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NATIONAL ADVISORY' COMMITTBE FOR AERONAUTICS 

D Y N A M I C  LOADS O N  AIRPLANE STRUCTURES D U R I N G  L A N D I N G  

By M. A. B i o t  and R. L. B i s p l i n g h o f f  

1. SUMMARY 

The a p p l i c a t i o n  of t r a n s i e n t  t h e o r y  t o  t h e  r a t i o n a l  
d e t e r m i n a t i o n  o f  dynamic l o a d s  on a i r p l a n e  s t r u c t u r e s  d u r i n g  
i n i t i a l  l a n d i n g  impact  i s  d i s c u s s e d .  S i m p l i f i e d  p r o c e d u r e s  
a r e  d e s c r i b e d  by which t h e  d i s t r i b u t i o n  o f  t h e  maximum at- 
t a i n a b l e  v a l u e  of t h e  dynamic s t r e s s e s  i n  t h e  s t r u c t u r e  may 
be  o b t a i n e d .  I l l u s t r a t i o n s  o f  t h e  p r o c e d u r e  a r e  g i v e n  by  
n u m e r i c a l  examples  f o r  t h e  c a s e  o f  a i r p l a n e  wings .  T h i s  
i n d i c a t e s  a p p r o x i m a t e  o r d e r s  o f  magni tude t o  b e  e x p e c t e d  i n  
a t y p i c a l  problem.  The v a l i d i t y  of t h e  u n d e r l y i n g  e i m p l i f i -  
c a t i o n s  and a s s u m p t i o n s  i s  d i s c u s s e d .  A b r i e f  o u t l i n e  o f  
t h e  g e n e r a l  m a t h e m a t i c a l  t h e o r y  0.f t r a n s i e n t s  i n  undamped 
e l a s t i c  s y s t e m  is p r e s e n t e d .  

2. INTRODUCTION 

D u r i n g  l a n d i n g ,  t h e  a i r p l a n e  s t r u c t u r e  u n d e r g o e s  
t r a n s i e n t  o s c i l l a t i o n s  which a r e  e x c i t e d  by  t h e  i n i t i a l  l a n d -  
i n g  i m p a c t ,  Recen t  e x p e r i e n c e  h a s  shown t h a t  i n  t h e  c a s e  o f  
l a r g e  a i r c r a f t  t h e s e  o s c i l l a t i o n s  may p roduce  c r i t i c a l  d e e i g n  
c o n d i t i o n s  f o r  t h e  s t r u c t u r e ;  whereas  h e r e t o f o r e  d e s i g n  l o a d s  
f o r  t h e  l a n d i n g  c o n d i t i o n  hade been b a s e d  upon c a l c u l a t i o n s  
which assume t h e  s t r u c t u r e  t o  5 e  r i g i d .  S i n c e  t h e  a d v e n t  of 
l a r g e r  a i r c r a f t  h a s  r e s u l t e d  i n  h e a v i e r  a n d  n o r e  f i e x i b l e  
s t r u c t u r e s ,  t h e s e  c a l c u l a t i o n s  a r e  c o n s i d e r a b l y  i n  e r r o r .  
T h i s  t o g e t h e r  w i t h  t h e  f a c t  t h a t  f l i g h t  load f a c t o r s  a r e  r e -  
duced  i n  t h e  c a s 3  o f  l a r g e  a i r c r a f t  makes i t  n e c e s s a r y  t h a t  
methods be Oevelo?oC f o r  p r e d i o t i n g  dynamic l a n d i n g  l o a d s ,  
The p r e s e n t  t h e o r e t i c a l  i n v e s t i g a t i o n  o f  t h i s  problem i e  o f  a 
p r e l i m f n a r y  n a t u r e ,  I t  h a s  t h e  t w o f o l d  p u r p o s e  f i r s t  of p r o -  
s e n t i n g  methods  by which t h e  d e s i g n e r  may p r e d i c t  t h e  dynamic 
l o a d s  a n d  second o f  s e r v i n g  as  a guicle i n  t h e  e x p e r i m e n t a l  
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i n v e s t i g a t i o n  by d e f i n i n g  t h e  s i g n i f i c a n t  f a c t o r s  i n v o l v e d  
and  d e t e r m i n i n g  t h e  a p p r  $mate magni tude  f t h e  q u a n t i t i e s  
t o  be measured .  “ 1 1 ’  . %  

r; 
@ *.-**.: -, ‘ .~ 

I t  a p p e a r s  t h a t  t h e  p rob lem may be a p p r o a c h e d  i n  t w o  
d i f f e r e n t  wags: 

I n  t h e  c a s e  of t h e  l a n d p l a n e  t o  c o n s i d e r  t h e  a i r p l a n 6  
s t r u c t u r e  and  i t s  l a n d i n g  g e a r  as 8 whole,  and t o  i n t r o d u c e  
t h o  a c t u a l  f o r c e  d i s p l a c e m e n t  c h a r a c t e r i s t i c s  of  t h e  l a n d i n g  
i n t o  t h e  t h e o r y .  I n  t h i a  p r o c e d u r e  t h e  dynamic s t r e s s e s  r e -  
s u l t  f rom t h e  sudden a p p l i c a t i o n  of moving c o n s t r a i n t s  i m -  
posed on t h o  a i r p l a n e  d u r i n g  l a n d i n g .  S i m i l a r l y  f o r  t h e  
s e a p l a n e  t h e  e l a s t i c  s t r u u t u r e  and t h e  w a t e r  s u r r o u n d i n g  t h e  
h u l l  may be c o n s i d e r e d  a s  i n t e r a c t i n g  b o d i e s .  While t h i s  
method is no t  p r e c l u d e d  i n  t h e  i n v e s t i g a t i o n  of  s p e c i f i c  
c a s e s  o r  f o r  r e s e a r c h  p u r p o s e s ,  i t  i n v o l v e s  i n h e r e n t  complex- 
i t i e s ,  such  as  t h o s e  r e s u l t i n g  frorn t h e  n o n l i n e a r  p r o p e r t i e s  
of  t h e  l a n d i n g  g e a r  and t h e  v a r i a b l e - m a s s  e f f e c t s  of t h e  
wa te r  s u r r o u n d i n g  t h e  h u l l  of a s e a p l a n e ,  which t e n d s  t o  make 
t - h i s  t y p e  o f  a p p r o a c h  l e s s  a d e q u a t e  f o r  d e s i g n  p u r p o s a .  

I n  t h e  o t h e r  p r o c e d u r e ,  i n  which s t r e s s e s  i n  t h e  s t r u c -  
t u r e  are c o n s i d e r e d  t o  b e  c a u s e d  by a l a n d i n g  impact  f o r c e  
a p p l i e d  d i r e c t l y  t o  t h e  s t r u c t u r e ,  i t  i s  assumed t h a t  t h e  
t i m e  h i s t o r y  o f  t h e  impac t  f o r c e  may be i n v e s t i g a t e d  i n d e -  
p e n d e n t l y  o f  t h e  e l a s t i c  p r o p e r t i e s  o f  t h e  s t r u c t u r e .  I n  
t h i s  way t h e  i n v e s t i g a t i o n  i n v o l v e s  two s e p a r a t e  p h a s c s  - a 
s t u d y  of t h e  l a n d i n g  f o r c e s  and  a s t u d y  o f  t h e  dynamic be -  
h a v i o r  o f  t h e  s t r u c t u r e  unde r  s u c h  f o r c e s .  T h i s  p r o c e d u r e  
i n v o l v e s  t h e  a s s u m p t i o n  t h a t  a l a n d i n g  impact  f o r c e  may be 
d e f i n e d  i n  such  a way t h a t  i t s  t ime h i s t o r y  i s  f o r  a l l  p r a c -  
t i c a l  p u r p o s e s  i n d e p e r d e n t  o f  t h e  e l a s t i c  p r o p e r t i e s  o f  t h o  
s t r u c t u r e .  S i n c e  i t  i s  b e l i e v e d  t h a t  t h e  r e l a t i v e  s i m p l i c i t y  
o f  t h e  l a t t , e r  a 7 p r o a c h  over  shadows t h e  a p p r o x i m a t i o n s  i n -  
v o l v e d ,  i t  has been a d o p t e d  as t h e  b a s i s  f o r  t h e  p r e s e n t  w o r k .  
T h i s  p r o c e d u r e  w a s  d e s c r i b e d  p r e v i o u s l y  i n  r e f e r e n c e  1 i n  
c o n n e c t i o n  w i t h  t h e  p rob lem of  dynamic s t r e s s e s  i n  b u i l d i n g s  
d u r i n g  an ear thq-dake  and  t h e  p r e s e n t  work i s  e s s e n t i a l l y  a n  
a d a p t a t i o n  t o  a i r c r a f t  s t r u c t u r e s  o f  t h e  ‘methods d e s c r i b e d  
i n  t h i s  r e f e r e n c e .  

I t  i s  assumed t h a t  i n  f i r s t  a p p r o x i m a t i o n  t h e  damping 
and  t h e  aerodynamic  f o r c e s  may b e  n e g l e c t e d .  The l a n d i n g  
impact  f o r c e  i s  applies d i r e c t l y  t o  t h e  e l a e t i c  s t r u c t u r e  as  
a n  e x t e r n a l  f o r c e  o f  g i v e n  t i m e  h i s t o r y .  The respoi l se  o f  
t h e  s t r u c t u r e  i s  r e p r e s e n t e d  a s  a s u p e r p o s i t i o n  o f  n a t u r a l  
nodes  e x c i t e d  by t h e  l a n d i n g  i m p a c t .  A f i r s t  s t e p  i n  t h e  
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a n a l y s i s  i s  t h e r e f o r e  t o  obSain t h e  n a t u r a l  modes o f  t h e  a i r -  
p l a n e  e i t h e r  b y  c a l c u l a t i o n  or  b y  a shake  t e s t .  C a l c u l a t i o n  
methods h a v e  r e c e n t l y  been developed  by which n a t u r a l  moaos 
of a i r p l a n e s ’ m a y  be d e r i v e d  i n  a r e l a t i v e l y  s i m p l e  way. 

An i m p o r t a n t  f e a t u r e  of t h e  designer’s  a p p r o a c h  t o  t h 3  
l a n d i n g  l o a d s  problem i s  t h e  f a c t  t h a t  h e  i s  n o t  s o  much in -  
t e r e s t e d  i n  t h e  a c t u a l  t i m e  h i s t o r y  of t h e  s t r u c t u r e  as h e  
i s  in *he magnitude o f  t h e  h i g h e s t  a t t a i n a b l e  s t r e s s e s  d u r i n g  
t h e  o p e r a t i o n  o f  t h o  a i r p l a n e .  T h i s  v iewpo in t  was i n t r o d u c e d  
i n  t h e  p r o c e d u r e  by u s i n g  a s t a t i s t i c a l  a p p r o a c h .  The s t r e s s  
a m p l i t u d e s  of  each  mode a r e  superposed  w i t h  t h e i r  p o s i t i v e  ox 
n e g a t i v e  v a l u e s  i r r e s p e c t i v e  of  phase  and t h e  w o r s t  p o s s i b l e  
c o m b i n a t i o n  i s  u s e d  as a basis  f o r  d e s i g n .  F u r t h e r m o r e ,  t h e  
s t r e s s  h i s t o r y  i n  e a c h  mode i s  not  a c t u a l l y  conput.ed bu t  t h e  
s t r e s s  a m p l i t u d e  i s  o b t a i n e d  d i r e c t l y  f rom a g raph  r e p r e s e n t -  
i n g  what i s  d e s i g n a t e d  as  a ndynamic r e s p o n s e  f a c t o r . I 1  T h i s  
f a c t o r  i t s e l f  r e s u l t s  from a s t a t i s t f c a l  a n a l y s i s  of t h e  e f -  
f e c t  o f  f o r c e s  o f  v a r i o u s  t i n e  k i s t o r i e e  oc a s i n g l e  d e g r e e  
o f  f reedom o s c i l l a t o r ,  u s i n g  a s u f f i c i e n t  nambsr o f  such  t i m e  
h i s t o r i e s  t o  r e p r e s e n t  a l l  p o e s i b l e  t y p e s  of  l a n d i n g  cond i -  
t i o n s .  V a l u e s  of t h e  dynamic r e s p o n s e  f a c t o r s  a r e  o b t a i n e d  
by a p p l y i n g  t g p i c a l  t i m e  h i s t o r y  e x c i t a t i o n s  t o  a t o r s i o n a l  
pendulum ( d e s c r i b e d  i n  r e f e r e n c e  1) and measu r ing  t h e  maxi- 
mum a m p l i t u d e  of i t s  r e s p o n s e .  I n  t h i s  way, when t h e  n a t u r a l  
modes of the a i r p l a n e  are known, t h e  l a n d i n g  l o a d s  a r e  r e a d -  
i l y  o b t a i n e d  wi thou t  t h e  n e c e s s i t y  o f  i n t e g r a t i n g  t h e  d i f -  
f e r e n t i a l  e q u a t i o n 8  which govern  t h e  b e h a v i o r  o f  t h e  e l a s t i c  
s t r u c t u r e  i n  t h e  t r a n s i e n t  c o n d i t i o n .  

The n e t h o d  h a s  i t s  l i m i t a t i o n s  and i a  n o t  n e c e s s a r i l y  
a p p l i c a b l e  t o  a l l  t y p e s  a f  t r a n s i e n t  p rob lems .  Sone of 
t h e s e  l i m i t a t i o n s  a r e  p o i n t e d  o u t  i n  t h o  d i s c u s s i o n ,  bu t  t h e  
e x t e n t  t o  which t h e  methods a r e  v a l i d  f o r  some p a r t i c u l a r  
c l a s s  of p rob lems  w i l l  have t o  be de te rmined  e x p e r i m e n t a l l y .  

3 .  NOTATIOX 

M,n mass 

k s p r i n g  c o n s t a n t  

Q < t )  g e n e r a l i z e d  f o r c e  

W c i  r c u l a r  f r e q u e n c y  
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T p e r i o d  

f , T  t i m e  v a r i a b l e  

Y dynamic r e s p o n s e  f a c t o r  

9 g e n e r a l i z e d  c o o r d i n a t e  

Z d e f o r m a t i o n  d i s p l a c e m e n t  of  a n y  p o i n t  o n  t h e  wing 

cb normal f u n c t i o n  d e s c r i b i n g  t h e  wing  mode shape 

a n o r m a l  f u n c t i o n  d e s c r i b i n g  t h e  mode shape o f  t w i s t i n g  
abou t  the c l a s t i c  a x i s  

h normal f u n c t i o n  d e s c r i b i n g  t he  mods ahape of  bending 
of  t h e  c l a s t i c  a x i s  

I moment o f  i n e r t i a  

S s t a t i c  mass moment 

j s u b s c r i p t  d e n o t i n g  j t h  mode 

k s a b s c r i p t  d e n o t i n g  k t h  apanwise  wing s t a t i o n  

P mass p e r  u n i t  volume o f  p r i s m a t i c  beam 

A c r o s s - s e c t i o n a l  area of p r i s m a t i c  beam 

E modulus o f  e l a s t i c i t y  

n v e r t i c a l  l a n d i n g  load f a c t o r  

P ( t >  l a n d i n g  r e a c t i o n  

N ( t )  shock s t r u t  a x i a l  f o r c e  - t i m e  r e l a t i o n  

D ( t )  d r a g  f o r c e  - t i m e  r e l a t i o n  caused  by wheel  epin-up 

a ( t )  o b s e r v e d  a c c e l e r a t i o n  t ime h i s t o r y  i n  a d r o p  o r  
l a n d i n g  t e s t  

W g r o s s  weight  o f  a i r p l a n e  

g r o s s  weight  o f  a i r p l a n e  l e s s  l a n d i n g  gear weight  wL 
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i 

V t  

8 

I u 

T I N  

TID 

8 

e f f e c t i v e  r o l l i n g  radius o f  wheel  

l a n d i n g  speed 

c o e f f i c i e n t  o f  s l i d i n g  f r i c t i o n  o f  t i r e  on runway 

s t r e s s  

moment o f  i n e r t i a  of wheel  and t i r e  a b o u t  a x l e  o f  
r o t a t i o n  

p e r i o d  o f  shock s t r u t  a x i a l  i m p u l s e  or s e a p l a n e  
v e r t i c a l  i m p u l s e  

p e r i o d  of d r a g  impu l se  

a n g u l a r  d i s p l a c e m e n t  of wheel 

4. THE EVALUATION OF TRANSIENT M O T I O N  OF 3LASTIC BODIES 

3Y THE VSE OF GENERALIZED COORDINATES 

A s  p o i n t e d  ou t  i n  t h e  i n t r o d u c t i o n , t h e  t h e o r y  p r o c e e d s  
o n  t h e  a s s u m p t i o n  t h a t  t h e  l a n d i n g  impact  f o r c e  i s  known. 
I n  t h i s  way t h e  t h e o r e t i c a l  problem i s  r e d u c e d  t o  t h e  e v a l u -  
a t i o n  o f  t h e  r e spor , se  o f  an  elasCYic s t r u c t u r e  t o  a f o r c e  o f  
g i v e n  t ime h i s t o r y .  Methods f o r  t h e  d e t e r m i n a t i o n  of  t h i e  
l a n d i n g  impac t  f o r c e  from t e s t  da ta  w i l l  be d i s c u s s e d  l a t e r  
i n  s e c t i o n  5. 

I n  o r d e r  t o  i n t r o d u c e  t h e  fundamenta l  c o n c e p t s  i n v o l v e d  
i n  t h e  present theory, t h e  s i m p l e s t  p o s s i b l e  e l a s t i c  sys t em 
w i l l  f i r s t  be c o n s i d e r e d .  Thfs sys tem i e  i l l u s t r a t e d  i n  f i g -  
u r e  1 a s  a s i n g l e  mass o s c i l l a t o r .  
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Denot ing  by M t h e  mass a n d  UJ t h e  n a t u r a l  f r e q u e n c y  o f  
o s c i l l a t i o n  (w i s  t h e  c i r c u l a r  f r e q u e n c y  e x p r e s s e d  i n  
r a d i a n s / s e c ) ,  t h e  s p r i n g  c o n s t a n t  is k = Mw8. The e x p r e s -  
s i o n  g i v i n g  t h e  d i s p l a c e m e n t  q o f  t h i s  ma86 under  a f o r c e  
F ( t )  o f  a r b i t r a r y  t i m e  h i s t o r y  i s  w e l l  known ( r e f e r e n c e s  2 ,  
3, and 4 ) .  I t  may be w r i t t e n  as: 

t 

where 7 i s  a v a r i a b l e  of  i n t e g r a t i o n .  I t  is u s u a l l y  desig- 
n a t e d  as Duhamel 'a i n t e g r a l .  Accord ing  t o  t h i s  fo rmula  t h e  
computa t ion  o f  t h e  d i s p l a c e m e n t  q at t h e  i n s t a n t  t re-  
quires t h e  e v a l u a t i o n  of  a d e f i n i t e  integral between the 
l imi t s  o f  i n t e g r a t i o n  0 and t, and t h e  t i m e  h i s t o r y  of q 
i $  o b t a i n e d  b g  r e p e a t i n g .  t h i s  p r o c e s s  f o r  e v e r y  value of t .  
I t  is noted t h a t  even  i n  t h e  s imple  case o f  a s ingle-mass  
system t h e  p r o c e s s  of computing t h e  t r a n s i e n t  r e s p o n s e  i s  
q u i t e  e l a b o r a t e .  F o r t u n a t e l y ,  t h i s  d i f f i c u l t y  may be a v o i d e d  
in a d a p t i n g  t h e  t h e o r y  t o  p r a c t i c a l  p roblems of  design by 
c o n s i d e r i n g  o n l y  t h e  maximum v a l u e  o f  q i n s t e a d  o f  i t s  corn- 
p l e t e  t ime h i s t o r y .  How t h i s  i s  a c h i e v e d  w i l l  b e  e x p l a i n e d  
l a t e r  ( s e o .  7 ) .  

k e u m e  f o r  t h e  p r e e e n t  t h a t  t h e  comple te  t i m e  h i s t o r y  
of  t h e  d e f o r m a t i o n  i n  t h e  a i r p l a n e  s t r u c t u r e  i s  d e s i r e d .  
Such a p t r u c t u r e  d i f f e r s  f r o m  t h e  s imple  sys t e r i  o f  f i g u r e  1 
by two  features: 

(a) It is a f r e e  body. 

(a) I t  i s  a n  e l a s t i c  body w i t h  many d e g r e e s  of f reedom.  

I n  o r d e r  t o  show how t h e  previous d i s c u s s i o n  may b e  ex- 
tended t o  i n c l u d e  t h e s e  f e a t u r e s ,  c o n s i d e r  a f r e e  sys tem o f  
two masses  M and m connec ted  by a s p r i n g  o f  c o n s t a n t  k 
a s  i l l u s t r a t e d  b y  f i g u r e  2 .  

Figure 2 
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The mass M i s  u n d e r  t h e  a c t i o n  o f  a f o r c e  F ( t )  of a r b i -  
t r a r y  t i m e  h i s t o r y .  The s t r a i g h t f o r w a r d  way o f  d e s c r i b i n g  
t h e  mot ion  o f  t h i s  sys t em i s  i n  t e r m s  of t h e  d i s p l a c e m e n t s  
x1  and  x2. of e a c h  mass. However, t h e r e  i s  a more g e n e r a l  
a p p r o a c h .  By a n  e l e m e n t a r y  a n a l y s i s  i t  i s  shown i n  appencl ix  
I 1  t h a t  t h i s  motion may be d e s c r i b e d  as t h e  s u p e r p o s i t i o n  of 
two c o n f i g u r a t i o n s .  One i n  which t h e  t w o  m a s s e s  move t o -  
g e t h e r  a s  a r i g i d  body ( f i g .  3 a ) ,  t h e  o t h e r  i n  which t h e  ten- 
t e r  o f  g r a v i t y  r e m a i n s  f i x e d  w i t h  t h e  masses  moving i n  oppo- 
s i t e  p h a s e  and w i t h  a m p l i t u d e 5  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  
r o s p e c t i v o  masses  ( f i g .  3b). 

- 90 
J 

~ M J? (t) 
7 / / /  /, ,, , , , I , ,  , , / /  / /  / /  / / / / I  

Fjglxe 3 
(a) Bigid configuration (bj  Motion about c.g. 

Each  o f  t h e s e  c o n f i g u r a t i o n s  has  o n l y  one d e g r e e  of f reedom.  
The d i s p l a c e m e n t  i n  t h e  f i r s t  c o n f i g u r a t i o n  i s  measured by 
t h e  q u a n t i t y  qo and  i n  t h e  o t h e r  by t h e  q u a n t i t y  ql. The 
a c t u a 1 , d l s p l a c e m e n t s  o f  t h e  masses  M and  m i n  t e r m s  of 
t h e  m o t i o a  of e a c h  c o n f i g u r a t i o n  a r e ,  r e s p e c t i v e l y ,  

m 
x1 = q o  + q1 

x2 = 40 - 91 

T h e s e  two c o n f i g u r a t i o n s  may be i n t e r p r e t e d  p h y s i c a l l y  a s  
r e p r e s e n t i n g  t h e  n a t u r a l  modes o f  o s c i l l a t i o n s  of t h e  sys t em.  
From t h i s  v i e w p o i n t  t h e  r i g i d  t r a n s l a t i o n  qo may be t h o u g h t  
o f  a8 a ' m o d e  of  z e r o  f r e q u e n c y  or " z e r o  mode." The o t h e r  
c o n f i g u r a t i o n  where t h e  c e n t e r  of g r a v i t y  r e m a i n s  f i x e d  a n d  
t h e  masses move i n  o p p o s i t e  p h a s e  r e p r e s a n t s  a node of  f r e -  
quency  w1. S i n c e  t h e  c o o r d i n a t e  qo of t h e  z e r o  mode r ep -  
r e s e n t s  t h e  mot ion  o f  t h e  c e n t e r  of g r a v i t y ,  i t  i s  d e t e r m i n e d  
by  t h e  m o t i o n  o f  a s i n g l e  u a s s  Mo = M + m u n d e r  t h e  f o r c e  
r ( t )  (fig. 4a). A s  s h o w n  i n  a p y e n d i x  I f ,  t h e  motion i n ' t h e  
mode d e f i n e d  by ql may be d e t e r m i n g d  from t h a t  o f  a n  equ iv -  
a l e n t  s y s t e m  which i s  c o n s t i t u t e d  o f  a s i n g l e  mass  MI 
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e l a s t i c a l l y  r e s t r a i n e d  and unde r  t h e  a c t i o n  of a f o r c e  Ql<t) 
p r o p o r t i o n a l  t o  F ( t )  ( f i g .  4b). 

The n a t u r a l  f r e q u e n c y  of  t h i s  e q u i v a l e n t  sys t em i s  t h e  same 
0 1  as t h e  n a t u r a l  f r e q u e n c y  o f  t h e  mode which i t  r e p r e s e n t 6  
i n  t h e  a c t u a l  p h y s i c a l  sys tem.  Such c o o r d i n a t e s  as  q,, and 
q l  a r e  c a l l e d  g e n e r a l i z e d  c o o r d i n a t e s .  The mass MI o f  t h e  
e q u i v a l e n t  sys t em i s  r e f e r r e d  t o  a s  t h e  g e n e r a l i s e d  ma88 of 
t h e  c o r r e s p o n d i n g  mode and  Q,(t) i s  r e f e r r e d  t o  as t h e  
g e n e r a l i z e d  f o r c e  f o r  t h i s  same mode, I t  is a l s o  shown ( e e e  
a p p e n d i x  11) t h a t  t h e  v a l u e  o f  t h i s  g e n e r a l i z e d  mass is de- 
r i v e d  q u i t e  s i m p l y  by e x p r e s s i n g  t h a t  t h e  k i n e t i c  c n e r s y  I! 
i n  t h e  e q u i v a l e n t  sys t em i s  t h e  same a s  i n  t h e  c o r r e s p o n d i n g  
mode 

m 
M whore ($ = - i s  t h e  ratio o f  t h e  am.pl i tudes  of t h e  masses m 

and  14 i n  t h o  q1 n o d e .  

Hence 1 4 ~  = m + M ( 4 )  

S i m i l a r l y  t h e  g e n e r a l i z e d  f o r c e  Q , ( t )  i s  d e r i v e d  by 
e x p r e s s i n g  t h a t  t h e  work done by F ( t )  on t h e  a c t u a l  sys t em 
i s  equal t o  t h e  work d o n e  by Q r ( t )  on t h e  e q u i v a l e n t  sys- 
tem - t h a t  i s ,  

o r  (5) 

The p rob lem o f  f i n d i n g  t h e  t r a n s i e n t  motion o f  t w o  m a s s o s  
connec ted  e l a s t i c a l l y  has t h u s  been  r e d u c e d  t o  t h a t  o f  t w o  
independen t  s i n g l e  masse6 for which  t h e  mot ion  may be  ex- 
p r e s s e d  by Puhamel's i n t e g r a l  ( e q u a t i o n  (1)). 
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Cons ide r  now a s i m p l i f i e l  a i r p l a n e  i n  which t h e  w n g  
r e p r e s e n t e d  by t w o  uiasses e l a s t i c a l l y  connec ted  t o  a r i g i d  
f u s e l a g e  a8 i l l u s t r a t e d  i n  f i g u r e  5a. 

t qo 

Obvious ly ,  f o r  symmetr ic  d e f o r m a t i o n s  t h i s  s i m p l i f i e d  
s t r u c t u r e  i s  e q u i v a l e n t  t o  t h e  t w o - m a s s  f r e e  s y ~ t e m  of f i g -  
u r e  2. The m o t i o n  u n d e r  t h e  l a n d i n g  impact  f o r c e  nay be 
d e s c r i b e d  a s  the s u p e r p o s i t i o n  of a r i g i d  t r a n s l a t i o n  ( f i g .  
5b) which r e p r e s e n t s  t h e  m o t i o n  of t h e  c e n t e r  o f  g r a v i t y  and 
a n a t u r a l  mode ( f i g .  5 c )  which r e p r e s e n t s  t h e  motion abou t  
t h e  c e n t e r  o f  g r a v i t y .  The e q u i v a l e n t  s i n g l e  mas8 sys t ems  
a r e  t h e  same as i n  f i g u r e  4 .  

p l e x  a i r p l a n e  s t r u c t u r e .  I n s t e a d  of a single defo rma t ion  
mode as i n  t h e  c a s e  o f  t h e  s i m p l i f i e d  a i r p l a n e  d i s c u s s e d  
above ,  t h e r e  a r e  a c t u a l l y  an  i n f i n i t e  number. I t  can be 
shown t h a t  t h e  d e f o r m a t i o n  of  t h e  s t r u c t u r e  may be r e p r e -  
s e n t e d  by a s u p e r p o s i t i o n  of  t h e s e  modes. If  damping is 
n e g l e c t e d  a s  i s  t h e  a a s e  h e r e ,  t h e s e  modes a r e  uncoupled .  

i ndependen t  o f  t h e  o t h e r .  The motion o f  each  mode is r e p r e -  
s e n t e d  by t h a t  of a n  e q u i v a l e n t  s i n g l e  mass o s c i l l a t o r  of 
t h e  same n a t u r a l  f r e q u e n c y  and  e x c i t e d  by a g e n g r a l i z e d  
f o r c e .  A s  an  example,  t a k e  t h e  case  o f  a w i n g  i n  p u r e  Send- 
i n g .  T h e r e  a r e  a n  i n f i n i t e  number o f  bend ing  modee, a few 
O f  which are r e p r e s e n t e d  i n  f i g u r e  6 .  The m o t i o n  of t h e  
c e n t e r  o f  g r a v i t y  r e p r e s e n t e d  by  t h e  r i g i d  a i r p l a n e  w i t h  t h e  

T h i s  p r o c e d u r e  uay be immedia te ly  g e n e r a l i z e d  t o  a com- c 

I The b e h a v i o r  o f  each  one under  t h e  l a n d i n g  impact  f o r c e  i 8  
~ 

I 
I g e n e r a l i z e d  c o o r d i n a t e  q0 i s  r e f e r r e d  t o  i n  t h e  p r e s e n t  
I t e x t  as t h e  " z e r o  mode." 
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I I n  t h e s e  e x p r e s s i o n s ,  Cb';) r e p r e s e n t s  t h o  a m p l i t u d o  a t  
s t a t i o n  k of t h e  mass mk o f  t h a t  s t a t i o n  i n  t h e  j t b  mode 
for a u n i t  d e f l e c t i o n  o f  t h e  wing  t i p .  S i m i l a r l y ,  t h e  gen- 
e r a l i z e d  f o r c e s  d e t e r m i n e d  by t h e  c o n d i t i o n s  t h a t  t h o  work 
done by  F ( t )  be t h e  same i n  t h e  p a r t i c u l a r  mode as t h e  
work done by Q(t) i n  t h e  e q u i v a l e n t  s y s t e m  a r e  

NACA ARR No. 4H10 

92 
e 

Zero mode 

F i r  s t uode 

Second 
mode 

'Figure G 

The a m p l i t u d e s  o f  t h e  wing t i p  a r e  u s u a l l y  s e l e c t e d  as 
g e n e r a l i z e d  c o o r d i n a t e  and e e n o t e d  by q l  f o r  t h e  f i r s t  
mode, q8 f o r  t h e  second mode, a n d  so  f o r t h .  The c o r r e s p o n d -  
i n g  g e n e r a l i z e d  masses  are d e t e r m i n e d  by t h e  q o n d i t i o n  t h a t  
t h o  k i n e t i c  energy be t h e  eame for t h e  mode and  i t s  e q u i v a l e n t  
system. T h i s  y i e l d s  t h e  e x p r e s s i o n :  

k 

e a ( t )  = F(t) @ ( 2 ) ,  

The e u b s c r i p t  3' r e f e r s  t o  the s t a t i o n  a t  which t h e  l a n d i n g  
impulse  f o r c e  i s  a p p l i e d .  

and  s o  f o r t h  
F 
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5. THE LANDIWG IMPACT FORCE F ( t )  

In t h e  p r e c e d i n g  d i s c u s s i o n ,  t h e  t i m e  h i e t o r y  F ( t )  of 
t h e  e x t e r n a l l y  a p p l i e d  l a n d i n g  impact  f o r c e  i s  assumed t o  be 
known, I n  t h e  caee  o f  a l a n d p l a n e ,  t h e  f o r c e s  a r e  a p p l i e d  
t o  t h e  wing t h r o u g h  a n  o l e o  s t r u t .  In t h e  c a s e  of a f l y i n g  
b o a t ,  they a r e  t r a n s m i t t e d  t o  t h e  wing t h r o u g h  a h u l l  o r  
pontoon.  

For t h e  l a n d p l a n e ,  a convenient  s o u r c e  o f  i n f o r m a t i o n  
o f  a x i a l  s t r u t  c h a r a c t e r i s t i c s  is t h e  oleo d r o p  t e s t .  In 
t h e  d r o p  t e s t ,  a mass-oleo s t r u t  system i s  dropped  in a j i g ,  
and t h e  a c c e l e r a t i o n  t i m e  h i s t o r y  o f  t h e  mass i s  measured. 
The mass c o r r e s p o n d s  t o  t h e  z e r o  mode mass. 

An a d d i t i o n a l  s o u r c e  o f  l a n d i n g  f o r c e  data  i s  f r o m  
a c t u a l  l a n d i n g s  w i t h  a c c e l e r o m e t e r s  i n s t a l l e d  in t h e  a i r p l a n e  
which are c a p a b l e  of  r e c o r d i n g  t i n e  h i s t o r y .  T h i s  method 
p r o v i d e s  t h e  o n l y  p r e s e n t  sou rce  o f  s e a p l a n e  d a t a .  k s k e t c h  
o f  such  a r e c o r d  is shown in f i g u r e  7 .  

- assumed a ( t )  curve . - - -  - - _  

3igure 7 

The h i g L f r e q u e n c y  o s c f l l a t i o n s  must be d i s r e g a r d e d  
s i n c e  t h e y  r e p r e s e n t  o s c i l l a t i o n s  of t h e  s t r u c t u r e  r e l a t i v e  
t o  i t s  c s n t e r  of  g r a v i t y .  The a v e r a g e  d o t t e d  l i n e  which is 
shown would be c o n s i d e r e d  as a c t )  i n  t h e  computa t ion  o f  
t h e  a p p l i e d  l a n d i n g  f o r c e  F ( t )  i n  e q u a t i o n  ( 8 ) .  

6. EVALUATION 03' THE STRZSSES 

Having  d e r i v e d  t h e  t ime  h i s t o r y  o f  t h e  d e f o r m a t i o n  o f  
t h e  s t r u c t u r e ,  t h e  t i m e  h i s t o r y  of  t h e  s t r e s s e s  i s  o b t a i n e d  
by a s t r a i g h t f o r w a r d  y r o c e d u r e .  In t h i s  d i s c a s s i o n ,  s t r e s s  
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i s  used a s  a g e n e r a l  t e r m  which r e f e r s  t o  shear or moment. 
I t  is convoniont  t o  c o n s i d e r  t h e  t o ' t a l  s t r e s s  a s  r e a u l t i n g  
f r o m  t h e  s u p e r p a s i t i o n  of t h e  s t r e s s e s  due t o  t h e  d e f o r m a t i o n  
i n  each node. I n  t h i s  approach ,  t h e  z e r o  mode which f a  a 
r i g i d  m o t i o n  d o e s  n o t  c o n t r i b u t e  any e t r e s e .  Only t h e  f i r a t  
mode, second mode,- and  e o  f o r t h ,  have  t o  be c o n s i d e r e d .  
From a p r a c t i c a l  v i e w p o i n t  i t  i s  a l s o  i m p o r t a n t  t o  n o t e  t h a t  
t h e  s t r e s s e s  i n  each  mode a r e  c o n v d n i o n t l y  c a l c u l a t e d  by US= 
i n g  the i n e r t i a  f o r c e s  o f  the  n a t u r a l  o s c i l l a t i o n  r a t h e r  
than  by t r y i n g  t o  c a l c u l a t e  t h e  s t r a i n  from t h e  space  curva-  
t u r e  of t h e  mqde s h a p e s .  C o n s i d e r ,  f o r  example,  a pure 
bending  mode as r e p r e s e n t e d  i n  f i g u r e  ( 8 ) .  

The shape o f  t h i s  mode i s  r e p r e s e n t e d  by a f u n c t i o n  
(1) @ ( ' ) ( x )  such  t h a t  I f  q1 i s  t h e  t i p  d e f l e c t i o n  0 Xql 

i s  the d e f l o c t i o n  a t  t h c  l o c a t i o n  x.  The b e n d i n g  moment 
i n  t h i s  mode i s  

Ql 
M ( x )  = E I da  @ ( ' ) ( x )  

d xa 

M i s  p r o p o r t i o n a l  t o  q1 and v a r i e s  a l o n g  t h e  span as  

E 1  d 2  ' ( x ) .  Obviouely  t h e  T r o c e s s  o f  computing t h e  

second d e r i v a t i v e  o f  @(')(x) i s  e l a b o r a t e  a n d  i n a c c u r a t e .  
I t  i s  t h e r e f o r e  p r e f e r a b l e  t o  d e r i v e  t h e  b e n d i n g  moment in 
each mode d i r e c t l y  f r o m  d ' l l l e n b e r t  Is p r i n c i p l e  by e x p r e s s i n g  
t h e  e q u i l i b r i u n  c o n d i t i o n  which e x i s t s  i n  t h e  n a t u r a l  node 
between t h e  bondin  moment a t  s t a t i o n  k and t h e  inertia 

due t o  each  mass mk l o c a t e d  ou t -  f o r c e s  0' mk q1 

board  from f .  S i m i l a r l y  t h e .  shear i n  each  mode may be ob- 
t a i n e d  from the summation o f  all i n e r t i a  f o r c e s .  

( 1 )  

a x a  

(IF 2 
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I t  i s  seen t h a t  t h e  s t r e s s  i n  the j t h  mode a t  

t h e  k t h  wing  s t a t i o n  may be e x p r e s s e d  as 

e a c h  o f  t h e s e  s t r e s s e e  being p r o p o r t i o n a l  t o  t h e  c o o r d i n a t e  
q 3  o f  t h e  c o r r e s p o n d i n g  mode. The t o t a l  s t r e s s  i s  o b t a i n e d  
by s u p e r p o s i t i o n  and i s  

7.  THE 

I t  has been  sho 

DYNAMIC RESPONSE FACTOR Y 

rn t h a t  t h e  response o f  e a c h  mode i s  de-  
f i n e d  by , t h e  mot ion  o f  a n  e q u i v a l e n t  s i m p l e  o s c i l l a t o r  a c t e d  
upon by a g e n o r a l i z c d  force Q ( t ) .  The mot ion  o f  a e implo  
o s c i l l a t o r  undc r  t h o  a c t i o n  of a n  a r b i t r a r y  f o r c e  P ( t )  2 8  
g i v c n  by an e v a l u a t i o n  o f  Duhamol's i n t e g r a l  as shown by 
o q u a t i o n  (1). Consider, f o r  oxamplo, t h e  mot ion  o f  a s imple 
o s c i l l a t o r  undor  t h e  i n f l u e n c e  o f  the i s o s c e l e s  t r i a n g l e  
f o r c e - t i m e  impu l se  shown i n  figure 9. 

4 

n 

L e t  qs = s t a t i c  d i e p l a c o m  

L 

Figure 9 

n t  caused  by Qmax 

T = 2n/O n a t u r a l  p e r i o d  o f  t h o  o s c i l l a t o r  
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For e a c h  p e r i o d  r a t i o  T I / T  t h e r e  i s  a maximum v a l u e  o f  
i n  t h e  p o s i t i v e  d i r e c t i o n ,  a n d  a maximum v a l u e  i n  t h e  q/qs 

NACA ARR No. 4H10 

TI = p e r i o d  o f  t h e  t r i a n g u l a r  i m p u l s e  

The comple te  t i m e  h i s t o r i e s  of t h e  motion of t h e  o s c i l l a t o r  
have been e v a l u a t e d  f o r  t h e  i s o e c e l e s  t r i a n g u l a r  impu l se  f o r  
t w o  r a t i o s  o f  T I / T ,  and  a r e  p l o t t e d  i n  f i g u r e  1 0 .  The r e -  
sponse of  t h e  o s c i l l a t o r  i s  oxproeoed  ae a r a t i o  o f  i t e  ac -  
tual d i s p l a c e m e n t  t o  i t  e e t a t i c  d i s p l a c e m e n t  under Qmax. 

t 't T i / T  = 1.25 T ~ / T  = .25 
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Figure 
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The d e t e r m i n a t i o n  of  a dynamic r e s p o n s e  f a c t o r - p e r i o d  r a t i o  
c w v e  may be  accompl i shed  f o r  a n y  a r b i t r a r y  Q ( t )  v a r i a t i o n  
by a n u m e r i c a l  o r  a n a l y t i c a l  e v a l u a t i o n  o f  Duhamel s i n t e g r a l  
However, b o t h  p r o c e s s e s  are q u i t e  l e n g t h y ,  a n d  r e q u i r e  p l o t -  
t i n g  o f  t h e  t i m e  h i s t o r y  a s  shown by f i g u r e  1 0 .  A mechan ica l  
a n a l y z e r  c o n s i s t i n g  o f  a t o r a i o n a l  pendulum has  been d a v e l -  
oped ( r e f e r e n c e  1 )  whioh may be used  t o  measure t h e  dynamic 
r e s p o n s e  f a c t o r  w i t h o u t  r e c o u r s ~  t o  a n  e v a l u a t i o n  o f  t h e  com- 
p l e t e  t ime h i s t o r y  o f  the m o t i o n .  By such  means,  a dynamic 

e v a l u a t e d  In a r e l a t i v e l y  s h o r t  t i m e .  
I r e s p o n s e  f a c t o r  d i ag ram for any shape o f  Q ( t )  c u r v e  may be 

I 8 .  STATISTICAL APPROACH T O  THE L A N D I N G  PROBLEM 

The methods o u t l i n e d  above a r e  a p p l i c a b l e  when t h e  t i m e  
h i s t o r y  o f  the e x t e r n a l l y  a p p l i e d  l a n d i n g  i n p a c t  f o r c e s  a r e  
a c c u r a t e l y  known. A c t u a l l y ,  t h o  shape of t h e  l a n d i n g  impact  
f o r c e - t i m e  curve i 8  a p t  t o  v a r y  c o n s i d e r a b l y  f r o m  one l a n d i n g  
t o  t h e  next, and w i t h  d i f f e r e n t  o p e r a t i n g  c o n d i t i o n s  of t h e  

I a r e  s e n s i t i v e  t o  small v a r i a t i o n s  in t h e  ahape o f  t h e  F ( t )  

1 
I a i r p l a n a .  F u r t h e r m o r e ,  t h e  responses o f  t h e  v a r i o u s  modee 

I curve. P a r  t h e s e  reasons ,  i t  i s  not p r a c t i c a l  t o  d e s i g n  f o r  
I 

11 

4 7 0 1 2 U 

u, Period of impUrs e 
Tj Period of  oscillatOr 

I 
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a s i n g l e  ma themat i ca l  l a n d i n g ,  b u t  I n s t e a d  i t  i 8 d e s i r a b i e  
t o  employ a s t a t i s t i c a l  approach  t o  t h e  problem.  In the 
p r e v i o u s  s e c t i o n  i t  wae  shown t h a t  t h s  ex t r eme  p T s i t i o n s  of 
o s c i l l a t i o n  of  a s imple  o s c i l l a t o r  f o r  any  one t y p e  of ap-  
plied r o r c e - t i m e  c u r v e  may be c o n v e n i e n t l y  r e p r e s e n t e d  by 
means o f  a dynamic r e a p o n s e  f a c t o r - p e r i o d  r a t i o  c u r v e .  It 
is p o s s i b l e  t o  c o n s i d e r  a l a r g e  number of shapcts o f  l a n d i n g  
fo rce - t ime  c u r v e s  v a r y i n g  f r o m  s o f t  t o  h a r s h  l a n d i n g s ,  and  
e v a l u a t e  a dynamic response f a c t o r - p e r i o d  r a t i o  c u r v e  f o r  
each o f  them. These c u r v e s  may be p l o t t e d  on t h e  same g r a p h ,  
and  a n  e n v e l o p e  c u r v e  may be drawn which bounds a l l  o f  them. 
T h i s  e n v e l o p e  would r e p r e s e n t  c o n d i t i o n s  which exceed  in 
s e v e r i t y  e v e r y  t y p e  o f  l a n d i n g  which was c o n s i d e r e d .  Such t i  
s t a t i s t i c a l  b a s i s  may be ueed t o  e s t a b l i s h  d e s i g n  l a n d i n g  
dynamic r e s p o n s e  f a c t o r  e n v e l o p e s  f o r  t h o  l a n d p l a n o  and t h o  
s e a p l a n e .  (For  example,  see f i g .  13.) By means o f  t h e  dy- 
namic r e s p o n s e  f a c t o r  e n v e l o p e ,  t h o  maximum d e f l e c t i o n  of  
t h e  s t r u c t u r e  i n  each node d u r i n g  t h e  l a n d i n g  may be evalu- 

. a t e d  q u i t e  s imply .  C o n s i d e r i n g  any  o l n g l e  mode, i t  is as- 
sumed t h a t  the s t r u c t u r n  i s  r e e t r a i n e d  t o  d e f l e c t  in t h a t  
mode o n l y ,  w h i l e  t h e  maximum v a l u e  of t h e  g e n e r a l i e e d  f o r c e  
i s  a p p l i e d  s t a t i c a l l y .  The d e f l e c t i o n  may be computed u n d e r  
t h e s e  c o n d i t i o n s  and t h e n  m u l t i p l i e d  by t h e  dynamic responee 
f a c t o r  I n  o r d e r  t o  o b t a i n  t h o  maximum dynamic d e f l e c t i o n  
d u r i n g  t h e  l a n d i n g .  

It i s  a p p a r e n t  t h a t  t h e  phase  r e l a t i o n s  between t h e  modes 
a r e  lost when a n  a p p r o a c h  of t h i s  t y p e  i s  employed.  However, 
t h i s  i s  u o t  s e r i o u s  since f o r  d e s i g n  p u r p o s e s  i t  must be 
assumed t h a t  sometime during t h e  l i f e  o f  t h e  a i r p l a n e  t h e  
p h a s i n g  between t h e  modes w i l l  be such a s  t o  p roduce  t h e  
w o r s t  combina t ion  o f  s t r e s s e s .  For this r e a s o n ,  t h e  maximum 
d e f l e c t i o n s  are  supe rposed  w i t h o u t  r e g a r d  f o r  p h a s e  i n  o r d e r  
t o  y i e l d  t h e  m o s t  c r i t i c a l  c o m b i n a t i o n .  

9 .  THE LANDPLANE WING 

I n  t1.e c a s e  of  t h e  l a n d p l a n e ,  t h e  f o r c e s  and moments 
are a p p l i e d  t o  t h e  a i r p l a n e  s t r u c t u r e  t h r o u g h  t h e  shock 
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e t r u t - t i r e  system. These c o n s i s t  o f  a f o r c e  a p p l i e d  in an 
axial d i r e c t i o n  along the shock  s t r u t  caused  by t h e  l a n d i n g  
r e a c t i o n  component p a r a l l e l  t o  t h e  s t r u t ,  and a moment abou t  
t h e  l a n d i n g  g e a r  a t t achmont  p o i n t  caused  by t h e  l a n d i n g  r e -  
a c t i o n  component p e r p e n d i c u l a r  t o  t h e  s t r u t .  Two dynamic 
r e s p o n s e  f a c t o r s  must be de te rmined .  One f o r  t h e  a x i a l  s t r u t  
f o r c e ,  and  one f o r  t h e  moment a b o u t  t h e  l a n d i n g  g e a r  a t t a c h -  
ment point. 

The shock s t r u t  a x i a l  f o r c e . -  A s t u d y  o f  f o r c e - t i m e  
c u r v e s  f o r  a x i a l  s t ru t  r e a c t i o n s  o b t a i n e d  f r o m  d r o p  and 
f l i g h t  t e s t  data  shows t h a t  t h e y  d i f f e r  c o n s i d e r a b l y  w i t h  
p i l o t  t e c h n i q u e  and l a n d i n g  a t t i t u d e .  A g roup  o f  s i x  t y p e 6  
o f  f o r c e - t i m e  c u r v e s  a r e  cons ide red  which would r e p r e s e n t  
v a r i o u s  t y p e s  o f  s t r u t  c h a r a c t e r i s t i c s .  These a r e  shown i n  
f i g u r e  12. 

Drop t e s t  (a) L 
Figure 12 

Dynamic r e s p o n s e  f a c t o r  cu rves  s imi la r  t o  f i g u r e  11 have 
been d e t e r m i n e d  f o r  e a c h  of  these s i x  c u r v e s  by means o f  t h e  
mechan ica l  a n a l y z e r  ( r e f e r e n c e  1). The p o i n t  s which d e f i n e  
t h e s e  c u r v e s  have  been p l o t t e d  on one g raph  i n  f i g u r e  13, and 
a s m o o t h  enve lope  c u r v e  has been drawn which bounds a l l  of 
them. The c o n d i t i o n ,  which t h e  envelope  shown i n  f i g u r e  13 
r e p r e s e n t s ,  exceeds  i n  s e v e r i t y  t h e  c o n d i t i o n  o f  t h e  six 
t y p e e  o f  l a n d i n g o  c o n s i d e r e d .  I t  i s  p o s s i b l e  t h a t  a f t e r  con- 
s i d e r a t i o n  o f  a l a r g e  number o f  shapes  o f  a x i a l  shock s t r u t  
f o r c e - t i m e  c u r v e s  t a k e n  f r o m  d r o p  and f l i g h t ,  t e s t  r e c o r d s ,  a n  
enve lope  of t h i s  t y p e  may well r e p r e s e n t  c o n d i t i o n s  which ex- 
ceed  i n  s e v e r i t y  e v e r y  p r o b a b l e  l a n d i n g  which would be expe r -  
i e n c e d  d u r i n g  t h e  normal  o p e r a t i o n  o f  a l a n d - t y p e  a i r p l a n e .  
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In  o r d e r  t o  a p p l y  t h e  l a n d p l a n e  dynamic r e s p o n s e  f a c t o r  
enve lope ,  t h e  impulse p e r i o d  must be known. A p l o t  of 
l i m i t e d  d a t a  a s a i l a b l o  a t  t h e  Bureau of g r o s s  weight  a g a i n s t  
l a n d i n g  g e a r  v e r t i c a l  impu l se  p e r i o d  d u r i n g  t h c  f i r s t  impact  
of l a n d i n g  as do to rmined  by f l i g h t  t e s t  i s  shown on l o g - l o g  
p a p e r  by f i g u r e  14 .  This g r a p h  h a s  been d e t e r m i n e d  from ac- 
c e l e r o m e t e r  r o c o r d s  of v a r i o u s  types of l a n d i n g s  made by 11 
airplanos  of v a r i o u s  w e i g h t s ,  Eaoh p o i n t  r o p r e s e n t s  an av- 
orago  of s e v e r a l  l a n d i n g s .  The e q u a t i o a  which f i t s  t h e  
c u r v e  drawn i n  f i g u r e  14 i s  

0 . 1 4 7 5  

T I N  0*25 {*} 
where 

'IfN a x i a l  shock s t r u t  impu l se  p e r i o d  i n  seconds  

W g r o s s  weight  of a i r p l a n e  i n  pounds 

The wheel d r a g  f o r c e . -  The c h a r a o t e r i s t i c s  o f  t h e  d r a g  
f o r c e  on t h e  wheel  a r e  n o t  as  well known as t h o s e  of t h e  
a x i a l  s t r u t  f o r o e .  The d r a g  f o r c e  is produced  by t h e  s p i n -  
n i n g u p  of t h e  wheel when ground c o n t a c t  i s  made, If i t  i s  
assumed t h a t  t h e  t i re  i s  s J i p p i n g  o r  on t h e  verge o f  s l i p -  
p i n g  on t h e  runway a t  all t i m e s  d u r i n g  t h e  wheel sp in -up  
t i m e ,  and t h a t  t h e  c o e f f i c i e n t  o f  s l i d i n g  f r i c t i o n  CI, 16 
c o n s t a n t ,  t h e  f o l l o w i n g  d i f f e r e n t i a l  e q u a t i o n  may be  w r i t t e n .  

1, B 
D ( t )  = wN(t)  = - (14) 

r e  

I n t e g r a t i n g  once g i v e s  

where 

V t  l a n d i n g  s p e e d ,  f e e t  p e r  s econd  

Iw moment o f  i n e r t i a  o f  wheel and t i r e ,  s lug-feet s q u a r e  

r e f f e c t i v e  r o l l i n g  r a d i u s  of wheel u n d e r  impact  l o a d i n g ,  
feet e 
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Figure 13.- Dynainic reeponee faator envelope far landplano axial shock 
a t r u t  loade, 
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T I D  p e r i o d  of  drag f o r a e  impulse, seconds 

I f  t h e  shock  s t r u t  a x i a l  f o r c e  is assumed t o  grow l i n e a r l y  
w i t h  t i m e  d u r i n g  t h e  wheel spin-up p e r i o d ,  t h e n ' e q u a t i o n  
(15) may be s o l v e d  f o r  t h e  maximum v a l u e  o f  t h e  d r a g  f o r c e  
i n  t e rms  of the  p e r i o d  of the drag f o r c e  impulse. 

2v1 I, - 
Drnax - 

re2TID 
(16)  

With t h e  a s sumpt ions  u s e d  t o  w r i t e  e q u a t i o n  (161,  t h e  drag 
f o r c e - t i m e  v a r i a t i o n  i s  of  t h e  type  shown i n  f i g u r e  15. 

I'igure 15 

The dynamic r e s p o n s e  f a c t o r  curve  f o r  t h e  f o r c e - t i m e  
r e l a t i o n  shown by f i g u r e  15  i s  g iven  i n  f i g u r e  16. The 
wheel sp in -up  t i a e  i s  of t h e  o r d e r  o f  one - fou r th  t o  one- 
f i f t h  of t h e  a x i a l  s t r u t  impu l se  p e r i o d ,  and t h e  wheel i s  
o f t e n  up t o  speed  b e f o r e  t h e  a x i a l  s t r u t  f o r c e  r e a c h e s  i t s  
maximum va lue .  

I n  t h e  c a s e  o f  modern l a r g e  a i r c r a f t  w i t h  r e t r a c t a b l e  
l a n d i n g  g e a r s ,  t h e  assumpt ion  t h a t  t h e  l a n d i n g  g e a r  l e g  is 
r i g i d  i n  f o r e  and a f t  bending  may be c o n s i d e r a b l y  i n  e r r o r .  
Because  O f  t h i s  Lack of r i g i d i t y ,  t h e r e  is an a d d i t i o n a l  v i -  
b r a t i o n  mode t o  b e  c o n s i d e r e d  which i n v o l v e s  l a r g e  wheel  and 
s t r u t  a m p l i t u d e  and v e r y  l i t t l e  wing t o r s i o n a l  motion. This  
l a c k  o f  s t r u t  r i g i d i t y  may b e  p a r t i c u l a r l y  t roub le some  If 
t h e  fundamenta l  f o r e  and aft bending  f r e q u e n c y  of t h e  l a n d -  
i n g  g e a r  i s  c o i n c i d e n t  w i t h  some o t h e r  mode o f  t h e  s t r u c t u r e ,  
and r e s o n a n c e  i s  e s t a b l i s h e d .  

I n  a g e n e r a l  c o n s i d e r a t i o n  o f  t h e  l a n d p l a n e  l a n d i n g  
p r o b l e n ,  d r i f t  and one wheel landings which e x c i t e  an t l sym-  
m e t r i c  wing o s c i l l a t i o n s  shou ld  b e  c o n s i d e r e d  as w e l l  as sym- 
m e t r i c  l a a d i n g s .  The p r i n c i p l e s  d i s c u s s e d  h e r e t o f o r e  a r e  
q u i t e  general and a p p l y  oq-ually w e l l  i n  e i t h e r  case .  
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Dynamic response f a c t o r  curve for 
landplane drag force impulse of 
the type shown by figure 15. 

Period of impulse - - TID 
Period of jth mode - T3 

Bigure 16. 



, 

NACA ARR No. 4H10 

10. THE F L Y I N @  BOAT WING 

23 

I n  t h e  f ly ing  b o a t  problem, t h e  f o r c i n g  impulses are  
t r a n s m i t t e d  to t h e  wing th rough  t h e  h u l l  s t r u c t u r e ,  and  t h e  
pr9ble ;o  may 343 aaeunied f d e n t i o e l  t o  t h e  l a n d p l a n e  problem 
e x c e p t  t h a t  t h e  f o r c e  and moment i s  a p p l i e d  a t  t h e  c e n t o r  
l i n e  o f  t h e  a i r p l a n e  r a t h e r  t h a n  outboard  a t  LI l a n d i n g  gear 
s t a t i o n ,  The problem of t h e  impact  01' a f l y i n g  b o a t  h u l l  i n  
water i s  c o n s i d e r a b l y  more complex t h a n  t h e  l a n d p l a n e  impact  
problem, A l i m i t e d  amount o f  t e s t  data  i s  a v a i l a b l e  showing 
t i q e  h i s t o r i e s  o f  c e n t e r  o f  g r a v i t y  v e r t i c a l  and d r a g  ac-  
c s l e r a t i o n s ,  and p i t c h i n g  a c c e l e r a t i o n  f o r  f l y i n g  b o a t s .  
These r e c o r d s  i n d i c a t e  t h a t  t h e  t ime h i s t o r y  o f  t h e  l a n d i n g  
r e a c t i o n  v a r i e s  w i d e l y  a c c o r d i n g  t o  l a n d i n g  a t t i t u d e ,  p i l o t  
t e c h n i q u e ,  coad i  t i  on o f  seaway, and d e t a i l e d  c h a r a c t e r i s t i c s  
o f  hull. Theory on t h e  s e a p l a n e  impact p rob lem i s  e x t e n s i v e ;  
however ,  i t s  a p p l i c a b i l i t y  t o  t h e  complex h u l l  shapes of 
modern f l y i n g  boa t s  has n o t  y e t  been d e m o n s t r a t e d ,  and hence  
l i t t l e  a t t e m p t  i s  made t o  u s e  i t  f o r  d e s i g n  pu rposes .  N o t  
only t h e  f o r c e - t i m e  r e l a t i o n s  o f  t h e  v e r t i c a l  and d rag  fo rces  
a re  n e c e s s a r y ,  b u t  a l s o  t h e i r  l i n e s  o f  a c t i o n  on t h e  h u l l  
bo t tom must be known, Of t h e s e  necessary i t e m s ,  t h e  cha rac -  
t e r i s t i c s  o f  t h e  v e r t i c a l  f o r c e  a r e  more c o m p l e t e l y  known 
t h a n  any of the  o t h e r s .  Very l i t t l e  g e n e r a l  i n f o r m a t i o n  i s  
a v a i l a b l e  c o n c e r n i n g  t h e  d r a g  f o r c e  and how t h e  e x a c t  l i n e  
O f  a c t i o n  o f  t h e  v e r t i c a l  and d r a g  f o r c e s  v a r y  t h r o u g h o u t  
t he  impact p e r i o d .  Because o f  t h i s  l a c k  of  i n f o r m a t i o n ,  i t  
is d i f f i c u l t  t o  d e t e r n i n e  o x a c t l y  how t h e  i m p u l s e s  a r e  ap- 
p l i e d  t o  t h e  f l y i n g  b o a t  wing ,  Fur thermore ,  t h e  i n f l u e n c e  
o f  t h e  moment on t h e  wing v i b r a t i o n  i s  unde te rmined  u n l o s s  
t h e  e f f e c t  of f u s e l a g e  and t a i l  o s c i l l a t i o n s  a r e  c o n s i d e r o d .  
Such a c o n s i d e r a t i o n  i s  beyond t h e  S C O P O  of t h i s  d i s c u s s i o n .  
A f i r s t  a p p r o x i m a t i o n  may be  o b t a i n e d  by c o n s i d e r i n g  o n l y  
t h e  e f f e c t  o f  the v e r t i c a l  f o r c e  a p p l i e d  a t  the e l a s t i c  a x i s  
Of t h e  f r e e  wing. In  t h e  a b s e n c e  o f  more comple te  t e s t  data  
iS may b e  assumed t h a t  t h e  v e r t i c a l  f o r c e  on t h e  s e a p l a n e  
h u l l ,  d u r i n g  t h e  i n i t i a l  l a n d i n g  impact ,  v a r i e s  a s  a h a l f  
c y c l e  Of  a s i n e  wave. A dynamic r e s p o n s e  fac tor  e n v e l o g e  
has been  determined f o r  a h a l f  c y c l e  of a s i n e  wave impulse 
and i s  g i v e n  i n  f i g u r e  2.7. The v a r i a t i o n  i n  t h e  impu l se  
p e r i o d  i s  as wide as t h e  v a r i a t i o n  i n  the  s h a p e  o f  t h e  in- 
p u l s e  c u r v e ,  and hence  i t  i s  n o t  p o s s i b l e . t O  d e r i v e  a n  em- 
p i r i c a l  r e l a t i o r i  f o r  t h e  impulse  p e r i o d  f r o n  t e s t  d a t a ,  as 
was t h e  c a s e  w i t h  the l a n d p l a n e .  I n  o r d e r  . t o  a p p l y  t h e  dy- 
namic r e s p o n s e  f a c t o r  c u r v e ,  an impulse  p e r i o d  must be as- 
sumed, o r  a v a l u e  taken  f r o n  f l i g h t  t e s t  da t a  on an a i r p l a n e  
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Figure 1'7.- Dynamic response f a c t o r  curve f o r  seaplane v e r t i c a l  landing 
force-time curve consisting of a hal f  cycle  of a Bine wave. 
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o f  s imilar  s i z e  t o  t h e  one b e i n g  i n v e s t i g a t e d .  A c o n s e r v a -  
t i v e  p r o c e d u r e ,  i n  any  c a s e ,  would be t o  choose a p e r i o d  
r a t i o  TI/Tj s o  as f a  y i e l d  t h e  most c r i t i c a l  combina t ion  
o f  s tresses.  

11, IELUSTRATIVE NUMERICAL EXAMPLE FOR LANDPLANE WING 

The p r i n c i p l e s  d i s c u s s e d  i n  s e c t i o n  9 a r e  i l l u s t r a t e d  
by  a n u m e r i c a l  example i n  which t h e  s t r e s s e s  due t o  l a n d i n g  
i n  a f o u r - e n g i n e  l a n d  t y p e  bomber a r e  computed. Mode shapes  
and f r e q u e n c i e s  o f  t h e  f r e e  wing of t h i s  a i r p l a n e  were 
computed and t r a n s m i t t e d  i n  a r e p o r t  p r e  a r e d  f o r  t h e  Army 

t o r s i o n a l  moments a r e  computed at s e v e n  wing s t a t i o n s .  In 

ground d u r i n g  t h e  l a n d i n g ,  and t h e  l a n d i n g  g e a r  s t r u t  is 
assumed t o  be  p e r p e n d i c u l a r  t o  t h e  wing chord  line. The l a n d -  
ing g e a r  s t r u t  i s  assumed t o  be rigid and r i g i d l y  a t t a c h e d  t o  
t h e  wing. F i g u r e  1 8  shows t h e  assumed c o n d i t i o n s  d u r i n g  t h e  

A i r  F o r c e s  a t  C.I.T. by M. A. B l o t  i n  19 E 1. The bend ing  and 

I t h i s  example,  t h e  wing chord  i s  assumed p a r a l l e l  t o  t h e  

~ 

I l a n d i n g .  

I fE las t i c  axis 

100" 

t 

Angular dis- 

torques 
placements and 

J 
L i r? em d i  splacemen t s 

and forces 

I n  t h i s  p a r t i c u l a r  example, t h e  e l a s t i c  a x i s  p a s s e s  d i -  
r e c t l y  o v e r  t h e  l a n d i n g  g e a r  l e g  as i s  shown by f i g u r e  18.  
The c o m p u t a t i o n s  may b e  c a r r i e d  o u t  by t e b l e  1 which i s  s e l f -  
e x p l a n a t o r y  when r e f e r e n c e  is made t o  append ix  I .  A t a b l e  
s imi la r  t o  t a b l e  1 is r e q u i r e d  f o r  each wing mode. The mode 
s h a p e s  and f r e q u e n c i e s  of t h e  f r e e  wing a r e  t a k e n  from t h e  
Army Air F o r c e s  r e p o r t  p r e ~ a r e d  a t  C . I . T .  and t a b u l a t e d  in 
t a b l e s  2 ,  3 ,  and 4, where t h e  first t h r e e  wing modes a r e  
c o n s i d e r e d .  The f o l l o w i n g  a d d i t i o n a l  d a t a  a r e  r e q u i r e d  t o  
comple t e  t h e  t a b l e s .  
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Gross w e i g h t ,  W .................................. 47,200 1% 
Gross weight  l e s s  we igh t  of l a n d i n g  g e a r ,  WL ..... 44,426 1% 
Moment of  i n e r t i a  of wheel and t i r e ,  IW ........ 28 s l u g - f t 2  
l f f e c t i v o  r o l l i n g  r a d i u s ,  re ....................... 2.08 f t  
Landing speed ,  V, ................................ 124.8 f p s  

From e q u a t i o n  ( 1 3 ) ,  t h e  p e r i o d  o f  t h e  v e r t i c a l  impact  
f o r c e  i s ,  

= 0.441 second 
1000 J T I N  = 0.25 {m, w = 0.25 

The maximum v a l u e  o f  the v e r t i c a l  impact  f o r c e  i s  

= - 1 WLn = - 1 X 44,426n = 22,213n 
%ax 2 2 

where n i s  t h e  u l t i m a t e  v e r t i c a l  l o a d  f a c t o r .  I n  t h i s  ex-  
ample,  i t  i s  assumed t h a t  n = 4. 

Nm8x = ( 2 2 , 2 1 3 ) ( 4 )  = 88,852 pounds 

I 1  i s  assumed t h a t  t h e  p e r i o d  of t h e  d r a g  f o r c o  i s  o n e - f i f t h  
t h a t  o f  t h e  v e r t i c a l  f o r c e ,  

T I D  = - 1 TIN = = 0.0882 second 
5 5 

From e q u a t i o n  (16), the maximum v a l u e  o f  t h e  d r a g  f o r c e  i s  

From t h e  da ta  computed i n  columns 5 ,  6 ,  13,  and 1 4  i n  
t a b l e s  2 ,  3, and 4 ,  wing b e n d i n g  and t o r s i o 3 a l  moments a r e  
p l o t t e d  i n  f i g u r e s  1 9  a n d  20, r e s p e c t i v e l y ,  f o r  each  mode i n  
t h e  f i r s t  and second ex t reme p o s i t i o n s  o f  o s c i l l a t i o n .  C r i t -  
i c a l  values o f  b e n d i n g  noment and t o r s i o n a l -  moment a t  each  
s t a t i o n  a r e  o b t a i n e d  'by a d d j n g  c o r r e s p o n d i n g  o r d i n a t e s  of  
t h e  t h ree  bend ing  moment c u r v e s  on the same s i d o . o f  t h e  zero 
a x i s .  For  example,  a t  t h e  a i r p l a n e  c e n t e r  line, t h e  c r i t i -  
c a l  n e g a t i v e  bend ing  moment i s  o b t a i n e d  by a d d i n g :  
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Inch-pounds 

~ i r ~ t  mode - p o s i t i v e  maximum . . . . . . . . . . -3,940,000 
Second made - n e g a t i v e  zaximm . a . . . . -790,090 
T h i r d  mode - n e g a t i v e  maximum . . . . . . . . . -212,000 
Maximum n e g a t i v e  b e n d i n g  moment a t  the  c e n t e r  l i n e  = -4,942,000 

S i m i l a r l y ,  for t h e  maximum n e g a t i v e  t o r s i o n a l  moment a t  
the c e n t o r  l i n e ,  t h e  f o l l o w i n g  a r e  added: 

Inch-p ounds . 
F i r s t  mode - p o s i t i v e  maximum . . . . . e . b -1,092,350 
Second mode - p o s i t i v e  maximum . . . . . . . -73,316 
T h i r d  mode - p o s i t i v e  maximum . . . . . . . . -142,525 
Maximum n e g a t i v e  t o r s i o n a l  moment a t  t h e  c e n t e r  l i n e  -1 ,307 ,991  

The f r e q u e n c y  of t h e  f o u r t h  mode i s  a p p r o x i m a t e l y  1350 
cpm, and h e n c e  i t s  c o n t r i b u t i o n  t o  the s t r e s s  would b e  ernall. 
T h i s  i s  t r u e  b e c a u s e  of *,he t endency  f o r  d# t o  be r e d u c e d  

t c  s m a l l  v a l u e s  i n  t h e  h i g h e r  moaes, and b e c a u s e  of t h e  i n -  
h i b i t i v e  e f f e c t  which t h o  aerodynamic a n 8  s t r u c t u r a l  damping 
has upon t h e  h i g h e r  modeBr I t  i s  i m p o r t a n t  t o  remember that 
t h o  s t r e s s e s ,  shown h e r e  must b e  supe rposed  upon t h e  s t e a d y  
s t r e s s e s  p roduced  by t h e  aerodynamic l o a d s  on t h e  wing d u r -  
i n g  l a n d i n g .  

12 .  ILLUSTRATIVE NUMERICAL EXAMPLE FOR SE APLAIJE W I X G  

. 
The p r i n c i p l e s  d i s c u s s e d  f o r  t h e  s e a p l a n e  a r e  i l l u s -  

t r a t e &  b y  a n u m e r i c a l  example.  In t h i s  example,  a four -  
engine l a n d  t y p e  p a t r o l  bomber is c o n s i d e r e d  as b e i n g  a 
f l y i n 6  b o a t  in o r d e r  t h a t  t h e  same mode s h a p e s  and f r e -  
q u e n c i e s  may b e  used .  The bending and t o r s i o n a l  moments 
a r e  computed a t  seven  wing s t a t i o n s  f o r  a v e r t i c a l  l o a d  
f a c t o r  of 1, and t h e  e f f e c t  o f  t h e  drag f o r c e  is n e g l e c t e d .  
The f i r s t  t h r e e  d e f o r m a t i o n  mode8 of  t h e  free v i n g  a r e  
c o n s i d e r e d ,  and  t h e  c o m p u t a t i o n s  are c a r r i e d  o u t  by means 
of t a b l e  1. The v e r t i c a l  f o r c e  on t h e  h u l l  is assumed 
p e r p e n d i c u l a r  t o  t h e  wing chord  d u r i n g  impact. 
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Figure 19.- Lsdplane-wing bending mcrment vs.  wing ctation. 
F i r s t  three modes f o r  4G landing. 
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The f o l l o w i n g  s k e t c h  ahowe t h e  assumed c o n d i t i o n s  d u r i n g  
t h e  l a n d i n g .  

Elas t ic  axis 

1 
For p u r p o s e  of t h i s  example,  an i m p u l s e  p e r i o d  o f  0 . 2  

second i s  a r b i t r a r i l y  assumed. From t h e  d a t a  computed i n  
co lumns  5, 6 ,  13, and 14 i n  t a b l e s  5 ,  6 ,  a n d  7 ,  wing b e n d i n g  
and t o r s i o n a l  moments a r e  p l o t t e d  i n  f i g u r e s  22 and 23, 
r a s p e c t i v e l y ,  f o r  e a c h  mode i n  t h e  f i r s t  a n d  second e x t r e m e  
p o s i t i o n s  o f  o s c i l l a t i o n  f o r  a, v e r t i c a l  l o a d  f a c t o r  o f  4 .  
The v a l u e s  p l o t t e d  i n  f i g u r e s  22 and 23 a r e  f o u r  t imes t h e  
v a l u e  s shown i n  columns 6 ,  6 ,  13, and 1 4  i n  t a b l e s  5 ,  6 ,  
and 7. 

13. DISCUSSION 

I n  t h e  u s u a l  l a n d i n g  w i t h  l a r g e  e i r c r a f t  t h e r e  i s  a 
p e r i o d  of  i n i t i a l  impact; f o l l o w e d  by a s h o r t  i n t e r v a l  d u r i n g  
which t h e  a i r p l a n e  i s  a i r b o r n e .  I t  i s  t o  c o n d i t i o n s  e x i s t i n g  
d u r i n g  t h e  i n i t i a l  impact  and s h o r t l y  t h e r e a f t e r  t h a t  t h e  
p r o s s n t  t h e o r y  of  t r a n s i e n t s  i s  a p p l i c a b l e .  I n  t h e  e n s u i n g  
mot ion  d u r i n g  r u n - o u t ,  t h e  whee l s  a r e  s u b s t a n t i a l l y  i n  con- 
t a c t  w i t h  t h e  ground o r  t h e  h u l l  w i t h  t h e  w a t e r .  D u r i n g  t h i s  
l a t t e r  p h a s e  of  t h e  mot ion ,  t h e  s t r u c t u r e  h a e  imposed upon i t  
a s e r i e s  o f  a l t e r n a t i n g  l o a d s  depend ing  upon t h e  ground con- 
t o u r  o r  t h e  c o n d i t i o n  of  bhe seaway. I t  may be p o s s i b l e  t h a t  
a r e s o n a n c e  c o n d i t i o n  d u r i n g  t h o  l a t t e r  p h a s e  o f  t h e  l a n d i n g  
may p r o d u c e  s t r e s s e s  more c r i t i c a l  t h a n  t h o s e  p roduced  d u r i n g  
and  s h o r t l y  a f t e r  t h e  i n i t i a l  i m p a c t .  

o f  a e rodynamic  damping h a s  shown t h a t  i t  may b e  n e g l e c t e d  
w i t h  small e r r o r ;  however ,  t h i s  i e  s u b j e c t  t o  e x p e r i m e n t a l  

A p r e l i m i n a r y  a n a l y t i c a l  i n v e s t i g a t i o n  i n t o  t h e  e f f e c t  
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Figure 22.- Soaplane-wing bending moment vsI wing stat ion.  First ' I  three mode6 f o r  .fc landing. 
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check .  Damping h a s  t h e  e f f e c t  o f  r e d u c i n g  t h e  a m p l i t u d e 8  
and c o u p l i n g  t h e  m o d e s .  

Coupling between t h e  ym.a$ion o f  t h e  s t r i i c t n r s  arid t h e  
e x t e r n a l  f o r c e  i s  n e g l e c t e d  i n  t h i s  d i s c u s s i o n ;  h o w e v e r , t h i s  
a s s u m p t i o n  i s  a l s o  s u b ' j e c t  t o  e x p e r i m e n t a l  check .  

The methods  d i s c u s s e d  h e r e  a r e  n o t  u n i v e r s a l l y  a p p l i -  
c a b l e  t o  all t y p e s  o f  t r a n s i e n t  p rob lems ,  and sh'ould b e  u s e d  
w i t h  d i s c r e t i o n .  For  example,  a p p e n d i x  III d i s c u s s e s  t h e  
c a s e  o f  a s i m p l e  beam sub jec t ed .  t o  a u n i t  i m p u l s e  a p p l i e d  a t  
t h e  c e n t e r .  I n  t h i 6  c a s e ,  t h e  m e t h o d  i s  n o t  a p p l i c a b l e ,  
s i n c e  r e f e r e n c e  t o  e q u a t i o n s  (111-11)  and  (111-13)  shows 
t h a t  t h e  s e r i e s  d e s c r i b i n g  t h e  moment a n d  s h e a r  d o a s  11ot 
conve rge .  However,  i n  p r a c t i c a l  problems, t h e  a p p l i e d  f o r c e s  
d o  n o t  b e h a v e  l i k e  t h e  impu l se  t y p e ,  bu t  r a t h e r  behave l i k e  
t h o  s t e p  t y p e .  I n  t h i s  c a s e ,  r a f e r e n c e  t o  e q u a t i o n s  (111-10) 
and (111-12)  shows t h a t  t h e  s e r i e s  d e s c r i b i n g  t h e  moment con- 
v e r g e s ,  w h e r e a s  t h e  s e r i e s  d e s c r i b i n g  t h e  s h e a r  d o e s  n o t  con- 
v e r g e  when naximum v a l u e s  a r e  added  r e g a r d l e s s  of s i g n .  I n  
t h e  c a s e  o f  t h e  p r o c e d u r e  d i s c u s s e d  here, convergence  of  t h e  
s e r i e s  d e s c r i b i n g  t h e  moment and s h e a r  i s  dependen t  upon d i e  

m i n i s h i n g  v a l u e s  o f  d i )  T h i s  i s  a e s u r e d  b e c a u s e  o f  t h e  

c h a r a c t e r i s t i c  t a p e r  o f  t h e  a i r p l a n e  w i n g  f rom c e h t e r  line 
t o  wing t i p ,  and b e c a u s e  4;) i s  measumed a t  t h e  i n b o a r d  

s i d e  o f  t h e  wedge i n  i t s  r e g i o n  o f  g r e a t e s t  mass p e r  u n i t  
l e n g t h .  These 1 - i m i t a t i o n s  r e g a r d i n g  t h e  conve rgence  o f  the 
s e r i e s  a p p l y  even  more s o  if one a t t e m p t s  t o  p r e d i c t  t h e  
l o c a l  a c c e l e r a t i o n s  i n  t h e  s t r u c t u r e s .  T h i s  a s p e c t  o f  t h e  
problem be,cornes s i g n i f i c a n t  when e v a l u a t i n g  t h e  dynamic 
s t r e s s e s  on t h e  a t t a c h m e n t s  o f  sma l l  l o c a l i z e d  masses .  I t  
i s  n o t  p o s s i b l e  t o  f o r m u l a t e  a t  t h i s  s t a g e  a g e n e r a l  r u l e  as 
t o  how many modes s h o u l d  be t a k e n ,  and e a c h  a p p l i c a t i o n  o f  
t h e  p r o c e d u r e  w i l l  p r e s e n t  a d i f f e r e n t  p rob lem d e p e n d i n g  
upon t h e  mode s h a p e s  and f r e q u e n c i e s  o f  t h e  wing.  

I n  t h e  l a l i d p l a n e  c a s e ,  t h e  p o s i t i o n  of t h e  l a n d i n g  g e a r  
leg has an i m p o r t a n t  e f f e c t  upon t h e  wing dynamic l o a d s  d u r -  
i n g  i m p a c t .  For example ,  i f  t!ie l e g  i n t e r s e c t s  a n o d a l  l i n e  
f o r  one o f  t h e  modes, t h a t  p a r t i c u l a r  mode i s  n o t  e x c i t e d .  
The e f f e c t  o f  various ' l anding  g e a r  p o s i t i ~ n s  on t h e  s t r e s s e s  
may be r e a d i l y  s t u d i e d  by t h e s e  methods.  

In s tudying t h e  p r e s e n t  day  l a r g e  a i r c r a f t  w i t h  con- 
v e n t i o n a l  w i n g s ,  i t  a p p e a r s  as though wing dynamic loads will 
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produce  t o r s i o n a l  moments i n b o a r d  o f  t h e  n a c e l l e s  which ,  
a g g r a v a t e d  by t h e  o v e r h a n g i n g  e n g i n e s ,  may b e  c r i t i c a l  i n  
s e v e r e  i m p a c t .  The d e s i g n  o f  t h e  n a c e l l e  c a r r y  t h r o u g h  
s t r u c t w e  i n  bend-ing may b e  c o n t r o l l e d  by dynamic loads, 
and  t h e  p o s s i b i l i t y  o f  c r i t i c a l  wing b e n d i n g  s t r e s s e s  i s  
n o t  p r e c l u d e d  i n  v e r y  l a r g e  a i r c r a f t .  

A compar i son  be tween t h e  l a n d p l a n e  and  f l y i n g  b o a t  ex- 
amples  g i v o n  i n  s e c t i o n s  1 2  and  13 shows t h a t  t h e  wing dy- 
n a n i c  l o a d 6  i n  t h e  f l y i n g :  b o a t  a r e  n o r e  s e v e r e  t h a n  i n  t h e  
c a s e  o f  t h e  l a n d p l a n e .  T h i s  i s  a t t r i b u t e d -  t o  two c a u s e s :  

(a) I n  t h e  c a s e  o f  t h e  second  mode i n  t h e  l a n d p l a n e  
example ,  t h e  d r a g  f o r c e  a c t u a l l y  h a s  a r e l i e v -  
i n g  e f f e c t  on t h e  s t r e s s e s  p r o d u c s d  by t h e  
v e r t i c a l  f o r c e .  

( b )  I n  t h e  c a s e  o f  a l l  m o d e s  

i s  g r e a t e r  t h a n  

t h e  f o r c e s  i n t r o d u c e d  a t  t h e  l a n d i n g  g e a r  a r e  
a p p l i e d  n e a r e r  t o  t h e  n o d a l  l i n e s  t h a n  f o r c e s  
i n t r o d u c e d  t h r o u g h  t h e  h u l l  a t  t h e  a i r p l a n e  
c e n t e r  l e n e .  

( j )  at t h e  c e n t e r  l i n a  % 
( j )  a t  s t a t i o n  1 - t h a t  i s ,  6, 

The p r e s e n t  work i s  o f  a p r e l i m i n a r y  n a t u r e  and  many 
q u s s t i b n s  are l e f t  f o r  f u r t h e r  i n v e s t i g a t i o n .  I t  i s  e v i d e n t  
t h a t  t h e  methods h e r e  p r e s e n t s d  a r e  not  r e s t r i c t e d  t o  t h e  
a v a l u a t i o n  o f  l a n d i n s  l o a d s ,  s i n c e  i t  i s  p o s s i b l e  a t  l e a s t  
t h e o r e t i c a l l y  t o  h a n d l e  i n  t h e  samo way dynamic l o a d s d u e  t o  gun 
r e c o i l  a n d  " f l a k . "  I t  must be ramembered, however ,  t h a t  i n  
f l i g h t  t h e  ac rodynamic  f o r c e s  become of p r i m a r y  i m p o r t a n c e  
a n d  canno t  be g e n e r a l l y  n c g l o c t c d .  T h i s  i s  e s p e c i a l l y  t r u e  
i n  t h e  d e t e r m i n a t i o n  of dynamic l o a d s  due t o  g u s t s  i n  wh ich  
c a s e  t h e  f l u t t e r  c h a r a c t e r i s t i c s  of t h e  a i r p l a n e  must h a v e  a 
p r e p o n d e r a n t  e f f e c t .  I t  must a l s o  b e  k e p t  i n  mind t h a t  t h e  
p o s s i b i l i t y  t h a t  t h e  r e p r e s e n t a t i o n  of t h e  t r a n s l e n t  mo t ion  
as a s u p e r p o s i t i o n  o f  n a t u r a l  modes i s  n o t  n e c e s s a r i l y  t h e  
b e s t  p r o c e d u r e  i a  a l l  c ~ s e s .  C o n s i d e r i n g  t h e  dynamic s t r e s s e s  
f r o m  t h e  s t a r -dpo in t  o f  wave p r o p a g a t i o n  i n  t h e  e l a s t i c  s y s t e m  
m i g h t  t u r n  0u.t t o  b e  a more d i r e c t  and  e i g n i f i c a n t  v i e w p o i n t  
i n  t h e  c a s e  o f  h i g h  f r e q u e n c y  t r a n s i e n t s .  T h i s  v i e w p o i n t  
a l s o  e l i m i n a t e s  t h e  conve rgence  d i f f i c u l t i e s  ment ioned  above  
i n  c o n n e c t i o n  with t h e  d e t e r m i n a t i o n  of l o c a l  a c c e l e r a t i o n s .  
Another  c a s e  where n a t u r a l  modes l o s e  t h e i r  s i g n i f i c a n c e  
i s  t h a t  of r e s o n a n c e  between I . o o s e l y  c o u p l e d  p a r t s  o f  t h e  
s t r u c t u r e ,  i n  which c a s e  t h e  v i b r a t i o n a l  e n e r g y  a t  one l o c a -  
t i o n  i s  g r a d u a l l y  t r a n s f o r r e d  t o  a n o t h e r .  
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Examples  shown i n  t h e  p r e s e n t  work a r e  l i m i t e d  t o  t h e  
wing s t r u c t u r e  u n d e r  t h e  a s s u m p t i o n s  o f  a symmetr ic  l a n d i n g .  
Such a l a n d i n g  c o n d i t i o n  i s  e x c e p t i o n a l .  For  a l a n d p l a n e  
t h e  d e g r e e  t o  which t h e  unsymmetr ic  modes a r e  e x c i t e d  by a n  
unsymmet r i c  l a n d i n g  depends  a g r e a t  d e a l  on t h e  t i m e  i n t e r -  
r a l  b e t v e s n  t h e  i o s t a s t  a t  whtct: the l e f t  a n d  r i g h t  wheel  
e n t e r  i n  c o n t a e t  w i t h  t h e  g round .  S t a t i s t i c a l  d a t a  on t h i s  
t i m e  f n t e r v a l  can o n l y  be  o b t a i n e d  by f l i g h t  t e s t i n g .  N O  
example h a s  been p r e s e n t e d  of a n  a p p l i c a t i o n  of  t h e  p roced-  
u r e  t o  t h e  e v a l u a t i o n  o f  l a n d i n g  l o a d s  i n  t h e  f u s e l a g e  a n d  
t a i l .  However, t h e  same methods a r e  d i r e c t l y  a p p l i c a b l e  t o  
t h i s  c a s e ,  p r o v i d e d  the n a t u r a l  modes of t h e  f u s e l a g e  a n d  
tail have b e e n  d e t e r m i n e d .  Data o b t a i n e d  d u r i n g  l a n d i n g  
t e s t s  o f  f l y i n g  b o a t s  have  shown t h a t  modes of  t h e  f u s e l a g e  
and t a i l  a r e  e x c i t e d  and r e s u l t  in a " t a i l  whip" e f f e c t  
c a u s i n g  c o n s i d e r a b l e  dynamic o v e r s t r e s s  i n  t h e  t a i l  and a f t  
p o r t i o n  o f  f u s e l a g e .  

Bureau  o f  A e r o n a u t i c s ,  
U .  S. Navy Depar tmen t ,  

Washington ,  D ,  C . ,  August 10,  1944. 
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APPENDIX I 

GENERAL MATHEMATICAL THEORY OF TRANSIENTS IN AB 

UNDAMPED ELASTIC STRUCTURE 

The g e n e r a l  t r a n s i e n t  t h e o r y  o f  l i n e a r  s y s t e m s  w i t h  
lumped o r  d i s t r i b u t e d  p a r a m e t e r s  i s  w e l l  known and  h a s  been 
e x t e n s i v e l y  deve loped  i n  t h e  c a s e  o f  e l e c t r i c a l  ne twork  
t h e o r y  ( r e f e r e n c e s  2 and 3 ) .  The problem o f  t r a n s i e n t s  i n  
a i r p l a n e  s t r u c t u r e s  i s  i d e n t i c a l  i n  i t s  m a t h e m a t i c a l  f o r m .  
I n  an e l a s t i c  sys t em w i t h  d i s t r i b u t e d  p a r a m e t e r s  t h e r e  i s  a 
space as well as a t i m e  v a r i a t i o n  i n  t h e  v a r i a b l e s .  The 
problem may be c o n s i d e r e d  w i t h  t w o  v i e w p o i n t s .  The mot ion  
may be c o n s i d e r e d  t o  be made up  o f  a s e r i e s  o f  t r a v e l i n g  
waves, o r  i t  may be c o n s i d e r e d  t o  b e  made u p  o f  a s u p e r p o s i -  
t i o n  o f  n a t u r a l  o s c i l l a t i o n s ,  i n  which c a s e  t o  be  r i g o r a u s ,  
a n  i n f i n i t e  number i s  r e q u i r e d .  The a i r p l a n e  s t r u c t u r e s  
problem i s  t r e a t e d  h e r e  from t h e  s t a n d p o i n t  o f  a s u p e r p o s i -  
t i o n  o f  n a t u r a l  o s c i l l a t i o n s .  

In a t r a n s i e n t  p rob lem o f  t h i s  t y p e  where maximum Tal- 
ues  o c c u r  v e r y  soon a f t e r  t h e  mot ion  s ta , r t8 ,  t h e  e f f e c t  of 
damping may b e  J u s t i f i a b l v  n e g l e c t e d .  The mot ion  of an un- 
damped e l a e t i c  syotsm may b e  shown t o  b e  composed o f  a super- 
p o s i t i o n  of normal  modes which  are o r t h o g o n a l .  The a i r p l a n e  
s t r u c t u r e  v i b r a t e a  in a s e r i e s  of normal modes when e x c i t e d  
by a random i m p u l s e  as I s  the c81e of any e l a s t i c  sys tem.  
These normal  mode8 a r e  e a c h  c h a r a c t e r i z e d  by a c e r t a i n  mod. 
8hape and a c c r t a l n  f r e q u e n c y .  Tor t h e  a i r p l a n e  t h e y  a r e  
composed of c o u p l e d  o s c i l l a t i o n s  of t h e  wing,  f u s e l a g e ,  and  
empennage sys t em.  These c a l c u l a t e d  mode s h a p e s  and  f r e -  
q u e n c i e s  may b e  o b t a i n e d  f rom a ground v i b r a t i o n  s u r v e y  of 
t h e  a i r p l a n e .  

If e a c h  normal  mode shspm I C  c o n s i d e r e d  t o  b e  rcpre-  
s o o t e d  by t h e  space f u n c t i o n  @ t h e  d i s p l a c e m e n t  o f  any  
p o i n t  of the s t r u c t u r e  a t  a n y  t i n e  may be w r i t t e n  as 

L 

i = o  
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where n modes a r e - c o n e i d e r e d ,  and where t h e  q i  t e r m s  a r e  
r e g a r d e d  a s  g e n e r a l i z e d  c o o r d i n a t e s .  

The k i n e t i c  e n e r g y  o f  t h e  s t r u c t u r e  i e  
n 

C o n s i d e r i n g  t h e  j t h  g e n e r a l i z e d  c o o r d i n a t e ,  and  t h e  o r t h o g -  
a n a l i t y  c o n d i t i o n ,  t h e  f o l l o w i n g  e q u a t i o n  may be w r i t t e n  

i where 

The p o t e n t i a l  e n e r g y  o f  t h e  s t r u c t u r e  is 

n 

i = o  

C o n s i d e r i n g  the j t h  g e n e r a l i z e d  c o o r d i n a t e ,  w r i t e  

By Lagrange  s e q u a t  i o n  

. I  

where Q J  i s  t h e  g e n e r a l i z e d  f o r c e  c o r r e s p o n d i n g  t o  t h e  j t h  
mode, a n d  i s  e v a l u a t e d  by v i r t u a l  work p r i n c i p l e s .  
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If 6 W j  i s  t h e  v i r t u a l  work p roduced  when a l l  t h e  ex- 
t e r n a l  f o r c e s  a r e  a l l o w e d  t o  move t h r o u g h  d i s p l a c e m e n t s  co r -  
r e s p o n d i n g  t o  a v i r t u a l  d i s p l a c e m e n t  S q j ,  t h e n  t h e  g e n e r -  
a l i z e d  f o r c e  Qj i s  d e f i n e d  by 

-3 
Qj - 6qj 

The comple t e  m o t i o n  o f  t h e  s t r u c t u r e  i s  t h e n  d e f i n e d  by  a 
s e r i e s  of d i f f e r e n t i a l  e q u a t i o n s  of t h e  f o r m  

where t h e  form of t h e  r i g h t - h a n d  s i d e  i s  d e p e n d e n t  upon t h e  
c h a r a c t e r  of  t h e  a p p l i e d  f o r c e s .  

I n  g e n e r a l ,  t h e  aerodynamic  a p p l i e d  f o r c e s  on a n  a i r p l a n e  
s t r u c t u r e  v a r y  w i t h  d e f l e c t i o n ,  v e l o c i t y ,  and  a c c e l e r a t i o n  o f  
t h e  s t r u c t u r e ,  and t h e  l a n d i n g  r e a c t i o n s  v a r y  w i t h  t i m e  i n  a 
manner which  i s  d e t e r m i n e d  by e x p e r i m e n t .  I n  t h e  c a s e  where 
t h e  e x t e r n a l  f o r c e s  a r e  l a n d i n g  r e a c t i o n s  assumed t o  b e  g i v o n  
f u n c t i o n s  o f  t i m e ,  t h e  e q u a t i o n s  g o v e r n i n g  t h e  r e s p o n s e  a r e  

T h i s  i s  t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  undamped mo- 
t i o n  o f  a s i m p l e  o s c i l l a t o r  o f  mass M.J and n a t u r a l  f r e q u e n c y  
W j ,  which i s  unde r  t h s  i n f l u e n c e  o f  a n  a r b i t r a r y  f o r c i n g  
impulse  Q j ( t ) ,  

I f  Qj(t) i s  a u n i t  s t e p  f u n c t i o n  l ( t ) ,  t h e  r e s F o n s e  
which i s  c a l l e d  t h e  i n d i c i a 1  a d m i t t a n c e  ( r e f e r e n c e s  3 

‘j 
and 4) i s  

A ( t )  = (1 - c o s  w j  t )  l ( t )  ( 1-91 
M j  w j a  
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The r e s p o n s e  q j  t o  any a r b i t r a r y  f o r c i n g  impulse Qj(r)  
may be  w r i t t e n  by t h e  s u p e r p o s i t i o n  theorem as 

t 
(1-10) 

7 i s  a v a r i a b l e  o f  i n t e g r a t i o n .  

When t h i s  i n t e g r a t i o n  w i t h  r e s p e c t  t o  7 i s  c a r r i e d  out 
between t h e  l i m i t s  0 and  t ,  a f u n c t i o n  o f  t i m e  r e s u l t s  
which i s  t h e  t i m e  h i s t o r y  o f  t h e  d e f o r m a t i o n  o f  t h e  j t h  mode. 
The s t r e s s  a t  any  p o i n t  i n  t h e  s t r u c t u r e  i n  t h e  j t h  mode i s  
p r o p o r t i o n a l  t o  t h e  d e f o r m a t i o n  o f  t h e  j t h  mode, 

When t h e  c o n s t a n t  A ( j )  i s  p r o p e r l y  c h o s e n ,  e q u a t i o n  (1-11)  
y i e l d s  t h e  s t r e s s  t i m e  h i s t o r y  o f  some p a r t i c u l a r  p o i n t  i n  
t h e  s t r u c t u r e  c a u s e d  b y  t h e  d e f o r m a t i o n  of  t h e  j t h  m o d e .  
The s t r e s s  s (j) i n  t h e  j t h  mode a t  t h e  k t h  wing s t a t i o n  
may be w r i t t e n  a s  

The  t o t a l  s t r e s s  a t  t h e  k t h  wing s t a t i o n  f o r  n modes i s  
o b t a i n e d  by s u p e r p o s i t i o n  as 

F_ 

i = i  

Note  on t h e  Computat ion o f  M j  f o r  t h e  Wing 

(1-13)  

From e q u a t i o n  (1-3) 

M j  = 1 [m(J)-J2drn 
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For t h e  c a s e  o f  t h e  wing, t h e  m o d e  shape is c o n v e n i e n t l y  de- 
s c r i b e d  b y  c o n s i d e r i n g  t h e  w i n g  d e f o r m a t i o n  t o  'be made up o f  
a bending of t h e  e l a s t i c  axis, and a t w i s t i n g  about  t h e  
e l a s t i c  a x i s .  C o n s i d e r i n g  t h e  wing t o  b e  d i v i d e d  into k 
spanwise  s t a t i o n s ,  t h e  normal f u n c t i o n  describing any p o i n t  
o n  the  chord o f  t h e  k t h  s t a t i o n  i s  ( s e e  f i g .  1-11 

(1-14) 

Bigure 1-1 

I n  f i g u r e  1-1 p o s i t i v e  bend ing  d e f l e c t i o n s  a r e  downward a n d  
p o s i t i v e  p i t c h i n g  d e f l e c t i o n s  a r e  s t a l l i n g .  

U s i n g  e q u a t i o n s  (1-3) and  (1-12), thB f o l l o w i n g  equa- 
t i o n s  may be  w r i t t e n  

i 

Note on t h e  Computa t ion  of  t h e  G e n e r a l i z e d  F o r c e  Q j  

F j W  
From e q u a t i o n  (1-7) 

Q q  = - 
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I I f  t h e  e x t e r n a l  f o r c e  F ( t )  i e  a l a n d i n g  r e a c t i o n  oonsid-  
e r e d  t o  be a p p l i e d  a t  one p o i n t  t o  t h e  wing s t r u c t u r e ,  t h e  
v i r t u a l  work may be w r i t t e n  as 

where gp i s  t h e  v a l u e  of  z i n  the d i r e c t i o n  o f  t h e  ap- 
p l i e d  f o r c e  e v a l u a t e d  a t  t h e  p o i n t  8 ,  t h e  p o i n t  of a p p l i -  
c a t i o n  o f  t h e  l a n d i n g  force. 

I Prom e q u a t i o n  (1-1) 

where 0';) 
o f  a p p l i c a t i o n  o f  t h e  f o r c e  F. 

i s  t h e  normal  f u n c t i o n  e v a l u a t e d  at the  p o i n t  

Then 

(1-16)  

The f a c t o r  +(i) i s  a measure o f  t h e  c o n t r i b u t i o n  of 

t h e  e x t e r n a l  force t o  t h e  g e n e r a l i z e d  f o r c e  i n  t h e  j t h  mode. 
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A P P E N D I X  I 1  

A N A L Y S I S  OF T H E  H O T I O N  OF A SYSTEM C O N S I S T I N G  OF TWO S P R I N G -  

CONNECTED MASSES E X C I T E D  BY A N  A R B I T R A R Y  FORCE 

Figure 11-1 

I t  i s  shown b e l o w  t h a t  t h e  m o t i o n s  o f  t h e  mass m a r e  
g i v e n  b y  a s u p e r p o s i t i o n  o f  t h e  mot ion  o f  t h e  c e n t e r  o f  
g r a v i t y  o f  t h e  s y s t e m ,  and t h e  mot ion  o f  a s i m p l e  o s c i l l a t o r  
which w i l l  b e  d e f i n e d .  Denote by X I ,  3 2  t h e  c o o r d i n a t e s  
o f  t h e  masses M a n d  in. 

The d i f f e r e n t i a l  equa t ions  d e f i n i n g  t h e  mot ion  a r e :  

m x z  - k ( x ,  - x z >  = 0 (11-2) 

The motion  o f  t h e  c e n t e r  o f  g r a v i t y  o f  t h e  sys tem i s  d e -  
t e rmined  f i r s t .  Adding e q u a t i o n s  (11-1)  and  (11-2) g i v e s  

ME, + m x z  = F ( t )  

Let  qo b o  t h e  d i s p l a c e m e n t  o f  t h e  c e n t e r  o f  g r a v i t y  o f  
t h e  sys t em 
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Hence 

5 0  

i s  t h e  d i f f e r e n t i a l  e q u a t i o o  Oefii i ir ig ths niot ion o f  t h e  tea- 
t e r  of gravity of t h e  sys tem.  

The motion  of  t h e  mass m r e l a t i v e  t o  t h z  c e n t e r  o f  
g r a v i t y  o f  t h e  system i s  de t e rmined  n e x t .  

M u l t i p l y i n g  e q u a t i o n s  (11-1) and (11-2) by rn and M, 
r e e p e c t i v e l y ,  and s u b t r a c t i n g ,  the f o l l o w i n g  e q u a t i o n  i s  ob- 
t a i n e d  

Mm(E, - g 2 )  + k(M + m)(x, - x 2 )  = m F ( t )  

and  s u b s t i t u t i n g  

which r e p r e s e n t s  t h e  mot ion  of m r e l a t i v e  t o  t h e  c e n t e r  o f  
g r a v i t y ;  t h e  d i f f e r e n t i a l  e q u a t i o n  may be r e w r i t t e n  a s  

8 

m + M  q1 = F(t) m - ( m  + M) ;il + k( M M ) 
L e t  

M~ = 3 (m + M) M 

(11-4)  

(XI-5) 

T h i s  i s  t h e  d i f f e r e n t i a l ' e q u a t i o n  d e f i n i n g  t h e  m o t i o n  o f  m 
r e l a t i v e  t o  t h e  c e n t e r  o f  g r a v i t y  of t h e  s y s t e m .  I t  i s  a l s o  
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t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  a s i m p l e  o s c i l l a t o r .  ( S e e  f i g .  
11-2.) 

0 

Figure 11-2 

The a c t u a l  d i s p l z c e m e n t s  Z, and  m a y  be d e r i v e d  by 
s o l v i n g  f o r  X,, X,. 

From t h e  r e l a t i o n s  

nay  be found  
m 

x1 = 9.0 + 3 91 

The motion may be c o n s i d e r e d  as t h e  s u p e r p o s i t i o n  of two 
c o n f i g u r a t i o n s ,  one  d e f i n e d  by q,, a r i g i d  mot ion  o f  t h e  
system, t h e  o t h e r  d e f i n e d  by q1 r e p r e s e n t s  a c o n f i g u r a t i o n  
i n  which t h e  c e n t e r  o f  g r a v i t y  r e m a i n s  f i x e d  w h i l e  t h e  masses  
H and m m o v e  i n  o p p o s i t e  p h a s e  w i t h  a m p l i t u d e s  i n v e r s e l y  
p r o p o r t i o n a l  t o  t h e i r  masses .  The e q u i v a l e n t  sys tem of f i g -  
u r e  11-2 r e p r e s e n t s  t h e  rnotion i n  t h e  l a t t e r  c o n f i g u r a t i o n .  
I t  w i l l  be n o t e d  t h a t  t h e  g e n e r a l i z e d  mass M1 may be d e r i v e d  
q u i t e  e imply  by c o n s i d e r i n g  t h e  k i n e t i c  energy T i n  t h e  
c o r r e s p o n d i n g  c o n f i g u r a t i o n  
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o r  

Equat ing  t h i s  t o  t h e  k i n e t i c  energy o f  the e q u i v a l e n t  o s c i l -  
l a t i o n  

1 2 

2 
T = - W, i1 

t h e r e  i s  found 
m 
M M, = - (m + N) 

S i m i l a r l y  Q , ( t )  
F ( t )  
Q1 in t h e  e q u i v a l e n t  system. 

may b e  d e r i v e d  by e q u a t i n g  t h e  work none by 
in t h e  c o r r e s p o n d i n g  c o n f i g u r a t i o n  and t h e  work done by 

Henco 
I 

m 
= F(t) 

? 

APPENDIX I11 

TRANSIENTS IN A PRISMATIC BEAN SIMPLY SUPPORTED AT THE ENDS 

WITE A FORCE APPLIED AT THE CENTER 
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The n a t u r a l  mode s h a p e s  and f r e q u e n c i e s  o f  a s imply  sup- 
p o r t e d  beam w i t h  c o n s t a n t  c r o s s  s e c t i o n  may be shown t o  b e :  

(111-1)  

(111-2)  

where 

3 m o d u l u s  o f  e l a s t i c i t y  

I moment o f  i n e r t i a  

m a s s  p e r  u n i t  volume P 

A c r o s s - s e c t i o n a l  a r e a  

1 l e n g t h  

From e q u a t i o n  (1-1)  of a p p e n d i x  I ,  t h e  d i s p l a c e m e n t  o f  a n y ,  
p o i n t  on t h e  beam may be w r i t t e n  a s  

(111-3)  

i = o  i-1 

From e q u a t i o n  (1.10) o f  a p p e n d i x  I ,  t h e  g e n e r a l i z e d  c o o r d i n a t e  
qi i s  e x p r e s s e d  by 

L 

(111-4)  

where 
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(111-6) 

m 

i.n 
2 

s i n  - s i n  F(T) s i n  Wi ( t  - T)dT(111c7) 
0 

Whsn F ( T )  i s  a u n i t  s t e p ,  t h e  r e s p o n s e  is : '  

When F(7) 
by a t i m e  d i f f e r e n t i a t i o n  o f  e q u a t i o n  (111-8). The r e s p o n s e  
t o  a u n i t  impulse i s :  

i s  a u n i t  impulse ( l ) ,  t h e  r e s p o n s e  i s  o b t a i n e d  

2 
S i n c e  

b e i n g  s u b j e c t e d  t o  Q u n i t  s t e p  f o r c e  i s ,  

M = -E1 2, the moment i n  t h e  beam a t  a n y  time a f t o r  
adxa 

Tho moment i n  t h e  beam a t  any t i m e  a f t e r  b e i n g  s u b j e c t e d  t o  a 
u n i t  i m p u l s e  i s ,  

v a n i s h i n g l y  small i n t e r v a l  o f  t i m e  i n  such a way t h a t  t h e  
t i n e  i n t e g r a l  J F ( 7 )  d T  = 1 ( r e f e r e n c e  4 ) .  

( ' ) a  u n i t  impulse i s  an i n f i n i t e  f o r c e  a p p l i e d  d u r i n g  a 

I 
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W 

M = ii 4 I s i n  - in s i n  - inx s i n  ai t 
l 2 1 

i=1 

(111-11) 

The s h e a r  i n  t h e  beam at  any t i m e  a s t e r  b e i n g  s u b j e c t e d  t o  a 
u n i t  s t e p  f o r c e  i s ,  

c o s  - i n x  (1 - c o s  w i  t )  (111-12) - = Z  aM  1 - - i n -  1 i n  
ax i 2 1 

i=1 

The s h e a r  i n  t h e  beam a t  any t i m e  a f t e r  b e i n g  s u b j e c t e d  t o  a 
u n i t  i m p u l s e  i s ,  

I 

(111-13) 

A s t u d y  o f  e q u a t i o n s  (111-lo), ( 1 1 1 - l l ) ,  ( 1 1 1 - 1 2 ) ,  and (111-13) 
i n d i c a t e s  t h e  s h o r t c o m i n g s  o f  t h e  p r o c e d u r e  when a d d i n g  con- 
t r i b u t i o n s  o f  each  o f  t h e  modes t o  moment and  s h e a r  f o r  a 
simple p r i s m a t i c  beam w i t h  a f o r c e  a t  t h e  c e n t e r .  T h i s  i s  
i l l u s t r a t e d  i n  t a b l e  111-1. L i m i t a t i o n s  o f  a s imilar  n a t u r e  
a r e  e n c o u n t e r e d  i n  a l l  problems where t h e  mot ion  i s  d e s c r i b e d  
as  a s u p e r p o s i t i o n  o f  modes. 

TABLE 111-1 

UNIT STEP 

P e r c e n t  o f  1st mode 

Moment 
1 s t  mode 
2nd mode 
3 r d  mode 
4 t h  mode 

' Shea r  
1st  mode 
2nd mode 
3 r d  mode 
4 t h  mode 

1 0 0  
11.1 

4 
2.04 

100 
33.3 
20 
14.3 

UNIT IMPULSE 

I P e r c e n t  o f  1 s t  modc 

Moment 
1 s t  mode 
2nd mode 
3 r d  mode 
4 t h  mode 

Shear 
1 s t  mode 
2nd mode 
3 r d  mode 
4 t h  mode 

1 0 0  
100 
1 0 0  
100  

100  
300 ' 

500 
700 
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