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1 INTRODUCTION

In linacs with high single–bunch charge, and tight toler-
ances for energy spread and emittance growth, controlling
the short–range wakefield effects becomes extremely im-
portant. The effects of the wakefields, in turn, depend on
the bunch length and also on the bunch shape. It was shown
in the linac of the Stanford Linear Collider (SLC), for ex-
ample, that by shaping the bunch, the final rms emergy
spread could be greatly reduced, compared to for the stan-
dard Gaussian bunch shape[1]. Therefore, in machines
with high single–bunch charge, a method of measuring
bunch shape can be an important beam diagnostic.

In a linac with low single–bunch charge, the longitudi-
nal bunch shape can be obtained relatively easily from a
single measurement of the beam's final energy spectrum,
provided that the final to initial energy ratio is large. One
merely shifts the average phase of the beam, so that it rides
off–crest sufficiently to induce an energy variation that is
monotonic with longitudinal position. Then, by knowing
the initial and final energies, the rf wave number, and the
average beam phase, one can directly map the spectrum
into the bunch shape. In a linac with high single–bunch
charge, however, due to the effect of the longitudinal wake-
field, this method either does not work at all, or it requires
such a large shift in beam phase as to become impractical.

In earlier work[2],[3] it was shown that, even when
wakefields are important, if one measures the final beam
spectrum for two different (properly chosen) values of
beam phase, then one can again obtain the bunch shape,
and—as a by–product—also the form of the wakefield in-
duced voltage; this method was then illustrated using data
from the linac of the SLC. These SLC measurements, how-
ever, had been performed with the machine in a special con-
figuration, where the current was low; in addition, the noise
in the data was low and the measured spectra were smooth
distributions. Under normal SLC conditions, however, the
currents were higher, and it was difficult to get the required
separation in phase for the two measurements (the required
separation increases with current); and the measured spec-
tra were not smooth functions. Under such conditions, the
above method works poorly or fails.

If we know the Green function wake of the linac, how-
ever, we can still obtain the bunch shape from beam spec-
trum measurements. In this report, we present two such
methods. One requires one spectrum measurement and in-
volves the solution of a Volterra integral equation. The
other requires a knowledge of upstream beam and trans-
port properties and involves a least squares minimization

�Work supported by Department of Energy contract DE–AC03–
76SF00515.

to simulated spectra. We then apply these methods to data
from the SLC.

2 THEORY

Consider a bunch of charged particles that are accelerated
in a linac from initial energyE0 to final energyEf . Let us
assume thatEf=E0 � 1, so that we can ignore the com-
ponent of energy variation that is uncorrelated with longi-
tudinal position. Then the relative energy of a particle at
positionz within the bunch (we take the convention that a
more negative value ofz is more to the front) at the end of
the linac becomes

�(z) = [E0 + Ea cos(kz + �) + eVind(z)]=Ef � 1 ; (1)

with Ea the total peak energy gain,k the rf wave number,
and� the average beam phase; withVind(z) the induced
voltage, given by

Vind(z) = �eNL

1Z
0

Wz(z
0)�z(z � z0) dz0 ; (2)

whereN is the bunch population,L the total length of
accelerating structure in the linac,Wz the Green function
wakefield, and�z the bunch shape. If the final energyEf

is fixed, as in the SLC with energy feedback on,Ea is also
an unknown given by

Ea = [Ef �E0 + eNLktot]=hcos(kz + �)i ; (3)

with ktot = �hVindi=(NL) the loss factory.
By knowing both�z(z) and�(z) over the bunch length

we can compute the energy distribution��(�). Conversely,
if we know ��(�) and�(z), we can calculate�z(z), pro-
vided �(z) is monotonic over the bunch. Let us assume
that this is the case. Then

�z(z) = ��(�(z)) j�
0(z)j : (4)

Suppose now that we knowE0, Ef , k, and�. Without
knowing the induced voltage we cannot, in general, obtain
�z from ��, since� depends also onVind. Only if eV 0

ind

is small compared to�0Ef over the bunch does a single
measurement of�� suffice to give�z.

We now describe three possible solution strategies for
the case when the wakefields cannot be neglected. The
most suitable one in a given situation depends upon what is
known and on properties of the data.

yIn Ref. [3], the termhcos(kz+�)i in Eq. 3 was replaced bycos(�),
an approximation that did not affect the result greatly, except that the area
under�z in the solution was found not to equal 1.
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2.1 BothWz and�z are Unknown

Suppose we measure the bunch spectrum twice: with the
beam at phase�a we obtain�a� , and then with the beam
at �b we obtain�b�. We assume the phases are chosen so
that�(z) is monotonic for both measurements. For the first
measurement Eq. 4 becomes

�z(z) = �a� jE
a
ak sin(kz + �a)� eV 0

ind(z)j =Ef ; (5)

and a similar equation, with superscriptb replacing super-
script a, holds for the second measurement. Combining
these two equations we obtain

eV 0
ind(z) = k

�
Ea
a�

a
� sin(kz + �a) �Eb

a�
b
� sin(kz + �b)

�
�a� � �b�

:

(6)
In Eq. 6 (and below) the upper symbol of� applies if the
sign of �0(z) is different for the two measurements, oth-
erwise the lower symbol applies. The right hand side of
Eq. 6 is a function both ofz and—through the argument of
��—of Vind(z). Eq. 6 is therefore a first order non-linear
differential equation which we can solve numerically for
the unknownVind(z). As initial condition we takeVind at
the front of the bunch to be zero. OnceVind is known we
obtain�z using

�z(z) = k�a��
b
�

��Ea
a sin(kz + �a)� Eb

a sin(kz + �b)
��

Ef j�a� � �b
�j

:

(7)
We begin by settingVind = 0, ktot = 0, andhcos(kz +

�)i = cos(�). Then we solve, in order, Eqs. 3, 1, 6, and
7, and then iterate. We have the correct answer when the
area under�z is 1. We see from Eq. 7, that for accuracy in
�z we want two measurements from opposite sides of the
rf crest. One problem with this, especially at higher cur-
rents, however, is that for the� > 0 measurement one may
need to go way off–crest (which may not be possible) in or-
der that�� at the front of the beam—where the calculation
begins—be monotonic.

2.2 Wz is Known,�z is Unknown

If we assume thatWz(z) is known, and again that the total
voltage is monotonic, then one measurement��(�) suffices
for obtaining�z(z). Eq. 5 can be written as

�z(z) =
���

Ef � e2NLWz(0)��

h
Eak sin(kz + �)

+ e2NL

zZ
�1

W 0
z(z � z0)�z(z

0) dz0
i
;(8)

where the upper(lower) symbols represent the case of� >

(<) 0. Eq. 8 is a Volterra integral equation of the second
kind, which can be readily solved numerically.

As a measurement, we prefer one with� < 0, where
the front of the beam is not near the rf crest. Our method
of solving for�z is as follows: Initially we letVind = 0,

ktot = 0, andhcos(kz + �)i = cos(�). We solve Eq. 3,
then Eq. 1, then Eq. 8. Having obtained a first estimate of
�z(z), we can then obtain a first estimate ofVind(z) (using
Eq. 2),ktot, andhcos(kz+�)i. The process is then iterated
until the area under�z equals 1.

2.3 Least Squares Fitting Method

If �(z) is not monotonic the above methods fail. In such
a case, however, we can use a least squares approach. In
many linacs the longitudinal distributions of the beam at
some position upstream of the linac are known, and the
transport from this position to the linac is also well known.
In the example of the SLC linac, the bunch shape and en-
ergy distribution in the damping rings is fairly well known,
as are properties of the compressor section leading from the
ring to the linac. We can simulate the development of lon-
gitudinal phase space from the known position to the end
of the linac. Note that to do this we need to knowWz in
the linac. We can define an objective function:

y =

Z
[(��)meas � (��)calc]

2
d� ; (9)

with (��)meas and(��)calc, respectively, the measured and
calculated energy distributions. We minimize the objective
function by varying parameters in the system that we know
imperfectly. If the fit is good, we can believe the calculated
bunch shape. This method can work well if there are few
unknowns, and if these unknowns have orthogonal effects
(a subject which we have not systematically studied). Note
that even though the least squares method does not require
a monotonic�(z), to obtain accurate results we still need a
widened spectrum measurement.

3 APPLICATION

The measurements that we analyze come from the SLC
linac. They were performed on July 7, 1997 with a wire
monitor (with a dispersion of 70 mm) in the BSY region
on the north side (the electron side). The parameters were
N = 1:9 � 1010, E0 = 1:19 GeV, Ef = 46 GeV,
krf = 60 m�1, andL = 2733 m; the peak rf voltage of
the damping ring was 800 kV; the bunch compressor volt-
age was set toVc = 41:8 MVz. The linac phase knob was
first calibrated. Then for several phase settings the beam
spectrum was measured, all the while keeping the feed-
back in final energy on. The measured rms energy spread,
��, and the full–width–at–.2–max/3.59,~��, are shown in
Fig. 1, and six representative spectra are shown in Fig. 2
(the plotting symbols).

First we apply the least squares method. In the SLC the
beam leaves a damping ring, goes into a bunch compressor,
and then enters the linac. In the damping ring the bunch
shape can be described as a tilted Gaussian inz, given by

�z �
1

p
2��z

exp

�
�z2

2�2z(1� �)2

�
; (10)

zThe reading was actually 5% higher, but historically this compressor
has been known to read low by this amount.
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Figure 1: The rms energy spread (left) and full width at
0.2max/3.59 (right) of the measured spectra (the plotting
symbols). Simulation results for�c = 90� (dashes) and
�c = 102� (solid curves) are also given.

Figure 2: Six representative measured spectra (symbols);
and simulation results for�c = 102� (histograms).

with parameters rms length�z and asymmetry factor�; and
a Gaussian in�, with rms��. In this case we take�z =
5:75 mm, � = :27, and�� = :085%[4]. The wakefield
for the SLAC linac is found in Ref. [5]. In the transport
to the end of the linac, we knowE0 andEf well, which
leaves us with three parameters: the compressor voltage
Vc, the compressor phase�c, and the linac phase�. In our
analysis we let these three parameters vary to minimize the
objective function, Eq. 9. We obtained the expected result
for Vc and�; however, the optimal�c was102�, not the
expected90�. Simulation results for�c = 102� and90�

are given by the curves in Fig. 1; and for the case�c =
102�, by the histograms in Fig. 2. Since these fits are good,
we can believe the calculated bunch shape. The calculated
bunch shape and spectrum for the optimum case are given
in Fig. 3 (the solid curves) and compared with those for the
case�c = 90�. We see that the latter case cannot possibly
be correct (compare with Fig. 2b). For the optimized case,
zrms = 1:2 mm andzFWHM = 2:8 mm.

Figure 3: Bunch shape and spectrum obtained by the least
squares method, with�c = 102� (the solid curves). The
results with�c = 90� are also shown (the dashes).

Finally, we apply the Volterra integral equation method
to the data of Fig. 2a and 2b (see Fig. 4). Note that the
two results give almost the same bunch shape and induced
voltage, and that the bunch shape agrees well with the result
of the least squares method (Fig. 3a, the solid curve).

z [mm]

Figure 4: Results of the Volterra integral equation method,
using data of Fig. 3a (solid curves) and 3b (dashes).
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