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INVESTIGATIONOFEFFECTIVETHERMALCONDUCTMTIESOFPOWDERS

ByR. G. DeisslerandC. S.Eian

SUMMARY

A simplifiedanalysiswasmadeto determinetheeffectivethermal
conductivityof a powderfromthefractionof spaceoccupiedby thegas
andtheconductivitieeof thesolidandthegaswhichmakeup thepowder.
ln orderto checktheanalysisandto obtaindataof currenttechnical
interest,testswereconductedto determinetheconductivityofmag-
nesiumoxidepowderinvariousgasesattemperaturebetween2(X)0and
800°F. A fewrunsweremadeto determinetheeffectofgaspressureon
thermalconductivity.Goodagreementwasobtainedbetweenanalytical
andexperimentalresults.Theeffectsof someofthefactorsneglected
inthesimplifiedanalysis,suchas%endingoftheheat-flowlinesand
the
and

irrefiarityofthearrangementoftheparticles,wereinvestigated
discussed.

A greatdeal

INTRODUCTION

of experimentalworkhasbeendonefordeterminingthe
thermalconductivitiesofpowders.A sumnaryofexperimentalresultsis
giveninreference1. Verylittleanalyticalworkhasbeendonetopre-
dicttheeffectivethermalconductivityof a powderfromtheproperties
ofthesolidandgaswhichmakeup thepowder.A semiempiricalanalysis
giveninreference2 agreeswithexperimentaldatawhena correction
factorgiveninreference1 isapplied.Theanalysisgiveninthe
presentinvestigation,althoughsimplified,appearstobe an improvement
overexistinganalysesinasmchas no correctionfactorsarenecessary.

In orderto checktheanalysisandto obtaindataofcurrent
technicalinterest,testswereconductedattheNACALewislaboratory
to determinethethermalconductivityofmagnesiumoxidepowderin
variousgases.

Thetestsectionwasfilledwithmagnesiumoxideby theGeneral
ElectricCompany.
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SYM60LS

Thefollowingsymbolsareusedinthisreport:

heat-transferarea(sqft)

cross-sectionalareaofrod

fractionof spaceinpowder

constant

constant

usedinrelaxationmethod(sqft)

occupiedby gas

displacementina givendirectionrequiredtobringcenterof
innertubeintolinewithcenter.ofoutertube(ft)

fractionofparticlesretainedongivensievesizeandpassing
throughnextlargersize

Knudsenumber

effectivethermalconductivityofpowder
((Btu)(ft)/(hr)(sqft)(%))

Boltzmanconstant(ft-lb~R)

thermalconductivityofgas((Btu)(ft)/(hr)(sqft)(%))

averagethermal.conductivity,evaluatedat (tl+t)/2,
((Btu)(ft)/(hr)(sqft)(°F))

thermalconductivityofrodingas((Btu)(ft)/(hr)(sqft)(~))

thermalconductivityofrodin solid((Btu)(ft)/(hr)(sqft)(%))

thermalconductivityof solid((Btu)(ft)/(hr)(sqft)(%))

thermalconductivityat rl ((Btu)(ft)/(~)(sqft)(OF))

lengthoftube(ft)

weightedmeansievesizerequiredtoretainparticlesas calcu-
latedfromequation(7)(ft)

linenumberintableinProcedure,usedinequation(7)

pressure(lb/sqftabsolute)

.

.

—

.

.
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breakawaypressure,pressureatwhicheffectiveconductivity
beginstovaryappreciablywithpressure,(lb/sqft absolute)

heattransfer(Btu/see)

residualat &point(OF)

radius,distancefromcenterof outertube(ft)

referenceradiuswherethermalconductivityiscalculated,radius
of outertube(ft)

radiusof innertube(ft)

corrected-radiallocationofthermocouple(ft)

r2+ d (f%)

sievesize(ft]

moleculardiameterdeterminedfromviscosity(ft)

temperature(%)

temperatureat rl (OR)

temperatureat r2 {OR)

coordinate(ft}

coordinate(f%)

temperaturecoefficientof thermalconductivity
((Btu)(ft)/(hr}(sqft)(°F~)

distancebetweenintersectionsofrods(ft)

angle

meanfreepathofgasmolecules(ft)

ANALYSIS

An exacttheoreticaldeterminationoftheeffectivethermalconduc-
tivityofa powderfromthepropertiesofthesolidandthegaswhich
makeup thepowdercouldprobablynotbe made,atpresentbecausethe
particlesinmostpowdersareirregularlyarrangedandmay%e ofvarious
shapesandsizes.It isthereforeexpedienttouse approximatemethods
andto checktheresultsby experiment.

‘1
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.
MaximumandMinimumLimitsofThermalConductivity

of a Two-PhaseSystem .

Beforetheanalysisofa powderismade,it isofvalueto obtain
themaximumandminimumlimitsofthethermalconductivityofanytwo- .
phasesystem.Themaximumthermalconductivityofa two-phasesystem,
suchas a solid-gassystem,isattainedwhenthematerialsarearranged
inalternatelayersseparatedby planesparalleltothedirectionof

—

heatflow.Theminimumconductivityof sucha systemisattainedwhen =
thematerialsareseparatedbyplanesperpen~culartothedirectionof
heatflow. Thesetwocasesareshowninfigure11wheretheratiooft~ ““ ‘;
conductivityofthesolidks totheconductivityofthegas ‘g ‘s ‘plottedagainsttheratiooftheeffectiveconductivityofthesystemk ‘
to theconductivityofthegasforvariousfractionsa ofspaceoccupiet “’
by thegas. For.a=O.4 and ks/k

E
= 2,thereisa possiblevariation

of theeffectiveconductivityfromt e averageofabout*7 percent,
—

whereasfor J@g = 1,000 thereisa posgiblevariationof &99per-
—

cent.Thisindicatesthattheeffectiveconductivityof a systemfora —
givenfractionof spaceoccupiedby thegasisgreatlyinfluencedby the
arrangementofmaterialforhighvaluesof ks/kg,whereasforlowvalues“-
of ks/kg thearrangementofmaterialis.oflesserimportance.Inasmuch “
as k$/kg ishighformostpowders,thearrangementofmaterialmustbe
accountedforinananalysisof conductivitiesofpowders.

.. —
b_

SimplifiedAnalysisforPowders —

Themostimportantcharacteristicofpowders,insofaras itaffects
theirthermalconductivities,isthepresenceof smallregionsorpoints
of contactbetweentheparticlesof solidinthepowder.Forhighvalues
of ks~kgmostoftheheatflowtskesplaceinthevicinityofthese
pointsbecausethegasactsasan insulatoratpaintswheretheparticles‘-
areseparated.

Inthepresentanalysistheparticlesareassumedtohe spheresor
cylindersarrangedin cubicalor square.&maywithpointor linecontacts.
It isalsoassumedthattheheatflowisinthesamedirectionat every

—

point;thatis,thebendingoftheheat-f_tiwlinesisneglected.Irreg- —
ularityinthearrangementoftheparticleswouldproducea decreaseIn _“
heatflow,whereasbendingoftheheat-flowlineswouldproducean
increase,sothatthetwoeffectstendtocanceleachother.Theeffect ‘-
of thebendingoftheheat-flowlinesontheheattransferwillbe
investigatedinRefinedAnalysis.

—

Forsolidspheresincubicalarrayina gasas showninfigure2(a), ●

k/kg isfoundinappendixA tobe givenby

.
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Forspheresin cubicalway, thefractionof
is0.475.

Forsolidcylindersin squarearrayina
appendixA tobe givenby

(1)

-1

spaceoccupiedby thegas

gas,k/kg isfoundin

Tc
= - Sins - 1)

Forcylindersarrangedin

(2)

squarearray,a

for a = O and

= 0.214.

a = 1 arealsoknown.For
0) k/~ = k#g~ Therelationbetweenk/kg

Thevaluesof k~kg
a = ljk/kg= 1; for a =
and ks/kg isthereforeknownforfourvaluesof a sothatthe
relationforanyvalueof a canbe determinedwithfairaccuracyby
interpolationfora givenvalueof Wkg “ In thfswaythethermal
conductivityofa powdercanbe estimatediftheconductivityof the
solid,theconductivityofthegas,andthefractionof spaceoccupied
by thegasareknown.

RefinedAnalysis

l% orderto determinetheeffectofbendingof theheat-flowlines
ontheheattransferthrougha powder,theheatflowthroughsolid
cylindersin a gaswascalculatedexactlyforseveralarrangementsof
cylindersby themethodofrelaxation.Theapplicationof therelaxation
methodtoheat-conductionproblemsin single-phasesystemsisdescribed
elsewhere.Ina~endixB themethodisappliedtothecalculation
ofheatconductionintwo-phasesystems.Calculationsarecarriedout
forcylindersin squarearraywiththeheatflowas shownin figure2(a),
forcylindersin squarearraywiththeheatflowat.45°tothedirection
showninfigure2(a),andforcylindersin triangulararrayas shownin
figure2(d).Foreachcase k/kg isobtainedas a functionof ks/kg.

Therefinedanalysismaynotpredictthethermalconductivityof a
powdermorecloselythanthesimplifiedanalysisbecauseitstilldoesnot
accountforirregularityof arrangementofparticles.
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,.. .. “.
INVESTIGATION

Apparattis: ..
.

Theapparatususedinthisinvestigationisdescribedinthe
followingsections. —..-..-. , . . . .

Testsectionandgaschamber.- A drawingofthetestsection
enclosedina gaschamberandcoolingjacket:isshowninfigure3(a).
Thetestsectionccm.sistsessentiallyofa wound-wire-typeheating
elementwithindividualend-guardheaterelementscentrallyenclosedin
a moneltubecontainingthepowder.underinvestigation.Thermocouples
arestretchedlongitudinallythroughthetubeto obtaintheradial
temperaturedistributionthroughthepowder.-

Theheatingelementsarenumber16Nichromewirewoundohan
18-inchlengthof 3/8-inch-outside-diameterhigh-te~eratureporcelain
tube.Themainheateris 14incheslongandtheend-guardheatersare

5
—

each1~ incheslong.Theheaterleadspass“throughholesgroundra&ally
throughthetubewallsandthenceouttheopenendsofthetubewhere
copperwireis joinedtotheleadsfortransmittingelectricpowertothe .
heaterelements.AlltheNichromecoilsarecoated”witha high-
temperatureceramiccementtogivea smooth-outersurface. .

Temperaturesaremeasurednotonlyneartheinnerandoutersurfaces
ofthetubecontainingthepowderunderinvestigation,butalsoat several
radiallocationsthroughthepowder.Thismethodoftemperaturemeasure-
mentwasselectedbecauseofthedifficultyinaccuratelytreasuringsur-
facetemperatures,especiallythatoftheceramic-coatedheaterelement,
andalsotoavoidmeasurementswhichmightincludecontactresistance
betweenthepowderandcontainersurfaces.“~esetemperaturesare
obtainedatl/8-inchintervalsby stretchingnumber28 chromel-alumel
thermocouplewiresthroughholesdiill.edin ceramicdiskswhichare
fittedto eachend“oftheporcelaintube.F&r &ups (90°apart)of
fiveradiallypositionedthermocouplewirejunctionsarelocatedina
planeacrQssthecenterofthetestsection.Twoofthesegroupsare
showninfigure3(a).Theceramicdisksalsoserveas endplugsto
containtheTowder.Micaspacerslocated1 inchfromeithersideofthe
thermocouplejunctionsaidinmaintainingthedistancebetweenthermo-
coupleswhilefillingthetestsectionwiththepowder.Thethermal
conductivityofmicaisofthesameorderofmagnitudeasthatofthe
powder.Temperaturesarealsomeasured”nea”thesurfaceatthecenter
andendsofthemainheaterelementby imbeddingthermocouplesonthe
ceramiccoatingof.theheatercoils. —

..

Theheater-element”andthermocouple-tire”assemblyisinsertedinto .
... .

a moneltubehavinga lengthof18 inches,an insidediameterof“12inches,
4

andan outsidediameterof2 inches,andisheldinplaceby setscrewsin
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.

.

.

.

contactwiththeceramicdisksat eachendofthetube.Theoutside-
surfacetemperatureofthemoneltubeismeasuredatthecenterandend
positionsofthemainheaterelementby twochromel-alumelthermocouples
located180°apartat eachposition.

A porous,stainless-steeldiskweldedintoa holeintheoutermonel
tubewallallowsgaspassageintoandoutofthepowdervoids.

Thetestsectioniscentrallylocatedina gaschamberconsistingof
a 22-inchlengthof 6-inchstandardpipeandis supportedby twoceramic
knifeedgestominimizelocalheatconductionfromthemoneltube. The
6-inchpiye,inturn,is enclosedina lengthof8-inchstandardpipe.
Thetwopipesarejoinedbyannulmflangestoforman annularpassage ..
throughwhichcoolingwateris circulated.At eachendofthetest
section,theheaterelementandthethermocoupleleadsarebroughtoutof ‘
thegaschamberbetweentwo&-inchneoprenegasketsand,witha $-inch-

7
thickflangeand1~-inchbolts,forman effectivegasseal. Silicon-

typehigh-vacuwngreaseappliedtotheneoprenegasketsaidsinpreventing
leakageat lowpress~eswithinthegaschamberandtestsection.

Associatedequipment.- A schematicdiagramofthetestsectionand
associatedapparatusis showninfigure3(b).Bymeansof suitabletube
connectionsto a holedrilledineachfla&e ofthegaschamber,thetest
sectionmaybe evacuatedby theuseofa vacuumpumpat theoutletendor
suppliedwithlaboratoryhigh-pressureair,bottledhelium>orargongases
attheinletend. An indicating-typeanhydrouscalciumsulphatedesiccant
is incorporatedintheairsupplyline,whiletheheliumandargongases
usedare“gradeA“ commericallypurifiedandbottled.Gaschamberpressure
ismeasuredby a calibratedaircraft-typemanifoldpressuregage.

Theno-volt,60-cyclepoweris individuallysuppliedto themain
heaterandeachguardheaterandis individuallycontrolledbyvariable
transformersof 2 kilovolt-amperecapacity.Copperleadsareattachedby
clipstotheNichromeheaterleadsa= closeaspossibleto
thetestsection.Powerto themainheaterismeasuredly
aauneter,voltmeter,andwattmeter.

Temperature
potentiometer.

readingsareobtainedby a self-balancing

theendsof
a calibrated

indicating-type

Procedure

Thetestsectionwasfilledthrougha holeprovidedin oneofthe
ceramicenddiskswithgranularmagnesiumoxide‘~0 givinga fractional
volumeoccupiedby thesolidp=ticlesof0.58. Thefillingwasdoneon
a vibratorytable.Theparticlesizeofthe ~0 usedintheinvesti-
gationasgivenbythemanufacturerisgivenintable1.
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Thedistancesbetweenthejunctionofthethermocouplewires
stretched..throughthepowderand.theirpositionsrelativetotheoutside
containerwallandmainheatingelementwereobtainedfromX-rayphoto-
graphstakenofthetestsectionafteritWS filled.Negativesofthe
photographsweretheninsertedintoan enlarging-typefilmviewerfrom
whichthemeasurementswereobtainedata X12magnification,thusenabling
a highdegreeofaccuracyto%e attained.As a resultof damageduring
shipment,twoofthefourgroupsofthermocouplesinthepowderwere
indicatedbythephotographstobe sodisarrangedasnottowarrenttheir
use,andthereforethecalculationofthedatawasbasedontheremaining
twogroups.

Datawereobtainedforair,helium,andargongasesovera rangeof
averagepowdertemperaturesof200°to 800°.Fandpressuresof0.15to
110.poundspersquareinchabsolute.Replacementof onegasby another
inthepowderwasaccomplishedbypurgingtheentiresystemwiththe
vacuumpumpseveraltimes,lettingthegasto be used flowinbeforeeach
evacuation.Thedesiredgaspressurewasheldconstantduringeachrun.
A smallrateofwaterflowthroughtheoutercoolingjacketwasmaintained
constantthroughouteachrun.

Thepowerinputtothemainheaterelementwasadjustedforeachr
togivethedesiredtemperature.Thepower.inputto eachoftheend-
guardheaterswasthenadjustedtomaintaina uniformtemperatureover
themainheaterelementinordertopreventaxialheatflow.

un

Afterequilibriumconditionshadbeenr=ached,thefollowing
quantitiesweremeasured:powerinputto themainheatingsection,
temperaturesoftheheatingelements,temperaturesthroughthepowder,
outsidesurfacetemperaturesofthemoneltu%e,andgaspressure.

Forsomeoftheruns,checkpointsweretakenafteradditional
purgingofthetestsection;in eachcasegoodagreementofthedata
withthatoftheinitialrunwasobtained.

ReductionofExperimentalData

Equationforheatflowthroughconcentriccylinders.- Theequation
fortheheatflowthroughtwoconcentriccylinderswithuniformsurface
temperaturesanda temperature-dependentthermalconductivitybetweenthe
cylindersis

2fi~L(tl-t)
Q=

()
loge ;

where tl and t aretemperaturesatthe
isevalu=tedat
conditionsunder
inappendixC.

. —

—

—

.——

.—
—-

——
.

—

—

—

(3)

.
radii rl and r, anti~

(t,+t)/2.Thederivationof equation(3)andthe
&~ch””~ canbe evaluatedat (tl+t)/2

.-.b
aregiven
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.
Calculationofthermalconductivity.- In calculatingthethermal

conductivityofthepowderfromthetemperaturesmeasuredatvarious
- radiiandtheheatflow,it is desirabletoplotthetemperatureagainst

sucha quantitythattheplotisa
rewritingequation(3)as follows:

Qt=tl-— 2scklL

straightline. Thiscanbe doneby

(4)

where t~ and kl areevaluatedatthefixedreferenceradiusrl.
Equation(4)showsthat,if t isplottedagainst(k@J loge(r/rl)j .
theplotwillbe a straightlinewithslope- Q/(2d@ = Thethermal
conductivitykl at temperaturetl canbe calculatedfrom

Q1kl=-——2YiGslope (5)

Forplottingequation(4),a relationbetweenk and t mustbe assumed
in orderto calculatekl/~. Afterequation(4)isplotted,thecon-
ductivityis calculatedfromequation(5). Iftheassumedvaluesof k
differgreatlyfromthosecalculatedfromequation(5),thecalculations
arerepeatedusingthenewvalues.

By theuseoftheprecedingmethod,a largenumberof thermocouple
readingsisusedfordeterminingeachvalueof conductivitysothat
errorsin conductivitycausedby errorsin temperaturemeasurementsare
small.A typicaltemperatureplotis showninfigure4.

Correctionforeccentricityoftubes.- ItwasfoundfromtheX-ray
photographsofthetestsectionthatthecenteroftheinnertubewasdis-
placedabout0.02inchfromthecenteroftheoutertubeat thecross
sectionwheretheradialtemperaturemeasurementsweremade. In orderto
locatethethermocouplesat thepositionstheywouldoccupyifthetubes
wereconcentric,a correctionderivedinappendixD wasappliedto the
measuredlocationsofthethermocouples.

Thermlconductivitiesofgasesandsolidmagnesiumoxide.- In
orderto comparethe analyticalandexperimentalresults,it isnecessary
tousevaluesforthethermalconductivitiesof solidmagnesiumoxideand
of thevariousgasesusedinthetests.Forsolidmagnesiumoxide,the
approximatevaluesgiveninreference3 wereused. Thesevaluesare
plottedinfigure5. Thevaluesof k forargonandheliumwerecalcu-
latedfromthekinetictheoryrelationk = 2.5p~,wheretheviscosityw
wasobtainedfromreference4 andthevaluesof Cv werefoundfromthe
kinetictheorytobe 0.745(Btu/(lb)(OF))forheliumand0.0747(Btu/(lb)
(W)) forargon.Thekinetictheoryrelationforthermalconductiv~ty
wasusedinpreferenceto experimentalvaluesof k becauseexperimental

.
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valuesofviscosityare,ingeneral}morereliablethanthoseofconduc-
.

tivityandbecausethekinetictheoryrelationisgenerallyconsidered
accurateformonatomicgases.Theconductivitiesofheliumandargon .
areplottedigfigures6(a)and6(b),respectively.Forairthethermal
conductivitywasobtainedfromreference5 andisplottedinfigure6(b).

RESULTSANDDISCUSSION

PredictedEffectiveThermalConductivities

Predictedcurvesfordeterminingtheeffectivethermalconductivity
ofa powderfromthesimplifiedanalysisareshowninfigures7 and8.
Theeffectivethermalconductivityofa powdercanbe obtainedfrom
thesecurveswhenthethermalconductivitiesofthesolidandthegas
andthefractionof spaceoccupiedby thegasareknown.Thecurves
indicatethattheeffectiveconductivityincreasesat an increasingrate
as thefractionof spaceoccupiedby thegasdecreases.

~erimentalEffective(!onductivities

Experimentalthemalconductivitiesofmagnesiumoxidepowderin
.

air,helium,andargonfortemperaturesbetween200°and8000F are
plottedinfigure9. Theconductivityofthepowderincreaseswith
temperatureforeachgas.

.
Thisindicatesthata changeintheconduc-

tivityofthegasiamoreimportantthana changeintheconductivity
ofthesolidindetermininga changeintheconductivityofthepowder,
inasmuchastheconductivityofthesoliddecreaseswithtemperature.
Theconductivityofthepowderinheliumismuchgreaterthaninthe
othergasesbecauseofthemuchgreaterconductivityofhelium.

ComparisonofAnalyticalandExperimentalResults

A comparisonoftheanalyticalresultswiththeexperimentalresults
fromthepresentinvestigationisgivenin..figure10(a).Theagreement
isgood,especiallyat lowtemperatures.Athightemperaturesthe
deviation,a maximumof20percent,maybe causedby errorsinthe
conductivitiesusedfortheconstituentsofthepowderorbyfactors
neglectedintheanalysis.

A comparisonoftheanalyticalresultsfromthesimplifiedanalysis
withrepresentativeexperimentalresultsofotherinvestigatorsfrom
reference1 isgiveninfigure10{b).Thepowderstestedincludedsix
differentsolidmaterialsandvaluesof a fromO.24to 0.518.It is
seenfromthefigurethattheagreeuentbetweenanalyticalandexperi-
mentalresultsinmostcasesisverygood.

.
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RefinedAnalysis

A comparisonof thesimplifiedanalysiswithexactorrelaxationsolu-
tionsforregularlyarrangedcylindersandsquaresisgiveninfigureIl.
Thevaluesforsquares(arrangedincheckerboardfashion,a = 0.5)arefrom
reference6,whereitis shownthat k/’kg‘m forheatflowinany
directionpsralleltotheplaneofthesquares.Theexactsolutionsgive
substantiallyhighervaluesforeffectiveconductivitythandoesthe
simplifiedanalysis.The-agreementoftheexperimentaldatawiththe
simplifiedanalysiswherethebendingoftheheat-flowlinesisneglected
is,however,muchbetterthantheagreementwiththerefinedanalysis
wherethebendingof thelinesisconsidered.It is concludedthata
factorisneglectedinthesimplifiedanalysiswhichcompensatesforthe
effectofbendingoftheheat-flowlines.

Inmostpowderstheparticlesareirregularlyarrangedandmaybe of
irregularshapeandsize.However,thedatainfigure10,whichagree
closelywiththesim@.ifiedanalysis,includesteelandleadballsof
uniformtiameteraswellaspsrticlesof irregularshapeandsizesothat
theshapeandthesizeof theparticlesdonotseemtobe pertinent

. factorsindeterminingtheconductivity.Thegoodagreementofthe
simplifiedanalysisandthepooragreementoftherefinedanalysiswith
experimentseemtobe causedby theirregulararrangementoftheparticles.

. Fora givenfractionof spaceoccupiedby thegas,theparticles,whenin
irregulararrangement,maybe closertogetherat somepointsandfarther
apartat otherpointsthanwheninregulararrangement.Forexample,if
cylindersin squarearrayarearrangedintriangulararraywiththesame
fractionof gasspaceas in squarearray,thecylindersme in contacton
onesideonlyandtheeffectivethermalconductivityofthesystemis
greatlyreduced.Inpowderswhere-theparticlesareirregularlyarranged,
itappearsthatsomeof theparticlesarein contactononesideonlyand
thatthisproducesa decreaseof effectivethermalconductivity.Thegood
agreementofthesimplifiedanalysiswithexperimentalispartially
fortuitousinasmuchas therewasnowayofknowingthattheeffectofthe
bendingof theheat-flowlinesis exactlyOancelledby theeffectof
irregularityofarrangementofparticles.

TYPicsJ.temperaturedistributionsfortheconfigurationsforwhich
theeffectivethermalconductivitieswerecalculatedby therelaxation
methodareshowninfigure12. Fora temperaturedifferencebetweenthe
topandhottomsurfacesof1°F, thelinesrepresentconstanttemperatures
at intervalsofO.1°F. Theconstanttemperaturelinesarecrowded
togetherinthevicinityofthepointsof contactoftheparticlesandthe
crowdingofthelinesisincreasedas %lkg isincreased.Thisindioates
thatmostoftheheatflowina powdertakesplaceintheticinityofthe

. pointsof contact.
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.

EffectofWessureonConductivity

Theeffectofgaspressureontheeffectivethermalconductivityof “
magnesiumoxidepowderis showninfigure13. Foreachcurvethereisa
rangeofpressuresforwhichthethermalconductivityis constant.

—
Below

thisrangetheconductivitydecreasesrapidlyas thepressureisreduced-
to zero.Thepressurerangeforconstantconductivityvarieswithtem-
peratureandisdifferentfordifferentgases. .---

Theobservedeffectsofpressurecanbeexplainedby thekinetic
theoryof gases.Fortherangewherethepressurehasno effecton
conductivity,themeanfreepathofthegasmoleculesis smallcompared
withthedistancesbetweentheparticleswhichareeffectiveintrans-

.—

ferringheat.Forthelongmeanfreepathswhichareobtainedatlow
—

pressuresorhightemperaturestheconductivityvarieswithpressure.
Themeanfreepathofthegasmoleculesalsodependso~thediameter-of- –
themolecules.ThekinetictheoryexpressionforthemeanfreepathIs —

kBt
h=—

rn 2ps2
(6)

-.—
.—

Fromdimensionalanalysistheratioofmeanfreepathtoa characteristic
dimensionofthegasspaces(Knudsennumber)musthavea value,independent
of thegas,thetemperature,orthepressure,atwhichtheconductivity .
beginstovaryappreciably.Inasmuchasthesizeofthegasspacesisof
thesameorderofmagnitudeasthesizeoftheparticles,thecharacter-
isticdimensionistakenastheweightedmeansizeof sieverequiredto
retaintheparticles.It iscalculatedfromthedatagivenintableI
by thefollowingequation:

7
1s9 x( )

‘n+2s*1 fn+l+ ~f9

nul
(7)

—

andisfoundtobe 0.00067feet.Thesubscript9 referstotheline
nuniberinthetable.TheKnudsennumberisgivenby

(8}

Fromthedataforair,thepressureatwhichtheconductivitybeginsto
varywithpressure(breakawaypressure)isabout15poundspersquare
inchat 340°F. Themoleculardiameters forairisabout9.9X10-10 .
feetsothatthebreakawayKnudsennumberas calculatedfromequation(8)

.
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iSabout0.00072.Inasmuchas thisKnudsenrmuibershouldbe independent
ofthegas,thetemperature,orthepressure,thiscanbe usedtopredict
thebreakawaypressuresforothergases.Insertionofthevalue0.0u072
forKnudsennumberinequation(8}gives,forthebreakawaypressure,

t
~ = 1770xlo-24—

s%~
(9)

Forhelium,s = 6.23X10-10Yeetand ~ fromequation(9)is5850pounds
persquarefootorabout41poundspersquareinchat 400°F. Thisvalue
ofbreakawaypressureis inapproximateagreementwiththedatafor
helium.Forhighertemperaturesthedataindicatethatthebreakaway
Tressureincreases.Thisisalsoinagreementwithequation(9). For
argonthemoleculsrdiameterisaboutthesameasforairsothatthe
breakawaypressuresforthetwogasesshouldbe aboutthesame,as
indicatedbythedata.Equation(9)isthereforeinapproximateagree-
mentwiththedataforthethreegases.

Equation(9)indicatesa breakawaypressureaboveatmosphericpres-
sureattemperaturesabove400°F forallthegasestestedinthepowder
Forthethermalconductivitiesplottedinfigure9, thepressureswere,
inallcases,abovethosegivenby equation(9).

Thevalueof~udsenrumibercorrespondingto thebreakawaypressure
is seentobe muchlessthanunity,0.00072.Thiscanbee~~ined by

thefactthatmostoftheheattransferthrougha powdertakesplacein
theimnediatevicinityof thepointsof contactoftheparticlessothat
thedimensionseffectiveintransferringheatinthegasspacesaremuch
lessthanthedimensionsoftheparticles.

EffectofFreeConvectiononConductivity

Thecurvesinfigure13 indicatet~t freeconvectionisnotan
importantfactorin determiningtheeffectivethermalconductivityof
thepowderbecauseathighpressuresthethermalconductivityis inde-
pendentofpressure.Iftherewereappreciablefreeconvectioninthe
powder,theconductivitywouldcontinueto increasewithpressureinasmuch
as freeconvectionisa functionofthedensityofthegas.

SUMMARYOFRESULTS

Thefollowingresultswereobtainedfromtheinvestigationof
effectivethermalconductivitiesofpowders:

1. Goodagreementwasobtainedbetweentheeffectivethermal
conductivitiescalculatedfromthesimplifiedanalysisandtheexperi-
mentaldatafromboththepresentinvestigationandfromother
investigations.
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2. Theagreementofexactsolutionsforheatflowthroughregularly
arrangedcylindersandsquareswithexperimentwasnotnearlyasgoodas
theagreement,oftheexperimentaldatawiththesimplifiedanalysiswhere
thebendingoftheheat-flowlines”wasnegl.e~ted.Theresfitcanbe
explainedby assumingthattheparticlessreJrregularlyarrangedsothat
someofthemareiu contacton onesideonly.T%e”goodagreeuientofthe
simplifiedanalysiswithexperimentindicatedthattheincreasein
conductivitycausedbybendingoftheheat-flowlineswascancelledby
thedecreasecausedby irregulararrangementofparticles.

3. Theeffectiveconductivityofa powderbecamenearlyindependent
ofpressureat someratioofmeanfreepathofgasmoleculestoa
characteristicdimensionofthep~der particles.

.

—

LewisFlightPropulsionLaboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio

.

.
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APPENDIXA

SIMPL13?IEDANALYSISFORHEATFL(JWTHROUGHA POWDER

Theparticlesof s@id areassumedtobe spheresor cylinders
arrangedincubicalor squarearrayinthisanalysis.Bendingofthe
heat-flowlinesisneglected.

HeatFlowThroughSpheresinCubicalArray

Inorderto obtaintheeffectivethermalconductivityofa material
madeup of solidspheresin cubicalarrayina gas,itisnecessaryonly
to determinetheheatflowthroughtherepresentativesampleshownin
figure2(b). Theheatflowthroughthissampleis equalto theeffective
thermalconductivitybecauseunittemperaturedifferenceandunit
dimensionsareused. Theheatflowthroughtheinfinitesimal
elementof thicknessdx is

dQ=~xdx *(l-t)

or

cylindrical

(M)

where t isthetemperatureatthesurfaceofthesphere.??rom
equations(IA)and(2A),t is obtained:

1
t= ‘g1+~1

sine
- sin6

Eliminationof t fromequations(2A)and(3A)andsubstitutionof
X=cose anddx=- sin6 de resultin

dQ.-;kg sine cos e

kg de
1 -sine+~sine

(?fd

(3A)

(4A)

Thetotalheatflowthroughthesampleis
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.

nl-r

where
abed.

J5 sin6 cos.9
Q=:kg

(

\ de+ (l- ~)kg
kg

0 l+q -

thelastterm
Carryingout

intheequation
theintegration

.

(5A)

)1 sine

istheheatflowthroughthearea
andreplacingQ by k resultin

kl

whichisthesameas equation(1).

HeatFlowThroughCylindersin SquareArray

Therepresentativesamplefora materialmade
in squarearrayina gasisshowninfigure2(c).
theinfinitesimalelementofthicknessdx is

2e (1- ‘t)
‘Q= sine

or

Eliminationof t
x=cOse and dx

up of solidcylinders
Theheatflowtbrou@

fromequations(6A)and(7A)aridsubstitutionof
=- sine d8 resultin

kg sinG
dQ=- de

()
‘gl+sin6 ~-1
s

IntegrationofthisequationbetweenthelimitsO and ~ and
replacementof Q by k resultin

. —

.

(6A) -

(7A)

. ..—

.
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.

whichisthesameas equation(2).

17

.

.
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EXACT

APPENDIXB

IONOFHE&TCONDUCTIONTHROUGH

.

.

CYLINDERSBYRELAXATIONMETHOD

Calculationsweremadeoftheeffectivethermalconductivityof
solidcylindersingasesforcylindersarrangedin squarearraywith
theheatflowas showninfigure2(a),forcylindersin squarearray
withtheheatflowat 45°to.thedirectionshowninfigure2(a),and
forcylindersintriangulararrayas showninfigure2(d).In order
to illustratetherelaxationmethod,themethodisdescribedforthe
calculationorheatflowthroughcylindersin squarearraywiththe
heatflowas showninfigure2(a).Calculationsfortheothercases
aresimilartothese.

Theheatflowthroughsolidcylindersin squarearrayina gascan
be determinedby calculatingtheheatflowthroughtheshapeshownin
figure2(e”).Thetemperaturedistributionmustfirstbe calculated.
In orderto applytherelaxationmethod,the-terialisreplacedbya
networkofrodsas showninfigure2(e).Theconductivityoftherods
areproprotionaltothemedium(solidorgas)inwhichtheyarelocated.

.

It isevidentthatthetemperaturedistributioninthecontinuous
materialsisapproximatedby thetemperaturedistributionintherods
andthattheapproximationbecomesbetterasthedistancebetweenrods

.—

isdecreased.Forthesecalculations,thematerialwasreplacedby
11verticaland11horizontalrods.Forveryhighvaluesof ks/kg~a
finergridwasusedinthevicinityofpoint c. .=

As a firststepinthe“solution,thetemperatureat eachofthe
intersectionsoftherodsmustbe estimated.Theheatflowintoeach
oftheintersectionscanbe calculated.Foran interiorpointsuchas
point1 (fig.2(e)),theheatflowintothepointiscalculatedfrom

or

%
%& - tJ -1-y Ar(t2- tl)+

%sAr(t5- tl)+TW4 - tl)

Ar(t2+t~+ t4+ ts - 4tl)

*R1=t2+t3+t4+t5 - 4tl (lB) “

.
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Ifthepointwerelocatedintheinteriorofthegasinsteadof thesolid,
kr~ wouldbereplacedby~g where ~s~g= k~/kg.Thecross-
sectionalareasoftherodsareallthesameexceptforthoselocatedon
theexternalboundaryswheretheareasarehalfasgreatbecausetherods
replacehalfasmuchmaterialas theinternalrods. Thesurfacesab
and cd areinsulatedbecauseof symmetry.Forpoint6,

%3 ~s A.r krsAr
‘t6)+~~(t7-Q6=~Ar(t8 - ‘6)t6)+y~ @9

or
tg ‘7

R6=t8+~+~-2t6 (2B)

Fora pointneartheboundarybetweenthesolidandgassuchas point10,

k %s
Qlo=&~(t13 - tI_o) +~&(t14- tlo) +

%3~f+r(%l- tlo) +

or

Q105
—= %0 = qs + t14+ t~
%?s4

Byuseofequationssimilarto
residualR is calculatedforeach

%o + 21
1
22%s (t~z- t~o)(=)
.—

‘“+ 5 krg8

equations(lB),(2B),and(3B),the
intersectionexceptforthoseon

surfacesad and bc,wherethetemperaturesareknownexactly.The
valuesof R will,ingeneral,be differentfromzerobecauseof errors
intheassumedtemperaturedistribution.Each R isreducedto O by
adjustingthe-temperatureatthepoint.Forexample,if R1 = O in
equation(lB),

t2+t3+t4+t5
tq = 4

In
to

thiswaya newtemperaturedistributionisobtainedwhichis closer
thecorrectdistributionthantheassumedone. Theprocessis
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.

repeateduntilthetemperatureat eachpointdoesnotchangeappreciably.
Inreducingtheresidualsto zero,it is customarytoreducethelargest
to zerofirst.Forthepresentcalculatio~s,however,theprocesswas --
usuallyfoundto convergefasterwhentheresidualswerereducedto zero

.

ina certainpatternonthesurface,forexample,alongdiagonals.
.
—

Withthetemperaturedistribution-calculated,theheatflowcanbe
calculatedfromthetemperaturegradientsat ad or be. Theagreement

.

of theheatflowscalculatedatthetwosurfacesgivesa checkonthe
accuracyof thetemperaturedistribution.Thecomputedeffectiveconduc- -:
tivitiesareestimatedtobe within4 percent.

.

.
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DERIVATIONOF.EQUATIONFOREEATFLOWTHROUGH

CONCENTRICCYZINDERSWITHVARIABLE

Thebasicequationforheat
dA is

where n isthedistance
concentriccylinders,the

CONDUCTMTY

conductionthrougha differentialarea

dQ=-kdA~

measuredin thedirectionof
heatflowat a radiusr is

(lC)

heatflow. For
thesamethrough

alldifferentialareas;soequation(IA)becomes,forconcentric
cylinders,

Q=-~~

or

Integrationof equation(2C)betweenr and rl gives
t~

() J
Q loge ~ a 2& k dt

t

(2C)

(3C)

Formostmaterialsthevariationof k withtemperaturecanbe repre-
sentedwithfairaccuracyby an equationoftheform

k= ~+ a(t-ta) (44)

where ~ istheconductivityat a referencetemperatureta and a
isa constant.Substitutionof equation(4C)intoequation(3c)gives

(SC)
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But
at

fromequation(4C)
(tl+ t)/2. If k

equation

whichis

(5C)

the

becomes

as

theexpression
evaluatedat

inthebracket
(tl+ t)/2 is

Q.

equation

Zllk#(tl- t)

()loge ;

(3).

NACA E52C05

is k evaluated
writtenas ~,

,

.

.

.
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CORRECTIONFORSMAJZECCENTRICITYOFTUBES

In orderto applyequation(3)it isnecessarythatthetubesbe
concentric.Fornonconcentrictubesit isnecessaryto apply.scorrection
tothepositionof thethermocouplesinorderto locatethemat the
positiontheywouldoccupyifthetubeswereconcentric.Fora given
displacementofthecenteroftheinnertube,it is desiredto determine
thedisplacementof a pointbetweenthetubesata giventemperaturet.
Forsmalldisplacementsoftheinnertube~OW a ra~us~thete~erat~e
distributionalongtheradiusisnewly thesameasthoughtheradiusof
theinnertubewereincreasedby theamountofthedisplacement.(Ifthe
displacementistowardthecenteroftheoutertube,theradiusofthe
inne~*tubeis decreased.)Fromeqyation(3)

wherethereference
tube.For r = r2,

radiusrl istakenas theradiusoftheouter

tl ()‘2- tz= c loge ~

Eliminationof C fromequations(ID)and(2D)gives

Iftheradiusoftheinnertubeis

(D)

(m)

(m)

changedby anamountd,which
isthedisplacementwhichmustbe appliedtotheinnertubealonga
particularradiusin ordertobringthecenteroftheinnertubeinto
linewiththecenterof theoutertube,theradiuswherethetempera-
tureis t is changedfrom r to r’ and C is changedto C’,or

and

t~-t= c’ loge ;

r2T
tl - t2= C’ loge=

(4D)

(5D)
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where r21=rz+d andtheradiiaremeasuredfromthe
outertube.Fromequations(4D}and(5D)

tl-tz

%
-t= ()loge “

()r2’ ~
loge ~

NACARM E52C05

centerofthe

Eliminationof tl - t fromequations(3D)and(6D)yields

()r2?10ge —

()

rl
lo& $ =

()
loge &

()

r2
loge ~

1

(6D)

(7D)

.

.

Thequantityr2’ mustbe determinedforeachsetofthermocouples
inasmuchasthedisplacementis differentfordifferentradialdirections.
Thequantityr’ istobe substitutedfor r in equation(4).‘

.
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