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ABSTRACT: Demonstration of stability or control of a measurement process over time is

often required for critical processes. Measurement control is monitored by calculating

measurement errors for a collection of comparison standards over time and producing a

Shewhart control chart. However, measurement errors inherently occur one-at-a-time and

not in batches. Additionally there is often a non-deterministic drift in the mean

measurement error. These facts make it challenging to develop warning and alarm limits

for a control chart. Previous studies have suggested using the mean squared successive

difference to estimate the variance of one-at-a-time data. This technique can also reduce or

eliminate estimation bias due to a fluctuating mean. Application of a control charting

methodology based on the mean squared successive difference is demonstrated using data

from the nondestructive assay of nuclear materials, and the performance and potential

limitations of the method are explored.

1. Introduction

When measurements that are critical to success of a project or program are made, there

is a need to ensure that the measurement process is in control. By “in control” it is meant

that the accuracy and precision of the measurement process are stable and not experiencing

undetected variations from previously determined values. While the evaluation of

measurement control is valuable in many different fields, the examples used here come

from the nondestructive assay of nuclear materials for materials accounting purposes.

To demonstrate measurement control, the performance of the measurement system

can be tested by assaying an item for which the measurement value of interest, or

measurand is well known and if possible, certified. Such an item is referred to as a

standard and in many cases, its measurand is certified by a standards agency such as the

National Institute of Standards and Technology (NIST). By comparing the newly

measured value of the measurand to the accepted or certified measurand, the stability of

both the accuracy and precision of the measurement process can be monitored. The
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difference between the measured and accepted value of the measurand is referred to as the

measurement error. Mathematically, the measurement error is

e = x − (1)

where x is the measured value of the measurand and  is the true or accepted value of the

measurand.

Performance of a measurement process is monitored by producing a Shewhart control

chart for the measurement error or some function of the measurement error. To produce

such a control chart, it is assumed there is some function f(.) such that

y = f (e, ) = b + (2)

where b represents the bias or systematic error of the measurement and  represents the

random error. Usually, it is assumed that ~ N 0, 2( )  where the variance 2  represents

the precision of the measurement process. In the measurement control chart, the centerline

is set at the expected value of the bias of the measurement process while the warning and

alarm limits are set using a standard deviation that represents the total variation of the

measurement technique. For processes with a constant bias, this total variation is the same

as the precision of the measurement process. Measurements outside of the warning or

alarm limits can be interpreted using the usual criteria for loss of control in a Shewhart

control chart to indicate shifts in bias (accuracy) or precision.

However, there are two common characteristics of actual measurement data that make

Shewhart control charts difficult to implement and interpret for uses in measurement

control. First, measurement data often is collected one observation at a time, not in batches.

This is particularly true in the nondestructive assay of nuclear materials where a single

measurement may take several hours to complete. Traditional Shewhart control charts rely

on batches of data to help calculate the standard deviation and to monitor changes in

precision. Second, field implementations of measurement techniques often cannot control

for all factors that may lead to instability in the accuracy of the technique. Frequently,

changing environmental conditions lead to stochastic but bounded variations in the bias of

the measurement error. These variations make accurate calculation of the standard deviation

of the measurement process difficult and can lead to differences between the designed and

achieved sensitivity of the control chart. In Section 2 below, use of the mean squared

successive difference for calculation of the standard deviation of a measurement process is

briefly discussed. Section 3 presents a method for using this estimate of the precision of
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the measurement process together with information about the stochastic drift in the

accuracy in the construction of a control chart. Section 4 presents an example.

2. Use of Mean Squared Successive Difference in Calculation of Measurement
Precision

As pointed out in the previous section, the collection of observations one at a time

poses a problem in the estimation of the random variation of the error in the measurement

process. One approach to estimating the random variation would be to use the standard

definition of sample variance on a collection of n measurements. That is, the variance of the

process error is estimated by

s2 =
(yi − y )2

i =1

n

∑
n −1

(3)

where yi is a function of the measurement error at time index i and y  is the sample mean

of the measurement errors. However, this estimator is biased if the observations are

serially correlated or if the true mean of the variable y is not a constant. Use of a biased

estimate could lead to false out of control signals occurring with much different probability

than expected.

The mean squared successive difference (MSSD) was first suggested as a variance

estimator by von Neumann et al (1941) and was suggested for use in control charting by

Hald (1952) and more recently by Marquardt (1993) and by Scholz (1994). The MSSD

estimator of the variance is defined as

sMSSD
2 =

y i+1 − yi( )2

i = 1

n −1

∑
2(n − 1)

(4)

where again yi is a function of the measurement error at time index i. Since the MSSD

estimator is based on the distance between consecutive points, it can estimate the variance

of the process with less bias than the standard estimator in cases where the mean is

smoothly varying.

Properties of the MSSD as an estimator of the variance are described in Brownlee

(1965) and von Neumann, et al (1941). Assuming independence for consecutive values of
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the variable y ,the MSSD estimator is an unbiased estimator of the variance although it is

less efficient than the estimator in equation (3). The efficiency of sMSSD
2  relative to s2  is

2(n −1)

3n − 4
=

2

3
1 +

1

3n − 4
 
 
  

 
 (5)

indicating that as n gets very large, the variance of the usual estimator is 2/3 as large as the

variance of the MSSD estimator. However, in cases where the mean is not a constant but is

slowly varying, the bias of the usual estimator is larger than the bias of the MSSD

estimator of variance and the relative efficiency will be larger than 2/3. It can even become

larger than 1, in which case the MSSD estimator is a better estimator of the variance than

the usual estimator.

One drawback to use of the MSSD as a variance estimator is the number of

observations required to produce a good estimate. Marquardt (1993) suggests the use of at

least 60 observations to adequately estimate variance for use in control charts while

maintaining control limits based on the normal distribution. However, Scholz (1994)

provides a technique for using the MSSD estimate with a smaller number of observations.

This technique uses Student’s t distribution with d degrees of freedom to set the alarm and

warning limits instead of the more common values of 3 and 2 based on the normal

distribution. The approximate value of d can be estimated using Satterthwaite’s

approximation [see Satterthwaite (1946) as suggested by Scholz (1994) ]. This

approximation is valid because the MSSD estimator can be expressed as a quadratic form

[see von Neumann (1941)] so that the sampling distribution of the estimator is
proportional to a d

2  distribution where the degrees of freedom d are chosen to match

second moments between this approximate 2  distribution and the true unknown

distribution. For the MSSD, the appropriate degrees of freedom for the approximate

distribution is

d =
2 n − 1( )2

3n − 4
. (6)

Clearly, the degrees of freedom are less than n-1, the degrees of freedom of the usual

variance estimator for n observations. In most cases, the relationship in equation (6) is

nearly linear in n and can be accurately approximated by d = 2(n − 1) 3 .
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3. A Control Chart for Measurement Processes with Nonconstant Mean Error

As described above, the MSSD estimator may provide a good variance estimate in

situations where the expected value of measurement errors is slowly varying. However,

this variance estimate only addresses the variability of the random measurement error

about the local value of the expected measurement error. This variability is often referred to

as the precision of the measurement and it corresponds to the variance of  in equation (1),

but not to the overall variability of the measurement process. When the systematic error

variable b in equation (1) is not a constant, its variability must also be estimated and

combined with the MSSD estimate of random variation to obtain an estimate of total

variation in the measurement process. Control charts for the measurement process should

be based on the total measurement variability and not solely the measurement precision to

avoid false out of control signals occurring at too great a frequency.

As discussed in Glosup and Axelrod (1996), a nonconstant systematic error can be

represented by a random variable having bounded variability. In cases where information

about the probability distribution of the systematic error is available, it should be used,

However, in situations where this information is not available, Glosup and Axelrod (1996)

show that the maximum entropy model for the systematic error is a uniform distribution.

For that case, the variability of the systematic error can be estimated as

ssys
2 =

(u − l)2

12
(7)

where l and u are the lower and upper limits of variability of the systematic error. Since the

systematic error represents a slowly varying local mean of the measurement error, it can be

modeled using a nonparametric technique such as local regression or smoothing splines.

Then the limits of the uniform distribution can be estimated from the limits of the fitted

local mean. The use of this technique was demonstrated in Glosup and Axelrod (1996).

The total variability of the measurement process can be obtained by combining the

estimated variance for measurement precision with the estimated variance of the systematic

error. That is, the total variability is

stotal
2 = sMSSD

2 + ssys
2 (8)
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and this variance should be used in setting the warning and alarm limits in the Shewhart

control chart for measurement error. The measurement control chart has a centerline at the

overall expected value of the bias E[b], and warning and alarm limits are set at E[b] ± kstotal

where the constant k is appropriately chosen. If the number of observations n available to

estimate the random component using the MSSD is 60 or greater, values of k = 2 or

warning limits and k = 3 for alarm limits can be used. For situations where n < 60 the

selection of values for k is less clear. As mentioned in the previous section, Student’s t-

distribution can be used to select values for k if the variance is estimated by the MSSD, but

the addition of the variance for the systematic error to form a total variance complicates this

selection. Further research is required to determine how to appropriately set these limits

when n < 60.

4. Example

The example used here to illustrate the construction of a measurement control chart is

the same as that used in Glosup and Axelrod (1996). The data set consists of 112

measurements of heat standards made using a heat flow calorimeter over a period of 2

years. This instrument, which measures the heat output of an item, is often used to assay

radioactive materials. The set of standards represented in this data set are all secondarily

traceable to NIST standards and span a wide range (0.1 Watts to 14 Watts) of heat outputs.

The calorimeter measures the wattage of an item by converting the voltage drop required to

maintain a constant temperature in a water bath to a wattage by means of a calibration

curve. For this calorimeter, the calibration curve was calculated from a series of

measurements conducted on a subset of the standards being used in this example. This data

is known to contain nonconstant systematic errors caused by uncertainties in known

wattage’s of standards, uncontrolled variation in environmental conditions, uncertainty in

the calculation of calibration constants, and uncertainty in measurement of the voltage drop.

Previous experience with this type of instrument suggests that the measurement error

can be modeled as

x −
= b + (9)

where x represents the measured wattage of a standard,  represents the known (true)

wattage of the standard, b represents the systematic error of the measurement and 

represents the random error of the measurement. Realizations of the left-hand side of
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equation (9), which is referred to as the relative error, are calculated using the 112

measurements of standards and their known wattage’s. These relative errors as a function

of the date of the measurement are pictured in Figure 1. The random variation in the

relative error as calculated using the MSSD is 0.00324. The local mean value of the relative

error was estimated by local regression using the “loess” function from the S-Plus

statistics package [Statistical Sciences (1996)] with the Julian date as the explanatory

variable. The local mean fitted using this technique with a span of 0.60 is shown in Figure

1 as a solid line. The estimated bounds for the systematic error are found by locating the

minimum and maximum of this local mean which are -0.0029 and at 0.0016 respectively.

Substituting these values into equation (7) the estimated standard deviation from the

systematic error is 0.0013. Combining the systematic and random variation by equation (8)

gives a total standard deviation of 0.0035. The overall mean relative error is -0.0015 so that

value is used for the centerline for the control chart. Alarm limits are set at

−0.0015 ± 3(0.0035). Figure 2 shows this control chart superimposed on the raw data.

Note that the centerline is the solid line while the alarm limits are represented as dotted

lines.

5. Acknowledgments

This work was performed under the auspices of the U. S. Department of Energy by

the Lawrence Livermore National Laboratory under contract number W-7405-ENG-48.

6. References

Brownlee, K. A. (1965). Statistical Theory and Methodology in Science and

Engineering. New York, John Wiley & Sons, Inc.

Glosup, J., and Axelrod, M. (1996). “Systematic Error Revisited” presented at 156th

Annual Meeting of the American Statistical Society,, Chicago, IL, American

Statistical Association.

Hald, A. (1952). Statistical Theory with Engineering Applications. New York, John

Wiley & Sons.

Marquardt, D. W. (1993). “Estimating the standard deviation for statistical process

control” presented at 153rd Annual Meeting of the American Statistical Association,

San Francisco, CA, American Statistical Association.

Satterthwaite, F. E. (1946). “An approximate distribution of estimates of variance

components.” Biometrics Bulletin 2: 110-114.



page 8

Scholz, F. (1994). “Small Sample Uni- and Multivariate Control Charts for Means”

presented at 154th Annual Meeting of the American Statistical Society, Toronto,

Canada, American Statistical Association.

Statistical Sciences Inc. (1996). S-PLUS, Ver. 3.4. Seattle, WA, Statistical Sciences Inc.

von Neumann, J., Kent, R. H., Bellinson, H. R., and Hart, B. I. (1941). “The mean

squared successive difference.” Annals of Mathematical Statistics 13: 153-162.



page 9

Figure 1
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Figure 2
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