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ABSTRACI Device penetration into media such as metal
and soil is an application of some engineering interest. Otlen,
these devices contain internal components and it is of para-
mount importance that.all significant components survive the
severe environment that accompanies the penetration event.
In addition, the system must be robust to perturbations in its
opemting environment, some of which exhibit behavior which
can only be quantified to within some level of uncertainty In
the analysis discussed herein, methock to address the reli-
ability of internal components for a specific application sys-
tem are discussed. The shock response spectrum (SRS) is
utilized in conjunction with the Advanced Mean Value (AMV)
and Response Sudace methods to make probabilistic state-
ments regarding the predicted reliability of internal compo-
nents. Monte Carlo simulation methook are also explored.
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Advanced Mean Value
Depth of frozen soil random variable
Operator of mathematical expectation
Probability Density Function (PDF) of k’
Cumulative Distribution Function (CDF) of k’
Memoryless deterministic function
Linear and quadratic response surface models
Nondeterministic input/output map
Number of elements in random vector
Probability that internal component survives
Probability that component does not exceed refer-
ence SRS at frequency J j, conditioned upon X
Shock Response Spectrum
nc x 1 vector of conditional events
Angle-of-attack random variable
Nondeterministic m“odelparameters

1. INTRODUCTION

As introduced in [5], consider a general framework for nonde-
terministic analyses, shown graphically in Fig. 1. Here, M is
an analytical model defining the map between input f and
output u where in general, both M and f are nondetermin-
istic entities. In addition, the model is a function of numerous
parameters, some of which, denoted by the n-dimensional
vector CD, can only be quantified to within some level of
uncertainty.
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Figure 1: General framework for nondeterministic
ana/yses.

All statements of interest that address the uncertainty of the
output u can be written in a statistical form, E[g(u)], where
E[”] is the operator of mathematical expectation and gt) is
an appropriate deterministic function. With this in mind,
consider

E[g(n)] = EIE(E{g(u)lM, O}IM)J . (1)

Reference [8] contains a detailed development of conditional
expectation. The three layers of conditional expectation in Eq.
(1) represent the three major components needed to accu-
rately analyze a nondeterministic system. Statements from
the innermost conditional expectation are conditioned on the
model and internal parameters. Hence, the calculations are
performed when one model and one set of internal parame-
ters are considered (Le., M = m and UI = $). Statistical
procedures are required only if the input f is nondetermin-
istic. To continue, the probabilistic character of @ has been
utilized at the second layer of Eq. (l). This is what has been
commonly referred to as the “uncertainty propagation”
problem; there are many computational tools that address
this. The third and outermost conditional expectation of Eq.
(1) deals with the uncertainty in the model itself. This is a
more difficult topic and is an area of continued research.

2. PROBLEM FORMULATION

It is instructive to introduce the example application and show
how it fits into this general framework. A schematic of a pene-
tration system as it impacts the ground is shown in Fig. 2,
where v and y are the velocity vector and impact angle of
the system, respectively, taken to be deterministic. A consid-
erable amount of uncertainty exists, however, in the
knowledge of the depth of frozen soil D. in addition, the
angle-of-attack a is nondeterministic due to uncertainty in
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Figure 2: Prob/em formulation for the
penetration system.

the knowledge of the,wind conditions. Hence, for this applica-
tion, O = {ull) e ‘3-.

It is of paramount importance that the internal components
survive the shock environment induced by the penetration
event. Because of this, the response metric of interest is
taken to be the shock response spectrum (SRS) of motion at
the centroid of an internal component. One can then compare
the predicted nondeteirninistic response from a computa-
tional model of the system to the shock specifications of the
internal component. PRONT03D, an in-house nonlinear,
transient dynamics code is used to predict the intemat
component response during penetration, and filtering routines
in MATLAB are then used to compute the SRS of the
response. Hence, in the notation of Fig. 1, the model, M, is.
composed of the cascaded system of PRONT03D and
MATLAB.

The overall goal is to estimate F’(S), the probability of compo-
nent survival, over the entire operating envelope of the
system. The probability of component survival at a particular
point on the envelope will be computed in three steps. First,
the probability that the predicted SRS does not exceed the
reference SRS at a single frequency, P(~l~j, is computed.
The reference SRS, a test-based specification, is what is
currently used to qualify component design. These calcula-
tions are performed on a frequency-by-frequency basis, at
“=1,21 , .... n points because the methods used to estimate

kE[g(I/)] from q.(1) require a scalar response quantity. Note
that P(jlX)j, j = 1,2, .... nf, are probabilities conditioned
on X, a vector of nc deterministic conditions to be defined
later.

The second step to computing P(S) deals with bridging the
gap between P(~lX)j, the conditional probability of
exceeding the reference SRS at the j th frequency, and
P(SIX), the conditional probability that the component will
survive, This relationship becomes complicated because of

the particular output quantity used here. For the work
presented herein, the authors assume that if the SRS of
motion at the centroid of a component is enveloped by a
reference SRS, and the component is known to survive the
shock corresponding to this reference SRS, then the compo-
nent will surely su~”ve the former shock. Note, however, that
issues associated with under and overfy conservative assess-
ments when using SRS are well known ~. In addition, the
computations at the nf frequencies are performed indepen-
dently and must be combined in some manner to make a
system reliability statement. Nevertheless, one might make
the argument that

(2)
j=l

if the nf frequency points are sufficiently far apart that
P($lX)j and P(i$lX)~, j # k, can be assumed independent.
In fact, Eq. (2) utilizes the SRS for component qualification in
a manner that is consistent with the way it is used in the
component design community.

The third and final step involves removing the conditions from
P(S[W to arrive at P(S). Assuming the Xi are independent,
this is a trivial task

P(S) = jP(s,x, =X,,X,= X,,...,X”=Q.Q

x ~.fXJxJ&i. “ (3)
i=l

One can then evaluate Eq. (3) at various points that define
the boundary of the operating envelope and then employ
interpolation techniques to approximate P(S) over the entire
region of interest.

3. PROBABILISTIC CHARACTERIZATION OF @

Characterizing @ from Eq. (1) is key to the success of using
probabilistic methods to perform nondeterministic analyses
the conclusions made from this work will be conditioned upon
the particular probabilistic model of @ that is used. Previous
work with Monte Carfo simulation provided a good means of
estimating the probability distribution function (PDF) of the
random variable a due to random wind conditions. Three
winter months (January, February. and March) and four
possible aircraft headings (North, South, East, and West) for
several points outlining the operating envelope of the pene-
tration system were used as initial conditions to the Monte
Carlo simulation, resulting in some degree of variability in the
angle-of-attack of the system as it impacts the ground. Using
these results, one can construct a family of distribution func-
tions, {~a(a)}, utilizing a kernel density estimator [1O].This
process is illustrated in Fig. 3 where, in each case, a Gaus-
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Figure 3: How angle-o f-attack probabilistic
characten”zation was established.
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Figure 4: Probabilistic character of depth of frozen soil.

sian distribution has been fit to the results from the Monte
Carlo simulation.

Likewise, Fig. 4 illustrates the PDF of D, the depth of frozen
soil. Here, however, there was very little data available with
which to construct a probability distribution. Three pieces of

data are known: (1) the average depth of frozen soil when the
ground is covered in snow, (2) the average depth of frozen
soil when there is no snow to insulate the earth, and (3) the
average number of days with snow cover during the winter
months. Wfi this limited knowledge, one might choose the
Iognormal distribution of Fig. 4 to model the random variable
D.

4. PROBABILISTIC COMPUTATIONS

The methods used herein to estimate the cumulative distribu-
tion function (CDF) of the output quantity is based on the
Advanced Mean Value (AMV) method, an approach that was
developed specifically for application to system reliability
analysis. The use of AMV is strongly motivated by the fact
that the functional relationship mapping the random parame-
ters to the response quantity of interest need not be known
analytkally. Finite element analysis proves to be an ideal
application because this information is communicated via a
limited number of function evaluations. The number of these
evaluations required for execti.on of AMV is far fewer than is
necessary for sampling-based probabilistic techniques. See
[2, 3,9] for a detailed discussion of the AMV method and its
use in this framework.

There are some disadvantages of the AMV methods,
however. One can expect good performance from the algo-
rithm when the inptioutput mapping is a well-behaved
function, but convergence problems can arise if this mapping
is highly nonlinear and non-monotonic. When using AMV in
conjunction with a finite element model, the behavior of the
input/output map is unknown. Because of this, it is impossible
to know a priori if the AMV methods W-IIattain convergence
and give accurate solutions. Wfi this in mind, the authors
chose to use response surface models to represent the input/
output map, thus facilitating inspection of the behavior of the
mapping before any probabilistic techniques were employed.

The PRONT03D finite element model, in conjunction with the
software necessaty to compute the SRS of the output time
histories, was used to construct the response surface
models. The simulations involved nonlinear, transient
dynamics calculations using a cavity expansion model to
represent the penetrable medium. The design of experiment
methods of Box and Behnken [1, 4] were used to choose real-
izations of the random variables a and D that sufficiently
span the input parameter space. Nonlinear deterministic point
solutions were then performed at each of these so-called
representative values.

Numerous assumptions were made in formulating the
problem in this manner. First, as noted above, it is assumed
that the uncertainty in some of the initial conditions (i.e., a
and D ) can be modeled as independent random vatiables
prescribed by marginal distribution functions. Second, it is
assumed that the yaw angle B, introduced in Fig. 3, is
noncritical to the shock response of internal components. If

.
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deemed necessary, this can be added to the analysis as an
additional random variable. Third, the computational model of
the penetration system and the phenomenological model of
the penetration event are assumed perfectly validated repre-
sentations of the physical event. This is obviously not tru~
there is inherently some uncertainty in the model of the
physics. However, the methods discussed here are formu-
lated so as to facilitate this issue of model uncertainty for
future analyses if deemed necessary, as illustrated by the
outermost expectation, which removes the condition on M, in
Eq. (1). Fourth, it is assumed that the SRS can be used to
precisely infer system survival. For reasons discussed above,
this is problematic. Until the design commun-Ny accepts
methods to qualify components other than the SRS, this will
remain an issue

.

5. RESULTS

Figures 5a and b show response surface models of the
mapping from the input random variables a and D, to the
SRS ordinate of an internal component in the axial direction
at frequencies jl = 30 HZ and f2 = 100Hz, respectively.
In both figures there are three response surface models; one
is a linear surface, ~~cLD), and the other two are quadratic
fiist Eql(@ D) and &#% D), through the results from the
deterministic point solu~ons. A total of 11 finite element simu-
lations were required to compute these response surface
models; three for the linear surface and four additional for
each of the quadratic surfaces. No further computational work
is needed to calculate additional response surfaces for other
components, response directions, or frequency points. The
circles in the a-D plane in Fig. 5 signify where the determin-
istic point solutions were run.

The Advanced Mean Value (AMV) method of estimating the
response CDF was utilized on each of the response surface
models. Note that the AMV method could have been used in
conjunction with the finite element model directly, precluding
the need for response surface approximations. However,
because AMV can exhibit non-robust behavior, alternative
approaches were used. Only after careful inspection of the
shape of the particular response surface can the AMV
method be used with confidence. Still, successful implemen-
tation of the AMV method can save hundreds of thousands of
function evaluations.

Monte Carlo (MC) simulation was also used to estimate the
response CDF. MC simulation using thousands of realiza-
tions can be performed quickly on a response surface.
Hence, the MC results can be treated as the “true” solution
when compared to the results from AMV. Note that in this
context, MC simulation is very efficient. If it were to be
employed with the finite element model directly, however, the
thousands of finite element code runs required to converge to
a solution would prove computationally intractable.

.. ,: .’.-:
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-.:<..., -!
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Figure 5: Response sutface models of
internal component in the axial direction

for, (a) f* = 30 HZ, (b) f2 = 100 HZ.

The response surface shown in Fig. 5a is monotonic and
nearfy linea~ it is deemed “well-behave& and one can expect
good performance from the AMV method. This point is well
illustrated in Fig. 6a, which shows the CDF of the SRS ordi-
nate at f, = 30 HZ. For any abscissa value y, this plot
shows that probability that the output SRS ordinate, Y, is less
than or equal to y. Note that for each of the three curves, the
solid lines (the solution from the AMV method) and dashed
lines (the solution from MC simulation) overfay, demon-
strating the validity of the AMV method in this case. The only
difference in the results can be attributed to the response
surface model used it appears, in this case, that a linear
response surface model is sufficient.

In contrast, the response. surface shown in Fig. 5b is non-
monotonic and highly nonlinear. This is not “well-behaved”
and one should expect that AMV will experience convergence
problems. Shown in Fig. 6b are the corresponding estimates
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Figure 6: Estimates of the response CDF using the

Advanced Mean Value (AMV)method and Monte Carlo
(MC)simulation for (a) f, = 30 Hz, (b) f2 = 100 Hz.

of the response CDF using AMV (the solid lines) and MC
simulation (the dashed lines). The estimates for the CDF
agree when considering a linear response surface model.
This is obvious since a linear surface is “well-behaved” by
definition. However, and as expected, the solid and dashed
lines do not overlay when considering either of the quadratic
response surface models. Two issues with AMV are apparent
in this analysis. First, the results from AMV and MC simula-
tion start to diverge around y = 700 g, as denoted by the
solid triangles. Here, the AMV algorithm converges, but to an
incorrect solution. Second, AMV fails to converge between
the 507. and 75’7. probability line, as denoted by the solid
squares. The computationally intensive AMV+ algorithm, as
formulated in the probabilistic software package NESSUS [6],
was also tried, but with no further success. The AMV method

Natural Freqnency [H:]

Figure 7: Frequency-wise probability of exceeding
the reference SRS.

is cleariy unacceptable in this regime and one must resort to
using MC simulation.

One can perform these types of probabilistic computations,
frequency line by frequency line, for the entire frequency
range of interest. The result is Fig. 7, which graphically
summarizes the goal of the entire anafysis. The solid black
line represent the reference SRS for the internal component.
This is a test-based specification that is currently used in the
design and certification process. Again, it is assumed that the
internal component fails if the predicted SRS is above this
reference. Shown at the f, = 30 Hz and f2 = 100 Hz
frequency lines are the probabilii dens-~ functions (PDFs)
from the results of Figs. 6a-b. Hence, at f, = 30 Hz, there is
a small probability of exceeding the reference SRS,
1-I@x)i . At f2 = 100Hz, however, the probability of
exceeding the reference SRS, 1- P(~lX)2, is virtually zero.

Additional PDFs at various other frequency lines can be
calculated and included in Fig. 7. One can then utilize the
scheme of Eq. (2) to estimate P(S]X), the conditional proba-
bility that the internal component will survive the shock
environment. The conditions X can then be eliminated as per
Eq. (3) to give the unconditional probability of component
survival.

As a side issue, note that these techniques could be used to
prescribe a analytically-based reference SRS. For example,
consider a requirement to design a component such that the
reference SRS would be exceeded in 1 (or less) out of 1000
instances at every frequency. This type of requirement could
never be met with the current test-based methods of deriving
the reference SRS. In contrast, th~ would be straightforward
to implement with the techniques discussed here. One would
simply compute nf PDFs at f,, f2, .... fm, integrate each
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PDF to find where Ffi)l = Ffi), = 1- 1/1000, and
connect the dots to construct the analytically-based SRS.

6. FUTURE WORK

Upon completion of this analysis, future directions in research
and development of probabilistic methods become apparent.
First, for the analysis to be truly automated, there must be a
means of determining the appropriate probabilistic technique
that avoids the need to compute and examine each response
surface. Such a method would then actively switch between
AMV, MC simulation, and other techniques to solve the
problem with the highest possible accuracy and lowest
possible computational effort. Second, the uncertainty in the
model description must be considered so as to compute the
outermost expectation in Eq. (1). This requires significant
effort in characterizing a probabilistic description of M that is
consistent with reality.

There is also further work to be done to improve the method-
ology for this specific example. First, the authors would like to
improve on the transition from P(~lmj, j = 1,2,..., nj, to
P(SIX). The formulation of Eq. (2) is an approximation, and is
only valid if P(~l~j and P(~lX)k, j # k, are independent,
which becomes an invalid assumption as fj approaches fk.
An alternative might be to use stochastic finite element
methods to consider vector output quantities [5]. This would
remove the need to consider P(~lX)j and P(~lX)k sepa-
rately. All of these issues, of course, could be avoided if a
failure criterion other than the shock response spectrum
could be used. This has been a topic of much debate for
years, but the SRS continues to be the method of choice for
component certification and design.

7. CONCLUSIONS

The discussion herein is an overview of current capabilities of
computational probabilistic methods to solve nondeterministic
problems on physical systems. As an application, these
methods were employed to assess internal component reli-
ability for a penetration system in a shock environment.
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