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Abstract 

0 1 This paper develops and characterizes mixed direct-iterative methods for 

boundary integral formulations of continuum dielectric solvation models. We 

give an example, the Cat+ - - - Cl- pair potential of mean force in aqueous so- 

lution, for which a direct solution at  thermal accuracy is difficult and, thus, for 

which mixed direct-iterative methods seem necessary to obtain the required 

high resolution. For the simplest such formulations, Gauss-Seidel iteration 

diverges in rare cases. This difficulty is analyzed by obtaining the eigen- 

values and the spectral radius of the non-symmetric iteration matrix. This 
establishes that those divergences are due to inaccuracies of the asymptotic 

approximations used in evaluation of the matrix elements corresponding to 

accidental close encounters of boundary elements on different atomic spheres. 

The spectral radii are then greater than one for those diverging cases. This 

problem is cured by checking for boundary element pairs closer than the typ- 

ical spatial extent of the boundary elements and for those cases performing 

an 'in-line' Monte Carlo integration to evaluate the required matrix elements. 

These difficulties are not expected and have not been observed for the thor- 

oughly coarsened equations obtained when only a direct solution is sought. 

Finally, we give an example application of hybrid quantum-classical methods 

to deprotonation of orthosilicic acid in water. 
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1. Introduction 

An interesting development in computational molecular biophysics over the past decade 

has been the surprising utility of continuum dielectric models of solvation of molecular 

solutes in water [l-291. This is surprising u priori because this approach neglects almost all 

of the molecular characteristics of solvation and no direct attempt is made a pn'ori to show 

that the ignored molecular characteristics are, in fact, negligible. A posteriori molecular 

calculations have become available checking the basic soundness of the dielectric model 

results [30,31,33,32] and checking features of the underlying molecular theory [34-38). 

Arguments that support such models are simple and broad: much of the solvation phe- 

nomena in liquid water are dominated by electrostatic interactions. These models provide 

a simple and physical description of solvation of electrostatic interactions. If we permit a 

macroscopic empirical parameterization, i. e. a parameterization of the dielectric models not 

tied by molecular theory to molecular forces and structures, then these models are indeed 

very useful. 

Particularly for reaction processes in aqueous solutions, displacement of charge is of- 

ten important. Furthermore, dielectric models permit a conceptually natural and feasible 

coupling of solvation theory and electronic structure tools of traditional computational chem- 

istry. For these reasons too the continuum dielectric models have been particularly helpful 

[391* 

The numerical challenge in applying these models is the solution of the Poisson equation 

V 0 e(r)V@(r) = - 4np(r) 

where p ( r )  is the density of electric charge associated with the solute molecule, the function 

E(r) gives the local value of the dielectric constant, and the solution @(r) is the electric 

potential. This can be a challenge because the function e(r) changes abruptly on the mod- 

elled molecular surface of the solute and that surface must sometimes be complicated with 

nontrivial variation on an atomic scale. 
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Because the most important difficulty is associated with treatment of the molecular 

surface, boundary integral methods are particularly advantageous (151. Simply put, those 

methods permit the concentration of numerical resources on the description of the molecular 

surface. The resolution in the description of the molecular surface can then be directly 

associated with the accuracy of the numerical calculation. 

There are two problems in particular for which the issue of accuracy or high resolution is 

especially important. The first such problem is the procedural problem of choosing a satisfac- 

tory scale of an electronic structure calculation without performing a thorough convergence 

study for each case encountered. It would be helpful if these calculations would produce 

a suitably, perhaps even adaptively, high resolution results without a series of perliminary 

efforts. 

The second problem is more physical. It is the problem of conformational equilibrium 

or structural optimization. This is particularly relevant to the study of the structure of 

biopolymers in solution. In many cases of interest free energies of different conformers differ 

by amounts comparable to ksT. These are small free energy changes compared either to 

electronic energies or free energies of solvation of classical ions in water. Thus, numerical 

results for total free energies of small molecule solutes need to be accurate to better than 

1%. Furthermore, these ksT free energy changes arise from atomic scale rearrangements of 

the molecular shape, i.e. the molecular surface. So that accuracy can be traced to  sufficient 

resolution in the description of that molecular surface. 

Strigent testing of the the accuracy of these dielectric models for molecular scale geo- 

metrical optimization has been pursued only relatively recently [40]. 

It might be questioned whether it makes sense to  solve highly approximate dielectric 

models to the accuracy discussed here. After all the systematic errors associated with 

the physical model are surely larger than the numerical accuracy requested. We offer two 

responses to this question. The first is that, though that model is clearly quite approximate, 

attempts to draw conclusions from the model results are greatly complicated if additional 

non-physical errors are superposed on the model results. If has often been helpful to solve 
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approximate physical models accurately in order clearly to understand the physical issues 

associated with the comparison of model with experimental results. The second response is 

that if in particular cases the model results are indeed valid enough to be helpful, then they 

might serve as an initial description upon which subsequent more refined treatments might 

be built [.io]. In that case, an understanding of the accuracy of the initial predictions would 

be important. 

The resolution and accuracy that can be achieve through a classic direct boundary in- 

tegral solution will be limited by the dimension of the discrete set of linear equations that 

correspondes the linear boundary integral equation. Since the dimension of that set of linear 

equations will be relatively small if direct solution methods are used, substantial numerical 

resources can be invested in obtaining and storing accurate coefficients or matrix elements 

for the linear equations. 

When those direct methods are no longer possible, the straightforward way to proceed is 

to use the result of the direct solution as an initial estimate to which iterative solution meth- 

ods are applied. Because the initial solution is that expected to be quite good, exhaustive 

iteration is not expected to be required. Iterative methods then permit the treatment of a 

set of linear equations of much higher dimension. Numerical sophistication in the evaluation 

of the much larger number of matrix elements and the storeage of those matrix elements is 

not then prohibitive. Thus, the price to be paid is that the required matrix elements are 

obtained ‘on the fly.’ The methodological problem of this paper is the formulation, testing, 

and demonstration of the mixed direct-iterative methods for solution of Eq. (1). 

The results of Fig. 1 present a difficult example that will be used subsequently in describ- 

ing and testing the numerical methods. Shown there are calculations of the pair potential of 

the mean forces between a Ca++ and a C1- in aqueous solution (47). We include here some 

qualitative notes about these results. Firstly, we have much less experience with simulation 

experimental results for the potential of mean force for this ion pair than we do, for example, 

with Na+ - - - C1-. Thus, we view the simulation results of Fig. 1 as preliminary. Assuming 

those results are born-out by further study, the interpretation would be that the Ca++ holds 
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its solvation shell sufficiently tightly that no contact minimum can exist [47]. Secondly, the 

dielectric model result predicts a contact minimum and overstabilizes the ion pair in those 

configurations. In this respect the present results are consistent with previous comparisons 

[25,31,32,40]. The vast discrepancy between the dielectric model and the simulation results 

should not lead to a conclusion that the dielectric model is not helpful. By now the quan- 

titative inaccuracy of the dielectric model for these cases is well recognized [25,31,32,40); 

they are the worst cases so far noticed. Thirdly, the maximum in the dielectric model result 

near 3.8A where the spheres just touch is expected to be correct though it is clearly a subtle 

feature on the global scale shown here. The free energy of the separated ion pair is approx- 

imately 700 kBT so resolution of such features here requires an relative accuracy of about 

0.1%. Still, the relative height of that maximum is not negligible on a kBT energy scale. 

These calculations that establish some conviction about the correctness of such features are 

not simple [22,23] unless methods systematically addressing these high resolution features 

are focused on these problems. Such methods are the topic of this paper. 

2. Methods 

Here we catalog the methodological results used below for solution of the Poisson equation 

(1). Further discussion of the genesis of the these results can be found in Ref. [40]. 

We first cast Eq. (1) as an integral equation, e.9.: 

The quantity @ ( O ) ( r )  is the electrostatic potential in the absense of the medium, i.e. the 

Coulombs Law potential of the solute charge. Because the model assumes that E(r) has a 

sharp step at the molecular surface the  integration on the right collapses to  a 2-dimensional 

integration over the molecular surface. That molecular surface is defined as the boundary 

between the molecular volume - modelled as the union of spherical volumes centered on 

solute atoms - and the exterior, solution region. If we then take r on the  left infinitismally 

outside the molecular surface, Eq. (2) provides a closed equation from which can be obtained 
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@(r) for r on the molecular surface. Once O(r) is obtained on the molecular surface, it can 

be used on the right side of Eq. (2) thereby constructing the potential everywhere else. 

In particular, from such solutions we construct the excess, or interaction part, of the 

chemical potential of the solute as: 

The subscripts I and t) indicate ‘liquid’ and ‘vapor,’ respectively, so that this difference is the 

electric work required to charge the solute in the liquid relative to the vapor. The requires 

the solution of Eq. (2) twice, once for the liquid with 

and once for the vapor with 

Here q(r) is a step function that is one outside the molecular volume and zero otherwise. 

If the parameter 

formula reduces to 

Em = 1 then the ‘vapor’ calculation is trivial and the thermodynamic 

A+=) = (:) J p(r> (ai(r) - a(o)(r)) pr ,  (6) 

2.1. Rules  for coarse direct calculations 

A discretized version of Eq. (2) is 

EsQ(ra) = d o ) ( r u )  t w,p@(rp). (7) 
P 

Here ra is the a-th ‘plaque-point’ - a point on the molecular surface obtained by a uniform 

sampling, for example by exploiting either quasi-random number series or ‘good lattice’ 

procedures [41-461. The plaques are defined as the Voronoi polyhedra of the plaque-points 

on the nonburied surface of each sphere. The matrix of coefficients wap can be obtained as 

follows: 
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# B, 

and 

These are Monte Carlo estimates to accomplish the plaque integrations required in proceed- 

ing from Eq. (2) to Eq. (7). Similar concepts will arise below and we can defer further 

conceptual discussion until then. Further details can also be found in Ref. [40]. The set of 

points i that are within the plaque p is denoted by {i E p } .  M(sp)  is the number of points, 

sampling points plus plaque points, on the sphere sp that supports plaque 8. In 5. (9), flia 

is the angle between the surface normals at point a, the plaque point, and the sampled point 

i. That formula arranges to use sample points outside the plaque a to calculate the solid 

angle subtended by that plaque at  that plaque point. The purpose of that arrangement is 

to reduce the variance of that Monte Carlo estimation. Note that all sample points, buried 

or not, on the surface of sphere that supports plaque a should be used in the estimation 

but whether any sample point resides within or without plaque a depends on resolution of 

buried surface. 

For accurate calculations on small molecule solutes using Eqs. (7), (8), and (9), we 

have found that the computational time is typically dominated by the Monte Carlo effort 

required by the latter two equations to evaluate the matrix elements accurately. Thus, we 

most typically use these formulae with a coarsening trick that avoids some of this effort 

at the price of requiring more memory. Then we use Eq. (8) with no Monte Carlo sample 
in addition to the plaque-point. However, the set of plaque-points is now a larger set of 

equidistribution surface points, elements of a ‘fine-grid.’ We then form the equations to  be 

analyzed by a contraction of that description to one based upon coarse plaques associated 

with an initial subset of the points of the fine grid. We refer to that initial subset of plaque- 

points as the ‘coarse grid.’ We then require that the potential at all fine grid points that 

reside on the same coarse plaque be equal. This requirement results in an overdetermined 
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system - there are more equations than unknowns. This system is then analyzed with a 

singular value decomposition to obtain the plaque-potentials that minimize the mean square 

residual of those equations. 

The advantages of this approach are that much of the Monte Carlo effort can be avoided 

and that account is taken of the spatial variation of @(O)(r) in that the discretization of this 

latter quantity is less arbitrary. The principal disadvantage is that this approach requires 

more memory and this disadvantage can be severe. 

2.2. Rules for Gauss-Seidal iteration 

Gauss-Seidel iterative solution of a set of linear equations is discussed more abstractly 

below. Here we merely give the rules used in our calculations. We begin with an approximate 

solution @(r,). That approximation is then updated in place according to 

~ ( r , )  + ( € 8  - was)-' Q(')(ra) + v , p ~ ( r p )  (10) i P f a  

sequentially for all CY. In this calculation the plaque-points are the the points of the fine- 

lattice. Because that set of points is expected to be large, the off-diagonal coefficients was 

are evaluated 'on the fly' using Eq. (8) but no Monte Carlo sample in addition to the 

plaque-point. Our experience is that accurate evaluation of the diagonal coefficients w,, is 

important, so we evaluate them 'once-and-for-all' at an initial stage of the calculation and 

store them for later use. 

2.3. Spectral  radius of the  Gauss-Seidel i terat ion mat r ix  

We write the equation to be solved Eq. (7) in the standard form 

Ax = b. (11) 

Gauss-Seidel iteration may be analyzed by decomposing the matrix A according to 
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where D is a diagonal matrix, U is an upper triangular matrix, and L is 43 lower triangular 

matrix. See, for example [48]. The original system of equations, Ax = b can be written 

equilavently as 

(D - L)x = b + UX. 

Solving for x self-consistantly gives 

x = PCSX + (D - L)"b, 

where the Gauss-Seidel iteration matrix is defined as 

PGS E (D - L)-'u. 

The Gauss-Seidel iteration scheme can be written in the schematic form 

x(') t PGSX(') + (D - L)-'b. 

As is well known (D - L)-' does not need to be explicitly computed because it is lower 

triangular; the components of the new approximation vector x(I) are updated as soon as 

they are computed, thus limiting storage requirements. 

The convergence criterion of the Gauss-Seidel iteration scheme can be considered on the 

basis of the residual 

r E b - A x ,  (17) 

where K represents an approximate solution. The error Sx associated with the approximate 

solution K satisfies 

ASx = r. (18) 

Further, the error associated with the nth approximation, i .e .  6x(") x - x ( ~ )  satisfies 

6x(") = P;,Sx(O). (19) 
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A necessary and sufficient condition for the error to converge to zero is that the spectral 

radius (the largest eigenvalue) of the Gauss-Seidel iteration matrix must be less than one 

1481. 

The solution procedure has now been reduced to finding a reasonable coarse solution 

and then iterating this solution until some convergence criterion has been met. These 

methods were applied to the calculation of the pair potential of the mean forces between a 

Ca++ and a C1- in aqueous solution. It was found that the Gauss-Seidel iteration scheme 

often converged, but occasionally diverged. Evidently the spectral radius of the Gauss- 

Seidel iteration matrix was greater than one. To test this conclusion, the Gauss-Seidel 

iteration matrix was directly constructed. Its eigenvalues and thus spectral radius were then 

computed. Plotted in Fig. 2 are the eigenvalues of the Gauss-Seidel iteration matrix for 

the Ca++ - - - C1- problem for the case of r = 3.7a with 36 plaque points with the matrix 

elements calculated as described in section 2.2. One eigenvalue is much greater than one. 

Also plotted in Fig. 2 are eigenvalues of the Gauss-Seidel iteration matrix for the same 

circumstances except that matrix elements for obtained by a modified method described 

below. All eigenvalues are now substantially less than one. Using the corrected methods the 

divergences have not been observed. 

2.4. What we did to fix the problem 

Our previous work thoroughly coarsened the linear equations before a direct solution 

was constructed. This means that particular care was taken with the Monte Carlo estimates 

of Eqs. (8) and (9). It was particularly when those Monte Carlo efforts were economized 

for large scale iterative methods that iterative divergence occasionally presented a problem. 

Furthermore, the diagonal matrix elements Eq. (9) are always calculated the same way 

whether iterative or direct solution methods are used. This suggests that the observed 

difficulty might be due to the one-point estimate of the off-diagonal elements used when the 

iterative calculation was implemented. 

The estimate of EQ. (8) will have a larger variance the closer the observation point ra 
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is to plaque p. Thus, it is reasonable also to suspect particularly the evaluation of those 

matrix elements corresponding to dose cup. It was verified that this reasoning is correct 

simply by replacing tu,p by tupp whenever ro is on a different center than plaque @ and 

Ira - rpl < 2 R ( s p ) / J m .  This distance is a statistical estimate of the radial extent of 

plaques on center sp. Though not a satisfying solution to the issue, this manouver eliminated 

the divergence. 

A more satisfying solution is to implement a more thorough Monte Carlo a h l a t i o n  for 

the those matrix elements wap identified by the criterion above as potentially problematic. 

In doing this one further technical issue was confronted. For ro very close to plaque p, an 

approach like that of Eq. (9) that uses points sampled outside the plaque would be most 

appropriate. But for r, not so close to plaque p, it would be natural to use points on the 

the plaque in question. That we could use either approach in principle when the point ro is 

not precisely on the plaque is justified by the relation 

$r' = 0, 1 1 [ (r 4s Ir - 4 3  

- r') 0 V'&(r') 

valid for r outside the sphere. This is an application of Gauss's law. Thus we could approach 

the required estimation task using points on the plaque /3 or we could estimate the integral 

over the complementary spherical surface and identify the matrix element as minus that 
estimate. Using the sum of 1/2 of each estimate corresponds to a simple example of the 

method of antithetic variates (491. That is what has been done: 

This effort is expended only for the cases r, is on a different center than plaque /3 and 

3. Deprotonat ion  of orthosilicic acid in water 

As an illustrative application of the methods developed in the previous sections we will 

treat the deprotonation of orthosilicic acid in aqueous solution at 298K 

11 



The orthosilicic acid molecule is depicted in Fig. 3, The equilibrium ratio of interest is 

with the indicated concentrations in molar units. The quantity we wish to calculate and 

compare with experiment is the free energy for this reaction defined as 

The free energy of reaction is reported to be 13.5 kcal/mol. [50,5l] 

3.1. Solution thermodynamic formulation 

Rather than calculating K directly, it is more physical [33] to consider the reaction 

Si(UH)4 i- HZO * Si(OH)3O- -I- &O+. 

The reaction process described this way does not result in a net loss of chemical bonds and 

this is likely the case in a liquid [33]. The equilibrium ratio of primary interest is then 

unitless: 

This equilibrium ratio may be obtained as [33] 

where k( ' ) (T)  is the ideal gas equilibrium constant obtainable from standard formulae [52] 

and Ape)  is the excess or interaction part of the chemical potential of species CY. Deter- 

mination of the electronic energy, vibrational temperatures, and rotational temperatures of 

these molecules needed to calculate l?(O)(T) will be discussed in the next section. Finally K 
and I? are related by 
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Once I;I has been calculated, the free energy change for this reaction is simply 

Again, molar concentration units are used. We assume that the solute concentrations are 

sufficiently low that the formal concentration of HzO is satisfactory here. 

3.2. Electronic structure results on the isolated molecules 

All electronic structure calculations were performed using the GAUSSIAN-92 I531 pro- 

gram. Two different quantum mechanical methods were employed: Hartree-Fock (HF), 

and; HF followed by a second-order order M6ller-Plesset (MP2) correlation energy correc- 

tion. Two different basis sets were used: 6-31G(d) [also denoted 6-31G'], and; 6-31G-t-+(2d). 

The "(d)" and "(2d)" denotes that the 6-31G basis is supplemented by one and two sets of 

polarization [54] d-functions, respectiveIy, on the heavy (non-hydrogen) atoms. The "t +" 
denotes that the basis is supplemented by diffuse [55] functions. Together the quantum m e  

chanical method and basis set specifies a theoretical model, e.g., Sauer [56] has performed 

HF/6-31G(d) calculations on orthosilicic acid. The optimized geometries for H20, HsOt, 

Si(OH)4 and Si(OH)30- were determined by analytic gradient techniques using the HF/6 

31G(d) model. The structure found for the orthosilicic acid molecule is shown in Fig. 3 that 

also contains some of the numerical resuIts. The bond distances are given in Tables I and 

11. (The bond distances for Si(0H)SO- are not perfectly symmetric since symmetry was not 

imposed in the optimization.) The bond distance and angle for HzO is 0.94781 and 105.50", 

respectively compared to the experimental values [57] of 0.957A and 104.5", respectively. 

The calculated value for all three H-0-H bond angles for H 3 0 +  is 113.06'. Teppen et al. [58] 

have examined the effects of basis set size and electron correlation corrections on the prop 

erties of orthosilicic acid. For a 6-31G(d) basis, they [58] find that the MP2 bond lengths 

for Si-0 and 0 - H  were 0.022 and 0.02381 larger, respectively than the H F  values and the 
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MP2 Si-0-H angle decreased 2.9" from the HF value. For the HF method, they [58] also 

find that the MC6-311G(2d,2p) [59] bond lengths for Si-0 and 0-H were 0.007 and O.OO9A 

smaller than the 6-31G(d) values and the MC6-311G(2d,2p) Si-0-H bond angle increased 

1.3" from the 6-31G(d) value. For the present work these differences are acceptable, and 

thus HF/6-31G(d) was used to optimize geometries. 

To obtain a set of atom-centered charges (Tables I and 11) necessary for the solvation 

energy calculation, a fit of the HF/6-31G(d)' electrostatic potential (CHELPG [SO]) was 

performed. Harmonic vibrational frequencies and rotational constants were computed with 

the HF/6-31G(d) model and were used to compute the partition functions in Eq. (21). 

Since the HF method overestimates frequencies, the computed values were scaled by 0.88 

[61]. The electronic ground state energies, &, (Table 111) were calculated by optimizing 

the molecules with the MP2/6-31G(d) model. MP2 energies are more accurate than HF 

energies, since the former include electron correlation. The calculation of polarizability, 

ti = (azz -+ aW t arr)/3, is sensitive to the basis set. For H2O at the HF/6-31G(d) geometry, 

ii = 0.70, 0.90, 0.90, and, 1.06A3, calculated with the 6-31G(d), 6-31+G(d), 6-31G(2d), and 
6-31++G(2d) basis sets, respectively. The 6-31-++G(2d) value agrees reasonably well with 

another HF calculation (621, 6 = 1.17A3. The experimental value 163,641 for HzO, 6 = 

1.44A3, was used in the solvation calculations for both H20  and H30+. For %(OH)( and 

Si(OH)30-, 6 was calculated with the HF/6-31G++(2d) model using the HF/6-31G(d) 

geometries. These values were scaled by 1.36, the ratio of the experimental and HF/6- 

31Gt+(2d) 6 values for HzO. The scaled values (Table 111) were then used in the solvation 

calculations. 

3.3. Results for the deprotonation of orthosilicic acid 

Three different calculations were performed for the determination of the change in free 

energy for the deprotonation of orthosilic acid, %. (22)) in aqueous solution. The first 

calculation did not include molecular polarizability, nor did it include spheres centered on 

the hydrogen atoms of and Si(OH)30-. The second calculation included molecular 
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polarizability, but again it did not include spheres centered on the hydrogen atoms of Si(0H)J 

and Si(OH)30-. The final calculation included both molecular polarizability and spheres 

centered on every atom of Si(OH), and Si(OH)30'. This sequence of calculations reflects 

our chronological approach to this system starting with the simplest model, gradually adding 

more complications, and gradually refining the values of the parameters used. This approach 

also gives helpful information on the sensitivity of the calculation to the necessarily somewhat 

empirical parameterization of the method. 

The evaluation of the vibrational, rotational, and translational partition functions of the 

for the isolated molecules in question on the basis of the electronic structure results leads 

to a multiplicative contribution of 1.30 to the equilibrium ration of Eq. (26). The change in 

the electronic energy AEelec. was found to be 197.5 kcal/mol. 

In all of the calculations the water and hydronium ions were treated as a single sphere of 

radius l.6A centered on the oxygen atom of each species. An internal (molecular) dielectric 

constant tm was chosen to be 2.42. This approximately reproduces the experimental polar- 

izability of the water molecule [33,63,64]. The external (solution) dielectric constant e, of 
77.4 was chosen to model water at 298K and a density of l.0g/cm3. The calculation of the 

excess chemical potential of each species used 186 coarse lattice points and 936 fine lattice 

points. The coarse solution obtained was iterated ten times using the Gauss-Seidel iteration 

scheme. The difference in excess chemical potential between the hydronium ion and water 

was found to be -107 kcal/mol. 

The first calculations for Si(OH)4 and Si(0H)SO- used a sphere of radius 1.8A centered 

on the each Si atom with 36 coarse lattice points and 936 fine lattice points; a sphere of 

radius 1.65A was centered on each OH (or 0-) group with 36 coarse lattice points and 

4686 fine lattice points. An internal dielectric constant of 1.0 was chosen, thus ignoring 

the polarizability of the molecule. After the coarse solution was iterated ten times the 

difference in excess chemical potential was found to be -49.6 kcal/mol. This calculation 

gives 38.3 kcal/mol for the change in free energy for Eq. (22), in poor agreement with 

experiment. 
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In the next calculation a sphere of radius 1.8A was centered on the each Si atom with 

36 coarse lattice points and 936 fine lattice points; and a sphere of radius 1.60A with 36 

coarse lattice points and 936 fine lattice points was centered on each OH and 0- group. An 

internal dielectric constant of 2.95 was assigned to the Si(0H)I molecule and Si(OH)30- 

was assigned an internal dielectric constant of 3.40. These values were chosen to match 

the estimated molecular polarizability of the molecule discussed in the previous section. 

The difference in excess chemical potential was found to be -57.9 kcal/mol, which gives 

30.0 kcal/mol for the change in free energy for Eq. (22). This improves upon the calculation 

which ignored the polarizability of and Si(OH)30- but still differs from experiment 

by nearly a factor of two. 

The final calculation had spheres centered on every atom of the Si(OH)4 and Si(OH)30- 

molecules. The oxygen atoms were given radii of 1.481 the silicon atoms were given radii 

of l.8A and the hydrogen atoms were given radii of 1.381. Values of 3.10 and 3.55 were 

chosen for the internal dielectric constants of Si(OH)4 and Si(OH)30-, respectively. Again 

these values were chosen to match the polarizability of the molecules. On each sphere 36 

coarse lattice points were used and 936 fine lattice points were used. The coarse solution was 

iterated ten times to obtain -68.1 kcal/mol for the difference in e x a s  chemical potential 

between Si (0H)d  and Si(OH)sO-. This calculation gives 19.8 kcal/mol for the change in 

free energy for the deprotonation of !%(OH)( in water, which is in reasonable agreement with 

experiment. 

4. Conclusions 

The iterative divergence occasionally encountered in the calculation of the Ca++ * C1- 

pair potential of mean force was due to inaccuracies of the asymptotic approximations used 

in evaluation of the matrix elements corresponding to accidental close encounters of bound- 

ary elements on different atomic spheres. The spectral radii of the Gauss-Seidel iteration 

matrices are then greater than one for those diverging cases. This problem is cured by 

checking for boundary element pairs closer than the typical spatial extent of the boundary 
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elements and for those case performing an ‘in-line’ Monte Carlo integration to evaluate the 

required matrix elements. These difficulties are not expected and have not been observed 

for the thoroughly coarsened equations obtained when only a direct solution is sought. 

Hybrid quantum-classical methods using this dielectric solvation model can give a rea- 

sonable description of the free energetics of the deprotonation of orthosilicic acid in water. 

A modelled solute polarizability has been found to  be important in achieving a reasonable 

agreement between model and experiment. Beyond that, however, substantial empirical 

adjustments of radii were required. It has been suggested previously [40] how molecular 

solvation structure can be reintroduced into these models and that description of solvation 

structure should go a long ways towards eliminating sensitive dependence on the radii used. 

In the present context that suggestion means that the electronic structure calculations should 

be performed on a complexes of the solutes of interest pZus a probe water molecule 1401. The 
electronic structure results on those complexes augmented by the solvation contributions 

then permit a thermal weighting of the populations of different conformational structures 

of the complexes. Integrating-out the probe water degrees of freedom then permits a pre- 

diction of the excess chemical potential of the solute. Such a prediction would require a 

substantially larger computational effort, 

The necessity of better treatment of the molecular solvation structure is also clear in 

the example of Cat+ C1- that motivated this work. The vast discrepancy between the 

dielectric model and the simulation results should not lead to a conclusion that the dielectric 

model is not helpful. By now the quantitative inaccuracy of the dielectric model for these 

cases is well recognized; they are the worst cases so far noticed. The probe water molecule 

approach mentioned above would help here too but  would require rapid calculations on 

larger, more complicated solution complexes, It is hoped that the methods developed here 

will make such calculations feasible. 
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FIGURES 

Figure 1. Theoretical results for the Ca++ - - .C1- potential of mean force in water at 

normal pressure and 298K. The curve labeled ‘molecular dynamics’ is the result of Ref. (471. 

The curve labeled ‘dielectric’ is obtained by the revised method of Section 2.4 

Figure 2. Upper panel: Eigenvalues of the Gauss-Siedel iteration matrix obtained by 

the coarse rules described in Section 2.1 for 36 plaques on the Ca++-.. Ci- for r = 3.7A. 

One eigenvalue is much further from the origin than 1.0. Lower panel: Eigenvalues of the 

Gauss-Siedel iteration matrix obtained by the revised approach described in Section 2.4. 

Figure 3. 

Section 3.2 

Orthosilic acid molecule established by the electronic structure caIcuIations of 
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TABLE I: 

Partial charges for Si(OH), and Si(OH)30' 

Atom H2O H3O+ 

0 -0.82 -0.62 

H 0.41 0.54 - 

TABLE 11: 

Partial charges for H2O and H30i 

Molecule (hartree) 

Si(OH)d -590.89169 

Si( OH)30- -590.29838 

H2O -76.01 075 

H30' -76.28934 

E (A3) 
6.9 

7.4 

1.44 

1.44 

TABLE 111: 

Electronic energies and polarizabilities 
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