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Abstract|A mathematical model of the gas-cooled,

resistive portion of a binary current lead has been de-

veloped. An analytical solution of the time-dependent

di�erential equations for the resistive portion of the

forced ow cooled current lead is presented which al-

lows one to calculate the evolution of the temperature

pro�le and voltage drop. A comparison of analytical

with numerical calculations and a comparison of the

calculations with experimental data are given.

I. Introduction

Fermilab's superconducting accelerator, the Teva-
tron, contains about 50 pairs of conventional current
leads,which Fermilab is considering replacing with current
leads which utilize HTS technology. The basic idea is to
use leads which have two sections: (a) an HTS section
from 4.3 - 80 K cooled with helium liquid and vapor, and
(b) a copper section from 80 - 300 K cooled with liquid ni-
trogen, nitrogen vapor, and helium vapor (Fig.1). Ameri-
can Superconductor Corporation (ASC) and Intermagnet-
ics General Corporation (IGC) have developed R&D HTS
current leads for Fermilab which have been successfully
tested at rated current of 5 kA. Although the emphasis of
these tests was on demonstrating the operational stability
of the HTS material, the copper section stability of these
leads had to be tested as well.
A mathematical model of current lead behavior can be

a useful tool to help understand and predict the transient
behavior of a lead under various conditions. Mathematical
modeling enables one either to �nd an analytical solution
or to perform the calculation numerically. Both analytical
and numerical solutions have been used for the study of
the copper portion of these leads. The analytical solution
was obtained for a constant thermal conductivity and with
electrical resistivity calculated as a linear function of tem-
perature. These assumptions are very reasonable for an
upper lead section between 80 K and 300 K which is made
from copper or copper alloys. Numerical calculation was
done with temperature-dependent thermal conductivity.
A comparison of analytical with numerical calculations
and a comparison of the calculations with experimental
data are given.

Manuscript received September 15, 1998.
Fermilab is operated by Universities Research Association Inc.,

under contract with the U.S. Department of Energy.

II. The Current Lead Model

Figure 1 shows two types of gas cooling schemes: forced
ow and boil-o� cooling. With the forced ow cooling
scheme, one can reduce N2 cooling ow down to zero,
but the boundary conditions are assumed to remain the
same. In particular, the junction temperature is assumed
to remain at 80 K. With the boil-o� cooling scheme, one
cannot reduce the N2 cooling ow to less than the min-
imum one; otherwise, the lower boundary condition will
not be satis�ed: the junction temperature will start in-
creasing. If the LN2 ow is less than the minimum, all
liquid will be evaporated and the temperature of the junc-
tion between copper and HTS sections will begin growing;
with LN2 ow a bit less than minimum a new equilibrium
could be reached at higher temperature. Although the
current leads which have been tested at Fermilab more
nearly match the boil-o� cooling concept, as a �rst step
in analyzing the leads an analytical model for forced ow
cooling of the copper section has been developed.
The current lead was modeled by applying a transient

energy balance to the solid conductor and to the coolant,
which can be helium and/or nitrogen for the resistive sec-
tion of a current lead. A di�erential equation describing
the transient thermal behavior of the lead is derived from
an energy balance on the lead considering heat stored,
thermal conduction, convection, and electrical heating. A
second di�erential equation is derived from an energy bal-
ance on the gas coolant considering energy stored, mass
ow, and convection. The equations, both of which ne-
glect transverse temperature gradients, are [1],[2],[3],[4]:
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where: T and Tg are the lead and the coolant temper-
ature at the coordinate x, A is the cross-sectional area of
the conductor, S is the heat exchange surface area, x is
the axial coordinate on the lead, L is the length of conduc-
tor, k(T ) is the copper thermal conductivity, �(T ) is the
electrical resistivity; J is the current through lead, _m is
the cooling gas mass ow, cp is the speci�c heat capacity
of cooling gas, h is the heat exchange coe�cient between
lead and gas, where: c is the speci�c heat capacity of cop-
per, Ag is the cross-sectional area of gas passage, � is the



density of copper, �g is the density of cooling gas, t is the
time.

Fig. 1. Forced ow (a) and boil-o� (b) cooled leads.

In order to reduce these equations to a form that can
be integrated analytically, the following assumptions are
made. First, that the temperature di�erence between
cooling gas and conductor is constant along the lead. It
means that heat exchange coe�cient h is constant, that
with good heat exchange is a reasonable assumption. Sec-
ondly that the electrical resistivity is considered to be a
linear function of temperature,

�(T ) = aT + b; where a > 0 (2)

where a and b are constant coe�cients. A; k; S; cp; c; h; Ag

are assumed constant.

III. Steady State Analysis

For the steady state case t = 0 and with the simplify-
ing assumptions above, the system of the two di�erential
equations (1) results in the following di�erential equation
of the second order with the constant coe�cients.
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The solution form of the di�erential equation depends
on the roots of the characteristic equation of (3). For the
real lead operating conditions the roots are complex. The
solution for temperature along the lead is of the form:
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Fig. 2. Temperature pro�les of boil-o� cooled lead for LN2 ows
0.61, 0.73 and 0.93 g/sec. L is corresponding exposed lead length.
Line and circles are respectively, numerical and analytical calcula-
tions.

Fig. 3. Heat ow to lead cold end vs. N2 cooling ow for di�erent
exposed lead lengths.

where Th and Tc are lead temperature at the hot and
cold ends, respectively.

In Fig. 2, the calculated temperature pro�les of the
copper section based on equation(4) are plotted using as
an example the current lead developed by IGC. The three
di�erent temperature pro�les correspond to threedi�er-
ent cooling conditions. At an applied current value the
exposed length of the lead depends on the LN2 ow rate.
Since the heat ow is proportional to the temperature
gradient, knowing the temperature distribution along the
lead, one can calculate the heat ows to the warm or to
the cold lead ends as shown in Fig. 3. The higher the
cooling ow rate at a certain exposed length, the lower
the heat ow to the junction (curvesQcold). On the other
hand for the IGC boil-o� cooled lead, with lower heat
ow less cooling vapor is generated. The equilibrium is
attained at the exposed length corresponding to the self



su�cient evaporation rate (line _mself�suf ): The minimum
LN2 ow _mmin is such a ow when the exposed length is
maximum (0.216 m for IGC lead).
Evaporated LHe could be used to cool the HTS sec-

tion, junction and copper section. The total heat ow
to the junction which governs the minimum LN2 ow is
the di�erence between heat ows to the junction from
the copper and HTS sections: Qjunction = QCu

cold �QHTS
hot :

Thus, taking into account the contribution of He gas cool-
ing, the minimum LN2 ow to maintain the junction at
80 K can be reduced by QHTS

hot =r; where r is the latent
heat of vaporization of liquid nitrogen. For the IGC lead
this _mmin is equal to 0.61 g/s at 5 kA and 0.41 g/s at
zero current without any He cooling contribution and ,
respectivly, 0.534 g/s and 0.34 g/s with the He cooling
contribution taken into account. This is an average of a
13% reduction of the total heat load to LN2:

IV. Transient Analysis

The above analysis considers the steady state condition.
This section reviews the dynamic behavior of the forced
ow cooled lead. Let us assume that one of the system pa-
rameters such as current or LN2 ow is abruptly changed.
Then the former equilibrium is disturbed and temperature
begins to change. Such a parameter to jump could be the
current or coolant ow. The evolution equation for the
transient process � 6= 0 follows from (1):
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~T (�; x) = T2(x)� T (�; x) is the temperature deviation
from the �nal stable temperature pro�le T2(x) and � is
the new time variable:

� =
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Since the temperatures at the lead ends are �xed, the
temperature deviation ~T (�; x) satis�es the zero boundary
condition:

~T (�; 0) = ~T (�; L) = 0: (6)

Initial conditions follow from the assumption of an equi-
librium before the change of a parameter. When � = 0:

~T (0; x) = T2(x)� T1(x); (7)

where T1(x) is the initial stable temperature pro�le before
the change. Applying the Fourier transformation to (5) ;

the solution ~T (�; x) is obtained:
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where: n goes through all positive integers; n =

1; 2:::1: The constants Cn are found from the initial con-

ditions (7):
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Fig. 4. Time evolution of temperature pro�le (a), lead temperature
at coordinate x=0.095 m and voltage drop (b) after current change
from 0 to 11.6 kA with LN2 ow 1 g/sec .

where T2(x) and T1(x) are computed by (4) and the
rates �n are found from (5):
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Here _m2 and J2 are new values of mass ow rate and
current after these parameters change. The rates �n char-
acterize the dynamic behavior of the current lead. For the
system to be stable all the rates �n must be positive.
If all �n are positive, �n > 0, then �T (�; x) tends to

zero at � !1. That is, the temperature pro�le after the
parameter change tends from the initial stable state to
the �nal one. The most dangerous for the stability case
is n=1, therefore the stability condition can be presented
in the following form:
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There are two mathematical cases where the lead can
be damaged. The �rst is the burn-out situation, when the



stability condition is mathematically satis�ed and a new
steady state could be reached, but at so high temperature
(for example 1000 K, Fig. 4) that irreversible damage
will occur before the steady state will be reached. The
second is the run-away situation when the stability condi-
tion (11) is not satis�ed. This run-away is caused by the
positive feedback between the temperature and electrical
resistivity, assumed at (2) :

TABLE I
Comparison of analytical and numerical calculations

with experiment.

V. Experimental Results

Experimental results were obtained during tests of 5 kA
binary copper-HTS leads. During these tests, the LN2

level in the upper section varied depending on the applied
current and LN2 mass ow rate, so the exposed length
was variable. To estimate the LN2 level, one tempera-
ture sensor was embedded in the top of the copper-HTS
junction and one in the middle of the upper section

(0.095 m above the junction) corresponding to exposed
lengths above the liquid of 0.216 m and 0.12 m, respec-
tively. Comparison of the experimental results with ones
calculated analytically and numerically are given in ta-
ble 1. One can see that the di�erence between analyti-
cal results and experimental results for the steady state
ows and temperatures are within 30 percent, but for the
transient lead the stabilization time discrepancy between
analysis and experiment is a factor of 3 to 5. One likely
reason for such a big discrepancy may be that the model
assumes that the exposed length is not changed from the
moment of disturbance until a steady state is attained1.
In reality, a signi�cant additional time is required for a
new LN2 level to be �xed. An important re�nement of
the model would be to include this e�ect of LN2 mass
storage in the lead, thus modelling more closely the self-
cooling or boil-o� situation in the copper section of the
lead.
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