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CRITICAL STRESSES FOR PLATES

By Eugene E. Lundquist and Evan H. Schuette

SUMMARY

The paper is a reTiew of a part of the work done by
the.National Advisory Committee for Aeronautlos on the
critical stresses for plates in compression and in shears
as well as in combined direct stress and shear.

The theoretical work of calculating the critical
stress for plates with elastically restrained edges is
subdivided into a series of basic problems for whtch de-
stgn charts and curves are prepared. T%e principles of
the Crass method of moment dl.stributionare used to pro-
vide a new anproach to the solution of problems in the
stability of structures composed of plates-

The basic methods of the thsoratical approach are
outlined, but the main emphasis is on the practical
significance and use of the results of both theoretical
studies and’laboratory tests concerned with the buckling
of plates.

INTRODUCTION

If a structure composed of plates is so loaded that
the plate elements are subjected to compression, shear,
or combined direct stress and shear, the maximum strength
of.the structure may.be determined b

f
the critical stress

(the stress at which buckling occurs . Even when the
maximum strength is greater than the critical value, the
strength of the structure is reZated to the critical
stress. It is therefore important In many structural
calculations to be able to prsdict the critical stress
for plates if the structural elements are to be effi-
ciently designed. These considerations, In addition to
the wed for accurately maintaining the contoufiof wing
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surfaces in flight, make it desirable to have, for ready
use in design, methods for calculating the critical
stress for plates.

The classical methods of calculating critical stresses
for plates have not always been carried to the point where
the results can be easily applled to many of’the complex
problems encountered in design. For a number of’years,
the structures research section of the National Advisory
Committee for Aeronautics has studted this p~oblem for
the purpose of breaking it down into Its basic elements
in order that practical solutions of more difficult prob-
lems miflhtbe ❑ade from ths solutlon for the basic cases
with no more than a few arithmetical computations. Tests
have also bean made to verlf?ya ~art of the theoretical work.
Some o-t’tks theoretical methods and experimental results
have been summarized in the mesent parmr, with emphasis
on the more practical.aspects of the problem.

The paper was originally presented before the
A. S. M. E. joint meeting of the aviation and applied
mechanics dlvlsion at Los Angeles, Calif. on June 15, 1943.

PRIiiCIPLliSOP’MOM3NT DISTRIBI@ION Ai>PL13DTO

STABILITY CT FLAT-PLATE ST:WCTUZES IN COllPR5SSION

The principles of moment F.lstributionware shown in
refarence 1 to be applicable to the study of the sta-
bility of structures comnosed of bars under axial load.
me fundamental character of the quantities used in the
method of moment distribution a~d t-neformulas associated
with them make possible, by s:itable deflnitdon of ‘lstiff-

‘Icarry-overfactor,nessi’and the application of an
analysis llke that of reference 1 to a study of the sta-
billty of structures comnosed of plates under compressive
load. Eefore these definitions are given, a descrip-
tion of the mmner in which the momanta are distributed
along the edges of the plate is desirable.

The solution of the differential equation for the
critical compressive stress of an inflnitaly long plate
with given edge restraints reveals that, when the plate
buckles, the moments and the rotations at both edges of
the plate vary sinusoidally along ths edges and are in
phase with each other. The ratio of moment per unit
length at any point along the ed~e to the rotation at
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that point is therefore constant along the edge for a
given wam lengt~... From these considerations, it Is
possible to write the fol~owlng deflni.tlonsof’stiffness
and carry-over factor:

Stiffness.- If an Infinitely long flat plate ‘,
is under long~.tudinalcompression with one unloaded
edge on an unyielding support, the ratio of moment
per unit length at any point along this unloaded
edge to the rotation in quarter-radians at that
point when the moment is distributed slnusoi.dally
is called the stiffness of the plate.

Carry-over factor.- The ratio of the moment
per unit Length developed at any point along the.
far unloaded edge to the applied mmnent per unit
length at the corresponding position along the
near unloaded edge is called the carry-over factor
of the plate. #

The svmbGls used to desi~nate the stiffness and the
“ --

carry-o~r factor for the different types of support and
restraint at the far edge are given In the following
table:

sti-ffie~s Ca;~g-g~r Conditions at far edge

s c Far edge sup orted and fixed
tagainst ro ation

S1 CI Far edge supported and elasti-
cally restrained against
rotation

s11 ~11 = ~ Far edge supported with no
restraint against rotation

.s111 cIII = O Far edge free (no support &d
no restraint against rotatfon)

sIV’ Crv = -1 Far edge supported and subjected
to moment equal and opposite
to that applied at near edge

.

Figures 1 to 3 show the direction of compressive load and
examples of the sinusoldally distributed moments along the .
unloaded edges of the plate.
.
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In a structure composed of plates, it is assumed
that the jolniisbetween plates, or between plates and
longitudinal restralnhg members, remain in their original
straight lines but are free to rotate subject to ths
elastlc restraint of the Intercomecting plates and mem-
bers. If a slnusoidally distributed external moment is
applled along an e~e common to more than one plate
(fig. 4), it follows, from a momant-distribution analysis
similar”to that made in referents 1 for the case of bars,
that tha plates will be stable if “

zsIij>o (1)

The condition of neutral stability qives the cri
buckling load for the assembly of’plates and Is
by setting the stiffness stability factor equal

,tical
obtainad
to zero,

or

zsIf.j = cl (2)

If the assembly Is symmetrq-cal abcut an edge of one
Plate the fewest computations ~louldbe involved if equa- ‘
Zion !2) wore anplied at thnt 9dSe. In the case of an
assembly of’~lates symmetrical about one plate, it is ad-
vantage~us to apply equal and opposita monmnts at tinetwo
edges of’the plate about whirh the assembly is syxmnetrlcal.
(See fig. 5~ FOP this case, e~llation (2) can ba written
as follows:

The use of’equation (3) instead of’equation (2) 1s recom-
mended when the agsembly of’platas is symmetrical about a
plate.

The methods of moment distribution as aFplied to the
stability of plates are more conmletely presented in raf6r-
ence 2, where an illustrative problem Is solved in detail.
Referance 3 presents tables of stif’fnsssand carry-over
factor required In the solution of’gractlcal problems.

.
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CHANNEL-

OF’T~ WEB AMI)FLANGES

AND Z-SECTION COLtiS

0)?

The methods of moment distribution. toRether with
variations of these methods emlo~i~ tfieo-~rts of
references 4 and 5, have,been fiseht: calculate the
critical compressive stress f’crpl’atebuckling of a o -
family of I- %, channel, and rectangular-tube sactlons
(refer~nce 6’). Figure 6 presen~s the results of”this
work as applied to channel- &nd Z-section columns, where
lqy is the coefficient in khe equation

(4)

The symbols in eqi.iatlon(@) aridfignre G are defined
as fellows:

u cr crltlcal compressive stre3s

kT nondiir.ensl.orialcoefficient dependent upon
rsietiw dlmunslons of cross sectim

E modulus of elasticity

P’ Poissonfs ratio

n nondlmensi.cnalcoefficient that takes
Into account reduction of’modulus of
elasticity for stresses above th9
elastic rmge. . Within the elastic
range, q = 1

“ For use of equation (4) when the stresses are above
the elastic range, Ocr/q is eva>uated first and Ucr is
determined from an experimentally estimated relationship
between ~cr/~ and GCW which is subsequently presented
In this paper.

All the quantities on the right-hand side of equa-
tion (4) are known except the coefficient kW. This
value ray be read from the chart of f’i~re 6 after the
necessary dimension ratios are computed and anplles
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whenever the length of the column Is great9r thqn sev-
eral.(3 or 4) times the wldttiof the widest plate element.

Iilgeneral, when a column of Z- or channel section
fails by local instability, one of the two elements (web
and flange) of th9 cross section may be said to be pri-
marily responsible for the instability; that is, as the
load approaches its critical value, this cne element is
no longer capab19 !n itself of supporting tha loads that
are Imposed on it without buckll& &nd is requiring a
certain amount of restratrLtfrcm the other slement of the
cross section In omler to delay buckling until the load
is reached for which the cross sscti.onas a whole becomes
unstable. The chart of figure 6 shcws wkich element Is
being restrained from buckling ky bhe other elemsnt of
the cr~ss section. A dashed lin9 ?s drawn on the chart
connectirlgthe ~oiilts for ~hlclithe two ciements are
equally responsible for the insta”..??lltyof the section~
This line divides the chart into tvo regions; ~rione region
tha web is primarily responsible for insto.bilityand in
the other tkle ilange Is primarily responsible for ifista-
bility. A column w:th a given cross section will fall
in one of’these two regions, depending on th valuss ~f
the various dlranslon ratios. TW significance of the
shaded area in flguzze5 will be discuss9d in the fol.lcw-
Ing section.

DIMENSIONS OF CFAENEL- OR Z-SqCTION CCL~llTSFOR

MAXI?.!UMCPITICAL STRESS

The critical stness for the Z nr channel columa in
terms of the width and thtcbess of the web is @ven by
equation (4)0 Tha effect of the presence of flanges was
accounted fcr In the evaluation of the coefficient kv~.
For tb purpose of studying the dimensions that give
maximum critical stress, the form or equatfon (4) Silould
be presarved but the concept of certain te~smsshould be
gene~allzed.

Ths ratio b/t Gf a ~late rmy be called the aspect
ratio of the cross section of the.plate. A corresponding
quantity, which expresses the section &epect ratio for a
thin-metal column, is the area of t.% section divided by
the square of some thlckn~ss. If, therefore, equation (4)
is written
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(y) (5)—=ksec ~2(1.W2) ~ ,T...... . -- ..,%..-.

the value of k~ec Is a.measure of the
shape of’the section bF& on ucr/q
tlon aspect ratio as defined by A/~2

value of ~/tFO In figure 7 these valuescf-kaeeare
plotted for channel- and Z-section colms.

.fl. .—.

effect of the
for a gtven seo-
and for a given

As a prectical problsm In the determination of the
dimensions of a channel- or a Z-section column for the
development of maximum critical stress, consider a flat
strip of metal of constant thicl-aessthat is to be formed I
Into m Z or channel. In the fmnied section, t@~ = 1 ●

The section aspect ratio A/tW2 is equal to the width
of this strip (or the developed i9ngth of the final cross
section) divided by the thickness. When bent to form a
channel- or Z-s9ctlon column, thio strfp of ~tal of
constmt thickn9ss d9velops the highest ~~rl~ for insta-
bility of’ the flanges and webs if’the ‘bendsRre so located
that the ratio of’flange width to web width bF& iS
about ~.41, which givas th9 nwxim~mnvalue on the curve
f’ort\~/’tF= 1 in ~igure 7.

used m the definition
maximum value of /%r m
asT.ectratio will occur

Regardless oi’the thickness
of’the section aspect ratio, the
for a given value of the section
at tk.esam9 values of %#-~ty fo~ a-particular value Of
the ratio tyI/tF● The maximum for each tmy/tp ratio
therefore reveals the value of ?)F/bw that the channal
on Z-section should have if maximum ~cr/~ is desl~edo

Equation (4) and figure 6 are probably more useful
to practical designers than the more general equation (5)
and figure 7. The regicn cover9d by the.naar-maximum
values of the curves of figure 7 is therefore indicated
as a shaded area in figure 6. It is of interest to
observe that the shaded area doe’snot always enclose the
dashed line that shows the dimension ratios for which
the web and.the flange are equally responsible for th9
instability of tbi section.

The foregoin

J
discussion of the shapes required

for maximum ac q is presented in more detail in
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reference 6, which also presents similar
applled to other t~s of cross section.

material as

COMPRESSION TESTS OF CHANUEL, Z-, AND H-SCCTIONS

FOR STUDY OF 1NSTAJ31LIT%OF !lXI!3WEB AND FLANG3S

In order to check the practical accuracy of the chart
of’ftgure 6, as well es of similar charts ~or other types
of cross section, and also to establlsh experimentally
the relatior.shipbetwesn Ucr and Ocr/q, compression
tasts ara belilgmade on channel, Z-, and H-sections of
24S-T aluminum allo~ as desert-uedIn deta5.1In refarence 7.
Figure 3 shows a test spscimen efter buckling. ~Lle
critical loads were determined by :tie~.nsof wire-resl.stance
strain gages, as w911 as by means of extension arms
attached to the free edges of the flanges. The o~tlcal
micrometer ~n figure 8 was used to measure the relative
deflection cf the extension.arm.

Figure 9 shows a typical set of test data. The
difference in strain on opposite sides of tke specimen,
as measured by the strain page~, was regarded as a meas-
ure of’ths curvature of the buckled web or flan~e. me
relative mo~rementof’the extensiGn arus was regardad as
a me~sure of the over-all distortion of the cross sec-
tion. Figure g sklo~s that the curvature ard distortion
readings, when plotted to switable scaias, gav9 css3ntlall~
ident:cal curves. The c?lticai st.resawas takO1iat
about tb.3top O: the knee cn these curves, !IY&scritical
stre9s alwa~s ocrurred neur the point W~J9)?e the stratn
gege on one side of the web or f’ls.ngebegan to show a
reduction in strain with further increase in load. (Com-
pare curves of l’i~.9(b) and (c) with curve of fig. 9(a).)

The value of Ocr/T was computed for all test “
specimens by use of equation (4) and ~i~re 6, or from
similar equations and ckarts fo:nothar t~es of cress
section. The 9xp9rimeritalvalue of acr was then plot-
ted agai~st this computed value of’ OC+ in fiqure 10.
The fGCt that cfcl. and CJcl,/qagrea-~n the lowor stress
range, where q = 1, proves the accuracy of the tlieoretical
methods. The fact that the test points establish es-
sentially a single curve throughout the entire stress
range indicates that a single effective modulus qE can
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be used for all the types of cross section studied. If-... ,.-
2*-’I-S‘desiredactually-to”evaluate this modulus,.the .
value of ~ can be determined from the ratio of values
of’ ‘cr and ~cr/~ taken from this curve.

~

I
As the maximum strength developed after buckling 18.

related to the critical stress, the experimental valu88
of acr were plotted against the ratio ~cJ%lax ‘n
f@ure 11. This figure shows that for the Z-section
columns, the critical stress tends to be about 4 percent
less than the maximum stress for critical stresses above
about 32,000 pounds par square inch. The same oondltion
exists for tke channel-section cclumns for critical

“ stresses above abcut 36,0~0 pounds per square inch. Re-
low 36,000 pounds per square inch, the data for channel-
and Z-section columns plot alon3 separate cvrves. As
the ex~eri.mentalir.vestigatlcn51’which these data are a
part is still in progress, no attempt will be made here
to explain the difference. The discussion that follows
applies to only the Z-sections, for which more extensive
data are at present available.

The curve of figure 11 deflnos a relationship be-
tween Ocr and ~. The value of ‘cr can be deher-
Lnir.ed?or a Z-sec2ion column by use of’the theoretical
metkodq ~reTicusly outi?.ne3and the curve o.ffigure 10.
The value of a~- t~ t~ref’org ~ls~ defingfifor a
fllvenZ-sectl.onsolumn. The vartation of wax with

Ucr\_T is presented in figure 12. The points are ex-
p~~i~ental

VJ11U9S of
two curves

values of %x plotted against the computed

/acr q, and the curve is established by th9
previously drawn in fi~ures 1(?and 11.

DESIGN CFARTS FOR Z-SqCTIO}TCOLUW??S

THAT IVHTTLOPINSTABTILTY OF

WEB AND FLAW3E

The theory and experimental data of the forego!ng
sections provide the basic information required for the
construction of practical design charts. F@ures 13
and 14 are such charts prapared for Z-aectlon columns
with web and i’langeof equal thickness (~/~ = l-).
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These charts are useful for either extruded sections of
24S-T or sections formed from flat 24S-T shset. No
corrections have been -madefor reduction to minimum

#
uarantee~ properties; the charts therefore apply to
4S-T material of average properties as supplied by the
Aluminum Company of America.

CRITICAL STRqSS FOR FLAT l’LAT’RSUNDZR

30MRINH12SXQU’UlAND 121RZCTSTRI!I!SS

In the design of stressed-skin structures, considera-
tion must of’tenbe Civen to the crl.tlcalstresses for a
shset under a cor.binationof shear and direct stress.
The uppsr surface of an airplane wing in fli,~ht,for ex-
ample, may be subjected to combined shear amd compressive
stres~, while at the same tinm tlw lcw9r surdace is sub- .
jacted to com3inad shsan and ter~silestress. Vhder th!_s
cond~ticm$ the up~ar surfbce may.buckle at a lowar com-
pressive stress than if the shear were not presentf and
ths critical shear ctrsss for tks lo~er svrfaco will be
increased by the presence Gf the t3n&ile str3s~. In
order to gain a more complete u.ndarstandine or this
problem as applied to flat plates, the bnsic prcblems
of ~@u.~rds6ioLl dole and shear alone bve each keen
st”ad!ed, e-ridthe results of these studies have been
used in investigate.~ th~ act!on of’plates wader com-
bined stress.

Commission alone.- A theoretical study of the
crit?.calstress for a lang plate, s-ibjectedto lon@tu-
dinal com~ress!.on,with equal elastic restraii~tsalong
the sid9 edg9s, resulted in the preparation of the cLart
of f’igure15 (see reference 4), which gives the coeffi-
cient k In the gsneral plate-buckling fo~ula

~ .k T%@
n 12(1-i.L2)b2

(6)

A similar chart has been prepared for an outstanding
flange and Is presented in reference 5.
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tie parameter 4Sob/@ In f@ure 15 is called the
,,, ‘‘restraintcoefficient;”–- -.

Y1 where
i%

1 so stiffness per unit length of elastic restraining “
medium, or ratio of moment per untt length at any
point along the length of the medium to the rota-
tion in quarter-radians at that point

b width of plate

D flexural”sttffness of plate per unit length

[1

~ts

12(1-~q

t thickress of plate

H the edge restraint is provided by other flat
platss, the valu9 of So is the appropriate stiffness
es de.f’inedin the section on mor~el.t-distrlbuti.onmethods,
The n-nerleal Vaill.eoi’ so can therefore be obtafned
from the tables of reference 3.

IS the edge restraint is providgd by a sturdy
stlffsner, defined as a stif’fenarof s-~cknro~ortions
tlmt IL do9s not suffer cross-sectional distortion. when
momnts ar9 applied to some part of the cross section,
the value of 4Sob/qD is (reference 8)

.

where

A

~J

r
u

*P

4Sob

T=

l@f-wave

effecttve

length of buckles

St. Venant torsional stiffness of

(7)

stiffener

compressive stress in stiffener
,,

.-
polar moment
area about

of Inertia of stiffener.sectional
axis of rotation .
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%- effectlve modulus of elasticity

CBT torsion-bending constant of stiffener sectional
area about axis of rotation at OF near edge of
plate

Shear alone.- A study of the critical stress for
plates under shear similar to that for plates under com-
pression has tsen made in reference 9. In this refer-
ence, a chart similar to figure 15 is presented f’orthe
detsrminatton of the coefficient in the formula for the
critical s’hearstress. There is also presented In
reference 9 a tentative curve thet shows the variation
of the effective modulus for plates in shear with the
shear strsss for 24S-T almmir.um&lloy.

combined shear and direct stress,- A theoretical
study 01’the cri~tcal stress for p~a~es subjected to
combined shear and compression flasbeen mado in refer-
ence 10. For an infinitely long flat Elate supported
a:~dwith equal elastlc restraints against rotation along
the edges, it was found that tk~ combination of direct
stress ark!shear causing instability may be determined,
for practical engineering use, by ~rle equation

Rc+Ra2=l (8)

where

Rc

Rs

ratio of direct stress when buckling occurs in
combined shear and direct stress to compressive
stress when buckling cccurs in pure compression.
Tension is regarded as negative compression

ratio of shear stress when buckling occurs in
combhed shear and direct stress to shear str9ss
when buckling occurs In pure shear

This conclusion is illustrated In figures 16 and 17.
In these figures, the plotted points represent the exact
values of critical stress computed from the theoretical
solution. The various symbols represent dlff’erent
constant values of the restraint coefficient c between
O and ~, which cover the entire range from simple
support to fixed edges

i
and one case in which c varies

with th9 wave length .
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COMYREs5@ STRESS FOR CURVED SHEET

Because the skin between stiffeners on the surfme
d airplanes Is curved to the contom? of the wing or fuse-

.. lage, It 1s important to investigate the extent to which
, this curvature influences the critical atress~:

In the course of an e~erimental study (reference 11)
Of the 9ff0Ct Gf Cu~ahre on th9 Critical Compressive ‘
stress for ~late elements between longltudhal stiffeners,
a number of specimens of the type shown in figure 18 were
tssted. The stlffersrs ct t?m edps of the sheet were
so proportioned as to force buckling to occur in the sheet
at a load lower tlzanthe lowest crltlcal.load for insta-
bility of thg ~tiffenars and to pr!wid6 adequate support
agairst deflection normal to tlw sheet, wltkout having
excesstve eraa in tkle ~t~f’fen~rsc

In f’lgurs29 are Frecented the results of tests on “
the Croup Gf specimns with thu di!rmnsionsshown in
figure 18 and with v~rio~s radki of curvature r. Fcr
thg thrse spgcimens with r/t less than WC, “m-ecritical
stflessfo:’the points rgpresgated by circles Ijifigure 19
was th9 observed stress at which buchles occurred suddenly
wit-na snap-dia~hra~. action acccxngmiad by a loud report.
For all apecf,~gns-~i~h r/t g~>eatei~than 500, the criti-
cal stress rep?ws@ntod b~ the circltiawas clcte?mined from
an analysis of the ~rcwth cf bucklgs by the Southwell
method as generalized in reference 12. The crosses in
fi&qp 19 represent the critic~.1stresses as determned
by the methods described in the section on COXP.RESSION
~STS” OF CEAN*NEL,Z-, AND H-S5CTIONS.

!l?he””c.urvesA, 3, and C In figure 19 &re the curves
given.in figured 7 and 9 @f reference 13, which represent
the NA~A study of circular cyllndgrs in.compression.
~~l;s ~ and B, respectively, are the graphs of the equa-

. .

!J& plotted.points”in”ftgures 7 and 9“o~”refsrenoe”13,
representhg the compressive strength of carefully
constructed cyllnders, scattered between curves B and C...

. . .
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tlon

where

kl =
&

dashed cu=e In figure 19 Is a graph of

k coefficient for critical stress of sheet
flat

the equa-

(9)

when

b width of sheet batween sti~feners

t thickness of sheet

r radius of curvature

This equation Is a modification of the theoretical equa-
tion derived in reference 14, which is a generalization
of equatton (276) of reference 15 to include all degrees
of ed&e restrair.tinstead of simple sup~ort alone. The
value of k was chosen to make the curve &gree with the
experimental.points plotted as cirsles for r/t = fD.

Regardless of whether the Southwell method or the
method given in reference 7 is used to establish experi-
mental critical stresses, it appears from the data that
the effect of curvature cannot be relied upon to follow
consistently the gradual increase in critical stress
with increase In curvature represented by equation (9).
The data of figure 19, togethsr with similar data also
presented in reference 11, lead to the conclusion that
for practical engineering use the c~itical compressive
stress for & curved sheet between stiffeners is equal
to the larger of’the following values:

(a) The critical compressive stress for an unstiffened
circular cylinder of the same radius-thickness
ratio

(b) The critical compressive stress for the same
sheet when flat
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EFFECT OF AN OU’TWARD-ACTIHGNORMAL PRESSURE....- .—. . .,..,.. .......

ON THE CRITICAL STRESS OF CURVED SHEET

.

# . .

i- I?oconsideration has thus far heerimgiven to theek-
! .feet of normalpressure on the crlttcal stress. ~

~bsneflclal effect of the suction pressures on the upper- “
surface of wings, however, sho~d be considered..

?

!@s “
roblem is beihg studied by the NACA and two papers
rof’erences16 and 17) have been preparo,dto present the “.
results of preliminary experimental work,

Examples of the extent to.which an outward~acting .
normal nressure raises the crltlcal stress Pop c~ved
sheet are.skown.in figures 20 and 21 for the specimen of
figure 22. The numbers beside tha experimental floints
In ftguws 20 and 21 give the order in which the various
tssts were made. For both compression and shear, an
outward-acting normal pressure raised the critical stress,
which varied approximately ‘linearlywith t~.epressure.

. .

CONCLUDING RIH$A??KS

This paper is a re.v~owof a part of the work done
by the NAC!Aon the subject of the dritical stresses for
plates in.ccmp~ession and In shear, as well as in com-
bined direct stress and shear. Although.some theoreti-
cal methods are .flre.sented,the main emphasis ia on the
practical slgnit’’icanceand use Qf the results of both
theoretical studies and laboratory tests concerned with
the buckling of plates.. .
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Figure 8.- Column of z-section after buckling. (From refer-
ence 7.)
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