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ABSTRACT 
The exact solution to the dynamic response of circular 

cylindrical tanks containing two liquids, considering the 
gravitational (g) effect at the interface of the two liquids, is 
presented. Only rigid tanks were studied. The solution is 
expressed as the superposition of the so-called impulsive and 
convective solutions. The results are compared with those 
obtained by neglecting the gravitational effect at the interface to 
elucidate the g effect, and-with those of the tanks containing 
only one liquid to elucidate the effect of the interaction between 
two Liquids. The response functions examined include the 
hydrodynamic pressure, base shear, base moments, sloshing 
motions at surface and a t  the interface of two liquids, and the 
associated sloshing frequencies. It is found that there are two 
natural frequencies associated with each sloshing mode in 
contrast to only one frequency associated with each sloshing 
mode if .tlie g effect a t  the interface is neglected; also, the 
convective pressure has a discontinuity at the interface of two 
liquids, whereas the impulsive pressure is continuous at the 
interface.' Further, it is shown that in a tank containing two 
liquids the maximum sloshing wave height may increase 
significantly. and the fundamental frequency of the sloshing 
motion is lower than that of an identical tank filled with only 
one liquid. Additionally, the well-known mechanical model for 
tanks containing one liquid is generalized for tanks containing 
two liquids. 

INTRODUCTION 
Recently the Department of Energy (DOE) has initiated a 

high-level waste tank safety program. One of the objectives of 
the safety program is to develop seismic design and evaluation 

criteria for use in assessing the seismic response of existing 
underground high level waste (HLW) storage tanks. Since these 
HLW storage tanks contain liquid with nonuniform density, there 
is a need to study the effect of the nonuniform liquid density on 
the seismic response of the liquid storage tanks. Exploratory 
studies in response to this need are presented in Tang (1993). 
Tang and Chang (1993) and Veletsos and Shivakumar (1993). 
In Tang (1993), and Tang and Chang (1993). tanks containing 
two-layered liquids were studied. The method of analysis used 
in the former assumes that the hydrodynamic pressure at the 
interface of the two liquids is continuous, whereas in the latter, 
the pressure discontinuity at the interface is considered. In 
Veletsos and Shivakumar (1993), tanks containing multiple 
layers of liquids were studied, and the pressure condition at the 
interface is the same as that used in Tang and Chang (1993). 
This paper, however, only provides the solutions of sloshing 
waves. In other words, the solutions of the dynamic pressure on 
the wall is missing; also, the method presented breaks down for 
the case of a liquid with uniform density. In this paper, the 
complete solutions presented in Tang and Chang (1993) for tanks 
containing two liquids considering the pressure discontinuity at 
the interface of two liquids are reported. 

The pressure discontinuity at the interface of two liquids is 
caused by gravitational force. Whether or not this discontinuity 
should be considered for rhe HLW storage tanks is debatable, as 
indicated by Chang (1993) in his discussion of the paper by 
Veletsos and Shivakumar (1993). The reason is that the pressure 
discontinuity exists only if the liquids do not mix up and the 
interfaces are well-defined. However, this is not the case for 
liquid stored in the waste storage tanks. The liquid in the waste 
storage tanks has suspended solid particles. It is true that the 
solid particles tend to senle towards the bottom and form layen 
of liquids with different densities. but they c3n be mixed up 
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again easily during earthquake excitations. In other words, they 
are not immiscible and under earthquake excitations the interface 
will quickly disappear. However, on the other hand, one may 

a short time when the pressure at the interface is discontinuous. 
An engineer's solution to this debate is to study both cases and 
assess the difference. The difference is herein referred to as the 
effect of gravitation, and the findings are presented in this paper. 

In the presentation, the solutions obtained by the equations 
presented in this paper including the g effect, will be referred to 
as the "exact" solutions, whereas the solutions obtained by the 
equations presented in Tang (1993) excluding the g effect, will 
be referred to as the "approximate" solutions. It will be shown 
in this paper that for the impulsive component the exact solution 
is identical to that of the approximate solutions, so the emphasis 
of this paper will be placed on the convective component of the 
solution. Note that in this paper only the linear response is 
considered. 

argue that the mix up is a continuous process, and that there is 

SYSTEM DESCRIPTION 
The tank-liquids system investigated is shown in Fig. 1. It is 

a ground-supported upright circular cylindrical tank of radius R 
which is filled with two liquids to a total height of H. The 
lower portion liquid, identified as Liquid I, has a heavier mass 
density, pl, and the upper portion liquid, identified as Liquid II, 
has a lighter mass density, p2 The heights of Liquid I and 11 
are H, and H2, respectively. The tank wall is assumed to be of 
uniform thickness and is clamped to a rigid base. Both liquids 
are considered to be incompressible and inviscid. The response 
of the liquids is assumed to be linear. 

Let r, 8. and z1 denote the radial, circumferential, and vertical 
axial coordinates of a point% the Liquid I, and let r, 8, and q 
be the corresponding coordinates for a point in Liquid I1 as 
shown in Fig. 1. The origins of the two coordinate systems are 
at the central axis of the cylindrical tank. 

The base motion experienced by the tank is a horizontal 
acceleration, denoted by x(t), acting in the direction along the 
8=0 coordinate axis. The temporal variation of x(t) can be 
arbitrary.. . ' 

GOVERNING EQUATIONS AND BOUNDARY 
CONDITIONS 

Given the conditions that the liquids are incompressible and 
inviscid, the hydrodynamic pressures induced at Liquid I and 
Liquid n, denoted by p1 and p2, respectively, must satisfy the 
Laplace equations 

V2p1 = o  

in the region OsrsR, OsOsLz, and O e l s H 1 ,  and 

in the region OsrsR,  Os8sLT. and O a , s H , .  

direction is given by 
The liquid acceleration at an arbitrary point along the n- 

for points in Liquid I, and 

1 aP2 a, = - -- 
P2 an (3) 

for points in Liquid II. 

(a) The vertical acceleration of Liquid I at the tank base must 
equal zero, i.e., 

The boundary conditions for Liquid I are: 

@) The radial acceleration of Liquid I adjacent to the tank wall 
must equal the acceleration of the tank wall, Le., 

- $IFR = 2(t)cos8 , and 

(c) The value of p1 at r=O is finite. 
The boundary conditions for Liquid I1 are: 

(a) The radial acceleration along the tank wall is given by 

(b) At the free surface the linearized boundary condition is 

where g is the gravitational accereration. and 
(c) The value of p2 at r=O is finite. 

follows. 
(a) 

The boundary conditions at the interface of two liquids are as 

Continuity of vertical accelerations. Le., 

and 



(b) Kinematic and pressure conditions 
b.1 Kinematic condition. If q(r.0.t) represents the height 

of the small disturbance at the interface above the still interface 
level, the q(r,&t) is related to pr by 

b.2 Pressure condition. If the g effect is considered for the 
interface motion, there is a discontinuity of the hydrodynamic 
pressure with the amount of (pl - pJgq at the interface. 
Therefore, 

Eliminating q between Eqs. (5) and (6) and making use of Eq. 
(4e), one obtains the following equation for the interface 
boundary conditions in addition to Eq. (4e). 

pli and pzi are finite at r=O 

Also, The convective component of the hydrodynamic presswept 

and p: are taken to be the solutions that satisfy p1 and p2 are finite at r=O 

The solutions for p1 and p2 are expressed as the sum of the 
impulsive component and convective component, i.e., -- 

P1 = Pl' + P; 

vp,c = 0 

and 

v2p; = 0 

as well as the following boundary conditions: 
and 

i 
P2 = P2 + P; 

where the'superscript i = impulsive component, and the 
superscript c = convective component. 

The impulsive component of the hydrodynamic pressurepli 

and p; are taken to be the solutions that satisfy (l2b) 

(l'c) and 

= -g ::I+.% (Ed)  
as well as the following boundary conditions: 



(19e) 

p p  and p; are finite at r=O. (12g) 
It can be easily shown that the sum of the above division of 

the hydrodynamic pressure satisfies Eqs. (la) and (lb) and the 
boundary conditions, Eqs. (4a) to (4g). One also notices that the 
above division of hydrodynamic pressure effectively assumes 
that the impulsive pressure is continuous at the interface, see Eq. 
(109, and that the gravitational force causes only the convective 
pressure to have a discontinuity at the interface, see Eq. (120. 
The above division is correct only if p; and pz have the time 

function of jt(t), and p: and p: have the time functions of the 
pseudoaccelerations associated with the sloshing motion. 

The impulsive components of the hydrodynamic pressure 
defined by Eqs, (Sa) and (9b) with the boundary conditions, Eqs. 
(loa) to (log), are the same as those presented in Tang (1993a). 
Taken from Tang (1993), p: and p i  are given by 

I 

p1 R% (t)cos 8 

and 

where J, is the Bessel function of the fint kind and order 1, 
= the nth zero of J',(x),. the first derivative of J,, and 

A, = a + (l-a)cosh$.,, 

B, = coshp,, + (a-l)sinh$,,sinhp,, 

C, = [a + (1 - a ) ~ o s h $ ~ , ] s i n h ~ ~ ,  

2 G, = - 
< - 1  

4 = coshp,, coshp.,, + a sinhB1, sinhB.,, 

Hl H2 in which B1, = 

The extensive numerical data for the impulsive components 
have been reported in Tang (1993a) and Tang and Chang (1992). 
Therefore, no more attention will be given to the impulsive 
components. However, it is worthwhile to point out that the 
solutions given by Eqs. (13a) and (13b) are obtained by the 
eigenfunction expansion to the variable r. There is another 
approach to solving the same problem by the eigenfunction 
expansion to the variables z1 and z, as presented in Tang 
(1992b). The latter approach is also used in Tang (1992a) in a 
study of the flexible tank. 

The paper now turns its attention to the convective 
components of the solution. The detailed derivation for p: and&' 
are given in Tang and Chang (1993). The solutions for these 
functions can be cast into the forms given as follows. 

T, B2, = L,, R, and a = p,/pl. 

and 

I a 2  

[n=l k=1  
Ps(T.%+t) = c ~ [ ( r , z ~ ) ~ k ( t )  P,RcoSe (16) 

where superscripts I and I1 denote Liquids I and 11. respectively. 

and the expressions for functions Cnk(r,zl) and C;[(r,z,) are 
available in Tang and Chang (1993); the functions &(t). k=1.2. 
are the pseudoacceleration functions for ihe nth sloshing mode 
of vibration, J1& r/R), and are defined by 

I 

in which conk = the natural frequency associated with the nth 
sloshing mode of vibration. Introducing the notation 1s, for the 
nondimensional coefficient that is related to onk by the equation 

It is shown in Tang and Chang (1993) that &, k=l.2. are the 
roots of the characteristic equation given by 



a/< - b,\ + c = 0 

where 

a = 1 + a tanhp,, tanhP2, 

b = tanh&, + tanh&, 

and 

c = (1 -a)tanh&, tanhB2, 

(2Oa) 

(2Ob) 

It can be shown that the discriminant D = b2 -4ac > 0 for a > 0; 
therefore, Eq. (19) has two real and unequal roots. Explicitly, 
these roots are given by 

b + m  
a1= 2a 

and 

b - &  
2 a  A02 = 

Obviously, hl > a2; hence, w,, > onz. The reasons for this 
reverse order numbering are: 

1. For the case of a = 1 (two liquids having the same 

densities), = tanh A, - , the identical expression for the 

case of one liquid presenteKm Veletsos (1984), and 
2. Generally speaking, oll is always the dominant frequency 

of the surface sloshing motion, whereas for some cases identified 
later, w12 is the dominant frequency for the interface sloshing 
motion, Since the surface motion has more engineering 
implications, the dominant frequency of the surface motion is 
numbered fiist. 

3. It will be seen later that for the convective pressure 
exerted on'a tank wall the one associated with wll does not 
change its sign, whereas the one associated with wI2 changes its 
sign when it crosses the interface of the two liquids. 

The r&ults presented above show that there are two natural 
frequencies associated with each sloshing mode of vibration. 
This finding is in sharp contrast to that presented in Tang 
(1993a) in which only one frequency is found to be associated 
with each sloshing mode of vibration. ihis is the direct 
consequence of the g effect considered at the interface of two 
liquids. 

( 3 = 0. 

PRESENTATION OF RESULTS 
Similar to the approximate solutions presented in Tang 

(1993a), the exact solutions are controlled by three parameters, 
Le., H/R, H2/H1, and a. In the numerical results presented 
below, those obtained by the equations presented herein are 

identified as "Exact." whereas those obtained from the equations 
presented in Tang (1993a) are identified as "Approx." 

Sloshing Frequencies 

natural frequency as 
It is convenient for the purpose of presentation to e.qress the 

I 

where 

(23) 

The values of h for n = 1,2 and k = 1 for different values of 
control parameters, WR and a, and for the values of H#I, = 0.5 
are listed in Table 1 identified under "Exact." Examining this 
table one can see that for the same values of WR and %/HI, the 
value of h decreases with decreasing values of a. It is 
worthwhile to point out that the characteristic Eq. (19) is 
symmetric with respect to H, and H2; Le., for H, = c, and H, = 
t+, Eq. (19) having the same roots as those for H, = ~2 and H, 
= c,; therefore, for such cases the natural frequencies of the 
sloshing motions of the two tank-liquid systems are the same, 
but other response quantities are not. Also listed in Table 1 are 

the approximate solutions for Ai2 and h;,, identified under 
"Approx." Comparing the "Exact" with the "Approx." one can 
see that the approximate solutions yield accurate results for 
larger values of H/R, H2/H1, and a considered, but the accuracy 
deteriorates for low values of H/R, H2/H1, and a. 

Surface and Interface Sloshing Displacements 

at the liquid surface is determined from 
The surface sloshing wave height, d(r,O,t), of an arbitrary point 

(259 

The expression for computing the maximum value of the surface 
sloshing wave height is obtained by evaluating Eq. (259 for 
d(r,8,t) at r=R and 8=0, and this result is expressed as 

The sloshing wave height at the interface of two liquids, 
q(r,O.t), can be determined from 

which is obtained from Eq. (6) by eliminating the impulsive 



pressure. Note that for the case of a=l, q(r,O,t) cannot be 
determined from Eq. (27). The e.upression for computing the 
maximum value of the interface wave height is obtained by 
evaluating Eq. (27) at r=R and 8=0. The result is expressed as 

dn, and qnk are dimensionless coefficients that depend on the 
control parameters. The values of for n=1,2 and k=l  and qnk 
for n= l  and k=l for the same values of control parameters 
considered in Table 1 are listed in Table 2. They are identified 
under "Exact". From Table 2 one can see that for the same 
values of H/R and H2/Hr, the values of d,, and increase as 
the value of a decreases. Also, the results show that d,, and qll 
have the same sign, whereas d12 and q12 have the opposite sign 
which indicates that for the n=l and k=l mode the surface and 
interface are in phase, whereas for the n=l and k=2 mode they 
are out of phase. Also, the additional data presented in Tang 
and Chang (1993) for H2/HI = 2 for the same values of WR and 
a considered in Table 2 indicate that the value for qlz is greater 
than that for qlp For these cases, the interface sloshing motion 
has the dominant frequency of f12 which is smaller than fll, the 
dominant frequency for the surface sloshing motion. This means 
that the interface sloshing motion vibrates in a different 
frequency as that of the surface sloshing motion. A numerical 
example shows this phenomenon can be found in Tang (1993b). 

Examining the numerical results, one can fmd that d,, + d,, 
= 0.837, d,, + dZ = 0.073, and qll + q12 = 0.837 irrespective 
of the values of WR, H2/H1, and a considered. This is not a 
coincidence. In effect, it can be shown that for each sloshing 
mode the following equat iwhold .  

2 

and 

2 2 '  

qnk = - 
t o t  g-1 

* , '  

For a limiting case, if all natural frequencies of the sloshing 
motionare very high in comparison with the dominant frequency 
of X(t), all the pseudoacceleration functions, &(I), will reduce 
to X(t). Then, by making use of Eqs. (29) and (30), Eqs. (26) 
and (28) can be rewritten as 

and 

By making use the following identity 

Eqs. (31) and (32) can be further reduced to 

x(t)R d(R,O,t) = - 
g 

and 

(33) 

If x(t) = A, a uniform acceleration, Eq. (34), gives the exact 
same expression as that in Eskinazi (1962) for computing the 
maximum rise of the liquid surface in a tank containing one 
liquid. Since Eqs. (34) and (35) hold irrespective of the a, a 
tank containing two liquids accelerated by a uniform acceleration 
will have the same rise for the liquid surface and interface which 
is physically sound. 

Also listed in Table 2 are the approximate solutions for d,, 
and d21. Comparing with the exact solutions, one can see that 
in Table 2 the approximate solutions are larger than those of the 
exact for H/R < 1 and a 0.75. However, one should be 
reminded that the sloshing wave height depends not only on 
these coefficients but also on the pseudoacceleration functions. 
An numerical example given in Tang (1W3b) shows that the 
sloshing wave height in a typical tank used in reprocess of spent 
fuels, Burris, et d. (1984). obtained by both solutions are in 
good agreement. 

Convecttve Pressure 
The convective pressure exerted on the tank wall is 

conveniently expressed in the form 



r ,  ., 1 

where cnk(z) is given by 

for OszsHl  

for H l r z r H  

(374 

(3%) 

The coordinate z used in Eq. (36) is related to q and 3 by the 
equations 

z = z1 for 0 s z s H, 

and 

z = z, + H, for H, s z 5; H 

(384 

The distributions of C, n=l, k=1,2 for a = 0.25 and 0.75 are 
shown in Fig. 2 for a broad tank, H/R = 0.5, for H2/H1 = 0.5, 
and in Fig. 3 for a tall tank WR =3, for H$Hl = 0.5. For 
H$H, = 2, the curves are shown in Figs. 4 and 5 which are the 
counterparts of the curves in Figs. 2 and 3, respectively. The 
dashed curves in these figures are the corresponding approximate 
solutions. Note that there is no counterpart of Ci2(z) in the 
approximate solutions. From these figures one can see that the 
exact solution of convective pressure has a jump at the interface 
while the approximate one does not, and, as one would have 
expected, this jump is larger for smaller value of a. As a result, 
the approximate solution always unaerestimates the convective 
pressure in Liquid I. One also notices that in these figures, 
C12(z) changes its sign when it crosses the interface, and, 
surprisingly, the magnitude of C,,(z) at the top of Liquid I may 
be several times larger than that of C,,(z) for the tall tank, 
wR=3 and H$H,=2. Hence, since the approximate solution is 
not able to predict the sharp increase of the convective pressure 
at the interface, it should not be used in the computation of the 
convective pressure. 

Convective Base Shear 
The chnvective component of base shear, Q'(t), is given by 

(39) 

Substituting Eqs. (15) and (16) into Eq. (39) and performing the 
integration, one obtains the expression for Q'(t) which is given 
by 

in which M, = plnH1R2 = total liquid mass of Liquid I, M, 

dimensionless coefficients depending on the values of H/R, 
H2/H,, and a. Since Eq. (39) involves only simple integrations 

of the hyperbolic functions, the expressions for and Snk are 

not given herein. The values of s,k and s,k for n=l  and k=1,2 
for different control parameters, HA?, H2/H1, and a, are 
presented in Tang and Chang (1993). The data show that the 
values of Sl: and S:: decrease as the value of Hm increases. 

The value of S:: is negative for all the cases considered; this is 
due to the fact that the function CI2(z) has negative values in 
Liquid 11. 

To study the effect of two liquids on the total base shear, it is 
also desirous to have an expression that can be used for 
comparison with an identical tank that contains one liquid. 
Therefore, Q'(t) is also expressed as 

= p2xQH2 = total liquid mass of Liquid 11, and S,, 1 and S,, I1 = 

11 

I 11 

ro ,  2 1 

in which M: = nplHR2 = total liquid mass if the tank is filled 
I with Liquid I, and r:k = dimensionless coefficient related tos,k 

and S:; by the equation 

The values of r:k for n=l  and k =1,2 for the same values of 
control parameters considered for Tables 1 and 2 are listed in 

Table 3, from which one notes that the value r: decreases as 
the value of H/R increases. The values of r; increase as the 
value of H/R increases for Hfl, = 0.5, but for the case of 
H$H1 = 2 they have the opposite tren,d. Also presented in Table 

3 are the approximate solutions for rl:. One can see from these 
tables that the accuracy of the approximate solutions is poor for 
low values of H/R and a, and the accuracy improves for larger 
values of H/R and a. 



Convective Base Moments 

immediately above the tank base is given by 
The convective component of base moment at a section 

to compare the result with that corresponding to a = 1. The 

coefficient Ar,; is related to AC: by the equation 

MC(t) = 2% f.. H p;I Rzlcosedzlde 
r=R 

and the result is expressed as 

Mc(t) = [ 2 5 
n = l  k=1 

Again, since Eq. (43) involves only the simple integration of the 

hyperbolic functions, the expressions for c n k  and c::~ are not 
given herein. Equation (44) is also rewritten as 

IM 

c(t) = [c e rE %,m] M,'H (45) 
n-1 k = l  

in which rn: = a dimensionless coefficient defined by 

(46) 

The convective component of the base moment induced by the 
pressure exerted on the tank base is denoted by AM> which is 
computed by the following equation 

(47) 

a ,  

and may be expressed in the form as 

in which AC,? = a dimensionless coefficient depending on the 
values of H/R, H2/Hl, arid a. Equation (48) is also expressed as 

M The values of r,: and Ar,, for n=l  and k=1,2 for the same 
values of the control parameters considered in Table 3 are 
presented in Tang and Chang (1993). Also, the approximate 
solutions for rr; and Arly are listed in the same table for 
comparison. The same trend found in data presented in Table 3 
for base shear are found in the same table for the base moments. 

The values of Cit, CiiM, and ACE for different control 
parameten are also available in Tang and Chang (1993). 

M 

EQUIVALENT MECHANICAL MODEL 
The well-known equivalent mechanical model presented by 

Housner (1957) for tanks containing one liquid can be 
generalized herein to represent tanks containing two liquids. 
This model is shown in Fig. 6. The rigidly attached mass, me 
is located at a height, h,,, from the tank bottom representing the 
impulsive component of the response, and the nkth elastically 
supported mass, Q is located at a height, & from the base 
representing the convective component of the response. The 
heights h,, and b are used to evaluate the base moment at a 
section immediately above the tank base. By changing h, toh', 
and &to Wnk, the model may also be used to evaluate the base 
moment at a section immediately below the tank base. The 
parameters of the model, m* mnkr h, h, h'O, wnk ,  and are 
given as follows. 

The impulsive component of base shear, denoted.by a'(t). may 
i be computed from Eq. (39) by replacing p: and p; by pli andp2 

given by Eqs. (13a) and (13b) and perform the integrations. The 
result may be expressed as _ _  

i where ros = dimensionless coefficient depending on WR. HJHl. 

and a. The numerical results for ro; are available in Tang 
(1993a). The impulsive component of base moments, denoted 
by M'(t) for the moment at a section immediately above the tank 
base and by AMi(t) for the moment induced by the pressure 
exerted on the tank base, may be computed from Eqs. (43) and 
(47) by replacing the convective pressure by the corresponding 
impulsive pressure and performing the integration. The results 
are then expressed as 

(52) M '(t) = r,hM:Hf(t) 



and 

A M  '(t) = ArohM;H%(t) (53) 

The numerical results for the dimensionless coefficients roL and 

Ar& are available in Tang (1993a). 
The parameters for the model are then defined as follows. 

i m, = cos M: 

h, = [$] H 
(54) 

(55) 

(57) 

h k  = 

and 

M - r n k )  H 
d k  J 

(591 

'n k 

It is easy to show that the mechanical model yields the same 
base shear and moments as those of the original tank-liquid 
system. .?e numerical results for l+,, h',,, h,,, and hill are 
given in Table 4 for the same values of control parameters 
considered in Tables 1 and 2. Also, the values of h12 andW12 
are avaitable in Tang and Chang (1993). Note that for some 
cases the values of h,, and hIlz are negative. 

CONCLUSIONS 
A comprehensive study on the dynamic response of tanks 

containing two liquids is presented. The effect of gravitation at 
the interface is considered. Extensive numerical results are 
presented with which the gravitational effect and the two-liquid 
interaction effect are identified. These two effects are 
summarized as follows. 

Effect of Gravitation at the Interface 
This effect is drawn ftom the comparison of the exact 

solutions with the approximate solutions. 
1. There are two natural frequencies, on* k=l, 2, associated 

with the nth sloshing mode of vibration. The surface and 
interface sloshing motions are in phase for k =1 and out phase 
for k =2. For some cases, wll is the dominant frequency of the 
surface sloshing motion, while o12 is the dominant frequency of 
the interface sloshing motion. 

2. The gravitation changes the distribution of the convective 
component of hydrodynamic pressure causing a discontinuity at 
the interface. General speaking, it increases the convective 
pressure at Liquid I as well as the base shear and moments. The 
convective pressure corresponding to the k =2 mode changes its 
sign when it crosses the interface, and, surprisingly, at the top of 
Liquid I it may be several times larger than that of the k=l mode 
for tall tanks with high values of H2/H1. 

3. The approximate solutions may yield accurate results for 
the sloshing wave height, base shear, and moments for a > 05 
and H/R =- 1. but it should not be used to compute the 
convective pressure distribution. 

4. The gravitation has no effect on the impulsive component 
of the hydrodynamic pressure. This component is continuous at 
the interface of two liquids. The exact and approximate 
solutions for the impulsive component of response are identical. 

5. Even though the approximate solution may not give 
accurate results for the pressure and base shear and moments, it 
may still yield accurate results for the sloshing wave height. 

Effect of Two Liaulds Interaction 
This effect is drawn based on the comparison of the results for 

two liquids with those fo5 one liquid. 
1. The effect of two liquids increases the number of control 

parameters. For tanks containing one liquid the response is 
controlled by one parameter, H/R, whereas for tanks containing 
two liquids the response is controlled by three parameters, H/R, 

2. It also increases the sloshing wave height and decreases 
the sloshing frequency. For certain combinations of the control 
parameters, the sloshing wave height may increase significantly. 
therefore, leading to an unconservative result to compute the 
response of a tank containing two liquids based on the 
assumption of one liquid. 
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Table 1. Sloshing Frequency Coefficient for H A ,  = 0.5 
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Table 2, Surface and Interface Displacement Coeff icients 
for Hfi, = 0.5 

I I I 
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H2/Hl = 0.5 

S 5 
r11 fl 1 

Exact Approx. Exact a = 0.25 
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Table 4. Quantities in Mechanical Model for Tank-tiquid 
System 

HJH,= 0.5 
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