
UCRL-JC-118923 
PREPRINT 

Propagation of Seismic Waves in Irregularly Layered Media 
Using Boundary Integral Equations 

e 

C.A. Schultz 
M. Bouchon 

This paper was prepared for submittal to the 
American Geophysical Union 1994 Fall Meeting 

San Francisco, CA 
December 5,1994 

December 1994 

Thisisapreprintofapaper intended forpublication h a  journalorproceedings. Since 
changes may be made before publication, this preprint is made avaiiabte with the 
understanding that it will not be cited or reproduced without the permission of the 
author. 



DISCLAIMER 

This document was prepared as an account of work sponsored by an agency of 
the United States Government. Neither the United States Government nor the 
University of California nor any of their employees, makes any warranty, express 
or implied, or assumes any legal liability or responsibility for the accuracy, 
completeness, or usefulness of any information, apparatus, product, or process 
disclosed, or represents that its use would not infringe privately owned rights. 
Reference herein to any speaIic commercial product, process, or service by tzade 
name, trademark, manufacturer, or otherwise, does not necessarily constitute or 
imply its endorsement, recommendation, or favoring by the United States 
Government or the University of California. %e views and opinions of authors 
expressed herein do not necessarily state or reflect those of the United States 
Government or the University of California, and shall not be used for advertising 
or product endorsement purposes. 



DISCLAIMER 

Portions of this document may be illegible 
in electronic image products. Images are 
produced from the best available original 
document. 



Introduction 

The Derivation of the linear equations system 

Let us consider a multilayered half-space where the surface and the interfaces are 

irregular. Let us define a Cartesian coordinate system (x ,y , t )  where z denotes the depth axis 

a d  let us assume that th‘k medium geometry varies along the x direction but is invariant along 

y .  Let us further assume that the incident wavefield only depends on the x and z coordinates. 

Then, the elastic wavefield u ( x , d  in any layer I may be represented by an integral over the 

two interfaces bounding the layer of a source density function q times the Green function g of 

the infinite medium having the elastic properties of the layer, that is: 

where fdenotes the acting line force component of the source density function and where the 

superscripts t and b denote respectively the top and bottom interfaces of layer 1. 

If a seismic source is present in layer I, the direct sourcc wavefield contribution must be 

added to expression (1). 

If we now consider that the seismic excitation has a eiw time dependence and introduce an 

horizontal periodicity L in the medium geometry and discretize the interfaces at a constant Ax 

interval. equation (1) becomes: 

where L=NAr and where the Green functions g are expressed as discrete wavenumber 

summations (Bouchon et al.. 1989). 

I 



Using equation (2). the continuity of displacement and stress at the interface separating layer\ 

1, above, from layer 1+1, below, may be expressed by: 

i=1,4N 

where for i = W .  g@(Z) denotes the x component of displacement produced at point i of the 

bottom interface of layer 1 by a force acting in the x cf =1) or t (f =2) direction and locatedat 

point j of the top interface of Iayer 1. Similarly, the range of subscripts i=N+1,2N 

conesponds to the y component of displacement, while the range from i=2N+1,4N 

corresponds to the x and z components of the interface stress vector. $(Z) is the 

displacement-stress vector produced at point i of the bottom interface of layer 1 and is only 

non-zero if a source is located in layer 1. The attributes of the other terms of equation (3) 

follow. 

The Green function expressions are: 



with: 

sign (t-zj)=l for z > t j  
=-I for z etj 

sgn (d)=l for aPr,afir 
=-I for afbb,afrb . 

and where pi, q, &, AI and i.11 are respectively the density, compressional and shear wave 

velocities and Lam6 parameters in layer I and o is the angular frequency. 

The boundary conditions at each interface expressed by equation (3) set up a system of 

linear equations which may be written in matrix form: 

C Q = F  

where Q is the unknown vector array of surface and interface force distributions, F represents 

the direct s o m e  wavefield incident on the interfaces, and C is the matrix of displacement and 

stress Green functions: 

-G*l4(1) -Grb’”(l) 0 0 0 0 .... 0 
Gbr(l)  Gbb(l)  -GN(2)  -G*b(2) 0 0 ..... 0 

0 0 0 ........ Gb‘(nl-l) Gbb(nZ-l) -G“(nl) 

C = 0 0 G”(2) Gbb(2) -GR(3) -Grb(3) ...... 0 
..........................................+ * ............. * ......................... *... ........... 0 

where nl denotes the number of layers and where the submatrices Grr(I), ... are 4Nx2N 

matrices of elements g$(l)  ..... except Cy& (1) and G mrb( 1 )  which an of dimensions 2Nx2N 



The resolution of the system 

The size of the linear system is controlled by the number of discretized points N 

representing each interface. At low frequencies, this number is set to a minimum vzlue 

necessary to discribe the shape of the interfaces. At other frequencies, N is chosen such that 

L n  the ratio - , where & is the shortest seismic wavelength present in the two media 

surrounding the interface, is about 2.5. This value results from tests of accuracy of the 

method. The value of N is thus generally different for each interface. As the frequency 

increases the size of the system may became very large and a direct inversion of equation (5) 

using classical inversion routines becomes prohibitive in computer time and memory 

requirements. 

hx 

In order to try to overcome this limitation let us investigate what terms of the Green 

function matrix C are important to calculate the solution. The largest tenns of the matrix are 

the diagonal and the near diagonal terms and, on average, the amplitude of the elements 

decreases as the i -j separation increases. The Green function terms with large i-j separation 

correspond to points located relatively far away from one another which may have little 

physical interaction and whose contribution may thus be negligible. To remove these 

elements from the matrix we simply appiy an amplitude criterion and keep in the matrix only 

the largest elements which lie above a specified amplitude threshold. We then solve the 

resulting sparse matrix system iteratively by using the conjugate gradient method. 

In order to illustrate how this approach works let us consider a simple configuration which 

consists of one flat layer, 250111 thick, overlaying an homogeneous half-space. The density 

and P and S wave velocities of the layer and of the half-space are respectively 2.0,2OOom/S, 

1OOOm/s. and 2.4,300Ods, 1700m/s, and the attenuation quality factors for p s Waves are 



Qp=lOO and &=SO in the layer, and Qp=200 and &=lo0 in the half-space. The source is 

m explosive line source located at a depth of 500m and its time dependence is a Ricker 

wavelet of 25Ht center frequency. 

Using the discrete wavenumber formulation (Bouchon and Aki. 1977). the displacement 

potential radiated by the source at a point (xi,zi) of the interface and for a particular frequency 

may be written: 

where (x,,q,) denote the source coordinates, M(o) is the source seismic moment and and N' 

is an integer large enough to insure the convergence of the wavenumber series. 

From equation (6), we evaluate the source incident displacement-stress vector at point i of the 

interface, S' (2), by spatial differentiation. 

We then calculate the Gnen functions elements of the matrix but retain in equation (5) only 

the ones which are larger than 1% of the value of the diagonal term of the corresponding row. 

We then solve the system iteratively. From the inferred value of Q we obtain the surface 

displacement at a point (XJ) by summations: 

where the subscript c denotes the component of displacement considered. 

The results are displayed in Figun 1 when they arc compared with the flat layer solution 

which is calculated using the plane wave reflection and transmission coefficients at the 

surface and at the interface. The number of matrix elements retained relatively to the total 

number of non-zero mamx elements of the full system is displayed in Figun 2 for the 



are retained. The agreement between the boundary integral equatiodsparse matrix 

formuiation and the flat layer solution is quite good, showing that tbe application of a simple 

amplitude criterion can drastically reduce the size of the system of the boundary integral 

equation formulation and still provide the correct solution. 

Example of calculation 

As an application of the method, we consider the configuration depicted in Figure 3. An 

explosive source is located at the surface of a layered half-space and the vertical displacement 

is recorded at an array of surface receivers. The surface and the two interfaces of the medium 

are irregular. The elastic parameters of the rocks considered is given at the bottom of Figwe 

4. The Source pressure time dependence is a Ricker wavelet having a center frequency of 

50%. As for the previous example, we only retained in equation (5) the matrix elements 

having an amplitude larger than 1% of the amplitude of the corresponding diagonal element. 

The results obtained are displayed in Figure 3. Only the downgoing wave field radiated by 

the explosion is considered here (that is, the direct arrivals at the receivers have been 

removed) in order to emphasize the reflected and diffracted arrivals. Figure 4 provides a 

compar_ison of these results with the _case where the surface and the interfaces an flat. 

We may kst the accwacy of the method by comparing the boundary integral 

equations/sparse matrix results obtained for the configuration of Figure 4 where the layers an 

flat with the corresponding flat layer solution obtained using reflection and transmission 

coefficients. This comparison is displayed spatidly in Figure 5 at a frequency of 50Hz (the 

source center frequency in Figure 3). The comparison shows that most of the information is 

contained in the high amplitude terms of the matrix and that the low amplitude terms can be 

removed in most applications. 

This work was performed under the auspices of the US. Dept. of Energy at LLNL 
under contract no. W-7405-Eng-48. 



S K E T C H  OF RELATIVE MAGNITUDE 
BETWEEN MATRIX ELEMENTS 

magnitude of element relative tu a 
maximum value of 1.0: 

> .8 
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