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ENERGY CHANGES IN TRANSFORMING SOLIDS 

1. Work Completed and in Progress During the Current Funding Period 

The recently formulated thermodynamic theory of elastic bodies prone to damage 
has'been further developed. This formalism is based on classical thermodynamics using 
the local state approximation, with a significant amount of attention paid to non-isothermal 
processes. Certain concepts are being clarified via the use of Onsager's reciprocal 
relations. 

The method of heterogenization which we have developed has been extended and 
applied to.problems in elasticity, thermoelasticity, and piezoelectricity, utilizing concepts 
pertaining to Kelvin and Moebius transformations (with their associated iterations and fixed 
points), group theory, linear operators in Banach spaces, inductive schemes, discontinuous 
groups, and automorphic functions. We have shown that the solution in three-dimensional 
elastostatics for the interior and exterior regions bounded by a sphere are related by an 
involution correspondence when the common boundary is subjected to either the same 
displacements or the same tractions. This allows us to express the solution for an infinite 
space With either a rigid spherical inclusion or a spherical hole in terms of the solutions for 
the corresponding homogeneous problem. In plane and anti-plane isotropic elastostatics, 
universal formulae have been derived for the stress field at the point of contact of two 
circular inclusions and for the average stress between two neighboring rigid inclusions or 
circular holes. The asymptotic expansion as the two rigid fibres or circular holes become 
infinitely close has been obtained . A connection between the solution for circular holes 
and the theory of discontinuous groups and automorphic functions has been pointed out. 
The heterogenization procedure has also been extended to plane thermoelasticity and anti- 
plane piezoelectricity, with examples worked out for one and two circular inclusions. 

In the area of conservation laws, we have applied the Neutral Action Method 
which we previously developed to various systems of practical interest, including 
thermoelasticity, the mechanics of porous media, and piezoelectricity. Results obtained fall 
into two categories: conservation laws in physical space and in material space. In physical 
space the results obtained are alternative formulations of the,governing equations, and thus 
they .do not offer new insights into the behavior of physical systems. In material space, 
however, results obtained can often be expressed in forms parallel to the conservation 
integrals in linear elasticity, and they should prove useful in the analysis of fracture and 
defects in these physical systems. In particular, for thermo- and poro- elasticity we have 
shown that the appropriate J-integral obtained is a representation of the energy release rate 
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accompanying crack extension in a thermo- or poro-elastic medium. This fact, coupled 
with its path-independence, shows this conservation integral is truly an extension of the 
classical J-integral for the dissipative thermo- and pro-elastic media. As a continuation of 
the work on non-homogeneous Bernoulli-Euler beam, we have investigated the possibility 
of obtaining additional conservation laws based on existing results via a recursive operator; 
we have found that the constraint placed on the material properties for obtaining these 
additional laws in identical to that of the original conservation laws. 

In the past year our research in anisotropic elasticity has focussed on dislocations 
and on waves (surface, bulk, and interfacial) in solids. Earlier work by us has shown that 
a straight dislocation is always attracted to the free-surface of a linear elastic half-space of 
arbitrary anisotropy, while a dislocation in a bimetallic solid composed of two different 
anisotropic elastic half-spaces may be either attracted or repelled to the common interface. 
(By attraction or repulsion is meant the sign of the Peach-Koehler force on the dislocation, 
which tells whether the strain energy of the dislocated medium is elevated or lowered as the 
dislocation moves toward the interface or boundary.) We have recently shown that a 
clamped boundary in an anisotropic half-space always repels a dislocation €?om it, and 
have given a general formula for the repelling force in addition to the complete elastic fields 
in the half-space. The clamped boundary may provide an appropriate model of a rigid 
substrate on which is deposited a elastic thin film containing dislocations, which is an 
important system of interest in modem integrated circuit technology. An examination of the 
possible existence of "mutual attraction" of a dislocation in a bimetal composed of two 
dissimilar perfectly-bonded'isotropic half-spaces in now complete and reveals that isotropy 
does not permit this to occur, except under conditions unlikely to be satisfied in a real 
material. 

As regards elastic waves, which are very useful non-destructive probes, in 
anisotropic elastic solids we have found that the (necessarily) supersonic one-component 
surface waves first discovered theoretically in our earlier work is indeed contained within a 
non-vanishing space of simple reflection in a general linear elastic material with no 
symmetry (Le., a medium of triclinic symmetry). Much of this space of simple reflection 
has been computed (these are somewhat tedious calculations), and the fashion in which this 
space intersects the outermost slowness surface has been studied. This intersection is 
characterized by a non-semisimple eigenvalue problem, for which no reliable computational 
methods presently exist to assist in a numerical study. We are in the midst of constructing 
a method to handle the difficulties generated by non-semisiinplicity. Having completed a 
study of the conditions under which so-called Type 3 first transonic states can occur in 
media of isotropic, cubic, hexagonal, tetragonal, and trigonal symmetry, we have extended 
the study to subsequent transonic states, i, e., we are elucidating conditions under which 
triply-degenerate acoustic axes can exist in solids of the above symmetry classes. 
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2. Work PIanned During the Continuation Funding Period 

Current theories of damage are confined to isothermal processes and are, therefore, 
incapable of allowing for cases of varying temperature fields, in the sense that the 
temperature field generated by entropy production during straining of damaged elastic 
materials cannot be computed, A significant effort will be devoted to develop the 
fundamental elements of an exact thermodynamic theory of damage which allows for non- 
isothermal processes. The thermodynamical theory, which until now has been restricted to 
the one-dimensional case, will be extended to two and three dimensions. 

Most of the work developed within the framework of the methodology of 
heterogenization pertains to inclusions having a perfect bond with the matrix material. We 
intend to expand the problems treated to consider inclusion/matrix interfaces which exhibit 
elastic or imperfect bonding, including the extension to anisotropic solids. 

As the J-integral derived for thermo- and poro-&asticiiy was shown to represent the 
energy release rate accompanying crack growth, this path-independent integral facilitates 
studies of crack mechanics. During the continuation funding period we intend to pursue 
applications for this newly established conservation integral. In particular, we will 
investigate the effects of temperature and fluid pressure on crack propagation. As this J- 
integral is also valid for an elastic medium subjected to certain body forces (including 
gravitational forces), our studies will include such effects. Conservation laws for systems 
exhibiting the coupling of thermal effects and those due to fluid-filled pores will be 
explored. 

Conservation laws for Cosserat continua will be investigated, since both composite 
materials and the non-linear theory of dislocated solids (both areas of practical interest) may 
be modeled as "directed'' solids. If path-independent integrals representing energy release 
rates can be establish for CosseFt continu$ much insight into fracture and defect behavior 
in such media can be obtained. Within the field of mechanics in material space we hope to 
establish a complete duality between material and physical space. In physical space the 
field equations and the energy function can be expressed in terms of two conjugate 
quantities, namely stress and strain. If it is possible to establish a duality for the two 
spaces, such conjugate quantities should also exist in material space. As the material force 
in material space (which represents the force on a defect) can be placed on an equal footing 
with mechanical stress in physical space, our search will be for a quantity conjugate to this 
material force. Once such a conjugate quantity is found, its physical significance would be 
of great interest in hcture and defect mechanics. 
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Cross-section transmission electron microscopy is now capable of revealing where 
dislocations in thin f3.dsubstrate systems reside relative to the thin film /substrate interface. 
Both the rationalization of and the prediction of observations of where such dislocations 
reside can be accomplished by anisotropic elastic theory, such as has been advanced in our 
previous work. Usually a dislocation in a bimetallic system is attracted to or repelled fiom 
the interface, depending on which side of the interface it sits. There are situations in which 
"mutual repulsion" exists (the dislocation is repelled from the interface no matter which side 
of the interface the dislocation resides); no examples of "mutual attraction" have been 
found, although only the case of two bonded dissimilar isotropic media has been studied 
(by us this past year). The existence of "mutual attraction" ,possibilities could help explain 
observed dislocation configurations in certain physical systems, and we plan to 
systematically study this in the coming year. As regards the mechanics of curvilinear 
dislocations in anisotropic solids, we intend.to complete a prescription of the self-force on 
such a non-planar defect in an arbitrary direction at an arbitrary point on the dislocation. A 
previous heuristic argument as to the correct component of local loop curvature in such a 
prescription was erroneous and needs to be rectified. 

A study of supersonic Stoneley (interfacial) waves between to bonded dissimilar 
anisotropic half-spaces is planned. Such waves can be useful non-destructive probes of 
welds or diffusion-bonded solid. Our goal is to see if anything like the analogue of the 
"space of simple reflection" associated with supersonic surface waves exists for true 
supersonic interfacial waves; the obvious analogue is a state of simple reflection-refraction 
with no need for inhomogeneous plane waves to account for interfacial boundary 
conditions, but it is certainly not yet known if this is a real possibility. 
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