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ABSTRACT 

The numerical simulation of physical processes in dusty plas- 
mas is reviewed, with emphasis on recent results and unresolved issues. 
Three areas of research are discussed: grain charging, weak dust-plasma 
interactions, and strong dust-plasma interactions. For each area, we 
review the basic concepts that are tested by simulations, present some 
appropriate examples, and examine numerical issues associated with ex- 
tending present work. 

1. Introduction 

As is evident &om these Proceedings, research in dusty plasmas continues to 
deepen understanding of basic physical processes, to expand into a wider range of 
problems, and to surprise us with new and unexpected results. In addition to the 
articles collected here, the uninitiated reader is urged to consult other 
for details of earlier work and additional references. On reading these papers, one is 
struck by the strong interplay of conceptual models, theoretical analyses, numerical 
calculations, observations from space, and laboratory experiments, all of which are 
needed to produce a well rounded picture of the pervasive effect of dusty plasmas 
in our universe. 

This review deals with one aspect of this process, namely numerical simulations. 
By numerical simulation, we mean the integration in time of relatively elementary 
equations for individual particles or fluids in self-consistent or prescribed electro- 
magnetic fields. Through this process, one obtains nonlocd, nonlinear, and time 
dependent behavior of the dust and/or of the background plasma in which the dust 



charge on the grain? The charge on an isolated spherical grain can be calculated 
in the same way that one determines the charge on a small spherical probe in an 
equilibrium plasma, by noting that the time rate of change of the charge on the 
grain equals the s u m  of the electron and ion currents1y7: 

These currents are calculated assuming an isotropic Maxwellian plasma, ignoring 
perturbations in particle orbits near the grain surface' 

where nj, Tj, and mj are the number density, temperature, and mass of the j = e 

(electrons) and j = i (ions), Zj is the charge state of the ions, 4 8  (< 0) is the 
potential on the surface of the grain, and Rd is the radius of the spherical grain. 
Setting the lefthand side of (2) equal to zero, yields an equation for the equilibrium 
value of 48. The charge on the grain is then 

where C s1 Rd is the capacitance and 4p is the plasma potential, which can be taken 
to be zero for an isolated grain in a neutral plasma (ne = ni). One can also solve 
(2) as a function of time to obtain the charging time of the grain as a function of 
various plasma and dust parameters? 

The presence of many grains compounds the problem in several ways. First, 
the capacitance in (3) is modified: although this is usually not a big effect. More 
significantly, the plasma potentid changes, especially if one is in an isolated system 
where as the grains acquire charge, the electron density is reduced. Assuming a 
thermal plasma, one solves Poisson's equation for 4p including the dust 

A number of particle simulations of the grain charging process have been car- 
ried out in recent years.l0-l4 These calculations involve a small simulation domain, 
typically a few Debye lengths in each of several spatial dimensions in rectangular, 
cylindrical, or spherical geometry. The domain is filled with a plasma, consisting 
of electrons and positive ions, usually taken with Maxwellian velocity distributions, 
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although more complex distributions obtained from swarm ca;lculationsll or by d- 
lowing the plasma to drift13, can also be used. The simulations use particle-in-cell 
(PIC) techniques15, in which the plasma constituents are represented as discrete 
macroparticles and the electromagnetic fields are solved on a spatial grid. The 
source terms (densities, currents) are also collected on the grid, and the local forces 
on the particles are interpolated from the values on the grid. This method thus 
eliminates short range particle-particle interactions and the resulting high frequency 
noise. For plasmas that are representative of those found in the laboratory, colli- 
sional effects between the plasma species can be included by Monte Carlo scattering 
techniques, and the resulting method to simulate the plasma is referred to as PIC- 
MCC." The boundary conditions on the plasma and electromagnetic fields can 
be simple periodic boundary conditions, or more complex to allow for an external 
electric field and/or plasma entering or leaving the simulation domain. A bare, 
immobile charge grain is then introduced in the center of the domain, which is then 
allowed to accumulate charge from the plasma in time. Plasma electrons and ions 
striking the grain are assumed to stick to the grain and are removed from the plasma. 
This charge is then spread on the surface of the grain, and the surface potential is 
adjusted accordingly. From these types of calculations, one gets the charging rate 
of the grain, the value of its charge at equilibrium, and the surface potential. nom 
a number of simulations of this sort, one also obtains scalings for these quantities as 
a function of plasma and dust parameters. One can also compute cross-sections for 
plasma-dust interactions, by calculating the effects of heating and/or momentum 
transfer on test particles introduced into the simulation domainll. 

Figure 1 shows an example of one representative simulation of grain charging". 
In this case the background plasma (density of 3 x 1011cm-3) is nonMaxwellian and 
determined self-consistently in another calculation. The surface potential on the 
0.5pm spherical dust particle and the charging dynamics are done in a spherical 
geometry. Plotted in the figure is the negative charge on the grain (solid curve) in 
terms of the electronic charge 1.1 as a function of time. It builds up to a value of 
about -30001ej in loons. Also plotted is the corresponding positive charge (dotted 
line), which increases more slowly, because it takes longer for the ions to be ac- 
celerated and stick to the grain, to a much smaller value overall. Hence, the net 
charge on the grain is large and negative. The.surface potential is shown as the 
dashed curve. Because of the accumulated negative charge, the potential is nega- 
tive, and about -8V. This is slightly smaller than that calculated for a Maxwellian 
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Fig. 1. Particle simulation'' of dust grain charging of a 0.5pm particle showing 
accumulation of negative charge (solid curve), positive charge (dotted curve) and 
resulting surface potential (dashed curve) as a function of time. A steady state is 
reached at t c! 70ns. 

plasma (c! -g.lV), but expected, given the nonthermal velocity distributions that 
are imposed. 

Other examples of grain charging are found in the article by Lapenta14 in this 
volume. These simulations are noteworthy in that a nonorthogonal mesh is used 
near the grain surface, that an implicit PIC algorithm is employed to solve Poisson's 
equation which allows larger time steps to be used, and that the dielectric dust 
particle itself consists of simulation particles which then allows the gathered charge 
to be distributed on the surface of the grain in a unique manoer. Simulations with 
more than one dust grain in the domain have also been carried 0ut,12917 which show 
the expected reduction of the surface potential, and hence the grain charge, when 
the two grains are close to each other. In addition, the presence of one grain can 
shadow the other grain in such a way that the charging is asymmetric.17 



Given this brief overview of grain charging and the simulations that have investi- 
gated the underlying processes, we turn to some numerical issues and outstanding 
problems that remain to be solved. One issue involves charging of nonspherical 
grains. The calculations done in rectanguIarl2 and cylindricallo geometries have 
dealt with this to some extent. However, theory suggests that elongated particles 
charge up more slowly, to a larger negative net charge, with a much larger polariza- 
tion than spherical particles! The latter effect may also modify particle orbits near 
the grain surface and thus affect the charging process. Localized electric fields due 
to charges being collected preferentially at one end of an elongated particle, for ex- 
ample, can also be important. Grain charging may also be Herent in rf sheaths of 
laboratory experiments, due to directed ion motion toward the electrodes, as shown 
recently by Lapenta,13 and because of the oscillating electron density in the sheath; 
for small grains the oscillation period may be shorter than the charging time?," In 
the presence of many grains, the motion of the dust particles can also be important. 
Large grains with a modest amount of charge will repel each other, but small grains 
that have only a small net charge can overcome the Coulomb barrier and stick to 
other grains causing them to  grow.'*^^' This process evidently occurs on a much 
longer time scale than charging, but needs to be studied in a fundamental manner. 
Charging simulations are usually done in a system that is only a few Debye lengths 
in size, so that often the size of the computational cells is much less than a Debye 
length. This is not the usual regime that PIC calculations are conducted in, and 
there may be numerical problems lurking (e.g., anomalous heating"). In such a 
regime, the use of gridless simulation methods may be advantageous.20 The use 
of nonorthogonal grids, particularly for studying the charging of very elongated or 
odd-shaped grains, may also prove he1~ful.l~ 

. 

3. Weak Dust-Plasma Interactions 

The second area of problems we consider involves situations where the dust in- 
teracts with the plasma only in a weak manner. In this case, we can consider 
the plasma to be in equilibrium and the dust grains are test particles subject to 
time-independent forces determined only by the local plasma properties. A test 
particle approach has two distinct advantages. First, it allows very long time scales 
associated with the dust dynamics to be followed. And for large inhomogeneous 
plasmas, it can take into account differences in the dust dynamics in the various 
regions of the system. Second, it allows the effects of the various forces acting on 



the dust grains to be studied individually, as well as collectively, and new processes 
to be added incrementally. The disadvantage of this approach is that it is not self- 

consistent, so that one must find some other way (e.g., observations) to insure that 
the calculations make sense. 

The basic equations of the test particle methods are the equation of motion for 
the dust particle 

dGj 

k 
= 

and a generalization of Eq. (1) for the time rate of change of the charge on the 
grain 

Here, mj,  Gj,  and Qj are the mass, velocity, and charge of the j-th dust grain, 
j = 1,2 ... M, with M the total number of grains considered. P(') are the various 
forces acting on the grain, which include gravity, electric, magnetic, ion and neutral 
drag, radiation pressure, themohoretic force, etc. Expressions for these forces are 
found in numerous places 21-23 and depend to a large extent on the application. 
&her in Eq. (6) contains contributions to the charging currents due to effects other 
than direct electron and ion currents, such as photoemission and secondary electron 
emissi0n.2~ As the forces depend only on fixed (in time) plasma properties and the 
grain size (fixed) and charge, Eqs. (5 )  and (6) can be advanced in time in a relatively 
straightforward manner. 

Test particle simulations have been carried out for a number of space physics 
applications, including comets, the outer planets, and the Earth's magnetosphere. 
More details and references can be found in the article by H ~ r a n y i ~ ~  in this mono- 
graph. The charging of small dust grains emitted by the cometary nucleus allows 
them to interact with the solar wind flowing by the comet through the Lorentz force 
as well as by radiation pressure. Test particle simulations indicate how such electro- 
magnetic effects can lead to wavy features in the cometary dust tail.23 Dust is also 
found in planetary rings. Electromagnetic forces on charged dust along with radia- 
tion pressure lead to radial excursions in the orbit of the grains. Calculations of dust 
emitted from Saturn's moon Enceladus and perturbed in this manner shows many 
observed features of the E-ring.2' Other test particle simulationsf16 have shown that 
charged dust can also be energized in the magnetosphere of Jupiter and escape in 
streams, as observed recently by the Ulysses spacecraftF7 and dust generated from 
the breakup of Comet Shoemaker-Levy may form a new dust ring.28 Small dust- 
like particles result from rocket launches into Earth's magnetosphere also become 



charged; the resulting effect of electromagnetic forces have been shown to contribute 
to the rate they are lost, either by escaping or by falling back into the atm~sphere?~ 

Dust particles are also present in rf discharges that are used for plasma processing 
applications. Particles with sizes larger than about 0.3pm are visible by laser light 
scattering methods and are seen to collect in localized regions of the discharge, 
usually near the outer radial edge of electrodes which are covered with wafers that 
me being et~hed.~',~' In such devices, the dominant forces are the electrical force, 
which for negatively charged dust tends to drive the grains away from the electrode, 
and the ion drag force, which draws them toward the electrode with the positively 
charged ions. These forces are shown in Figure 2 (middle panel) as a function of 
distance to the electrode for a 0.3pm grain in the sheath of a 1-D discharge, along 
with ion and electron density profiles in the sheath and the corresponding electric 
field (top panel). The resulting balance of these forces causes the dust grains to settle 
in a region at the edge of the sheath, as determined by a test particle simulation, 
the results of which are shown in the bottom panel of the figure. In two dimensions, 
the particle drift slowly in the radial direction and settle either in a domeshaped 
region near the middle of the electrode or in a ring at the edge of the ele~trode.~' 

Neutral drag and thermophoretic forces also contribute to this process and have 
been included in more detailed models of plasma reactors and the resulting dust 
grain dynamics. In order to treat all the complex plasma, neutral gas, and chemical 
behavior that occurs on many different time scales in actual plasma processing de- 
vices, hybrid methods have been developed, in which subsets of the many complex 
dynamical and chemical equations are solved separately and then combined in an 
integrated package.32 Figure 3 shows results from such a hybrid model of a repre- 
sentative 2-D calculation of dust grain behavior in an rf reactor containing a wafer 
on a powered electrode. Shown are the positions in the reactor for grains of various 
sizes. The smaller grains are more sensitive to the electric field, while larger grains 
are more affected by ion drag that tends to push them radially outward to form 
rings at the edge of the electrode. 

These examples indicate that test particle methods work very well in many sit- 
uations where the dust density is expected to be small enough that the plasma is 
not strongly aEected by the presence of the dust. Since the calculations are not 
self-consistent, observations are important to make certain that the simulations are 
meaningful and that all the necessary physics is included. Improvements in this area 
will come from better models for the plasma and modifications to expressions for 
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Fig. 2. One-dimensional model of sheath region in dc discharge22 showing: (top) 
ion density ni, electron density as dotted line, and resulting electric field; (middle) 
corresponding electric Fe and ion drag Fj forces on 0.3pm dust grain; (bottom) vz -z 
phase space of test particle grains in the sheath region showing how they collect at 
the edge of the plasma sheath boundary where the forces roughly balance. 
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Fig. 3. Test particle simulation32 of dust grain location in a 2-D rf plasma reactor 
with a wafer on a powered electrode for different grain sizes: Rd = 0.5, 1.0, 2.0, and 
4.Opm. 



the forces. New in situ measurements next year at Jupiter from the Galileo space- 
craft, and hopefully in the future at Saturn &om the Cassini mission and comets 
from the Rosetta mission, are expected to drive continued interest in test particle 
simulations. More calculations for laboratory plasmas are also anticipated, as better 
plasma models and experimental detection methods are developed. It is expected 
that future work will emphasize the inclusion of effects due to particle growth by 
nucleation and coagulation into complex shaped grains (with new effects due to 
enhanced polarization forces: for example). Also the fact that the dust tends to 
collect in certain regions of the discharge suggests that if the concentration of these 
contaminants is large enough, the overall plasma equilibrium may be modified and 
needs to be included in the test particle simulations as a time-dependent adjustment 
to the background conditions. 

‘ 

4. Strong Dust-Plasma Interactions 

In some situations the presence of dust is not a small effect, and the dust and 
plasma are more strongly coupled. Because of the need to include time scales for 
both dust and plasma dynamics, these systems are much more di.fEicult to model 
with simulations. Calculations of strong dust-plasma interactions have only begun 
to be carried out. We present three examples of recent calculations and then discuss 
how such numerical models can be improved. 

The first example involves the self-consistent treatment of dust in rf discharges. 
Unlike the very sophisticated model discussed in the last section, a number of rela- 
tively simple fluid models of rf discharges have been developed over the past decade, 
in both one- and two-dimen~ions?~-~’ These models use fluid equations to describe 
electron and ion fluids, simplied by the neglect of the inertial term (mjdG’/dt=O, the 
so-called drift-diffusion approximation), with an equation for the electron tempera- 
ture, and Poisson’s equation to couple electron and ion densities. Dust can be added 
in such models by assuming it charges up to its equilibrium d u e  instantaneously, 
including another set of continuity and momentum equations for the dust species, 
and adding its contribution into Poisson’s equation?‘ In order to keep the dust and 
plasma motion on similar time scales, the mobility of the dust ions is increased to be 
comparable to that of the ions. Preliminary calchations presented in Ref. 36 show 
that for low concentrations of dust, the grains tend to reside in shallow potential 
wells at the edge of the plasma sheath boundary, in agreement with observations. 
The location of these wells depends on the shape of the electrodes. For larger dust 
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concentrations, the potential structure is modified and the dust is spread out more 

A second example involves the numerical simulation of a dust/ion acoustic insta- 
UIIifody. 

bility driven by the streaming of a plasma relative to dust grains. Such a situation 
occurs in the inner magnetosphere of Saturn, where the plasma corotates with the 
planet while the dust follows Kepler orbits. The relative drift speed between the 
plasma and the dust is of the order of the ion thermal speed, which is sufficient to 
drive the in~tability.3~ This process can be modeled with a particle-in-cell code in 
which both the plasma ions and dust ions are treated as particles and the electrons 
are assumed to have a Boltzmam distribution?* The growth rate of the instability . 

is roughly the plasma frequency of the dust ions, Wd = (4nndQ$/~ha)' /~,  while the 
wavelength is on the order of the Debye length. In order to model this system with a 
particle code that foUows motion of the inverse ion plasma frequency time scale, the 
dust mass is artificially reduced to - 10' the plasma ion mass (in reality, this ratio 
is N 10"). Figure 4 shows an example of the development of the instability. The 
top panel is a plot of the electrostatic field fluctuations as a function of time. The 
rapid growth of the instability to a relatively low level (e&/Ti - 1) of fluctuations 
is shown. The other panels in the figure show the plasma (middle panel) and dust 
ions (bottom panel) in vz - a phase space about the time the instability saturates. 
The plasma ions at small positive velocities are affected most, as some of these ions 
are trapped by the waves, which eventually causes the waves to cease growing. The 
plasma ions are only heated slightly in this process. The dust ions, on the other 
hand, are merely modulated by the waves, although when averaged in space, this 
modulation appears as a strong heating of the dust. This is but one example of 
an instability in a dusty plasma; many other types of unstable wave modes can be 
excited, as discussed by Rosenberg3' in these Proceedings. 

A third example of a system where the dust interacts strongly with the plasma is 
the plasma crystal. When dust grains of fairly large size (- 5- lopm) are introduced 
into an rf discharge, they become charged and under certain conditions can form 
into regular  structure^>^*^' Typically, because of the effect of gravity, the structure 
is only a few layers thick, but forms over a large enough region that it 4 can be 
easily seen with laser scattering techniques. The possibility that such structures 
could form in a dusty plasma when the electrostatic potential energy of the grains 
exceeds their random thermal energy had been suggested theoretically several years 

but has only been observed in the last year. To model such systems can be 
quite challenging, if the plasma dynamics are included in the process. However, one 
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Fig. 4. Results of particle simulation3* of a dust/ion acoustic instability showing: 
(top) time history of the electric field fluctuations; vz - z phase space plot of plasma 
ions (middle), some of which are trapped by the waves, and dust ions (lower panel), 
which are mostly just modulated by the waves. 



Fig. 5. A section of a 3-D of (dust) particles interacting via screened 
CouIomb potentials showing superposition of particles from 20 different times over a 
limited time interval. At this time, a quasi-regular structure has developed, but has 
yet to form a complete crystalline lattice. 

can make the simplifying assumption that the plasma merely provides shielding of 
the bare dust charges so that the potential surrounding each charge is a screened 
Coulomb potential 

V(r)  = -exp(-r/Xg) 4 
r 

where AD is the Debye length. One can then carry out a simulation of N such 
particles interacting via such  potential^?^*^* Figure 5 presents an example of one 
such calculation44 in three-dimensions, with N = 1032. Plotted are the positions 
of the particles at 20 different times over a limited time interval for part of the 
simulation domain. The figure shows the formation of a rather regular structure, 
although one that is not yet a pure crystal. The mechanism by which the crystalline 
structure forms and its final configuration depends to some extent on the size of the 
system. 

-. 



These three examples show how situations where dust grains interact strongly 
with the plasma in which they are embedded can be modeled. The treatment of 
the multiple time scales involved in the dust and plasma dynamics is evidently 
the most challenging aspect of the problem, and the three examples are used to 
illustrate some techniques that are being tried to overcome this difficulty. Other 
ways to treat this problem will undoubtedly be attempted in the near future, such 
as the use of implicit methods45 to treat the plasma, either as a fluid or kinetically. 
For instabilities involving dust, there is also the need to reduce the inherent noise 
level in the kinetic simulations in order to investigate more realistic situations where 
the instability is relatively weak. For plasma crystal studies, the next step is to go 
beyond the simple screened Coulomb force, perhaps by modifying the dust charge 
when grains get close to each other. Including some plasma dynamics would be a 
more ambitious project. Fluid models of rf discharges with dust will likely continue 
to become more sophisticated in the next few years, with more realistic dust models 
and some sort of multiple time scale approach to follow plasma and dust dynamics. 

5. Conclusions 

In this paper we have reviewed recent work related to the numerical simulation of 
dusty plasmas, stressing research in three areas: grain charging, weak dust-plasma 
interactions, and strong dust-plasma interactions. In the area of grain charging, 
a number of particle simulations, sometimes supplemented by collisional processes 
(PIC-MCC), have recently been carried out that seem to work well and give results 
that are generally consistent with theory. Some new results have also been obtained, 
such as charging in the presence of plasmas characterized by nonMaxwellian veloc- 
ity distributions, scaling laws for electron and ion-dust momentum transfer and 
heating, and the effect of shadowing of one grain by a nearby grain. As the numer- 
ical techniques presently available seem well suited to the problem, it is expected 
that most of the near term emphasis will be on applications rather than method 
development. Thus, more calculations will be done in this area in the next few 
years, investigating charging and electrical properties of nonspherical grains, under- 
standing the charge collection process more completely, and examining secondary 
electron emission effects associated with small grains, just to name a few. 

The other two areas of simulation reviewed here involve the interaction of charged 
dust grains with a plasma. When the dust interacts weakly with the plasma, one 
can treat the dust as test particles. As the plasma conditions are not affected by 



the dust, the plasma can be considered in a steady state, and hence only the dust 
dynamics need to be followed in time. Calculations of this sort have demonstrated 
their utility in the study of comets and planetary magnetospheres. As suitable nu- 
merical models for laboratory rf  discharges have recently been developed, similar 
calculations of dust contaminants have begun to be carried out for these situations 
as well. Test calculations have proved to be a very useful qualitative tool, and it 
is expected that studies of this type will continue to be performed, particularly 
for laboratory configurations. In such devices, the dust tends to form in localized 
traps, the concentration of which may be large enough to affect the plasma equilib- 
rium. The next step in test particle calculations would be to adjust the equilibrium 
conditions as they are perturbed by the presence of the dust. The test particle 
approach also appears useful for studying the important issues of grain growth and 
coagulation, processes which occur not only in laboratory ~lasmas~'*'~ but also in 
astrophysical systems. 

The most challenging area for simulations occurs when the dust and plasma inter- 
act strongly. This can happen in laboratory plasmas when the level of contamination 
is high enough. Two clear manifestations of strong interactions are plasma instabili- 
ties excited by the presence of dust in a plasma and the formation of plasma crystals. 
Both require some method to treat the widely different time scales on which the 
plasma and dust evolve. While analytic studies of dust-plasma waves and instabil- 
ities have been carried out over the last half dozen years, numerical simulations of 
such processes have just begun. One way that the issue of the different time scales 
can be addressed is by using somewhat artificial parameters, e.g., the dust mass, 
just as in the early days of simulations when the limited size of computers required 
the use of small ion to electron mass ratios. As theory has indicated that there is a 
rich assortment of instabilities excited by the presence of dust, it is expected that 
this will be an active area for simulation in the years ahead. The very fascinating 
experimental results that have been obtained recently regarding the for&ation of 
plasma crystals suggests that simulations of the formation and properties of these 
configurations will also be vigorously pursued. Present calculations get around the 
problem of multiple time scales in these systems by having the dust particles inter- 
act with each other through screened Coulomb potentials, with the plasma merely 
providing the shielding. This simple dynamical model is a useful fist step and does 
show the formation of regular arrays of dust particles. However, to carry this to the 
next level requires a more complete description of the plasma and its effects locally 



(in space and time) on the dust properties. It should provide a challenging problem 
for numerid modelers in the years ahead. 

One area of active interest in the last few years both theoretidy and experi- 
mentally that has not received much attention from simulators is the issue of grain 
growth and coagulation. To study grain charging, dust dynamics, and coagulation 
together on a fundamental level evidently requires extending present dust charging 
simulations to much longer in time. Some progress may be made here using implicit 
particle methods, but it is more likely that some sort of reduced description (e.g., 
consider the grains as already charged and allow them to interact and exchange 
charge in some manner) will be needed. Perhaps, a useful &st start would be to 
see how the excess charge is shed, when two charged grains coalesce into one larger 
grain. Nevertheless, it is expected to be an area of active work in the years ahead. 

Finally, it should be noted that numerical simulations are most credible when 
the results obtained by them can be compared with experiments. For the case of 
weak dust-plasma interactions, as occurs in comets, planetary rings, and particle 
traps in rf discharges, there is a fairly good data base of experimental results that 
have been used for comparison with calculations and in improving the theoretical 
basis of the simulation models. Likewise, there have been a number of recent ex- 
perimental observations related to more strongly coupled dust-plasma systems, e.g., 
dusty plasma crystals, waves and instabilities, and grain growth .and coagulation. 
However, careful experiments to measure the charge on isolated dust grains are still 
lacking, and hopefully some attempts to rectify this will be carried out in the next 
few years. Numerical simulations could play a major role in both planning these 
experiments and in analyzing the results. 
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