

is used. Magnetic fields are given by B,+,= &&/R

T

= 0 to

T

= a (minor radius)

and Be = rB,/&q(r)

where

Q(T)

is

the safety factor and R = & + r cost?. An electrostatic potential is expanded for poloidal
and toroidal coordinates as b(r,8, t ) =

mn

&n(r,

t )e x p ( - i d

- incp), which allows radial

turbulent energy convection. In the present study, we employed the dynamics with full
kinetic ions and adiabatic electrons. Therefore, the simulation excludes the nonadiabatic
electron nature which originates from the trapped electron response. In future work, we
consider the impurity ion effects which can be important at the edge
also in the core).
15

T/U

2 0.8 (actually

Typical parameters employed here are as follows: the aspect ratio & / u = 4, the average

-

ratio of ion plasma frequency to ion cyclotron frequency (wp(/w,) = 1, the average ratio of
ion Larmor radius to minor radius ( p l / a )=
0.02
i and magnetic shear parameter s^ = r d / q
1.0. For a given profile of a safety factor

toroidal mode

1721

Q(T)

(q(0)

IV

0.4 and q(a)

= 1-12 and corresponding poloidal harmonics

minor radius with the relation

q(T)

IV

2.5), we take the

fm,which ranges over the

= m/n. In the present simulation, however, in order

to model the heat reservoir neax the plasma center, we excluded mode rational surfaces in
the region r / a 5 0.2. Therefore, little relaxation takes place near the plasma center and
the temperature at

T N-

0 remains nearly constant. The ion temperature is initially given

by an arctan dependence T,(r)= -(T,(O)/.rr)[arctan(r
is uniform for

- TO)/~T+ n / 2 ] ,while the ion density

ITG mode simulation. The electron temperature is given spatially constant

N, 0.4.The radial profile of the safety factor q and magnetic shear s^ are shown
with T,/(T,)

in Fig. 3. x(0)(and also TO and 1 ~ is) chosen so that the resultant temperature scale length
eT

L T / R and the value of ko ( p i ) are favorable to excite the ITG mode for toroidal modes

n = 8 - 10.

B. ITG mode simulation
In this section, we present simulation results of the toroidal

ITG mode and describe the

main characteristics to note. In Fig. 4, we show four snapshots of the electrostatic potential
contour on ( T , 0) poloidal cross-section: (a) linear stage before saturation, (b)after saturation
(early nonlinear) and (c) steady state (fully developed nonlinear). In Fig. 5, we illustrate
the temporal evolution of the potential energy of each toroidal mode
(

m

(I&,(r)12), where

) denotes the average over minor radius. As seen in the linear stage in Figs. 4(a),

radially extended.global modes which display a prominent ballooning structure are formed.

The n = 9 toroidal mode is dominant in the linear stage and the rn = 6 - 12 successive
poloidal modes are coupling with each other by the toroidal effect to form a global ballooning

16

structure. Furthermore, as seen in Fig. 4, the potential structure is twisted, forming long

thin eddy streamer in the radial direction and shows an updown asymmetric feature. The

twisting results from the mode structure following the shear magnetic field in such a way as
to maintain maximum growth. After saturation, the twisted potential eddies partially break
up, disconnecting the radial coupling. Such a break up starts usually from the region of the

poloidal angle 0 < 8 5 ~ / 2 where
,
the potential structure is strongly twisted. From the
end of the linear stage, some lower toroidal modes are excited, and through the transient
stage after the saturation (4000 < tu:' < 7000), the dominant toroidal mode shifts down
to n = 6, showing an inverse cascade. In the quasi-steady state (t 2 7000~~')
where the
total field energy stays almost constant, the electrostatic potential structure becomes rather
turbulent, but still showing structures which have a long radial correlation length as seen in
Fig. 4(d). In the saturated state, the structures are more isotropic than in the linear phase.
Figure 6 shows the frequency power spectrum as a function of minor radius at the steady

state (t = 7000 - 1500oW~').The power spectrum is found to form a frequency band over a

radial region which weakly depends on the radial coordinate. The dashed line in Fig. 6 shows
the frequency that satisfies the condition w = od(r), i.e. the local magnetic drift frequency.
The turbulent frequency spectrum is rather narrow and the central frequency in the band is
characterized by w

= w ~ ( T ) This
.
shows that the steady state is near marginal stability, as we

discussed in Sec. 11. From the analysis, the typical radial mode width or radial correlation
length L, is estimated as

L,

N

15 - 20 ( p i ) , which is much longer than the typical ion

gyroradius ( p i ) , but smaller than the minor radius a, satisfying the relation (pi) << L, << a.
The result indicates that the small ion Larmor length and the larger plasma scale length
are coupling with each other. Thus,the toroidal geometry which leads to toroidal coupling
of neighboring m-modes plays a crucial role in determining the radial mode structure of
the electrostatic potential and related turbulence, which is not taken into account in the
conventional dispersion analysis by using the zeroth order ballooning equation. In order to
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describe the radial scale of the vortices from the coupling effect, we write the characteristic
radial length as

L(-n / S >= pt1-cr aa ,
and now estimate

CY.We

(23)

performed several paramxer runs to determine the exponent

CY,

including gyrokinetic ion s i m ~ l a t i o n sBased
. ~ ~ on these simulation studies, we concluded that
the radial mode width L, is approximately evaluated as the geometrical mean of pi and a,
that is, CY = 0.5 f 0.2, and therefore typically

k,

N

For example, in Ref. 21, we also obtain .~r/lc,2 ,/a/(p,)p+

N

llp, which is consistent

with the obtained frequency power spectrum. This is consistent with the several theoretical
studies26-28including the first-order envelope ballooning equation approach and also with the
BES measurement in TFTR.7 This empirical formula for the radial wavenumber is utilized
in Sec. IV to derive the transport model caused by the toroidal ITG mode.
Here, we further discuss the characteristics of the obtained toroidal mode structure. As in

Fig. 4, we observe the twisted thin eddy structure with updown asymmetry. Such poloidal

asymmetry can be understood as a result of a rotation of the symmetry plane from a eo = 0
midplane by a finite angle 00

# 0. The angle 60 is known as the Bloch shift parameter that

represents the most unstable poloidal angle for given radial profiles. By solving the lowest
order ballooning equation, we obtain the growth rate in terms of 00 as -yo(&)

N

90 cos&,

where TOis a constant. Namely, 60 = 0 provides the maximum growth rate from the local
eigenvalue problem. However, the solution is obtained based on a local treatment of the
ballooning equation which assumes spatial periodicity of the wave function. The global radial

envelope structure, which is obtained by fully solving the ( r y e )2D eigenvalue problem, is not

taken into account. In order to see the realized Bloch angle more clearly? in Fig. 7 we show
the contour of

&(T,

6)

bmn(r,t ) exp( -irnt9) , i.e. the toroidal Fourier components of
18

the electrostatic potential, for n = 9 (a) and n = 10 (b) which corresponds to Fig. 4(a).
From these figures, the Bloch angle is evaluated as

80 N-

-x/6 with negative sign. The

shift from 60 = 0 arises from the equilibrium deviation of the ion magnetic drift frequency
(i.e. 8ud/dr)or equivalently the second derivative of the temperature profile (i.e. a2T,/ar*),
predicted by a recent study.28A detailed analysis of this profile effect for

80

and the global

eigenvalue will be described in another paper.
We now investigate the characteristics of plasma transport subjected by the global ITG
mode. Figure 8 shows the ion temperature profile plotted in a logarithmic scale at four
different time steps. Although the amount of relaxation is small, a careful inspection shows
that the initial arctan ion temperature profile which provides the unstable ITG mode tends

to the one fit well by an exponential functional form T,(r)N exp(-r/lT) over a finite radid
portion (AT

-

10 ( p , ) ) . This relaxation happens up to t = 2000 - 3000 w,'.

Once such

a profile is achieved, the temperature profile evolves more slowly toward a relaxed state

( t 21 t4 in Fig. 7) expanding the radial region which is fit to an exponential form. Note that
the subscripts to t in this subsection are different from those used for scale expansion in
the next subsection and subsequent sections. During relaxation, the exponential form has

been intact, but only the temperature scale length LT slowly changes as a function of time.
Namely, the plasma is found to display self-similarity in the relaxation. In the quasi-steady

state (t 2 10000 u;'),further temperature evolution is weak, but the exponential form is
kept. Note that steady state heat flux is sustained by the heat reservoir near the plasma
center as we explained in Sec. IIIA.

Thus, the temperature profile and plasma transport are subjected to a strong constraint
during the relaxation and also in the quasi-steady state. Such a constraint is explained by the
potential structure of toroidal ITG turbulence whose radial correlation length is large. Such
a nonlocal effect, which leads to radial turbulent energy convection by a large

E x B step

size, plays a crucial role to form a self-organizing character in toroidal mode driven plasma
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-

transport. As already discussed in Fig. 6, the typical frequency of turbulent fluctuation in
the quasi-steady state (t 2 7 0 0 0 ~is~ characterized
)
by the magnetic drift frequency w

wd,

which is consistent with the profile near marginal stability. However, as seen in Fig. 4, the
wave excitation and thermal transport have been maintained, maintaining the self-organizing
character. Therefore, it is concluded that the relaxed turbulent state is sustained near but
slightly above marginal stability in the present simulation. It is this small margin above
marginal stability that drives the fluctuation and sustains transport.
The relaxed state observed above will depend on the heat reservoir (or equivalently the
initial temperature around the plasma center). In order to study the relaxed state under
a different condition, we performed the simulation by using a different initial temperature

profile which has a Gaussian shape as shown in Fig. 8(a) (dashed line). Note that x ( 0 ) is
chosen to be higher than the case in Fig. 7 although the total kinetic energy in the torus
is the same. The relaxed state after saturation (t = 16000:W,-') is illustrated. The initial
Gaussian temperature profile is also found to relax to a new profile well fit by the exponential
functional form. However, in this case, two radial portions which have different LT lengths
appear such that T, cc exp(-r/LTI) for an interior portion and TI a e x p ( - r / h ) for a
more exterior region.
Figure 8(b) shows the corresponding frequency power spectrum P(w,r) in the quasisteady state. Although the relaxed temperature profile is different from the one in Fig. 7,
the typical frequency of turbulent fluctuations is also given by w

N

wd.

However, the power

spectrum is found to exhibit a different feature. That is, the power spectrum of the electric

field is not clearly monochromatic but f o m two or three segmented frequency bands which
follow the overall w = wd(r) curve. The deviation of the local frequency from the eigenfrequency w is within O ( m ) w , because the extent of the eigenmode is over

@, while

the global change of wd(r) is over a. Since wave emission has been maintained long after
the saturation, this relaxed state is also considered to be slightly above marginal stability.
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By carefully choosing the height of the potential contour in

(T,

0) poloidal cross-section, we

can see microscale transport whch occurs within the macroscale self-organized temperature profile. Figure 9 shows the electrostatic potential in the quasi-steady state after the
exponential temperature profile is established. It is found that the ITG mode excited in

the interior region in the torus ( t

N

5600w,'(a))

is transported toward the outer region

(t N 10200 w ; ' ( c ) ) , showing a radial movement of potential vortices. Then, we see the p e
tential vortices propagate back to the plasma interior from the torus exterior. Such behavior
is explained as follows: a small temperature perturbation (i.e. a local bump or hole) which

happens in one radial region on the self-organized profile excites a localized ITG mode. Heat

flux induced by such mode excitation is convected out so that the temperature gets back to
the smooth self-organized profile. The temperature perturbation which is expelled born one
radial region causes another perturbation in a different radial region and there again induces
the mode excitation. Resultantly, the mode excitation follows the temperature perturbation
and moves back and forth in the torus so that the deviation from the self-organized profile
is minimized. This relaxation oscillation accompanied by the radial movement of the active

region and associated bursty mode excitation have a time scale related to ( e Z w d ) - l , where c2
is a smallness parameter for the time scale we shall discuss in the next subsection. This is
another evidence that the toroidal plasma has a strong constraint which binds the plasma
resiliently to the relaxed state. This implies that one c m construct relaxation theory of
transport in this plasma.
At the end of this subsection we briefly show the results of the q,-mode where the density
profile is given by Gaussian form ni(r)oc exp(-r2/2Li) in Fig. 10. The temperature profile
is initially given as either arctan form (a) or Gaussian form (b). The toroidal vi-mode is

also found to provide a constraint on the plasma profile and relaxation. This time the
initial arctan temperature profile tends to relax to the one fit to the Gaussian profile in a
self-similar manner. It is also found that the initial Gaussian temperature profile relaxes
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without changing the functional form, as seen in Fig. 10(b). Note that the density profile

has changed somewhat for the simulation by using the adiabatic electrons. Therefore, the

constraint to form a Gaussian temperature profile means that the initial q,(= L,/&) d u e
changes (overall decreases) to become spatially independent over the radial region where the
radially extended qi-modes develop. It is also confirmed that even when the initial density
profile is given as an exponential form, the arbitrary temperature profile is also self-organized
and relaxes to the exponential form keeping the spatially constant

C.

due.

Discussion and relaxation theory
The above observation implies that there exist at least two distinct time scales. Namely,

t ) be a global temperature profile which has, for example, an exponential form for
let T~(T,

ITG mode or Gaussian one for qi-mode, as observed in Sec. IIIB. Also let 6T(r,t)be a

small temperature deviation away from To(T,
t). Here, the global temperature profile To(r,
t)

-

evolves slowly by keeping the functional form. However, the deviation ~ T ( t)
T from
,
T0(r,
t)
is quickly smoothed out so that 6T(r,t )

0 in a faster time scale.

In order to explain the above feature by a more mathematical way, we present a relaxation
theory by introducing a multiple time scale expansion in the quasilinear equation Eq. (13). A
systematic expansion may be carried out by the well-known reductive perturbation method,34
expanding in terms of a smallness parameter E. We expand the time and spatial scales,
temperature, and heat flux as follows:

a

-=-

at

-a= -

ar

a
at0

a

dro

+c2-

+€-

a

+ & a +...
at1
at2

a

ar1
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+e2-

a +.'.,
ar2

where Qo = --X!o)V~T~
and

Q1

= -X!o)V~T'l
- X!')VoTo - X ,(0) V1To and TI is equivalent to

the above discussed 6T.In general each quantity is a function of both to and tl and ro and
r1 (and higher order variables). To is the above explained global temperature profile which

exhibits self-similarity and is evolved only in a slower time scale t l . Therefore, we assume

flo/ao
= 0, where to represents the fast time scale. From this expansion, we obtain a series
of transport equations:

m
0
s(e2)
: $72, -+ v0- Q~+ vl.
Q~ = S,

a1

by assuming that the density no is maintained constant, where S is a heat source.
In Eq. (29), if there is finite divergence for Qo, i.e. V
rapidly relax such that

V Qo

.--)

7'1 -+

- QO(r)

# 0, it will force TI to

0. Thus, on average, we obtain X'~/%O
+ 0 and therefore

0, which leads to the condition

rQO(r)= rXi(0)(T)

cz const,
64

-

over a range of r such that TO belongs to a region with a given value of r1. Since we know from

-

the toroidal simulation that the global TOprofile is self-organized to be To

exp(-r/lT)

for the ITG mode and TO exp(-r2/2L+) for the vi mode, the constraint in O(e) given by

Eq. (31 ) requires that the thermal conductivity varies as

XY'(ITG)

-const.
r

The thermal conductivity X y ) given by Eqs. (32) and (33) is found to show the radially flat

or rather increasing profiles which are in agreement with our simulation results.21 In the

next order in e, we obtain the slow variation of the background temperature To(tl)
through
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divergence of

&1

in Eq. (30). Kote that the slow variation is induced as a variation of the

scale length which is given by aT'/&l.
In order to evaluate heat flux Q , here we employ the quasilinear expression (Eq.(14))
given by

n,ce

(34)

riQo(~i)
= -jj-~ ( r i14(r1)12
)
Re G,

where n is a given toroidal mode number and ke = nq(rl)/rl is used in Eq. (14). We
emphasized here the subscript 1 to indicate the spatial dependence of parameters over a
larger scale (q).
In order to have the constraint given by Eq. (31) i.e.

TQO(T)

= +(= const.)

, radial profile of the electrostatic potential is self-consistently determined as
in O ( E )the

follows

where l&,(r)12is also an order E and compensates the radial dependence of q and G. The
finite divergence over a small scale
spatial scale

( T I ) become

(TO)

of Q1 as well as the divergence of

QOover a larger

the driving forces of the self-similar relaxation of the temperature

To which takes place in slower time scale tl. On the other hand, the transport of temperature
perturbation (a local bump or hole represented by

TI)which appears on the self-organized

profile for example, as seen in Fig. 9, results from heat flux Qo and is governed by Eq. (29).
We shall investigate the properties of Eqs. (29) and (30) in more detail in the subsequent
sect ion.

IV. CRITICAL GRADIENT TRANSPORT MODEL
In this section, we further develop the relaxation theory touched upon in Sec. IIIC. In
order to solve the transport equations (29) and (30), heat flux Q has to be determined self-

consistently with the plasma properties, such as the fluctuation level, plasma temperature
gradient etc., as seen in Eq. (14).In this quasilinear expression 1412or its normalized quantity
24

W , appears. We have to therefore determine the equation that describes the evolution of W .

Here, we restrict our attention to the toroidal ITG mode which is excited in a flat density
profile. As seen in Sec. 11, the ITG mode becomes linearly unstable for the temperature

profile which satisfies the condition ET < ETc. As seen in Fig. l(b), the linear growth rate y L
can be approximated around marginal stability by
"1L = ^ l o b

where p E

ET and p,

E ET^.

- Pc) 2 -

($)

(€2- -

€74(= 7 L L

(36)

Here, 70 is related to the gradient of ^~r.with respect to

ET

at the threshold by

where the constant

c2

is estimated as

c2

= ~ L ( E T=

o)/Ldd(=

(ETc/wd)(a'yL/&T))

the linear dispersion analysis in Fig. l(c). In the case of X = 0, we evaluate
and

ET,

from

c2 =
1.0
i

z 0.31, and then yo z 0.31 wd. Note that Eq. (36) is introduced by modelling the

numerical dispersion analysis in which the growing ITG mode continuousiy goes to a damped
mode with d 2 y ~ / d ~>+ 0 at

ET = ET^.

Here, we define the nonlinear total growth rate y by

where T N L represents the rate of nonlinear damping which saturates the linear mode and we
describe the damping rate aa ' ~ N L=, ~ N WWe
. determine "/N by considering E x B trapping

of a particle by the radially extended global mode. We adopt this as a candidate of the

saturation mechanism. A derivation is described in Appendix A.
It should be emphasized that since the plasma relaxes and achieves the critical gradient
state, the temperature gradient of the plasma is very close to that of marginal stability, i.e.
c1 - PC

pc.

(39)

As discussed in Eq. (29), if Eq. (39) is not fulfilled, the rapid temperature evolution enforces
the plasma to quickly attain the condition (39)in a short time scale (to). Thus the temporal
25

smallness expansion parameter

E

in Eq. (25) is related to Eq. (39) as
f2

Yo
= -( p - p c )
ud

The equation thus derived takes the following form:

This equation resembles the Landau-Ginzburg equation in the critical phenomena as in
phase transition, where the critical slowing-down takes a very long growth time, just like
in our present case of the critical gradient of temperature. The slowness of this evolution

is explicitly written in Eq. (41)through the slow time scale

(tl).

As is evident, the right-

hand side ordering is consistent with the left-hand side, as Eqs. (40) and (25) indicate. The
nonlinear saturation ~ N W
in this critical gradient problem is much below the level often
discussed in the theoretical literature that discusses robust turbulent saturation, in which
the time scale of tl can not come in. In the present theory the steady-state saturation of W
is

at the order of E*. Because the temporal evolution of W in Eq. (41)is in a slow scale

(tl),

we can couple Eq. (41)with the slow scale transport equation (30). In many works where
the level of p

- pc is high, there exists no time scale separation between t o and tl and thus

no transport separation between Eqs. (29) and (30). Thus the transport equation in those
works do not have separate terms as Vo - Q1 and

V1 .Qo, as we shall see in the below.

The transport phenomenon we described in Sec. 111has the relaxed state over the spatial
scale (pla)1/2(or more precisely pf-*ua). Within this scale the spatial variations of TO,1#12

etc. over TO are zero as they are smoothed out, i.e. TO(^), l#(T1)I2 [not TO(~O,TI),
I#(ro, rl)12].

In particular from Eq. (29) the steady-state condition, or precisely over the time scale
26

tl

(beyond t o ) , VO- &o = 0 means

where /-I

= -(flo/aro)/To is used and the constancy of the left-hand side means constant

over the period of

Jp7'ii,but beyond that period it may be a slowly varying function of r l ,

thus written as $(TI). The amount of 111 determines the magnitude of heat flux,which needs
an additional equation, as is considered by Eq. (30). These are the consequences of the
self-organized critical state due to the presence of the extended modes over

@.

Thus the

spatial smallness expansion parameter E should be (pila)''* [or more precisely (pila)'-* and
a more detail on this point will be discussed in the final section].

With these considerations, the transport equation coupled to Eq. (41) is derived from
Eq. (30)as

where the first bracketed terms arose from

VO - Q1 and the second bracketed term from

VI - Qo and the source term S is given by the external input power per unit volume Pin. In

Eq. (44) the term ET1/dro may be put to be zero, as the temperature TIquickly relaxes to

zero in time to according to Eq. (29).

The stationary solution of Eq. (44)is sought by

where we dropped the term proportional to X(') (though possible to keep) for simplicity. By
commuting

and

and using Eq. (43), J3q. (45) may be written as

or
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where C = p ( a ) $ ( a ) . Equation (47) is an implicit integral equation in which @ is related
to p through Eq. (43)and X is related to W through Eq. (15). The quantity W is now

governed by Eq. (41).Thus Eqs. (41)(with d / d t l = 0) and (47) constitute a complete set of

the coupled equations that self-consistently describe a steady state realized by the interplay
between plasma fluctuations and heat transport in the self-organized critical plasma with the
auxiliary defining equations (15) and (43).A few simplifications and assumptions employed
in their derivations are mentioned above. One of the main differences in the present transport
theory from the conventional theory is the presence of p 2 instead of p in Eq. (47). In the
future we will investigate the influence of the factor p2 on the resiliency of the temperature
profile in a self-organized critical tokamak plasma. Another important distinction of the
present theory is that the slow time scale of transport is now legitimately tied to the slow
time scale of the Landau equation describing the wave growth and damping. As commented
earlier, unless the instability is near marginal, such assignment of time scale is not possible.

A third distinct property of the present theory is that the slow time scale is now tied to
the nonlocal spatial scale

(m)(beyond the local scale

pi)

so that the equations describe

the nonlocal (but yet not global) spatial behavior: We have to now recognize three distinct
spatial scales for the problem: pi, pf-QuQ, and a (a may be substituted by

b).

As a simple case, we consider the steady state where the first term of the right-hand side
in Eq. (45)is dropped. This analysis is usefui to investigate the parametric dependence of
( p , W )and the resultant heat diffusivity scaling. In the steady state (a/&

the quadratic equation with respect to p:

P

p2 - pcc1 - 9

where 9

(-)
?N

"lo

= 0,

z / r 2 and p represents normalized heat flux given by
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+

0), we obtain

where F ( r ) = u-'

lr

(P,,/niTo)(R/2r).
T N

rP3,,(r)dr. When Ptn(r) is spatially uniform, Eq. (49)becomes p =

/ ~ O in

Eq. (48)is estimated from Eqs. (37) and (A2) as

Equation (48) leads to a solution for p and W as

Equation (51)changes its character depending on different d u e s of (4p/gp:)("YN/7())(= 6:
infiection parameter). Since p/gp a P , , ~ / n , c /and
~

?N/TO

-1/2

oc To

assuming

2 cc T;I2

and uniform input power, 6 a finr/niG is found. Namely, for weak heating and/or high
temperature regime (i.e. 6 < l),

(53)

W = - ,P

(54)

9Pc

where ( p ? W )is a linear function of p . On the other hand, for the strong heating case and/or
high temperature region, ( p , W )becomes

where ( p , W ) increases in proportion to PI/*. The deviation of the inverse gradient p from
p, at the inflection power is found from Eq. (50)to be
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That is, 21% deviation from the critical gradient is found. To know the radial dependence of ( p , W,X i ) , it is worthwhile to investigate how

( P i n , TO,
ni) depends

on ( p , W,X i ) in

Eqs. (53)-(56). In each regime, we obtain

for b e 1 case and

for 6 > 1case. In both regimes, the deviation from the critical gradient 6p and the fluctuation
energy W increase as To decreases. Resultantly, the thermal diffusivity

Xi

increases with

decrease of TO. In many tokamak experiments and our toroidal simulation, the radially
increasing X, is observed and this tendency is consistent with the present theoretical results.
For the p >> pi case, we obtain the heat diffusivity scaling resulting from the mixed time

scale determined by the intrinsic X i and the heating rate as

where c5
and

Xi

-

0.26 is a constant. ”ransport is Bohm-like (for Q = 0.5)

IV- ( ~ * / 2 ~ l ) ’ ” ( ( I C e p i ) ~ ’ ~ / ,

is in proportion to

cy2,showing the typical Lmode scaling.

V. CONCLUDING FtBMARKS
Based on the particle simulation in full toroidal geometry, we investigate the remarkable characteristics of the toroidal ITG mode and related plasma relaxation. The primary
simulation results are summarized as follow:
1. Due to the toroidicity-induced couphg, the radially extended nonlocal mode and tur-

bulence, which have the long radial correlation length scaling scale as L, a P ~ ’ ~ L F ,

1 .

are induced, showing the coupling between the short ion Larmor length and plasma
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scale size. Subjected by such nonlocal turbulence, the global temperature relaxation
was observed.
2. Radially extended nonlocal turbulence provides the strong constraint on the plasma

profile so that the plasma is self-organized. As a result of that, the plasma shows
profile resilience and self-similarity in the relaxation. For the ITG mode case with
the flat density profile, the self-similar functional form is approximately given by the
exponential T,(r,tl) c( exp(-T/LT(tl)), and only scale length LT changes in a slow
time scale during the relaxation.
3. Due to such a constraint on the plasma, the plasma profile is difiicult to sustain much

above marginal stability, and forced to relax until it sufficiently approaches the critical
gradient. The relaxed state forms self-organized criticality and how far the plasma
profile can deviate from the critical gradient is determined by the balance between
radial turbulent energy transport and external heating. Any temperature bump away
from the extended mode region built up from this process contributes to reshuf3ing of
eigenmodes and subsequent intermittent bursts.
The characteristic of near marginal stability (or critical gradient) is a direct consequence
of the nonlocal nature of the mode excitation (item (1)) and the related strong constraint

on the plasma (item (2)). That is, due to the nonlocal nature of the mode which has the
radial long correlation length, the

E x B step size becomes large. This

-

is the reason why

we obtain thermal transport scaling as the Bohm-like diffusion when the radial mode is well
established as L, =

with cr

0.5 near the critical gradient. Namely, the concepts of

the Bohm-like (or large scale nonlocal) daftision and the near critical gmdzent coincide with
each other and belong to one physical category.
In the present theory it does not necessarily mean that the Bob-like diffusion causes
more transport than the gyroBohm diffusion, although the diffusive step size is far greater in
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the former than the latter. This is because precisely due to the great radial correlation length
of the Bohm-like case the plasma relaxes close to marginality and plasma fluctuations remain

low and the coefficient of pivi (Bohm-like diffusion) becomes small (see Eq. (15)). On the

other hand, let us consider a case, for a certain reason, in which a strong instability develops
before the temperature gradient is washed away. In such a case, the fluctuation level of the
turbulence would become high enough to cause a secondary i n ~ t a b i l i t ythat
~ ~ could lead to
disintegration of the radially extended nonlocal modes. In this case, the radial scale length
of the turbulence may be reduced from (pia)”2 (i.e. Q = 0.5 in Eq. (23)) to

pi

(i.e.

Q

= 0)

and thus we would get the gyroBohm scaling as found in Eq. (60). When this happens,

even if the inverse temperature gradient p increases substantially above the critical value
pc in Eq. (52), the increase of 7~ due to the change (decrease) of

CY

leaves the level of the

fluctuation energy W , and thus Xi is not significantly aftected. The parametric dependence
of ( p ,W ) and X, on the exponent

Q

would be discussed in a followup paper. However, such

an effect might explain the “puzzle” that even in secalled “supershot” discharges? in which
the temperature is sharply peaked in the plasma center the heat difisivity was observed to
be not greatly changed over the value for shots with less peaked temperatures. If there is
an agent to reduce the toroidicity-induced radial coupling such as shear flow in the plasma,

it can lead to a radial step size smaller than the nonlocal case. Such a possibility has been
explored recently.

Based on the two-field critical gradient model which takes into account self-organization of
the plasma profile, we investigate the deviation of the temperature gradient from the critical
one as a function of the external heating power. Our theory recognizes that the slow time
scale of the transport in the energy equation can be tied to the fluctuation growth/damping
time scale in the Landau equation only when the plasma relaxes toward the near marginality
(the critical gradient). Our theory also recognizes that because the radial extent of the
toroidicity-coupled mode structure is much greater than the individual mode wavelength (-
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pt>, the

spatial self-organization (such as a smooth self-similar temperature profile) results:

this large spatial diffusive length allows one to realize the slow wave and transport time
scale under the critical temperature gradient condition. Thus the self-organized critical
gradient phenomenon we discovered ties the spatial extent of the nonlocal rnode/dif€usion
structure, the slow temporal scale of the wave growth and transport, and the closeness of
the relaxed temperature gradient to marginality all together. There may be a possibility
that the plasma's self-organizing tendency tries to force the ordering of the spatial size of
the vortices to better match that of the temporal scale, which demands the exponent cu to
tend to

where 7 0 3 yo/wd. That is, if the self-organization is such, then o will be adjusted from the
value 1/2 to the one that balances the difference between the two (logarithms of the) temporal
and spatial smallness parameters ln(T06p)and In

m.

However, an alternative possibility,

the detachment of spatial and temporal scales, may occur if the imbalance becomes lopsided;
this needs further investigation. Finally, it is also instructive to know that it appears that all

(or nearly all) stars on the main sequence maintain the critical temperature gradient for the
global (and thus nonlocal) superadiabatic convection. This is, we can surmise, similar to our

present theory of tokamak ITG transport, because if the temperature gradient is much above

marginality, it would cause too strong convection of a global scale in the stellar convection
zone and would quickly cool and relax back to marginality. On the other hand, it appears
that more local short wavelength convective modes are robustly unstable.
In conclusion, the recent experimental results of transport studies of Emode discharges in

four major tokamaks JET," TFTR,'O D-IIID,l2 and JT-60US show the Bohm-like diffusion
in the ion thermal diffusivity. Our theory and simulation indicate the Bohm-like di&sion,
based on the radially extended mode structure and consequent critical gradient phenomenon
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as described in the text.
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VI.

APPENDIX: NONLINEAR DAMPING RATE

The nonlinear damping rate YNL which appears in Eq. (38) may be written as

- IYNL]

by assuming the condition f y ]<< ly~]

where y(W) is the total growth rate given by

Eq. (38). Here, D(W) is estimated by D(W) = &:/at, where

-

= ck&jl/Bow represent

the E x B step size due to the fluctuating field. If we estimate the phase decorrelation time
simply by Gtdecom.

where c1

-

w i ' , YN is

given by

1/9 and W = le#/ (K)l2.In deriving Eq. (A2),we used the relation w

-

(3/2)wd

by assuming the toroidal branch near the critical gradient. As seen in Eq. ( A 2 ) , Y N is
proportional to k: and therefore sensitively depends on the exponent a. We estimate the
saturation level of the electrostatic potential based on the E x B trapping by simply using

-

the wave-breaking condition. The later steady state is determined from the power input, as
we shall see in Eqs. (40)-(41). nom the condition, S&

r/k, (&

= ckgIq5(/Bwis the E x B

radial step size), we estimate the fluctuation energy by

where w

-

(3/2)wd is used. This level of saturation shou i be considered to be the maximum

level that can be achieved without the feedback of the evolution of W to the background
temperature profile, perhaps corresponding to the initial overshooting regime.
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FIGURE CAPTIONS
FIG. 1. Growth rate

hw/wd

(a), real part of the frequency Rew/wd of the ITG mode

versus ET 3 L=/R for different value of

kepi = 0.3(pi 5 p i / f i ) ,

T(=

T'&)

X

= kllai/wd.

Parameters are given by

= 1 and en(= L J R ) = 3.0. Figure (c) show

the corresponding normalized heat flux G. Arrows in Figs. 1 (c) and (d) show the

position of Im w = 0. Arrows in Figs. l(b) and (c) indicate the point at the critical
gradient corresponding to the ones in Fig. l(a).
FIG. 2. (a) Dependence of stability boundary ET^ (solid line) and corresponding real tiequency w/ud (dashed line) on

X for given k& = 0.3, and (b) dependence of

(solid line), w/wd (dashed line) and corresponding G (dash-dotted line) on b p j for

given kllR = 0.25. Critical gradient locates at kepi z 0.35 where X cz 0.36 for

kllR = 0.25.
FIG. 3. Radial variation of (a) safety factor q and (b) shear parameter Z.
FIG. 4. Potential structure in the poloidal cross-section q5(t,O,cp = 90)at (a) t = 2 6 0 0 0 ~
(early linear stage), (b) 34Obd (before saturation), (c) 5 6 W d (after saturation)
and (d) 112Wd (steady state). Solid line and dashed line represent positive and
negative potential value, respectively. The arrow represents the direction of the
poloidal potential rotation by ion diamagnetic drift.
FIG. 5. Contour plot of real tiequency power spectrum w/wd as a function of minor radius

in the steady state during 6ooow,' 5 t 5 15oooW,'. Plus and minus signs of w

correspond to electron and ion drift sides, respectively. Dashed line represents the
one which satisfies the condition w/wd = 2k&/R.
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FIG. 6 . Potential structure (toroidal Fourier component) in the poloidal cross-section 4 n (8,
~ ,cp)
for n = 9 (a) and n = 10 at t = 11400.

FIG. 7. Time evolution of the ion temperature profile plotted by logarithmic scde at four
time steps. Dashed line represents the initial profile.

FIG. 8. (a) Temperature profile plotted by logarithmic scale at t = 16000~;'.

Dashed line

represents the initial profile which has a Gaussian shape.
(b) Contour plot of red frequency power spectrum w/wa as a function of minor

radius in the steady state 80ObG' 5 t 5 16oooW,'. Dashed line represents the one
which satisfies the condition w/w, = 2k,$,/R.
FIG. 9. Potential structure in the poloidal cross-section &(r,6, cp = cpo) at six digerent time
steps in the steady state. Parameters are the same as in Fig. 8.

FIG. 10. Ion temperature profile of qi-mode plotted by logarithmic scale as a function of r2,
for two different initial profiles; (a) Gaussian profile and (b) arctan profile. Density

profile is given by Gaussian profile.
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