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SPECTRA AND DIFFUSION IN A ROUND TURBULENT JET' 
By STANLEY CORRSIN and MAHINDER S. UBEROI 

SUMMARY 

In a round tubulent jet at room temperature, measurement 
of the shear correlation coejicient as a function of frequency 
(through band-passJLters) has given a rather direct verijication 
of Kolmogoroff's locaGisotropy hypothesis. 

One-dimensional power spectra of velocity and temperature 
fluctuations, m~asured i n  unheated and heated jets, respectively, 
have been contrasted. Under the same conditions, the two cor- 
responding transverse correlation functions have been measured 
and compared. 

Finally, measurements have been made of the mean thermal 
wakes behind local (line) heat sources i n  the unheated turbulent 
jet, and the order of magnitw,de of the temperature Jluctuations 
has been determined. 

INTRODUCTION 

At the present time there apparently exists no statistical 
theory of turbulent shear flow. One significant theoretical 
consideration has been proposed: The hypothesis of local 
isotropy, originated by Kolmogoroff (references I and 2). 
Kolrnogoroff has suggested that the fine structure in turbu- 
lent shear flow may be isotropic; recent experiments of 
Townsend (references 3 and 4) in a turbulent wake seem to 
verify this hypothesis. 

I n  view of this situation, the various experimental re- 
searches in the field follow two courses: First, they attempt 
to verify or disprove local isotropy; second, they try in all 
conceivable ways to make measurements that may shed light 
upon the basic nature of the turbulent shear flow, so that the 
foundations for a successful theory can be laid. 

During recent years it has become evident that measure- 
ments of the intensity of turbulence alone cannot provide 
s f ic ient  information about the statistical and dynamical 
properties of the flow fields. Such quantities as correlations, 
spectra, probability densities, the various terms in the turbu- 
lent kinetic-energy balance, and so forth may be expected to 
reveal many essential features of the problem. 

The types of turbulent shear flow that .have come under 
close experimental scrutiny are the boundary layer (references 
5 and 6), the plane channel (reference 7),  the plane wake 
(references 3 and 4), the plane single free-mixing region 
(reference 8), and the round jet (references 9 and 10). The 
present work is a continuation of that reported in references 
9 and 10. 

The general objectives of this investigation have been to 
learn something more about the flow in a fully developed 
round turbulent jet and about the heat transfer in such a 
flow. The work reported here has fallen into three phases: 

(a) An attempt to establish the presence or absence of local 
isotropy, (b) a comparison of velocity- and temperature- 
fluctuation fields when the over-all boundary conditions on 
mean velocity and temperature are effectively the same, and 
(c) a study of the diffusion of heat from a local (line) source 
in the turbulent flow. 

The only specific experimental verification of local isotropy 
in a turbulent shear flow to date was by Townsend in the 
plane wake behind a circular rod (references 3 and 4). He 
found that the skewness and flattening factors of the prob- 
ability density of bulbt in the shear flow are very closely 
equal to those in the (effectively isotropic) turbulence far 
behind a grid. Since differentiation emphasizes the higher 
frequencies, his measurement shows, in essence, that the 
values of certain statistical quantities related to the smaller 
eddies in a shear flow are the same as the values for the smaller 
eddies in isotropic turbulence. He also found the microscale 
of u in the stream direction to be nearly ,% times the micro- 
scale of v in that direction, a relation which is exactly true 
for isotropic turbulence. 

Until recently, only mean-velocity and mean-temperature 
distributions were measured to provide a comparison of the 
transfer rates of momentum and of heat in turbulent shear 
flows with over-all heat transfer. The previous report in this 
round-jet investigation (reference 10) included a beginning on 
the problem of direct comparison of the velocity and tempera- 
ture fluctuations as well as some measurements of velocity- 
temperature correlations. The fluctuations in a warm 
turbulent wake have been studied by Townsend (reference 
11). 

Up to the present time, however, there appears still to be no 
successful hypothesis to account for the well-known fact that 
heat (and other scalar quantities, like material) is diffused 
more rapidly than momentum in a turbulent flow. Thus, 
more detailed study of the fluctuations seemed in order. 

The h s t  real analysis on the diffusive property (for scalar 
quantities) of a homogeneous turbulent field was Taylor's 
well-known work "Diffusion by Continuous Movements" 
(reference 12). 

The mean thermal wake behind a line source of heat in a 
flowing isotropic turbulence has been carefully measured by 
Schubauer (reference 13) in the region close to the source, and 
by Simmons (measurements reported in reference 14) over an 
extended range. Taylor's theory of diffusion by continuous 
movements is directly applicable to the diffusion from a line 
source of heat in a homogeneous turbulent field, and he has 

1 Supersedes NACA TN 2124, "Spectrums and Diffusion in a Round Turbulent Jet" by 
Stanley Corrsin and Mahinder 6. Uberoi, 1950. 
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made a generalization to permit application of the method in 
a decaying isotropic turbulence (reference 14). 

I n  a turbulent shear flow, thc only published measuremcnts 
of the thermal wake of a local source seem to be those of 
Slwamstad and Schubauer in a turbulent boundary layer.2 
These were reported by the experimenters (reference 15) and 
by Dryden (reference 16). The temperature distribution 
across the wake in shear flow is decidedly slrew. On the other 
hand, in the isotropic turbulence, i t  is to all intents and pur- 
poses a Gaussian curve. Of course, in a homogeneous field 
this curve (measured close enough to the source so that  the 
Lagrangian correlation coefficient is still effectively unity) is 
simply the probability density of the lateral velocity fluctua- 
tions. This relation may be roughly true for shear flow as 
well, in which case the contrasting results mentioned above 
would mean that the probability density of v(t) is slrew in 
shear flow, but Gaussian in  decaying isotropic turbulence. 

No measurements had been made of the fluctuations in 
these thermal wakes, and it  was felt that  some information on 
the nature of these might help further a general under- 
standing of the diffusive process. 

This investigation was conducted a t  the Aeronautics 
Department of The Johns Hoplrins University under the 
sponsorship ancl with the financial assistance of the National 
Advisory Committee for Aeronautics. The authors would 
like to aclrnowledge many stimulating conversations with 
Dr. L. S. G. Kovitsznay, and to thanlr Dr.  F. H. Clauser for 
his helpful criticism. Donation of the hot-jet unit by Dr .  C. 
B. Millilran, Director of the Guggenheim Aeronautical 
Laboratory a t  the California Institute of Technology, is 
greatly appreciated. Mr. Philip Lebowitz helped to set up 
much of the laboratory equipment. 

' SYMBOLS 

d diameter of orifice (1 in.) 
x axial distance from orifice 

radial distance from jet axis 
axial component of mean velocity 
radial component of mean velocity 
tangential component of mean velocity 
maximum a t  a cross section (on axis) 
axial component of instantaneous velocity 

fluctuation 
radial component of instantaneous velocity 

fluctuation 
tangential component of instantaneous veloc- 

ity fluctuation 

instantaneous temperature difference (meas- 
ured above room temperature as reference) 

mean temperature difl'erence (measured above 
room temperature as  reference) 

a Wiephardt has recently measured thr diffusion of hent from a local source in a turbulcuf 
boundary layer (reference 17), hut his source was flush with the solid surfnee nnd thus he was 
studying a different prohlem, that is, one more directly related to micrometeorological 
conditions. 

maximum mean temperature difference a t  a 
cross section 

maximum mean temperature in jet a t  orifice 
instantaneous t e m p e r a t u r e  f l u c t u a t i o n  

(d=8-5) 

time 
voltage fluctuation 
sensitivity of a diagonal hot-wire to u and 

to v, respectively 
shear correlation coefficient (G/ufv') 
instantaneous contributions of u(t) and v(t), 

respectively, in a narrow frequency band 
of nominal frequency n ;  in a Fourier series 
discussion, the n th  harmonic of periodic 
u(t) and v(t), respectively 

shear correlation coefficient for a narrow band 
of frequencies (uTi/un'vnl); this function 
is referred to as the "shear-correlation 
spectrum" or, briefly, the "shear spectrum" 

phase angles 

in Fourier series analysis, ,~.-a.'/$ an2, 
I ' 

where a, and b, are Fourier 

series cdefficients 
cyclic frequency in general; in particular, 

magnitude of radial coordinate in three- 
dimensional frequency space 

cyclic frequency of one-dimensional spectra 
of u(t) and 9(t) 

wave-number magnitude for three-dimen- 
sional spectra ( 2 ~ n / n )  

wave-number magnitude for one-dimensional 
spectra (2an lm)  

a reference constant with dimensions of wave 
numbers 

one-dimensional power spectrum of u(t) in 
terms of wave number 

one-rlimensional power spectrum of u(t) in 
terms of frequency 

three-dimensional power spectrum of velocity 
fluctuation 

one-dimensional power spectrum of @(t) in 
terms of wave number 

one-dimensional power spectrum of d(t) in 
terms of frequency 

three-dimensional power spectrum of tem- 
perature fluctuation 

transverse correlation function of u mea.sured 
symmetrically about jet axis (C&,/G) 

longitudinal correlation function of u 
transverse correlation function of 79 measured -- 

symmetrically about jet axis (d1d2/d2) 
longitudinal scale of u-fluctuations 
longitudinal scale of @-fluctuations 
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lateral scale of u-fluctuations 
lateral scale of 8-fluctuations 
longitudinal microscale of u-fluctuations 
lateral microscale of u-fluctuations 
lateral microscale of 8-fluctuations 
longitudinal microscale of 8-fluctuations 
distance downstream from local heat source 

in x-direction 
lateral distance, perpendicular to source line, 

from local heat source 
dimensionless temperature ratio (jbm,) 

standard deviation of mean-temperature dis- 
tribution in wake behind local heat source 

pulse spacing 
pulse height 
pulse width 

EQUIPMENT 

AERODYNAMIC EQUIPMENT 

The 1-inch hot-jct unit is shown schcmaticall~v in figure 1. 
The centrifugal blower is driven by a :i-horsepower direct- 
rurrent motor. Heat is added through two double banks 
of coils of No. 16 Nichrome wire. As can be seen in the 
sketch, a good part of the heated air is directed around the 
outside of the jet-air pipe in order to maintain a flat initial 
temperature distribution in the jet. A vacuum-cleaner 
blower is used to help the air tllrough this secondary 
heating annulus, and this warm air is fed back into the intake 
of the main blower. 

The section of relatively high velocity between heaters and 
final pressure box permits adequate mixing behind the grid, 
to insure thermally homogeneous initial jet air. 

Figure 2 is a photograph of the unit as sot up previously 
(reference 10); the present arrangement is essentially the 
same. 

All turbulence measurements were made with an initial 

Jef- , 

Cenfrifugol blower - . 

Screen, 30-mesh - :I, 

. -Cenfrifuqol blower 

I , -Screen, 30-mesh 
' I  - -Heaf/no coils 

Diffuser-' ' -Gr id ,  %-inch - diem. r o d s  
on - ;n. c's 

jet total head in the range from 3.5 to 5.0 inches of water. 
In  free turbulent flows there is no detectable effect of jet 
Reynolds number over a much wider range of Reynolds 
numbers than this. 

When the jet was run unheated, there was a slight temper- 
ature rise through the blower and duct. In the measure- 
ments of thermal wake behind a local heat source, correction 
for this ambient-temperature field was necessary. For all 
hot runs, the orifice air temperature was very close to 200° 
C, about 175' above room temperature. 

Three different "local heat sources" were used: 
(a) A straight diametrically strung wire of 0.008-inch 

Nichrome 
(b) A 2-inch-diameter Nichrome ring 
(c) A 4-inch-diameter Nichrome ring 

Because of the extremely high turbulence levels encounted 
in a free jet, a measurable thermal wake could only be ob- 
tained by using source temperatures in the range from 300' 
to 700' C. This undoubtedly led to some local buoyancy 
effects, but, even with this order of temperatures, the thermal 
wake was barely detectable 1 inch downstream. 

The Reynolds numbers of these heat-source wires were 
about as follows: 

For straight wire on axis, 
150, based on air temperature 
22, based on wire temperature 

For 2-inch-diameter ring, 
110, based on air temperature 
16, based on wire temperature 

For 4-inch-diameter ring, 
59, based on air temperature 
9, based on wire temperature 

No noticeable additional turbulence was generated by these 
wires, and no average momentum defect could be detected 
with a flattened total-head tubo, even as close as ji inch 
clownstream. 

FIGURE 1.-Schematic diagram of I-inch hot-jet unit. I FIGURE 2.-The jot unit. 
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MEASURING EQUIPMENT 

The measuring instruments used were: Total-head tube, 
Chromel-Alumel thermocouple, and hot-wire anemometer 
(also used as resistance thermometer). 

The hot-wires were nominally 0.000635-centimeter plat- 
inum, about 1.5 millimeters in length, etched from Wollaston 
wire. The etched platinum was soft-soldered to the tips 
of small steel needle supports. A discussion of heat loss 
from a wire at  various ambient temperatures is given in 
appendix A. 

The basic hot-wire-anemometry equipment was purchased 
from Mr. Carl L. Thiele of Altadena, California. One of 
the two identical heating circuits is shown in figure 3. 

The amplifier, with resistance-capacitance compensation 
network, is given in figure 4. The uncompensated gain is 
constant to within f 2 percent over a frequency range from 
3 to 12,000 cycles per second (fig. 5). With the wires and 
operating conditions used (time constants on the order of 
1 millisecond), the over-all compensated response was good 
over the same range. Correct setting of the compensation 
network was determined by superimposing a square wave 
upon the hot-wire bridge (reference 18). Unfortunately, in a 
free turbulent shear flow the ambient disturbance is so great 
(because of the extremely high turbulence levels) that 
calibration cannot be made in the flow to be studied. 

The vacuum-thermocouple signal output was measured 

either with a millivoltmeter or by the average deflection rate 
of a fluxmeter. 

The various spectra reported here were measured with a 
modified General Radio Type 760-A Sound Analyzer 
(reference 19). The changes in output stage (fig. 6) were 
made to eliminate the direct-current component and to 
obtain linear instead of logarithmic response. As modified, 
the sound analyzer had rather undesirable frequency- 
response characteristics, particularly a day-to-day shift in 
relative amplification of the higher-frequency ranges. The 
frequency-response calibration in figure 7 is plotted in terms 
of voltage squared, since this was the quantity ultimately 
measured. 

The frequency pass band for this analyzer is far from the 
optimum rectangular shape. However, the slopes of the two 
sides are sufEciently steep that no appreciable error is 
attributable to noninfinite slopes with the spectra meas- 
ured in this investigation. Figure 8 is an experimentally 
determined band shape. There was fair similarity of band 
shape over the entire frequency range. For computational 
purposes, an equivalent rectangular pass band was defined as 
indicated in the figure. 

The instrument is a type recording constant-percent band 
width, measuring the product of power spectrum times 
frequency. This has obvious advantages in the high- 
frequency range where there is so little turbulent energy. 

Caibrotion signal circuit 
s g  s h  A, 4 Ah - 

Heating circuit / and (2) 
24 volfs (direct currenf) +- ; 

(drecf currenfl, 0 3 
0 4 
0 5 

4 ~ y ,  o b  
-6  

O Z ,  'Y2 O Z z  7 
Bridge circu~t "2, -2, a!/2 0 8 

/O,OOOR, 10 steps /,OOOfl. /O steps 4, ~SA G - 610 -- 011 
p5 

Amplifier selector sw,tch 

0Ak dg 05 
d, .Ak -6 
o T t  or- 07 
S,, Y$ 08 
---s - 0 9  

@ Brass /0-32 b/hd/ng posts 
4 

l0000n Pofentiomeier selector switch 

/xz) ( ~ 2 1  

BP, 
SquOre - wove generafor input circuit 

FIGURE 3.-Control circuits. 



SPECTRA AND DIFFUSION IN A ROUND TURBULENT J E T  

+ To golvonomefer 
or pofentiome fer 

'Thermocouple 

A, 500R, 10 steps; 
voltuqe rofio, 211 per step 

A, zooon, 10 steps 
of POOR each 

Cl 1000,~q~f air condenser 

C, 10 OOOppf decode condense/; 
IOOOppf per step 

@ Brass 10-32 bindinq posfs 

* ' I t  
63 volts (direct 
Sforoge boftery 

Frequency, cps 

F I G U R E  5.-Amplifier frequency response without comgensation. 

Possibly the chief disadvantage of the actual band shape is 
the extremely sharp peak, causing a great deal of fluctuation 
in the output signal, and malring any simple meter-reading 
technique virtually impossible in the low- and medium- 
frequency ranges. Consequently an integrating technique 
was devised, making use of the negligible restoring-torque 
characteristics of a Sensitive Research Co. fluxmeter. The 
integrating technique used is shown schematically in figure 9. 
Actually a bank of vacuum thermocouples was used, and the 
resistances shown are just typical values. The signal put out 
by the thermocouples is a highly fluctuating direct current. 

The bucking circuit was necessitated by the following 
combination of requirements: 

(a) For the lowest frequencies reasonable consistency 
could be obtained only by integrating over periods as long as 
3 minutes. 

(b) Appreciable static bearing friction in the fluxmeter 
demanded more or less continuous motion of the needle. 

(c) The restoring torque of the fluxmeter is no longer 

l n q r 2 7 f i  560k ~ " p f  1 56o)r + 1 
Baffery," 1 

tesf  ,' Phone 
Plug 

(a) Original output circuit. 
(b) Modified output circuit. 

l . ' IGuaE 6.-Modifioation of General Radio Type 760-A Sound Analgzer. 

negligible in the range of very large deflection. Hence it was 
desirable to lreep total deflection to a minimum. 

Thus, most of the average direct-current component of the 
thermocouple signal was bucked out, and the constant buclr- 
ing current was read on a precision microammeter. The 
fluxmeter needle fluctuated more or less about the zero- 
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FIGURE 7.-Response of sound analyzer with modified output circuit. 

Effecfive b o n d  width.. 

/.or 

nlno 
FIGURE 8.-Filtration characteristics of sound analyzer with modified output circuit. A t w  

of rectangle equals area under curve. 

1.5 volts 

?""l 
Sound 10, 00017 

.:analyzer 
1000R 

cuxme fer 

FIGURE 9.-Integrator and bucking circuit. 

deflection point during the time of integration, and its reading 
a t  the end of this time ordinarily gave a small correction on 
the result. 

I n  the highest-frequency range, overload considerations on 
the sound analyzer limited the signal drastically, and only a 
part of the thermocouple direct current was bucked. 

For the determination of average wake temperatures 
behind the local heat sources, the thermocouple voltage was 
measured with a Leeds & Northrup type K-2 potentiometer. 

Oscillograms were talren from a blue oscilloscope tube by 
means of a General Radio Type 651-AE camera, using fast 
film. 

PROCEDURES 

VELOCITY SPECTRUM 

The power (or energy) spectrum of the longitudinal 
velocity fluctuations a t  a point in the unheated jet was 
measured by conventional hot-wire-anemometry technique, 

with a continuously adjustable band-pass filter, as described 
under "Equipment ." 

TEMPERATURE SPECTRUM 

The power spectrum of the temperature fluctuations ill 
the heated jet was measured by using the hot-wire effectively 
as a simple resistance thermometer (reference 20). The 
amplified voltage signal was analyzed exactly as in the 
measurement of velocity spectra. 

SHEAR-CORRELATION SPECTRUM 

For the shear-correlation spectrum, the quantity to be 
measured is the correlation coefficient between a narrow 
frequency band of u-fluctuations and the same narrow fre- 
quency band of v-fluctuations, a t  the same point in the flow 
field. 

The method, for any particular nominal frequency, was 
to pass the various voltage signals (el, ezr el+ez, el-ez) from 
an X-type shear- (or v'-) meter through the band-pass 
filter after amplification. By appropriate combination of 
the mean-square values of these four signals (identical with 
total-shcar measurement), there results 

where the subscript n indicates the narrow band of nominal 
frequency n cycles per second. A justification for the 
validity of this procedure is obtainable by considering the 
two velocity-fluctuation components as periodic functions. 
Of course, this is not a real proof. 

If a symmetrical X-meter is assumed, the two instan- 
taneous voltage signals are 

For periodic fluctuations, 

Q 

u = C a ,  cos (2rnt4-6,) 
n=1 

v = C  b ,  cos (2mt+$,) 
n = l  

In this simple case, the correlation coefficient for any spectral 
line is merely 

nRuu=co~ ($n-$n) (3) 

If equations (2) are substituted into equations (I) ,  it  is 
easily shown that 

- - 

in complete analogy to the conventional method for measur- 
ing li,, with an X-meter. The algebraic details are given 
in appendix B. 

When the rneter is not perfectly symmetrical (oll#olz; 
p1 # P2), the formal processes, both algebraic and experi- 
mental, become excessively involved. Consequently, in 
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actual practice the effect of unavoidnblr unsynlmctry in the 
X-meter was essentially nullifir3tl by taking double sets of 
readings a t  each frequency, rotating the instrument 180' 
about the axis of flow direction between sets. 

VELOCITY CORRELATION FUNCTION 

The clouble corrclation R, between longitudinal velocity 
fluctuation a t  pairs of points on opposite sides of the jet 
axis was measured only in the unheated jet. Hence the 
standard hot-wire-anemometry technique was used. The 
two hot-wires were always equidistant from the axis (on a 
diameter), so that they were under identical operating 
conditions. 

TEMPERATURE CORRELATION FUNCTION 

hypotht,sis of local isotropy is scen to be verified in a very 
direct way. The value of thc directly mclasured total-shear 
correlation coefficient R,,=?E/u'v' is indicated in the figure. 

VELOCITY AND TEMPERATURE SPECTRA 

The one-dimensional power spectrum Fl(kl) of the longi- 
tudinal vcloc~ity fluctuations u(t) was measuretl a t  two radial 
positions in the unheated jet a t  x/d=20. Figure 11 gives the 
two spectra, one measured on the axis and one measured a t  
about the maximum-shear location. Plotted against wave 
number (kl =2rnlTu), the two spectra are identical within 
the experimental scatter. The solid line drawn as approxi- 
mation to the points is made up as follows: 

(a) For 0<k1<1.25, i t  is y o n  Ktirmtin's semiempirical 
formula (reference 2 1 : 

I n  the hot jet, the wircs traversing symmetrically as for 
R, were operated as simple resistance thermometers, so that 
the double temperature ~orrelat~ion S, could be determined 
directly. 

MEAN TEMPERAT,URES BEHIND LOCAL SOURCE 

To  determine mean temperatures behind a local source, 
traverses were made with a Chromel-Alumel thermocouple, 
whose voltage was measured with a Leeds & Northrup type 
K-2 potentiometer. 

TEMPERATURE FLUCTUATIONS BEHIND LOCAL SOURCES 

To  determine temperature fluctuations behind local 
sources, the fine platinum wire was operated a t  small cur- 
rents, so that  it  worked essentially as  a resistance thermom- 
eter. 

EXPERIMENTAL RESULTS 

Mean-velocity and mean-temperature distributions for 
various orifice te,mperatures are presented in reference 10. 

SHEAR-CORRELATION SPECTRUM 

The spectrum of shear correlation coefficients .nu,= 
u,v, lu, 'v , '  was measured in the unheated jet a t  x/d=20 a t  
a radial station corre,sponding to maximum shcar a t  this, 
cross section. Figure 10 shows quite definitely that  nR,,(r~) 
is a function decreasing monotonically to zero. Thus, the 

.I" 

4 

n,, cps 
FIGITRE 10.-Variation of shear correlation coefficient .Rue with frequency. Round turbulent 

jet. z/d=20: 8=270 centimeters per second. 

971526-52-2 

Fl - == Constant (3 [ (:J3"" (5) l +  -! 

(b) For k1>1.25, a nonanalytical curve has been faired in 

- 
$ 

U I 1 i 1 l l l l l  I  I I  l u l l 1  

/o-;o-l 1 0  
/OL /OF 

Wave number, kl = 2 ~ n . ~ / U ,  cm-1 

P l G n R E  11.-One-dimensional power spectra oIu(t) measuredin 1-inch unhrsted jet atr/d=20. 
Computed scales: L,=3.3 centimeters for both stations. X.=0.31 centimctr~. tor both 
stations. 
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Thc Von KBrmdn csprrssion was used primarily to 
sinlplify thc problcm of extrapolation to kl=O and to shortcn 
the work of transformation to three-dimensional spcctra. 
(See "Velocity and Temperature Spectra" under "Analysis 
of Results.") 

The i~orrcsponding one-tlimcnsional powcr spcctra of 
temperature fluctuations G,(k,) were measured in the heatctl 
jet (&=170° C) a t  ~ / d = 2 0 .  One spectrum is on the jet axis; 
one is a t  about the radial station of maximum heat transfer 
(and shear). From figure 12, it  can be seen that  they differ 
noticeably in the high-frequency range, but are essentially 
identical in the low- and moderate-frequency ranges. The 
curves used to approximate the experimental points are as 
follows: On the axis-the Von KBrmLn formula is used over 
the entire range. At  the maximum-heat-transfer point- 

(a) For 0<kl<1.0, the Von KBrmBn formula is used 
(b) For kl>l.O, a nonanalytical curve has been faired in 
Figures 13 and 14 contrast velocity spectra with tempera- 

ture spectra a t  corresponding radial stations. 

TRANSVERSE CORRELATION FUNCTIONS 

Thc doublc correlation function R,=u,u,/u,'u,', measured 
symmetrically about the axis a t  x/d=20 in the unheated jet, 
is plottecl in figure 15. Of course, since the wires are in 
identical flow conditions, u1'=u2'=uf (say), and R,=u-E. 

The doublc correlation function S,=g,lp,/6,'6,' in the 
heated jet a t  s/d=20 is plottecl in figure 16. Since this was 
also measured symmetrically, S,==,F, where 6,'= &'= 6' 
(say). 

Clearly, the range of measurable temperature correlation 
exceeds the range of measurable velocity correlation by an 
amount greater than can be attributed simply to the fact 
that  the hot jet is wider than the unheated jet (reference 10). 

MEAN THERMAL'.WAKESLBEHIND-LOCACHEAT SOURCES 

Typical radial distributions of average temperature behind 
a straight (diametrical) wire, a 2-inch-diameter ring, and a 
4-inch-diameter ring a t  x/d=20 in the unheated jet are 
shown in figures 17, 18, and 19, respectively. The points in 
these figures are not direct cxpcrimental points, but merely 

I ~ I O I T R E  12.-One-dimensional power spectra of d ( t )  melsured in I-inch heated jet nt z!d=20.  

Computed scales: ~,-:0,(0)=2.18 centimeters for both stations. 

,- 
Wave number, kl = 2nnl/@, cmel 

Prr.rTnE 13.-One-dimensional spectra oi 7dt) and 9( t )  on ahis of 1-inch jet at r/d=20. 
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serve to indicate tlic faired results for clifferent distances 
downstream. All these have been corrected for the Drr- 
viously mentioned small ambient-temperature field in the 
unheated jet. Therc was rather large scatter (illustrated 
only in fig. 20) due to the small temperature differences 
measured and to the extremely large degree of fluctuation 
present. The 4-inch ring is slightly outside of the fully tur- 
bulent jet core (reference 9);  consequently the results for 
this case arc riot of direct interest in a study of fully clevclopetl 
turbulence. The figures show that each of the thermal 
wakes possesses similarity well within the accuracy of 
measurement. 

All of the thermal wakes spread linearly in the measured 
range (figs. 21, 22, and 23): From Taylor's theory of diffu- 
sion by continuous movements, this simply indicates thnt, 
for the maximum downstream station studied, the Lagran- 
gian correlation coefficient of the v-fluctuations has still not 
departed appreciably from unity. 

For a straight-line source a t  the jet axis, because of con- 

FIGURE 14.-One-dimensional power spectra of % ( t )  and #@) in ma\imum-shear region 111 
1-inch jet a t  r/d=M. 

I'IOITIIB 15.- Symmetric transrr~.sc corlrlation of u, mc!lsnrrd about asis a t  s/d=20-in 1-inch 

unheated j<%. I Z , = = / ~ .  

I . 1 L- I 

I 2 3 4 5 
Ac ~n. 

lilGu%e 1G.-Sylnnletric trsllsversc ourrolution 01 8 ,  measured at sld=20 in 1-inch heiitrd jet. 

s " = ~ , ' ~ .  

FIGURE 17.-Similarity of temperature behind line source of heat on jet axis a t  z/d=20 in  

unheated jct. ,',=,'at which;=b,.,. 
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I F l a n n E  21.-Spmd of heat fl.om a line sourre in center of unhealed jet. r/d=20. 

r,=r s t  ~vhich 8=; 

BIGIJI~E 18.-Similarity of temperatme distribution behind Zinch-diameter-ring source of I 
heat in unheated jet a t  zld=20. h, Tz=f a t  which 

I 

FIGURE 19.-Similarity of temperature behind 4-inch-diameter-ring source of heat in unheated 

jet 3t z/d=20. fa, r z= r  nt which i)=$,.,. 

ci-- / I I 

-25 0 .25 .50 .75 / 00 
0 

t, m. 
FIGURE 22.-Spread of heat from 2-inch-diameter-ring source in unheated jet. sld=20. 

{I, f = f  s t  which T=: r-.,.,. 
I 

servation of heat, it follows immediately from similarity and 
linear spread that the maximum temperature at a cross 
section in the wake emax must decrease hyperbolically with 
increasing downstream distance. Let B / e m o z = @ ( ? I ) ,  where 
rl=c/6 and 6 is some characteristic width of the walie, for 
csample, tho 5. at which @ = ) h ;  conservation of heat gives 

I 

Jm Bd c= Constant (6) 

where the mean-velocity changes are neglected. Then, 

'\ 

. . -. -- ----_ 

4 .A 

.5 

.4 

c 
-: .3- 
hW 

F l o ~  RE 20.-Experimental scattel'; temperature behind linr source of heat on jet axis. E =  1.2i 
centimeters; z/d=~O. I 

71'5 0 .25 .50 .75 / 00 
6, in 

F l o u n E  23-Spread of heat Irom 4-inch-diameter-ring source in unheated jet. r!d=20. 

f,, r l=r  at which ?=a im.. . 

- 

- 

.I - 

0 
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TEMPERATURE FLUCTUATIONS BEHIND LOCAL HEAT SOURCE 

where 

11 = Lm @(n) ( in  

Tho sarrlc 1s true of the annular in the range of 2: so 
small that 6<r. 

Single traverses were also made behind a straight-line heat 
source for two other cases: 

(a) With the line source set perpendicular to r a t  a radius 
of 1 inch, a temperature traverse was made in the r-direction, 
a t  .$=fi inch (fig. 24) 

(b) With the line source set on a diametral line, a tern- 
perature traverse was made perpendicular to r a t  a radius of 
1 inch; .$=jh inch (fig. 25) 

As can be anticipated, the temperature fluctuations close 
behind a local heat source arc quite cliffercnt in nature from 
the velocity fluctuations a t  the same point or from the tem- 

the same as in unclisturbecl flow. On the other hand, the 
"turbulent" thermal walce close to the source must br  
simply a very narrow laminar thermal wake which is fluctuat- 
ing in direction as v ( t )  fluctuates. Since all of the fluid out- 
side of this unsteady laminar walre is of constant tempera- 
ture and the temperature fluctuations can only be positive, 
the general character of the oscillogram of 6(t) in figure 26 
is understandable. These records were taken about 3/8 inch 
downstream from tile straight-line heat source, and about 
j{, in& off the wal~e  axis All of the oscillograms were made 
with insu8cient compensation for the hot-wire thermal lag, 
in order to suppress the (high frequency) noise and thus 
permit the basic form of ~ ( t )  to stand out. From these two 
oscillograms of u(t) and check measurements of the turbu- 

perature and velocity fluctuations in a turbulent flow with 
over-all heat transfer. Since a suitable source produces no 
additional t ~ r b u l e n c c , ~  the velocity fluctuations should be 

ProrrRE 24-Temi~ernturc behind line source of heat in urll~oatod jet. r/d=20; €=1/2 ioci~. 
Line source set ~~crpondicular to r at a radius of 1 inch. Traverse made in r-direction. 

1 I 1 I I I I I I 

.4 .3 2 . /  0 . .2 .3 .4 
$ i?. 

FIGaltE 25.-Temperature behind line source of heat in unheatod jot. s/d=20; €=I12 inch. 
Line source set on a diametral line. Traverse mado perpendiculnr to r at a radius of 
l inch. 

3 An ideal source would also produce no average momentum delcct. However, as men. 
tfoned previously, the momentum wakes of the local sources wcrr rciativciy so small as to he 
completely undotectablc as close as ?A iiocii downstroam. 

- 
lence levels for the two cases, i t  appears that the source wire 
has made no appreciable change in the turbulence. 

Measuromcnts of the intensity of the temperature Auctua- 
tions across a section a t  .$=0.4 inch are given in figure 27. 

200 cps -t 
-\\ ,,"."̂  dA\  " "d"ei" " " ' S u r ~ ; , r " A , ~  

9 (t) 
A - - - d - ~ d d - / - 2 ' L - . - - A  

.. l?rGumE 26.-Oscillograms of velocity and temperatutc fluctuations. 

FIGURE 2i.-Trmperaturc fluctuations behind liue source of heat in center of unheated jet. 
z/d=20; €=0.4 inch. 
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In the same vicinity the values of u1/Ti and v'/D are on the 
order of 20 percent. The extremely high values of st/% are 
not surprising since the mean temperature difference is due 
only to the presence of the fluctuation. Since the simple- 
resistance-thermometer theory is based upon the assumption 
of small fluctuations compared with absolute temperature 
(reference 20), it is expected that these measurements are 
about as accurate as the measurements of much lower 3/18 
in the hot jet (reference 10). 

ANALYSIS OF RESULTS 
SHEAR-CORRELATION SPECTRUM 

A very convenient check upon the shear-spectrum measure- 
ments can be gotten by the simple expedient of computing 
the total (or "net") turbulent shear correlation coefficient 
(which was also directly measured) from this spectrum and 
the turbulent-energy spectrum. Again, an elementary 
Fourier series treatment serves to justify (not prove) the 
intuitive idea that the total correlation coefficient R,, is 
simply a weighted average of the .nu, (i. e., the cosines of 
the phase angles), weighted simply by the product of the 
square roots of the energy spectra of u and v. The calcula- 
tion is given in appendix B, and yields the relation 

Unfortunately, 25 cycles per second is the lower limit of 
the measured frequency range, so that some extrapolation 
must be made to lower frequencies which contain much of 
the turbulent energy. Since no theoretical basis yet 
exists to guide this extrapolation (like the Von Khrmhn for- 
mula in the case of energv spectrum), guesses had to be 
be made as to the maximum and minimum of reasonable- 
looking extrapolation curves. These are plotted in figure 28, 
along with the energy spectrum of the u-fluctuations. Since 
no spectrum of the 11-fluctuations was measured, the expres- 
sion actually used for computing Rue is 

The,best ~f the three extrapolations tried (extrapolation @) 
gives R,,=0.46, which is satisfactorily close to the directly 

Computed: Ruu 
Extrapolut;on 0 0.52 

0 .50 
0 .46 

Direct& meusured .44 

.2 - 

I I I 

0 .4 .8 1.2 /.G 20 2.4 2.8 92 96 
Wave number: ki-2nnl/t! cm-' 

FIGURE 28.-Shear spectrum and power spectrum in 1-inch unheated jet at z/d=20 in region 
of maximum shear. 

measured value of 0.44, especially since there is no reason to 
suppose that the spectrum of the v-fluctuations is identical 
with the spectrum of the u-fluctuations, except in the range 
of local isotropy. 

VELOCITY AND TEMPERATURE SPECTRA 

The one-dimensional spectra of velocity and temperature 
fluctuations, as plotted in figures 11 and 12, respectively, are 
area-normalized; that is, they are defined such that 

However, the original measurements were made on an 
absolute-value basis, so that the total fluctuation levels u'lU 
and 6/18 could be used as checks on the spectra. The spectra 
as measured were Ij;*(nl) and C;*(n,), defined such that, 
ideally, 

Integration of Fl* as indicated in equation (12) yielded 
the following: 
On the axis (r= 0), 

(u'/77=0.22, directly measured) 

In  the maximum-sllcar region (r=4.0 cm), 

(u1/U=0.40, directly measured) 

Similar integration of the measured temperature spectrum 
in the heated jet yielded the following: 
On the axis (r=O), 

(6'/8=0.18, directly measured) 

In the maximum-shear region (r=4.8 cm), 

(fir/>= 0.3 6, directly measured) 

On the jet axis, where conventional small-perturbation 
hot-wire theory may still be moderately accurate, the agree- 
ment is satisfactory. 

I t  should be noted in passing that these directly measured 
values of &I/> are appreciably higher than those reported in 
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reference 10. No explanation for this difference is apparent. 
The longitudinal scalc of u-fluctuations is obtainable 

approximately from the power spectrum: 

which follows from the fundamental Fourier trens:'orrrt~- 
tion, 

F l (k , )=2Lw R, cos (k,x) dx (1 5) 

in the limit kl+O. 
An analogous treatment of a temperature-fluctuation feld 

lends to an identical expression for the longitudinal scale of 
6-fluctuations: 

A"=$ Gl(0) (1 6) 

Within the accuracy of measurement, the longitudinal 
scale of u(t) was found to be tho same on the jet axis and in 
the maximum-shear region : 

L,=3.6 centimeters 

The same was true of the longitudinal temperature scales 
in the hot jet: 

A,=2.4 centimeters 

I n  all thcsc computations the measured spectra were 
extrapolated to zero wave number with a parabola, as first 
suggested by Drydcn (reference 22). Approximately the 
same numerical values are obtained with the Von KBrmSLn 
formula illustrated in the do t ted  curves. 

I n  order to compare L, in the unheated jet with A, in the 
heated jet, L, may be multiplied by 1.15, the jet-width ratio 
a t  x/d=20 for these two initial temperatures (reference 10). 
The "corrected" L, is then 4.15 centimeters. 

I t  must be recalled that the Fourier transformation rela- 
tion between time spectrum and space correlation would be 
exactly true only if the t ~ ~ r b u l m t  fluctuations-at a point 
were due to pure rectilinear translation (by U )  of a fixed 
fluctuation pattern. For the free jet flow, the extremely 
high turbulence levels makc such a transformation very 
uncertain. Therefore, equations (14) and (16) (and the re- 
sulting scales) can only be considered as crude approxima- 
tions. 

The longitudinal microscale, 

may also be computed approximately from tlle one-dimen- 
sional power spectrum, by 

(Primes signify differentiation when applied to correlations 
and spectra.) 

Again, an analogous approach to temperature fluctuations 
gives 

Unfortunately, tlle high-frequency ranges of the GI's are 
too unccrtain to permit reasonable extrapolation and the 
use of equation (19), although it  can be seen from figure 13 
that  X,>L,. However, equation (18) has been used to com- 
pute the longitudinal velocity microscale. Figure 29 is a 
plot of the integrand of equation (18). The integration 
and appropriate computation give 

X,=0.44 centimeter 

and the same value for both radial positions. 
Since the turbulence on the axis of such a jet seems to 

be rather isotropic (the experimental evidence is that == 0 and u' = v') , the lateral microscale 

is of tho order of A,/ 42; that  is, 

X = 0.3 1 centimeter 

With the assumption of isotropic turbulence on the jet 
axis, i t  is possible to compute the three-dimensional power 
spectrum F(k) from the one-dimensional spectrum Fl(kl). 
Heisenberg (reference 23) has given the inverse trans- 
formation 

and the desired F(Fl)  is readily found to be 

A three-dimensional spectrum computed in this way is given 
in figure 30. 

The corresponding spectral transformations for the three- 
dimensional isotropic fluctuation field of a scalar quantity 

I I I , . , , , , , , ,  
0 10 20 30 40 50 60 70 80 90 100 110 120 

k 
FIGURE 29.-Viscous dissipation and microscale h on axis of 1-inch jot. z/d=20; 

$=Som e12Pl(k,) d k l ;  X=0.3l centimeter. 
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k, cm-' 
I'lGl.l<E 30 -Gene& nature ol three-dimensional spoclra on jet alis. r /d=20  

(temperature, for example) are simply (reference 24) 

and 

With the assumption of isotropic temperature fluctuations 
on the jet axis, equation (24) has been used to compute 

The three-dimensional velocity and temperature spectra 
on the jet axis are very nearly the same-provided that the 
isotropy assumption is reasonably good. The curve in 
figure 30, which shows the general nature of both F and G ,  

is simply the transformation of the Von Khrmhn approxima- 
tions to Fl and GI.  

I t  must be recalled, however, that Fl is in the unheated jet, 
while G1 is in the heated jet. Although the results of 
references 9 and 10 indicate no essential change in the de- 
tailed dynamics of jet turbulence as a result of moderate 
increase in jet temperature, there is an appreciable increase 
in jet width a t  a given xld. As mentioned earlier, tlie width 
ratio between 5,=175O and ;,= O0 is about 1.15 a t  x/d=20. 

TRANSVERSE CORRELATION FUNCTIONS 

tliffcrcnt in shapc. Tlic contrast is s h o m ~  in figure 31. 
Clearly, even tliougli the net  areas arc identical, there is 
nonzero temperature correlation over appreciably greater 
distances. 

A rough approximation to the microscale of turbulence can 
be gotten by guessing at the osculating parabola for Ar=O. 
In  this particular case "guessing" is more appropriate than 
"fitting," since the job is entirely extrapolatory in nature. 
Figure 32 (a) shows the vertex region of R, with the parabola 
that corresponds to 

X= --- =0.28 centimeter [ R;(o;] li2 

This value is in surprisingly good agreement with the 0.31 
centimeter obtained from the power spectrum on the axis. 
In  fact, the agreement must be regarded as fortuitous, since 
the difl'erence is appreciably less than the experimental 
uncertainty. 

If the temperature-fluctuation field is again considered 
analogously, the transverse microscale of temperature 
fluctuations (fig. 32 (b)) is 

expression 

L ~ =  1- R,(.) (2 5) 

gives a scale, L,=0.67 centimeter. 
If a lateral temperature scale is definer1 in similar fashion, 

( 2 6 )  

The integral area under the velocity correlation functiorl 
(fig. 15) may be considerecl to give a sort of lateral scale of 
turbulenrc in the jet, although the result is not associat,ed 
with any particular region in the jet. The conventional 

then for the heated jet at x/d=20 it turns out that Au=0.77 
centimeter from the function as given in figure 16. 

Appropriate comparison of these transverse scales may be 
had if L, is multiplied by the jet-width ratio: 1.15L,=0.77 
centimeter, the same value as A,. However, the two correla- 
tion functions that yield these net areas are still quite 

- . 2 1 - :  - .  - 1 --A 
0 I 2 3 4 

Ar and 1/5[Ar), in. 

Ip~nunrr 31.-~nmuarison of transverse correlation functions. I-inch heated jet. 

-.X=O./I in. , I , , I , , 
5~ .05 .I0 .I5 ' 5 ~  05 .I0 ./5 .20 

A r, in. A r, in. 

(a) Lateral microscale of u-fiuetuutiorrs. 
(b) Lateral microscale of a-fluctuations. 

FlarJRE 32.-Estimates of microseales. I-inch jet. xld=20. 
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, -[ s;(0)] 
wherc A is the standard deviation of the mean-temperature 1- --- =&43 centimeter (28) ( d. 

~stribution, and, according to the theory of diffusion by 

Ebr comparison, 1.15X=0.32. 
continuous movements, is- therefore pro~ortional to the 
standard deviation of the ~robabilitv densitv of v( t )  as well. 

\ ,  

MEAN THERMAL WAKES BEHIND LOCAL EEAT SOURCES / Specifically, for a small 6 in a homigeneous turbulent flow, 

The rate of spread of the thermal wake rlose behind a local 
source of heat was first used by Schubauer (reference 13) as a 
means of measuring the intensity of lateral velocity Auctua- 
tions v'/n. A detailed discussion of this technique has been 
given by Taylor (reference 14) and need not be repeated here. 
The results of such a computation, compared with direct 
X-meter measurements of v ' r ,  are as follows: 

Similarity also implies that 
- - -  
6~=emczzUm~z ~ ( 7 )  (say) 

Equation (7) may be written 

%,,A = Constant ( 7 4  

Then, with equations (32), (34), and (7a), equation (31) 
may be transformed to 

dA d dm-- - -- a,, d.$ d,, ("I 

The X-meter measurements were corrected for the effects 
of both ?L' and 7Z upon the slightly unsymmetrical meter. 

I t  is possible to get some additional information about the 
fluctuation field by computation from the turbulent-heat- 
transfer equation. In particular, an estimate of the distribu- 
tion % across a section of the thermal wake behind the line 

For the region in the immediate vicinity of the jet axis, 
assume that conditions approx@a& those in a homogeneous 
field of turbulence; that is, V= W=O and D=Constant= - 
umm. 

Then equation (29) becomes simply 

or, equation (33), 

-=;?-- - v' (7.f) 
d? U,,dll 

Sirice v ' p m ,  k constant in this approximation, 

source may be made as follows. 
The steady turbulent-heat-transfer equation for low velo- 

city (negligible viscous dissipation to heat), negligible mole- 
cular heat conduction, and const'ant density is, in Cartesian 
tensor notation, 

which is conveniently written in the form 

v ' 
a(,,)=-- q f(q)+Constant 

urn, 
and the boundary condition, w=O at ? = O ,  gives finally 

- - 

This would be a good approximation in turbulence far behind 
a grid placed in a uniform stream, but is certainly rather 
crude here. 

The h a 1  assumption, that of similarity in the thermal 
wake, is well-supported by the experimental results. Then 
let 

In figure 33 this function is plotted against 5;14 for the trav- 
erse )4 inch downstream from the straight-wire heat source 
a.cross the jet center. 

The assumption of small turbule~~cc level implies Z;I<< rum,, 
and hence 

e 
=-=f(:)Ej(q) em, 

f/C 
(3 2) / FIG"" %-Thermal wake hehind straight-line beat som'ce. Tampemtunrelocity c o i . Y  

tion computed from z/~B.z. £=0.5 inch. 
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DISCUSSION 

LOCAL ISOTROPY 

The monotonic decreasc to zero in shear correlation co- 
efficient with increasing frequency seems to be decisive evi- 
dence for the existence of local isotropy a t  sufficiently high 
Reynolds numbers. I t  is interesting to note that the spectral 
region of negligible shear (nl>lOOO cps in the present par- 
ticular determination, for example) contains~nly about 1.5 
percent of the turbulent kinetic energy in u2. Of course, 
this is by no means an indication of the importance of the 
existence of local isotropy in a turbulent shear flow. A more 
pertinent comparison would be with figure 29, which shows 
in effect dissipation as a function of frequency. From this 
it appears that about 90 percent of the dissipation of turbu- 
lent kinetic energy to heat takes place in essentially isotropic 
turbulence. This permits the use of the Taylor expression 
for dissipation in isotropic turbulence (reference 25). Of 
course it also implies that the isotropic relation between 
longitudinal and lateral microscales, A,= J ~ x ,  wilI be fairly 
accurate even in thc region of high turbulent shear. Further- 
more, it implies a universal dimensionless spectral function 
for all turbulent flows, in the high-frequency rcgion. Ebr 
turbulence a t  this Reynolds number, it  appears that a uni- 
versal part of the spectrum exists only for k1>7.9, which is 

5 5 
well beyond the point of slope-- In fact, the "--point1' 

3 3 
in this spectrum is just a t  kl= 1.0. 

At this point a few remarks on the appropriate type of 
measurement for verification of local isotropy may be in 
order. In  particular, a careful distinction must be made 
between the shear spectrum ,R,, as presented in this report 
and the power spectrum of the randomly fluctuating quantity 
uv which might be measured with a multiplying circuit 
followed by a frequency analyzer. 

Local isotropy specifiw that restriction to a sufficiently 
small domain in a turbulent shear flow shows up isotropy in 
the various statistical properties that are studicd within that 
domain. I t  implies that the frequency (or wave-number) 
vector must be largo in magnitude. Clearly then a good 
indication of isotropy is zero correlation between orthogonal 
velocity-fluctuation components; this means that the highest- 
frequency parts of u, v, and w are uncorrelated with each 
other. Hence it is clear that if u,v, decreases to zero with 
increasing frequency faster than the product u,'v,' decreases 
to zero, local isotropy exists. In terms of coefficient, this 
merely requires that .R,, decrease to zero eventually. 

Now consider the fluctuating quantity uv. In  a turbulent 
shear flow G Z O ,  so that uv consists of a direct-current 
component with superimposed random fluctuations. Sinre 
tho conventional electronic techniques eliminate the direct 
current, tho quantity to be analyzed would be uv-Ti5 as a 
function of time. If local isotropy were present, the lower 
frequencies of u and v would be rectified in the multiplying 
process, and therefore the oscillogram and power spectrum 
of uv-Zi~ would have relatively great emphasis on the high 
frequencies. In other words, if the naively measured power 
spectrum of uv were used as an indication of local isotropy, it 
would show a trend opposite to that of m; that is, it  would 

decrease more slowly than the product u,'v,'. In general, 
the measurement of ,R,, seems like a much more specific and 
direct approach than the measurement of the power spectrum 
of uv. Presumably, a (somewhat more complicated) Fourier 
series discussion like that in appendix B could also be carried 
out for the power spectrum of uv. 

VELOCITY AND TEMPERATURE SPECTRA 

The apparent identity of the velocity power spectra 
F,(k,) on the jet axis and in the region of maximum shear is 
only approximate and has been determined only down to 
kl=O.l. There still exists the possibility of measurable di- 
vergence in the lowest wave-number range. The good degree 
of agreement indicates that, in diffusing from the region of 
maximum production (near the maximum-shear region) to 
the region of maximum dissipation (on the jet axis), the 
turbulent kinetic energy has not done any gross migrating 
in the wave-number space. 

On the other hand, the apparent decided difference between 
temperature power spectra measured on the axis and in the 
maximum-heat-transfer region seems to indicate such a 
migration. However, the considerable scatter a t  the highest 
measured frequencies renders definite conclusions impossible. 

Somewhat more specific conclusions can be drawn from the 
comparison between one-dimensional velocity and tempera- 
ture spectra. On the jet axis, for example, in spite of distinct 
differences between these two spectra, it  turns out that within 
the experimental scatter (which is considerable) the three- 
dimensional power spectra may be much more nearly iden- 
tical. The fact that they did in fact come out to be identical 
over a wicle range of wave number when computed from the 
empirically fitted Von KgrmBn formula must certainly be 
regarded as pure chance. This is true not only because of the 
experimental uncertainty, but also because these spectra 
were measured in two similar but different flows, whose 
characteristic lengths probably differed by 15 percent. 

KINEMATIC AND THERMAL SCALES 

From the extrapolated zero-wave-number intercepts of the 
one-dimensional spectra, the following longitudinal scales 
were obtained a t  x/d=20: 

L,=4.15 centimeters 

A,=2.4 centimeters 

This L, is 15 percent greater than the unheated-jet value, 
to allow for the greater width of the heated jet. Thus, 
L,/A,=1.7. In  a homogeneous, isotropic field of velocity and 
temperature fluctuations, i t  turns out (reference 24) that, if 
the three-dimensional power spectra of velocity and tempera- 
ture are proportional, L,/A,=1.50. I t  may also be noted 
that, if the measured ratio were in an isotropic field, L,= 
)/zL, and A,=A,, so that L,/A,=0.85. The ideal value would 

I be 0.75. Actually, the integrals of the transverse correlation 
functions R, and S, are considerably less than the scales that 
would be expected, according to these relations, in a homoge- 
neous isotropic turbulence. 

On the other hand, the relative values of longitudinal and 
lateral kinematic microscales follow the isotropic relation, 
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A,= a t  least within the experimental uncertainty. This 
is on the order of f 25 percent in the case of the parabola 
"fitted" a t  the vertex of R,. 

Unfortunately, the temperature spectrum on the jet axis 
is not extended sufficiently far to permit computation of 
longitudinal microscale I, there. The spectra in figure 13 
show only that I, is considerably less than X,; that is, I, is 
considerably less than 0.44 centimeter. I t  may be remarlied 
in passing that isotropy for a scalar quantity means equality 
of longitudinal and lateral correlation functions. The lateral 
microscale, 1= 0.43 centimeter, obtained by "fitting" a para- 
bola a t  the vertex of S, seems of reasonable magnitude 
relative to 1.15X=0.32 centimeter. 

TRANSVERSE CORRELATION FUNCTIONS 

Of course, the reason L, and A, as determined by integra- 
tion of functions R, and S, are not related isotropically to 
L, and A,  is that over most of the range of Ar the probes are 
in decidedly nonisotropic turbulence. Thus, t,here is no 
reason to expect L,=%L, or &=A,, when L, and A, are 
computed from the spectra. 

An examination of the behavior of these two symmetrically 
measured correlation functions shows that there is nonzero 
correlation over a considerable part of the jet, but that the 
relatively small scales result from the rather extensive regions 
of negative correlation. This behavior is emphasized by a 
comparison of R, with the corresponding function in some 
typical isotropic turbulence downstream of 1-inch-mesh grid 
(reference 26). Figure 34 shows the contrast clearly. 

I t  is conceivable that such an extended region of negative 
correlation is characteristic of turbulent shear flow. How- 
ever. until someone establishes this in a shear flow whose - ,  
transverse extent is very large compared with the maximum 
correlation distance, it may be safer to guess that the" excess" 
amount of negative correlation is simply due to a slight irregu- 
lar waving of the jet as a whole. In  reference 9 it was 
assumed that, siucc R, actually goes to zero a t  large values 
of AT, there is no over-all "whipping" of the jet. However, 
such a conclusion does not appear to be completely war- 
ranted. 

F I ~ ~ U R E  34.-Tran~verse velocity correlation Functions. R,==/Z in round jet; 1==/2  
in isotropic turbulence. 
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In  the section entitled "Transverse Correlation Func- 
tions" under "Analysis of Results," it was found that in the 
heated jet L,=A,. On the other hand, it is well-known that 
the lateral rate of transfer of heat is appreciably greater than 
the lateral rate of transfer of momentum, as was first found 
by Ruden (reference 27) from mean-velocity and mean- 
temperature measurements. Since diffusion is essentially 
Lagrangian in nature, while L and A are Eulerian scales, the 
above results are not necessarily in contradiction. The 
appreciably greater distance over which S,# 0 (as contrasted 
with R,) may, however, be related to the fact that the mean 
thermal jet diameter is appreciably greater than the mean 
momentum jet diameter. 

PROBABILITY DENSITY OF o ( f )  AND w(t )  

The mean-temperature distribution close behind the 
straight-line heat source on the jet axis is effectively sym- 
metrical, and closely resembles a Gaussian curve in shape 
(fig. 20); this shows that the probability density of v(t) on 
the axis is more or less Gaussian, as in isotropic turbulence. 

The mean-temperature distributions close behind the two 
ring heat sources are decidedly skew. However, some of 
this skewness seems to be due simply to the curvature of the 
line sources. Therefore, the temperature distribution across 
the wake of a straight wire set tangent to the circle r = l  
inch was measured. Neglecting the effects of mean-velocity 
gradient, this curve (fig. 24) is proportional to the probability 
density of the radial velocity fluctuation v(t) in the shear 
region. It is seen to be slightly skew; the skewness fa.ctor 

is computed directly from this curve. Thc thermal wake 
measurements of Skramstad and Schubauer behind a line 
source in a turbulent boundary layer (reported in reference 
16) show a skewness of 0.38. The differences in sign and 
magnitude of these two skewness factors suggest lateral 
turbulence-level gradient as the cause. The gradients in 
v r / u  are of opposite sign in these two flows. 

Calculation from figure 25 shows that the probability 
density of the tangential fluctuation w(t) is symmetrical. 
It may be noted that on the axis of such an axially sym- 
metric flow there is no distinction between radial and tan- 
gential velocity fluctuation; hence figure 20 also applies to 
w(t) on the axis. 

TEMPERATURE FLUCTUATIONS BEHIND LOCAL HEAT SOURCE 

The extremely high temperature-fluctuation levels 
(6'/?>1.0) encountered in the wake of the line heat source 
are easily understood from a brief consideration of the 
nature of the temperature field. Close behind the source, 
there is just a single narrow laminar thermal wake which 
is being blown in random deviations from the &direction by 
the turbulent fluctuations. The gross turbulent thermal 
wake is simply the wedge-shaped region over which this 
relatively narrow wake wanders. Hence the total thermal 
signal a t  any fixed point in the gross wake consists simply 
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of a series of pulses, where each pulse conesponds to arl 
occasion upon wliicli the laminar wake swept over the 
point. Obviously, the frequency of occurrence of pulses 
will decrease monotonically with increasing transversr 
distance from the center of the gross walre. 

If this type of temperature signal is represented schemati- 
cally by periodic square pulses of height h, width j ,  and 
fundamental wave length T (fig. 35), then it  can be easily 
deduced that the fluctuation level is 

where it  is recalled that d=e-i  by definition. 

Two pulse spacings of interest are 
- 

(1) T= 2j; then 8'/e= 1 .O 

(2) T-> m ; then df/B+ m 

Hexice. tlie measured results for 6'1; seem auite reasou- 
able in both order of magnitude and in qualitativc behavior 
across the gross tllermal walre of the local heat source. - -  - 

The distribution of 6v/€~,,,U~,, computed from the 
thermal wake, plus the availability of the measurements of - 
8'/;,,, and v'/Cm,,, suggests the computation of the heat- 
transfer correlation coefficient %/8'vf. Unfortunately, when 
the results of figures 33 and 27 are used, a part of the corre- 
lation-coefficient distribution reaches impossible values 
(sliglitly above unity). I t  must be concluded that  the 
absolute values of %/5,,,arn,, arc too inaccurate for such a 
computation. 

SOURCES OF ERROR 

Aside from the specific instances mentioned et~rlier in this 
section, tlie sources of experimental error are much the samr 
as outlined on pages 27 and 28 of reference 10. Additional 
uncertainties arise in the spectrum measurements, espe- 
cially in the higher-frequency mnge, because of (a) rapid 
changes in the calibration of the sound analyzer (band peak 
response against frequency, fig. 7) and (b) slight statir 
friction of fluxmeter bearings. 

rp.9-e 
FIGURE 35.-Sirnulalion or t ~ m l ~ e r a t m ' e  signal close behind local heat sulirce. 

I n  general, i t  should be empliasized that measurements 
by conventional (small-perturbation) hot-wire anemometry 
in a flow of this high level of turbulence cannot be consid- 
ered as accurate absolute-value measurements. Even on 
the jet axis, where the level is a minimum and conditions 
arc relatively steadv, there is no reason to believe that  
absolute values are better than within, say, ZJC 10 percent of 
the "correct" values. However, relative behaviors are 
undoubtedly determined, and dimensionless measures of 
the type of correlation coefficients are more accurate than 
absolute values. 

None of the measurements reported here have been 
corrected for finite length of hot-wires. 

SUMMARY OF RESULTS 

From measurements in a round turbulent jet a t  room tem- 
perature of the shear correlation coefficient as a function of 
frequency, of velocity and temperature fluctuations with 
and without jet heating, and of the mean thermal wakes 
behind local heat sources, the following statements may be 
madc : 

1. The Kolmogoroff hypothesis of local isotropy is verified 
for the shear flow in a round, turbulent jet. This is c~oncl~tdecl 
from the monotonic decrease to zero of the shear-correlation 
spectrum ( u ~ / u , ' v n l )  with increasing frequency n. 

2. The one-dimensional power spectra of longitudinal 
velocity fluctuations and of temperature fluctuations appear 
to be basicallv different. 

3. The three-dimensional power spectra of velocity ant1 
temperature fluctuations on the jet axis seem to be roughly 
alike-if the assumption of isotropy in this region be true. 
I t  may then follow that the difference in the one-dimensional 
power spectra is a direct manifestation of tho fact that  
velocity and heat arc vector ancl scalar quantities, respecs- 
tively. 

4. The ratio of longitudinal to lateral scale (for botli 
velocity and temperature fluctuations) is considerably larger 
than would follow from isotropy. Longitudinal scales are 
measured on the jet axis, while lateral scales involve a 
traverse of most of the fully turbulent core of the jet. 

5. 'rhe ratio of longitudinal to lateral kinematic micro- 
scale on the jet axis is about equal to the isotropic value. 

6. The longitudinal thermal microscale (from one-dimen- 
sional power spectra) is less than the longitudinal kinematic 
microscale, but the lateral microscales (from correlation 
measurements) have the opposite relation; that is, the 
tliermal is greater than the kinematic. 

7. The probability density of the radial fluctuation v(t) on 
the jet axis is effectively Gaussian. The probability density 
in the shear region is slightly skew. 

8. The temperaturc-fluctuation field in the wake behind a 
local heat source consists of a randomly waving narrow 
laminar thermal wake. Hence the temperature signal a t  a 
fixed point is a random-pulse type of function. I t s  fluctua- 
tion intensity is on the order of 100 percent on the center 
line, and increases toward the edges. 

The JOHNS HOPKINS UNIVERSITY, 

1 BALTIMORE, RID., August 17, 19@. 
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APPENDIX A 
HEAT LOSS FROM A WIRE AT VARIOUS AMBIENT TEMPERATURES 

In figure 3 of reference 20 a rough chcck was made on the 
temperature-variation first term in King's (rc3frrrncc 28) 
equation for the steady static heat loss from a cylinder 
perpendicular. to a fluid stream, at low Reynolds numbers. 
The conventional form is 

point obviously does not represent the over-all uncertainty; 
i t  simply shows the range of values that could be gotten by 
drawing d i f c r e r ~ t  reasonable-loolring straight lines through 
the same set of original calibration points. From the figure 
it can be seen that King's equation predicts the temperature 
variation of A quite well. The changes in R (the slope of 
the calibration line in the plot of iZR/(R--B,) against 1/z) 
are so small that the experimental scatter is as great as the 
changes preclictecl for these temperature difl'erences. 

and 
R 
Ra 
R, 
I* 
d* 
a* 

k* 

CD 

P 
,i 
C1 ,C2 

wire resistance 
wire resistance at ambient fluid temperature 
wire resistance at O0 C 
wire length 
wire diameter 
temperature coefficient of change of resistivit,~ of 

wire material 
thermal conductivity of fluid a t  ambient tempera- 

ture 
specific heat of fluid a t  ambient temperature 
density of fluid a t  ambient temperature 
current 
empirical constants 

Predicted by Kinq '3 eguotion 

f Ronqe o f  rolues obfojnable 
/. / from cofibrofion 

In reference 20 the checlr on A as a function of temperature 
was made by assuming the second term in equation (Al) to 
be exact in its temperature variation. Then each measured 
calibration point a t  any velocity ant1 temperature led to a 
value for A. 

The present checli was carried out more completely; a 
full calibration curve was run for each ambient temperature. 
From this, both A and H were tlctermined. Figure 36 
gives the results compared with King's predicted variation, 
using physical constants from refcrmce 29. Each point 
corresponds to a calibration. Thc vertical line through a 

1 
I I I I I 

280 320 360 400 440 480 
Temp eraf ure, 'K 

FIGURE 36.-Variation of hot-wire constants \nth air temperature. ( ),, room temperature. . 

APPENDIX B 
, MEASUREMENT OF SHEAR-CORRELATION SPECTRUM 

The two voltage signals from an ideal symmetrical 
X -met'er are 

e l=au+pul  (B1) 

Of course, there would be no loss in generality if +, or #, 
were taken as zero. 

The quantity to be measured is 

e 2 = a u - p u )  

Suppose that the velocity fluctuations arc periodic: 
For two simple harmonic functions the correlation coefficient 
is simply the cosinc of the phase angle. Thus, (2  nnt 

.nu"= cos (6n-J/n) 034) 

Substitution of equations (B2) into equations (Bl), followed 

m 

v = C b ,  cos ( a m + # , )  
n=1 J 
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by trigonometric transformation, gives 1 The sum and difference of the two wire voltages are 

a 

el= T [ ( a a ,  cos +%+ p b n  cos $*) cos 2ant- 

(ma, sin +,, + 0 b n  sin $,) sin 2nntI (B5a) 
m 

ez=C[(aa ,  cos cbn-pbn cos $,) cos 2nnt- 
1 

(aa, sin 4, - p b, sin $,) sin 2 nnt] (B 5b) 

When these two signals are put separately through a 
narrow band-pass filter that passes only the nth harmonic, 
the two output voltages may be represented as 

riel = K  [(aa, cos +,+p b, cos $,) cos 2nn2- 

(aa, sin 4, + p b, sin $,) sin 2mt] (B6a) 

,,e2=K [(aa, cos +,-fib, cos $,) cos 2mt -  

(aa, sin 6,-0 b, sin $,) sin 2nnt] (B6b) 

where K is an attenuation factor. 
For brevity, write 

.el=K(A, cos 2nnt-B, sin 2nnt) (Bee) 

.e2=K(Cn cos 2mt-D, sin 2mt) (B6d) 

These filtered signals go next into the vacuum-thermo- 
couple unit, which puts out the mean-square values, 

1 - K? ,el2= An2 cos2 (2mt)- 2 A,B, cos (2 nnt) sin (2mt)+ 

Bn2 sin2 (2nnt) 

1 1- ,e2 -Cn2 cos2 (2nnt)- 2 CnD, cos (2mt) sin (2mt)+ 

where K' is an over-all attenuation factor. 
1 - But, G2=sin2=- ,  and cos sin=& over a large number of 2 

wavelengths. Thus, 

Then, within the approximation, 

and when the expressions for A, R, (', and D are substituted, 
it  turns out that 

- -  
ne12-nez"=2K'apa.bn cos (+,-$,) (B9) 

The necessity of determining or and 0 is ordinarily avoided 
with a symmetrical meter, if only the correlation coefficient 
is required. 

m 

e l + e 2 = 2 a u = 2 a C a n  cos (2mt++,) 
1 

" 

1 

(B10) 

el-~2=2pv=2fl  C b n  cos (2nnt+$,) 

Filtering gives 

.(el-e2)=2Kfib, cos (2nnt+$,) 

Passage through the vacuum thermocouple gives 

Combination of equations (B1 I) ,  (B9), and (B4) gives the 
final result : - - 

The computation of total-shear correlation coefficient from 
shear-coefficient spectrum suggests itself as a useful check 
possibility: 

RU,=U2r/u'v' 0313) 

with the Fourier series for u and v, 

and the instantaneous cross product can be transformed to 

u v = ~ C a , b ,  (cos +, cos 2nnt-sin +, sin 27rnt)X 
e = l m = l  

(cos $, cos 2nmt -sin $, sin 2nmt) 

The time average of this expression is 

1 "  G = - C a , b ,  (cos 4, cos $,+sin +, sin $,) 
2,=1 

or 
- 1 "  
u v = 2 T a n b n  cos (+*-$,) (B15) 

Thus, 

In terms of t'he Fourier coefficients, 
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But . ~ . - a . ~ / ~ r r . ~  and .F.- bn2/*bn2 are simply the nor- 
I 1  

malized one-dimensional energy spectra of u and v, respec- 
tively. Therefore, 
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