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ABSTRACT 

We present a local approximation to total energy tight binding (TB) designed to be suitable 
as a semiempirical potential form for covalent and metallic-covalent materials. Chebyshev 
polynomial moments of the Hamiltonian matrix are generated in a stable and efficient 
manner through recursive matrix-vector multiplies. The electronic density of states is ap- 
proximated by a Chebyshev polynomial expansion with Gibbs damping which maintains 
positivity. The scaling of the computational work is made linear in the number of atoms by 
truncating the moment computation at a certain range about each atom. Energy deriva- 
tives necessary for molecular dynamics are obtained from a matrix-polynomial derivative 
relation. The method converges to exact TB as the number of moments and the truncation 
range are increased. The convergence properties are tested on silicon. 

INTRODUCTION 

With the increasing use of atomistic simulations for materials problems, there is a 
need for new, general forms of interatomic potential, especially for the type of bonding 
in covalent materials and advanced intermetallics. The total-energy tight-binding (TB) 
method is increasingly viewed as a possible solution to this problem. While TB is much 
less computationally demanding than first-principles calculations, it nonetheless suffers 
from a computational bottleneck in the Hamiltonian diagonalization step, which scales as 
the number of atoms (or number of basis functions, N) to the third power. 

Recently, considerable attention has been given to developing approximations that 
reduce the scaling of TB from N 3  to N [l-91. Typical break-even sizes, for which the 
N-scaling calculation becomes less expensive than the direct N3 calculation, range from 
50 to a few hundred atoms. Because any approach of this type requires a compromise, 
a given N-scaling method can have advantages over others, depending on the nature of 
the application. In the present work, we develop a method that should be suitable as a 
short-ranged, many-body interatomic potential. It is explicitly local in character, with a 
deterministic energy and exact energy derivatives. The N-scaling nature is achieved by a 
local truncation of the environment around each atom. The approach is closely related to 
that presented by Goedecker and Columbo [7]; the main differences are in the definition of 
the local truncation procedure, and the fact that exact energy derivatives are obtained in 
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the present work. If the truncation range is increased to infinity, the method is equivalent 
to the N2-scaling form presented previously [10,11]. 

TOTAL ENERGY TIGHT BINDING METHOD 

We first briefly review the orthogonal tight-binding method [12] as it is currently 
used in atomistic simulations. Given a system of Natom atoms at a specified geometry, 
one constructs the one-electron Hamiltonian matrix (H) over the N-dimensional basis 
consisting of a valence basis set on each atom. The off-site matrix elements of H generally 
have a simple, two-center form, with a parameterized radial shape for each possible angular 
momentum combination [e.g., hssu(r), hspo(r), hppu(r),  and hpp.(r), for an sp3 basis]. 

Diagonalizing H gives a set of eigenvalues {q}, which define the electronic density of 
states (DOS), n(c) = Cy 6(c - Q). The electronic energy is defined as the bond integral 
over the occupied states of this DOS, 

where the factor of two accounts for the closed-shell spin state (two electrons per orbital). 
The Fermi level ( E F )  is either prespecified or is determined by requiring that the system 
have the correct number of valence electrons, 

The total energy of the system is then obtained by augmenting Eelec with a pair term, 
Cizj #(rij), where $(rij) is a function of the internuclear distance rij = Irijj, represent- 

ing core-core interactions and neglected contributions to the true electronic energy, such 
as double-counting terms. 

LOCAL TRUNCATION 

Local subspace truncation, which is responsible for the N-scaling computational de- 
pendence, is described and tested in this section. For simplicity, we discuss a system with 
only one basis function per atom, so that we can refer to basis functions and atoms inter- 
changeably. For each atom i, a local subspace of the full Hamiltonian is defined, containing 
Ni basis functions. This can be accomplished by retaining only those atoms within a cer- 
tain physical distance from atom i ,  a procedure we will refer to as “physical” truncation. 
Alternatively, one can retain all atoms within a given number ( L )  of Hamiltonian links 
from atom i, referred to as “logical” truncation. For example, L = 1 truncation retains 
all atoms within rc,t of atom a’, where r,,$ is the cutoff distance for h(r) ,  while L = 2 
truncation retains all h-linked neighbors of i and all the neighbors of those neighbors. 

Within this subspace, we solve the TB electronic structure problem, projecting out 
the DOS belonging to atom i [ni(c)]. From the eigenvalues ( { ~ j } ; j  = 1,  N i )  and eigenvec- 
tors ({Cjk};j, k: = 1, Ni)  obtained from diagonalization of the subspace Hamiltonian, the 
projected DOS is given by ni(c) = C $ ~ ( E  - c j ) .  

Note that one can compute the energy of each atom individually, by replacing n(E) 
with ni(c) in Eq. (1). Also, if desired, one can enforce charge neutrality [via Eq. (a)] 
atom by atom. A feature of this atom-neutral approach is that it offers a completely local 
definition of the energy of each atom, as desired for a short-ranged empirical potential. 
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Because the computational work required to compute each atom DOS depends only 
on the size of the subspace for that atom, the work required for the whole system scales 
as N. However, the method as described is not a viable approach for many applications, 
because calculation of energy derivatives would require differentiation of the eigenvector 
matrix elements, which cannot be performed analytically. The moment method presented 
below solves this derivative problem. However, it is useful to first examine the direct- 
diagonalization approach, because it gives the exact result for a given subspace. We can 
study the convergence to exact TB as the number of the atoms in the subspace ( N i )  is 
increased, without any coupling to the approximations in the moment description. 

All calculations presented here employ the silicon tight-binding parameterization of 
Goodwin, Skinner and Pettifor [13], which has an sp3 basis set. An abrupt cutoff is imposed 
between 1st and 2nd neighbor shells for compatibility with previous studies [14,15]. Figure 
1 shows the convergence of the electronic energy (1 J = 0 . 6 2 4 ~  lo1’ eV) plotted versus the 
subspace size, using both the logical truncation (up to L=6) and the physical truncation 
procedures. Because of the first-nearest-neighbor cutoff in h ( t ) ,  the first two points in 
the logical truncation curve correspond to exactly the same subspaces as for the physical 
truncation procedure, so the energies coincide. For larger subspaces, the logical truncation 
continues to converge monotonically toward the 1000-atom periodic supercell value (an 
approximation to the infinite-system result), passing very close to the energies from 64- 
atom and 216-atom supercell calculations. In contrast, the physical truncation shows 
less-satisfactory, nonmonotonic behavior. We infer that logical truncation is preferable to 
physical truncation, although this assumption should be more thoroughly tested. Mauri 
and Galli [SI reached a similar conclusion for the truncation of the local orbitals in their 
N-scaling TI3 method, although nonmonotonic behavior was not observed. 

We have also found rapid convergence of the silicon lattice constant, with an error 
of less than 0.5% by L=3. The unrelaxed vacancy formation energy shows slower, but 
reasonable convergence (errors of -18%, -21%, and -7% at L=3,4 and 5, respectively, 
relative to the 1000-atom result of ,Tiac = 9 . 7 7 ~ 1 0 - l 9  J) .  A previous study using a low- 
order moment method [15] has shown this to be a difficult property to describe accurately. 

KERNEL POLYNOMIAL METHOD 

The kernel polynomial method (KPM), implemented with Chebyshev polynomials, 
offers a controlled, differentiable approximation to the bond integral in (1). This section 
provides a brief introduction to the KPM, which is presented in detail elsewhere[l0,l1,16]. 

Chebyshev polynomials of the first kind, Tm(z), are defined by To(z) = l,Tl(z) = z, 
and the recurrence relation Tm(z) = 2zTm-1(z)-Tm-2(z), where the range of z is limited 
to -1 5 z 5 1. They obey the orthogonality relation 

where the weight function is w(x) = and qm = s when m=O, and 7712 otherwise. 
We can express an arbitrary function on the interval (-1 : 1) as a basis set expansion 

where the expansion coefficients are just the Chebyshev moments of the function, 
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While (4) is exact, we now consider truncating the expansion at M moments to obtain 
a usable approximation, e.g., to the electronic DOS. After shifting and scaling the energy 
(H = a n  + b)  to form H, which has an eigenspectrum in the range (-1 : l}, we can 
express the projected DOS for the i th basis function as 

M 

where E = a t  + b, and {pmi} are the Chebyshev moments of H (discussed below), 

pm< =< ilTm(H)li > . (7) 
The Gibbs factors {gm} in (6) are designed to reduce the Gibbs oscillations resulting 

from the finite-M truncation of the series. We choose the form derived by Jackson [11,17], 
which maintains the desired positive-definite nature of the DOS, while minimizing the 
maximum error between the exact DOS and the approximate DOS. 

The heart of the KPM is the relationship between the approximate DOS in (6) and the 
exact DOS. This connection can be more clearly stated in + space, where 2 = cos(+), and 
the mth Chebyshev polynomial is simply cos(m4). In this + space, the approximate DOS 
is related to the exact DOS by a convolution with the kernel polynomial, a positive-definite 
approximation to a Dirac-delta function, 

whose width is proportional to 1/M. Thus, (6) represents a smearing of the exact DOS 
with a known resolution function. (In energy space, the width of the smearing function 
is not constant, reaching a maximum at E = 0.) The generality of the KPM allows, for 
example, smearing of the Fermi level instead of the DOS. 

The Chebyshev moments in (7) are computed by defining the moment vector lCIrn = 
Trn(H)li >, such that < ilTm(H)li >= pm = $!qbm. The time-consuming part of the 
calculation is then repeated matrix-vector multiplies using the recurrence relation, 

Due to the sparse nature of H, each matrix-vector multiply requires computational work 
proportional to the subspace size, Na. Because this is then repeated for each basis function 
in the system, the overall work scales as M N i N ,  or M N 2  if there is no local truncation. 

Differentiating the energy with respect to an atom coordinate requires the derivative 
of < ilTrn(H)li >. If no local truncation is applied, the derivative of the total moment [ 
Cy < ilTm(H)li > ] is straightforward; the trace over individual moments allows cyclic 
permutation of the matrices in each polynomial term, so that the scalar equivalent can 
be employed. In the case of local truncation, which breaks the trace, this approach is 
only approximate. To obtain the exact derivative requires a full matrix treatment of the 
polynomial expansion [18], which can be accomplished in a fashion that retains the N 
scaling. 
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Figure 2 shows the moment convergence of the electronic energy (per atom) for the 
L=3 truncated Si system. The upper dashed curve results from applying the KPM to 
smear the Fermi function. This is an upper bound on the exact energy if EF is exact. The 
lower dashed curve results from smearing the DOS. This is a lower bound if the smearing 
is uniform. The average of these two approximate bounds provides a good estimate of the 
exact energy, which we use hereafter. Convergence to the exact L=3 result is seen to be 
rapid, deviating by .OS% at M=50 and .005% (3.8~10-~’J or 2 . 4 ~ 1 0 - ~  eV) at M=100. 

Figure 3 shows the moment convergence of the unrelaxed vacancy formation energy to 
the exact L=3 result of 8 . 0 4 ~ 1 0 - ~ ~ J  (dashed line), using the atom-neutral method. Also 
shown is the vacancy formation energy after a full atomic relaxation (216-atom system) 
at each moment level. It appears converged by M=100, offering a good approximation to 
the untruncated, relaxed, exact TB result (6.24x1O-l9J = 3.89 eV). 

First principles calculations [19] have shown the relaxed Si vacancy exhibits a Jahn- 
Teller distortion in which the four neighbors of the vacancy site, initially second nearest 
neighbors to each other, pair up to form two shorter bonds. This was also observed in 
TB studies by Wang Chan and Ho [14], as well as in the present study. This behavior is 
properly predicted by the L-truncated KPM approximation if enough moments are used. 
Figure 4 shows the relaxed distance between the two unique pairs of vacancy-neighbor 
atoms as a function of M .  Up to M -  30, the two distances are equivalent (R1 = Rz), but 
reduced from the unrelaxed bulk value (R1 = R2 = 3.84~10-~’rn), indicating a symmetric 
relaxation of the atoms towards the vacancy. At M-50, there is a pronounced bifurcation 
as the Jahn-Teller distortion occurs, with R1, the distance between the atoms making the 
new bond, becoming shorter than R2, the distance between the pairs of atoms not involved 
in a new bond. (Note that this new “bond” is still much longer than the bulk nearest- 
neighbor distance, 2.35~10-~’m). For M> 50, there is good agreement with the exact, 
untruncated TB geometry (solid lines). This transition at M-50 is a consequence of the 
M-dependent energy resolution of the DOS. Below a critical value of M ,  the smearing 
obscures the information that there is a partially filled state at the Fermi level. 

CONCLUSIONS 

The local N-scaling approximation to TB presented here should be adaptable as an 
interatomic potential. A logical truncation range of L=3, with -100 moments, appears 
adequate to obtain qualitative and quantitative features of defect energetics and geome- 
tries. This approach should also work well as a potential form for metallic and metallic- 
covalent systems, because the highly successful embedded atom method [20] corresponds 
to a second-moment (M=2) approximation to tight binding [21,22]. 
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FIG. 1. Exact subspace Eelec  (1O-l' J)  
for bulk Si atom using physical trunca- 
tion (o), or logical truncation (e), com- 
pared to supercell calculations (*) and i 

I 1000-atom supercell (dashed line). f 

NUMBER OF MOMENTS 

FIG. 3. Si vacancy formation energy 
using KPM with L=3 truncation; unre- 
laxed geometry (e) and relaxed geom- 
etry (0). The dashed line is the exact 
L=3 result (unrelaxed). 
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FIG. 2. Si Eelec using KPM, L=3 trun- 
cation; smeared Fermi level (upper 
dash), smeared DOS (lower dash), and 
average (solid). Straight line is exact 
L=3 result. 
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Distance between pairs of FIG. 4. 
atoms adjacent to Si vacancy after re- 
laxation, using KPM with L=3. Jahn- 
Teller distortion breaks RI= Rz symme- 
try, leading to short bonds [R1(e)] and 
long bonds [Rl(o)]. Solid lines show R1 
and Rz for untruncated, exact TB. 


