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APPLICATIONOFTWO-DIMENSIONALVORTEXTHEORYTOTHE

PREDICTIONOFFLOWFIELDSBEHINDKCNGSOFWING-BODY

coMBmoNs m

w

SUBSONICANDSUPERSONICSPEEDs

ArthurWm.Rogers

SUMMARY

A theoreticalinvestigationhasbeenmadeofa
predictingtheflowfieldlehindthewingsofplane

gene-lmethodfor
andCZ’UCifO1711wing

andbodycotiinationsat transonicor supersonicspeedsandslendercon-
figurationsat subsonicspeeds.Thewingtrailing-vortexwakeisrepre-
sentedinitiallyby linevorticesdistributedto approximatethespanwise
distributionof circulationalongthetrailingedgeoftheexposedwing
panels.Theafterbodyisrepresentedby correspondingimagevortices
withinthebody. Two-dhensionalline-vortextheoryisthenusedto
computitheinducedvelocitiesateachvortexandtheresultingdisplace-
mentofeachvortexisdeterminedbymeansofa numericalstepwiseinte-
grationprocedure.Themethodwasappliedto thecalculationofthe
positionof thevortexwakeandtheestimationof downwashat chosentail
locationsbehindtriangular-wingandcylindrical-bodyconibinationsat
supersonicspeeds.Theeffectsof suchgeometricparametersas aspect
ratio,angleofattackandincidence,ratioofbodyradiustowingsemi-
span,andangleofbankon thevortexwakebehindwingsofwing-body
combinationswerestudied.Therelativeimportanceofwingvortices,
thecorrespondingimagevorticeswithinthebody,andbodycrossflowin
determiningthetotaldownwashwasassessedat a possibletaillocation.

Itwasfoundthattheline-vortexmethodof thisreportpermitted
thecalculationofvortexpathsbehindwingsofwing-bodycombinations
withreasonablefacilityandaccuracy.A calculatedsamplewakeshape
agreedqualitativelywithme observedexperimentally,andsampleresults
oftheline-vortexmethodcomparedwellwithan availableexactcrossflow-
planesolution.An empiricalformulawasderivedtoestimatethenumber
ofvorticesrequiredperwingpanelfora satisfactorycomputationof
downwashat taillocations.Itwasfoundthattheshapeofthevortex
wakeandtheultimatenuniberofrolled-upvorticesbehinda wingdepend
on thecirculationdistributionalongthewingtrailingedge.Forthe
low-aspect-ratioplanewingandbody”combinationsconsidered,itappeared
thatdo~mwashathorizontaltaillocationsislargelydeterminedexcept
nearthetail-bodyjunctureby thewingvorticesaloneforsmallratios
ofbodyradiusto-wingsemispan,andby thebodyupwashaloneforlarge
valuesof thatratio.

—.. —-..—. - —- . -.
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INTRODUCTION

Satisfactoryaerodynamicdesignofhigh-speedaircraftrequires
knowledgeof theinterferenceflowfieldresultingfromwing-body-tail
interaction.Thebehaviorof thewf_ngvortexwakeinthepresenceof“
thebodydirectlyaffectstheairstreamflowingpastthetailsurfaces.
Inparticular,forcertainrelativesizesandpositionsofwing,body,
andtail,thewing-bodyvortexwake“produceslsrgestreamanglesatthe
tailsurfacesandnonlinearvariationwithangleof attackof thepitch-
ingmomentcontributedbythetail. Therefore,itis desirabletobe
abletopredictflowfieldsat thetaillocationfora givenconfigura-
tioninordertoevaluatestabilityandcontrolrequirements.

Furthermore,vapor-screenstudiesin supersonicwindtunnelshave
shownthattheconfigurationofthevortexwakefromthewingsof some
wing-bodycacibinationsdiffersmarkedlyfromtheusualconceptionofa
sheetwhosesideedgescurlovertoforma singlepairofvortices.
Forexample,fi@re l(a)showstheS-shapedcrosssectionofa vortex
sheetfromeachpanelofa high-aspect-ratiosupersonicwingandbody
combinationat angleof attack.1 Heretheultimatevortexpatternfar
downstreamofthewingconsistsoftwovorticesfromeachwingpanel,
bothrotating.inthesam direction.Sucha vortexwakeresultsina
flowfielddifferentfromthemorewell-knownpattern,andtheloadon
a tailsituatedinthatflowfieldd3f’fersfromthetailloadassociated
witha single-vortexwake. It is important,therefore,to determine
theconditionsunderwhichthisunusualwakepatternoccurs.

.

Considerableinvestigation(refs.2-12)hasbeendevotedto thepre-
dictionofflowfieldsbehindwings,bothplaneandcruciforh.Refer-
ence2 useslinetizedconical-flowtheoryto calculatesidewashand
downwashfora flatvortexsheetatthewingtrailingedgeandin the
Trefftzplane,references3 andkuse su~ersonicpotentialdoubletdis-
tributionstodeterminedownwashintheplaneofa flatwakeandinthe
verticalphne of symmetryforanydistancedownstreamofa wing. Ref-
erence.5employspressuredoubletsto obtaingeneralexpressionsfor
theinducedvelocitiesin spacebehinda wing,andreferences6 through8
utilizeline-vortextheorytopredictsidewashanddownwashintheflat-
vortexwakeandin space.TheflowintheTrefftzplanebehindsuper-
sonicwingsistreatedinreference9 by meansoflinearizedconical-flow
theory.Thedownwashbasedona flatdeflectedvortexsheetandthe
downwashbasedontwodeflectedvortexlinesarecalculatedinrefer-
ence10. Therollingup ofthetrailing-vortexsheetbehindwingsis
analyzedinreferencelJ_,andreference12 considersthemotionof single
vorticesfromeach@nel ofa cruciformwing. Theliteratureon the
vortexwakebehindwingsofting-bodycaubinations,however,is still
relativelymeager(refs.13and14). Forwing-bodycombinations,ref- Q

erence13accountsfortheeffectofthefuselageontheflowfield,by

‘Adescriptionofthevapor-screentechniqueisgiveninreference1.
.’

.— — .—.—..———-. ————



I?ACATM 3227 3

consideringthemotionoftwofu3J.yrolled-upvorticesinthepresence
ofa circularcylinder.Reference14treatsa specificconfigurationby
slender-bodytheorywiththetwoassumptionsofeithera flatvortex
sheetortwofullyrolled-upvortices.

Thegeneralproblemtobe consideredhereisthedeterminationof
theinterferenceflowfieldbehindwingsofwing-bodycombinations
(e.g.,fig.2)at subsonicor supersonicspeeds.Thedualpurposesof.
thisreportaretopresentindetailandevaluatethemethodoutlined
inreference13; andtoapplyittothecalculationofvortexpathsand
totheeffectsofwingaspectratio,spanloading,angleofattack,ratio
ofbodydiametertowingspan,angleofbank,andwingincidenceonvor-
texpathsanddownwashata possibletaillocation.

PartI of thisreportpresentstheresultsof theapplicationof
themethod.Allcalculationsof spanloadingweremadefortriangular-
wingandcylindrical-bodycombinationsata Machnumberof2.0. Wing
aspectratiosof2/3,2,and4 areconsidered,combinedwith‘bodies
whoseradiiare0.2,0.4,0.6, and0.72timesthewingsemispan.The
taillocationselectedfordownwashcomputationsinthispartrepresents
a missile-lqpeconfiguration,forwhichthehorizontaltailisassumed
tobe locatedinthebodydiametralplane10bodyradiidownstreamof
thewingtrailingedge.

PartII ofthisreportcontainsa detaileddescriptionoftheline-‘
vortexmethod.An examinationismadeof theeffecton downwashat
chosentaillocationsofthenunberofvorticesused.torepresentthe
trailingvorticity.Thenatureofthestepwiseintegrationmethodused
isdiscussed,andsolutionsobtainedbythestepwiseintegrationmethod
arecomparedwithknownexactsolutions.Downwashisalsocomputedat
thetailof a high-tailairplane-typeconfi~ation,characterizedbya
horizontaltail3 body-radiidownstreamof thewingtrailingedgeand
2 bodyradiiabovethebodyaxis.

SYMBOLS

A

c

aspectratio

localwingchord

wingrootchordinplaneof symmetry

directedlinesegmentofa contour

ellipticintegralof secondkind

unitvectorsin x,y,z directions

._— ——.
—— —
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aspect-ratiocorrectionfactordefinedinAppendixB

ltit

Machmmiber

numberofvorticesin summation

staticpressure

pressuredifferentialacrosswingSurfacejpl - pu

free-streszudynamic

velocityvector,ti—

t)Odyradius

PV02
pressure,—

2

+VJ+WE

localhorizontal-wingsemispan

maximumhorizontal.-wingsemispan

spanwisepositionofwingvortex

local.vertical-wingsemispan

msximumvertical-wingsemispan

velocitiesin x,y,z directions(Seefig.2.)

free-streamveloci@

chordwisedistancefromleadingedge

Cartesismcoordinatesofwindaxes(Seefig.2.)

loadcoefficient

angleofattackofbodyaxis,radians

-1

angleofyaw,a sin9,radians

spanwisedistributionof circulation(definedbyeq.(Al))

increment

.
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E downwashangle,– ~
o

A wingleading-edgesweepangle,90° - U, radians

p,l, q dimensionlessrectangularcoordinatesofwind=es, ~>FyFJXyz

(Seefig.2.)

P airdensityoffreestream

u,1- coordinatesof source-pointin xy pq

‘T’ angleofbank,radians

o=m=~q=1veloci~potentials
92P “ “ “

w wingsemiapexangle,tan-1%--}radians

B

i,j

1

m

u

W “

LT

SBT

Subscripts

body

indicesof summation

lower

maximum

lineartheory

slender-bodytheory

—. .—
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I.-APPLICA!ITONOFMETHODTOTHEPREDICTIONOFVORTEXPATHS
ANDDOWNWASHBEHINDTRIANGULAR-WINGANDCYLINDRICAL-BODY

COMBINATIONSAT SUPERSONICSPEED

GeneralDescriptionofMethod

3227

Themethodusedhereinfollowsthatofreference13. Thecircula-
tiondistributionalongthewingtrailingedgeofa givenwing-bodycon-
figurationisrequiredastheinitialcondition.In thisreport,the
circulationdistributionis determinedby modifiedslender-bodytheory.
Thecirculationdistributionisthenreplacedby a finitenumberofvor-
ticeswhichtraildownstreamandrepresentthewakevorticity.The
effectoftheafterbodyisaccountedforby vorticesplacedwithin’the
bodyattheimagepositionof eachofthewakevortices.It isassumed,
ingeneral,thattheflowchangesin thestreamdirectionaresuchthat
inthevelocitypotentialequation

(l- M’)qn+gw+q)==o

thefirsttermisnegligiblysmall,thatis,

(1- M2)q==0

sothat

%-Y+%’=O‘
.Thusthesolutionis independentofWch number.Suchanassumption

oftwo-dimensionalityisvalidforslender,pointedwingsandbodiesat
subsonicspeed,andat supersonicspeedwhentheentireplanformlies
withinthebodynoseWch cone,ornear M = 1 formoregeneralcon-
figurations.’

Consistentwiththisslender-bodytheoryassumption,theboundvor-
ticeswithinthewingareneglectedin computingvortexpathsanddown-
wash. Thetrailingvorticesareextendedto infinityupstreamanddown-
stream,andtheinducedvelocitiesincrossflowplanesarecalculatedby
two-dimensionalline-vortextheoryandbodypotentialcrossflow.Inthe
crossflowplane,therefore,theanalysisconsidersthefollowingpicture:

2Seereference15fora discussionof theselimitations.

u

—— ..—— ————.—.—.———.
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7mmWingvortexrepre-
n z sentingcircula-

-/ “d.

Body

distribution

Sketch(a)

hage vortex

Potential
crossflow

Themotionofeachofthevorticesinthecrossflowplaneis computed,
andtheresultsappliedtothewing-bodyproblemby relatingtimeinthe
crossflowplanemotionto distancedownstreamof thewingtrailingedge.

Thewingandimagetrailingvortexsystemusedinthestepwisecal-
culationsconstitutestheonlyvortexpatternconsideredhere. It iS

knownthatathighanglesofattackandforlargeratiosofbodydiameter
towingspan,tiscouscrossflowproducesvorticesabovethebody(e.g.,
fig.1 andref.1)whichsignificantlytifecttheflowfield.A thorough
understandingofthemechanismofformation,strength,andstabilityof
crossflowvorticesisasyetlacking.Consequently,no attempthasbeen
madetoaccountforthem.

On thebasisofa largenumberof computationsmadeduringthis
investigation,thefollowinganalysiswasma&”oftheeffectofgeometric
parameterson thevortexwakeandtheinducedflowfieldbehindwingsof
wing-bodycombinations.Althoughonlytriangularwingandbo@-combina-
tionswerestudied,thegeneralconclusionsshouldbeapplicableto any
wingphn formforwhich
typescontainedherein.

thecirculationdistributionis similarto the

..— —— —-—



8 HACATN 3227 .

EffectofReducedAspectRatio,@l,andSpanLoading
ontheRollingUp of theVortexWake .

Figure3 showsthecalculateddetailedrollingup of10vortices
representinga typicalwakebehinda low-aspect-ratioconfiguration.
VortexcoordinatesforthisfigurearelistedintableI. It canbe
seenthatat10bodyradiidownstreamof thewingtrailingedge,7 of
the10vorticeshavealreadyspiraledintoa singlegroupwhichtrails
downstreamin appro@matelythefree-streamdirection.Thecirculation
distributionalongthetrailingedgeofthesubsonic-leasing-edgeW@
of thisconfigurationis ofalmostellipticshape.Thevortexsheet
behinda wingofa high-aspect-ratiocombination,representedinfig-
ure4,distortsmuchslowertowarditsfinalconfigurationandshowsa
differentpattern.Vortexcoordinatesforthisfigurearelistedin
tableII. Thedifferentshapeof thevortexsheetisduetothechange
in spanloadingwithreducedaspectratio W.

Thedifferencein spanloadingforthehigh-andlow-aspect-ratio
configurationisa consequenceofthesupersonicor subsonicleading
edge,respectively.As a consequenceof itssupersonicleadingedge,
thewingtrailingedgeof thehigh-aspect-ratiocortibinationoffigure4
hasa theoreticalcirculationdistributionwhichislinearfromabout
themid-semiSpantothetip. !i’hislineardistributionisrepresented
by theeightequal,uniformly”spacedvorticesshown,theremainingtwo
vorticesarisingfromtheslender-bodytypeof loading(eq.(3) of
partII)inboardoftheintersectionofleading-edgeMachlineandthe
wingtrailingedge.Now,itis characteristicofa uniformdistribution
of isolatedvorticesalonga line,suchas thoseshowninfigure5,that
therolli~”upproceedsintheformofa symmetrical,S-shapedcurve
rotatingaboutthecentroid.Thefinal.configurationof thevorticesin
figure5 will consistof twoequalvortexcores,eachcontainingfour
vortices,rotatingsymmetricallyaboutthefixedcentroid.Infigure4,
therefore,theS-shapedrollingup occursfortheuniformportionofthe
sheet,although.thesymmetryaboutandfixityofthecentroidin space
doesnotoccurbecausetheflowfieldis duenotonlytothe8 vortices
butalsototheother12wingvortices,20 imagevortices,andthebody
Crossflow. Theinboardportionofthevortexsheetdisplacesdownward
andoutwardin theconventionalmanneroffigurd3. In ~~y~ then>
theeffectofaspectratioandthec~nsequentchangein circulationdis-
tributionisto changetheshapeoftherolling-upvortexsheetas in
sketch(b). Thefinalvortexpatternforthehigh-aspect-ratiocase
dependsontheextentofthespanoverwhichthe’circulationdistribu-
tionalongthewingtrailingedgeislidear.A comparisonofthecalcu-
latedS-shapedsheetandan experimentallyobservedvortexsheetis
showninfiguresl(a)andl(b).

.—.
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Low@l HighJill . Veryhigh@l
Trailing-edgecirculationdistribution

Shapeofrolling-upvortex

?

Finalvortexpattern
. Sketch(b)

EffectsofGeometricParameterson

sheet

VortexPaths
andDownwashata TailLocation

Inthefollowingsections,calculatedvortexpathsanddownwashare
presentedfora wing-body-tailcombinationata Machnumberof2.0. The
taillocationatwhichdownwashisdeterminedis10bodyradiidownstream
ofthewingtrailingedge,a possiblemissile-typeconfiguration.The
vorticityshedfromeachwingpanelisrepresentedby a singlevortex.
Forthecomparisonoftherelativeimportanceon downwashatthetailof
thewingvortex,hage vortex,andbodycrossflow,a singlevortexfor
eachwingpanelsuffices,ingeneral,althoughthecomputationofthe
actualmagnitudeofdownwashreqtiresseveralvortices.InpartII of
thisreportan investigationismadeoftheeffectof thenurriberofvor-
ticesusedtorepresentthetrailingvorticityon thecomputeddownwash
at chosentaillocations.

Effectofaspectratio.-Figures6(a),(b),and(c)presentthe
effectofaspectratioon downwash,calculatedata missile-typetail
location,fora smallbodyandwingcombination(r/sm= 0.2)atanangle
ofattackof5°.Forthelow-aspect-ratiocombination,theapproxhtion
thatthetotaldo~mwashis causedby wingvorticesaloneisgoodexcept
incloseproximityto thetail-bodyjuncture.Forincreasingaspect
ratiostheapproximatiotiisgoodordyat greaterspanwisedistancesfrom

. —.——_ —-— .——— .—- —
) 1.,.



10 NACATN 3227

thebody. Thereasonforthisresultis simplythatthedownwashfrom
thewingvorticesdecreaseswithincreasingaspectratioforthecondi-
tionofa givenratioofbodyradiustowingsemispan.Thewinglift
decreaseswithincreasingaspectratiobecauseof spanloadchanges,and
theeffectofthebodyupwashthereforebecomesmorepronounced.Slender-
bodytheorypredictsthatthewakedownwashangleexactlycancelsthe
flowangleofattackinboardofthetip. It isinterestingtonotethat
inboardof thevortexlocationfortheaspectratio2/3wing(1X4) the
averagedownwashangleisroughlythe-negativeoftheangleofattackof
theting-bodyconfiguration.

Effectofangleofattack.-Vortexpathsbehindwingsoftwo
triangular-wingandbodycombinationsatvariousanglesofattackare
presentedinfigwe 7. It is seenthatincreasedangleofattackresults
ina morepronouncedinwardanddownwardmotionof thewingvortexwith
increasingdistanceK downstream,althoughforlow-aspect-ratiocom-

. binationstheinitialverticalmotionisupwardduetobodyupwash.
Fartherdownst~amthedistancebetweenthebodyandthevortexwake
increases,witha corre~pondingdecreaseintheeffectofbodyupwash.
Thevorticesfromthewingpanelsofthelow-aspect-ratioconfiguration
thenmovedownwardmorerapidlybecauseof theirnearnesstoeachother.

Examinationof theequationsofmotionofthevortexwake,presented
inpartIIofthisrepo~,showsthatfora givenwing-bodyconibination .
a singlesetofcomputationscanbemadefor.allangbs ofattacka.
Theresultsoffigures7(a)and(b)arereplottedagainstua infig-
ure7(c),whichthenappliestosllanglesofattack,atthesameMach

.

number.

Theeffectofangleofattackon downwashis illustratedbyfig-
ures8(a)y(b),and(c)foranaspectratio2/3wingandlarge-bodycom-
bination,andby figures8(d),(e),and(f)foran aspectratio4 wing
andsmall-bodycombination.Forthelow-aspect-ratioconfiguration,it
appearsthatthelargestportionof thetotaldownwashiscontributedby
thebodyupwashbecauseofthelargebody. Thedifferenceintheshape
of thetotaldownwashcurvesoffigures8(a),(b),and(c)isduetothe
factthatthevortexwakepassesfartherabovethehorizontaltailas
theangleofattackincreases.. Forthehigh-aspect-ratioconfiguration
thetotaldownwashisnotprimarilycausedby anysinglecomponent
becauseofthesmaU bodysize.Wingandimagevorticestogetherwith
bodyupwashmustbe consideredincalculatingtotaldownwashatany
angleofattackforsuchconfigurations.

Effectofratioofbodyradiustowingsemispan.-Anotherparmeter
governingthebehaviorofthevortexwakeis theratioof thebodyradius
to thewingsemispan,r/sin.Figure9 presentstheresultsforanaspect
ratio2/3wingoffixedspan,aloneandin combinationwithbodiesof
differentradii.Thevariationof”thevortexstrengthwithbodysize,
givenby equation(3)with y = r, isplottedinfi~e 10. TheVOfiX
strengthgoesto zerofor r/~ = 1 sincetheentirewingthenis
enclosedby thebody. Itis seeninfigure9 thattheinitialslopeof

. . ..— .- — ———



NACATN 3227 I.1

theverticaldisplacementofthevortexpathnearthewingtrailingedge
increasesinmagnitudeas r~sm increases.Thisistheresultof
increasingupwashinthe%odycrossflowfieldcoupledwithcorrespond-
inglydecreasingwingvortexstrength(seefig.10). Thefinaluniform
downwardmotionof thevortexpairbeginswhenthebodyisfarremoved
fromthevortices,andthepathliesabovethatforthewingalonecase
inwhichthevortexpairmoveslinearlydownwardfrmthetrailingedge.
Thelateralmotionof thetrailingvortexis showninthelowerpartof
figure9. Togetherwiththedecreasedstrengthofthewingvortexfor
largevaluesof r/~, thereisan initialoutboardshiftofthevortex
at the.trailingedge.Fortheisolatedellipticallyloadedting,y/~
equalsYf/4“anditapproaches1 (theinitialvortexlocationmoves
to”wardthewingtip)as r/~ increasesfromO to1. Thelateralvor-
texmotiondownstreamisaffectedlythesidewashcomponentofthebody
crossflowfield.Thelargerthebodyfora givenwing,themorerapid
istheinboardmotionof thevortex.

Figures6(a),I.l(a),8(a),andn(b) showtheeffectof r/sinon
downwashforratiosofbodyradiustowingsemispanof0.2,0.4,0.6,
and0.72,respectively.Theresultsshowninthefigurescanbe antici-
patedqualitatively.Foran r/~ of 0.2,figure6(a)showsthatthe
downwashcontributedby theimagevorticesalmostentirelycancelsthe
bodyupwash,exceptin closeproximitytothebody-tailjuncture.Thus,
forsmallratiosofbodyradiustowingsemispan,downwashat thetail
locationismostlygivenby thedownwashcausedby thewingvortices.
aloneexceptnearthejuncture.Figuren(a), foran r/~ of0.4,
exhibitsa decreasein downwasbfromthewingvortices,andthetotal
downwashisnotaswellgivenbythewingvorticesas infigure6(a)
especiallynearthebody-tailjuncture,Figure8(a),foran r/sinof
0.6,showsthatexceptnearthebody-tailjuncturethedownwashinthis
caseislargelythatgivenby thebodyupwash.Finally,figureXl(b)
foran r/sinof0.72,showingthesametrendasfiguren(a) andfig-
ure8(a)jindicatesthatforverylargeratiosofbodyratiustowing
semispan,suchasforcanardconfigurations,thedownwashat thetailis
almostentirelydeterminedby thebodyupwash.

ComparisonofRoll.ingUp ofVortexSheetBehind
WingAloneandWing-BodyCombination

Planewingandbody.-Itis interestingto
processofthevortexsheetbehinda wingalone
bodycombi~tionundertheconditionsof sketch

comparetherolling-up
withthatbehinda wing-
(c). “

._.——-—————-—. . . . . . . –--.-— ———
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Elliptical

Sketch(c).

(3)

Bothwingshavethesameaspectratio,rootchord,and ro. However,
thism&Lnmm I’ occursatthecenterlineforthewing(withelliptical
distribution)andatthewing-%odyjunctureforthewing-bodycombination
(withnear-ellipticalcirculationdistribution). Figure5 ofrefer-
ence’11.presentsa ‘pictureoftherollingup ofa vortexsheetbehindan
ellipticallyloadedwingas calculatedbyWestwater(ref.16)interms
of theratioofdownstreamdistanced torolling-updistancee. This
ratioisrelatedto ~ infigure3 asfollows(usingeq.(5)ofref.I.1):

or

where

b wingspan

CL total ~t coefficient

.

v

K constsmtbasedontheshapeof thetrailing-edgecirculationdistri-
bution

..— —
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Thevalueof K is0.28forellipticloading.Nowequation(10)of
reference11 is:

r.= 4SV0:

whereJ20correspondstoellipticloadingforthewingalone.Whenthe
lasttwoequationsareco?ibined,

d--=
()
$ (0.28)4s

fi(rofio)

or

()a=a243 -E_-
,s II e ~oPJo

In thepresentnotation,

dx—=—
s %

Theliftcoefficientofa triangular~wingandinfinitecylindrical-body
conibinationintermsof thewingaloneliftcoefficientisgivenby
equation(38)ofreference1>as: .

2

c~+B = c
%7( )

l-g
Sm

Itis clearthatwhilethesame I’..is choseninthiscomparison,
thetotalliftof thecombinationislessthanthatof thewingalone
becauseof thelossof exposedwingarea. Forthecalculationsoffig-
ure3,l?o/Voequals0.575and smequals3.75. ~ese v~ues beiu
assumedintheequationfor d/s,

L=(+(9(%%)=4*”(9%
Forfigure3:

0

0.4,
Thereforethestreamwisestationsinfigure3 correspondto 0.2,
0.6,...2 wing.semispansdownstream.Thevaluesof d/e in

-.-—— _—— — -——.
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figure5 ofreferenceXl.correspondtovaluesof x/sinofO,0.233, “
0.977,1.953,4.370,and8.040.Crosssectionsthroughthevortexsheet .
at thesesixstationshavebeendrawninfigure12aswell.asthenearest
correspondingsheetconfigurationfromfigure3. Fromfigure12 itcan
be seenthattherolling-upprocessof thevortexsheetbehinda
triangular-wingandsmall-bodyconibinationcloselyresemblesthatfora
wingaloneundertheconditionsof theprecedingsketch.

Bankedwingandbody.-Thequalitativedifferencebetweenthe
rolling-upmotionofa vortexwakebehindan i’solatedwingandwing-body
combinationbothbankedata givensmallangleandatangleofattack
canbe reasonedsimplywiththeaidof sketch(d),illustratingcondi-
tionsimmediatelybehindthetrailingedge.

VJwA
R “-.

.
.. .

Sketch(d)

Fortheisdatedwing,eachpanelvortexinducesa velocityVI on
theoppositevortexandbothmoyeinthedotteddirectionwithuniform
velocity.Themotioninthiscaseis symetricwithrespecttothe ~~~
plane.Nowtheadditionofa body,withpotentialcrossflowsymmetrical
respecttothe qy plane,addsthesameinducedvelocityV2 ateach
vortex.Thewingvorticesinthiscasethenmoveinitiallyinthedirec-
tionoftheresultantvelocityVR. Henceforth,thevelocityduetothe
bodycrossflowisdifferentateachvortex.Thusit canbe seenthat
thewakemotionisdifferentfromthatbehindanisolatedwing,thatis,
completelynonsymmetrical.Similarreasoningforwingvorticesof
unequal.strengthleadstothesameconclusion.

.

Fora cruciformwingandbodycombinationat 47 angleofbankand
atangleofattack,thesuperposedveloci~fields(fromthewingand
body)arebothsymmetricalwithrespectto the ~p plane.Therefore
thecomputedvortexwakemotionshouldagreequalitativelywithresults
forisolatedcruciformwings.

— —
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II.- PRESEMTA!TIONANDEVACUATIONOFMETHOD

Theremainderofthisreportwillexaminein &tail theMne:vortex
methodoutlinedinreference13. Themannerby whichtheinitially
requiredcirculationdistributionwasobtainedisfirstdiscussed.The
methodofreplacingthewakecirculationdistributionandtheafterbody
by discretivorticesthenfollows.Thedeterminationof theflowfield
intransverseplanesandthestepwiseintegrationtechniquearenext
explained.Aftera fewsamplecalculations,anevaluationismadeof
theerrorsinherentinthestepwiseintegrationandof theeffectof the
numberofvorticesusedonthecomputeddownwashdistributionat chosen
taillocations.

CirculationDistributionatWingTrailingEdge

Eeforethestepwisecalculationofvortexpathsbehindthewingsof
wing-bodycombinationscanbe started,it isnecessarytoknowthecir-
culationdistributionalongthewingtrailingedge. In general,the
circulationdistributionr(y)andthewingspanloadingarenotequiva-
lent. TheconditionsforequivalencearederivedinAppendixA. The
methodofthisreporthasbeenappliedto triangular-wingconfigurations
whichhavereadilyobtainablecirculationdistributions.However,the
stepwisecalculationmethodisapplicableto configurationswithany
wingplanfom.

Fora plane-wingandcylindrical-bodyconibination,thespanloading
isequivalenttothecirculationdistributionandcanbe obtainedby
chordwiseintegrationofthecompletepressurecoefficient(Ap/q)W.
Equaticmsfor(Ap/q)Waregivenintheslender-bodyanalysisofrefer-
ence15. Forsuchconfigurations,thecirculationaboutthewingat any
spanwisesfationy isgivenby lineartheoryas:

(1)

Thenotationforthisandthefollowing
ure13,whichshowsthemoregeneralcaseof

Equation(n) ofreference17furnishes
fora plane-wingandcylindrical-bodycombinationas:

equationsis definedinfig-
a noncylindrical%ody.

thewingloadingcoefficient

(2)

—- --- ._. -.— _ . . ..— ——
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Substitutionofequation(2)inequation(1)andintegrationyields:

r(y)= ~ &m2 - y’)(%V - r’)

Whenthebodyisnotcylindrical,equation(2)ismodifiedto:

3227

(3)

(4)

Thelasttermofeqmtion(4)isdueto thespanwisevelocityand
doesnotcontributetothecirculationdistribution.Henceoneobtains
therequiredcirculationdistributionbyinsertionofonlythefirst
termofequation(4)inequation(1)andintegration.Theresultis
identical.lyequation(3). Thisshowsthatthecirculationdistribution
r(y)alongthetrailingedgeofa planewingona noncylindricalbodyis
dependentonlyonthecrosssectionof theconfigurationat thetrailing
edge,as couldbe anticipated.Thecirculationis,in,fact,thejumpin
thecrossflowpotentialat thetrailingedgeandhencemustagreewith
theslender-bodyresult,equation(3).

Forcructiormwingsona cylindricalbodyatangleofattackand
sideslip,thecompletevelocitypotential(eq.(47)ofref.15)is:

F{[-G+:)r=’a== * ‘oat co’2’+‘2(1+$)1’[r14(1-:)’+“

4r4COS2 2e+ S4 (1‘$7-2s2(1+r~)(1+$)rl’ cos 2e_f}*-‘

‘oa’z*%’{[G+3)r.2c0s2e+t20+5)l+
[r’’(+)’~ (1+9’++4r4COS2 2e+ t’

2t2(1+a6+&~2c0s2’TT+V0”%(5)

.



IWCAm 3227 17

where

.

Q

r=2

and

Thetransformation
p radiansisforsmall

Nowforbanked

=y2+z2, e=taq’

+means O<e<?c

- means 3-c<e<21f

to a configurationpitcheda radiansandbanked
anglesa:

at = a cosq, P’=a sing (6)

cruciformconfigurations,thespanloaddistribution
isnotequivalenttothecirculationdistribution.Hence,insteadof
equation(1)onemustusethegeneralrelationbetweenI’ andthe@mp
inthevelocitypotentialatthewi~ trailingedge:

.

(7)

Forhorizontalandverticalsurfacesrespectively,oneobtainsby
substitutionofequation(5)inequation(7):

2Voa1
r(y) =V J(%2 - ~)(sm2ti - r’) (8)

~o$t

r(z)= —J
tmZ

(ha - Z2)(tm2z2 - r4) (9)

.
It isthusseen,by comparingequations(8)and(9)with(3),that

thecirculationdistributionfora crucfiormwingandbodycombination
isderivableby assumingthateachwingactsindependentlyof theother
aspartofa planewingandbodycombinationatan angleofattackgiven
by equation(6). Thiscanbe seenalsoby thelinearsuperpositionof
potentialsinequation(>).

Theforegoingequationsarebasedon theslender-bodytheoryof
reference15,whichispostulatedforslenderwingandbodyconfigura-
tionsat subsonic,transonic,andsupersonicspeeds.Inorderforthe
equationstoapplyat supersonicspeeds,theentireconfigurationmust
liewellwithinthebodynoseMachcone.Experimentaldataonmodels
conformingtotheserestrictionswee wellwiththetheory.Inorder
toapplytheresultsof slender-bodytheorytononslenderwingandbody
combinations,anaspect-ratiocorrectionfactorisemployed.Thisfactor,
whichfortriangular-wingconfigurationsistheratiooftheliftofa

—. ——— ._— .— —— .—.— — —-. -.—- - —



18 NACATN 3227

triangularwingcalculatedby lineartheoryto theliftcalculatedby
slender-bodytheory,isdiscussedfullyinAppendixB. Theresultsmay
be summarizedasfollows:Forsubsonic-leading-edgewings(13tanu < 1),
equations(3),(8),and(9)shouldbe multipliedby thefactor

k=~(~l - b’.)

Forsupersonic-leading-edgewings,(~ tanm > 1),theseequationsshould
be multipliedby equations(B7)or (B18)fortherangesof y indicated:

for

k=

for

A/(%’- F)(P2

(Sm+ y) sin-’

1
!

tan2 Jsm++sm-‘)Sin-=
y$’tan’u +Sm 11
13tmW(sm+ y)JJ

(B7)

y$’tan2w -~

~ W W(Sm - y)

(B18)

ReplacementofWakeCirculationDistribution—
andBodyby DiscreteVortices

AfterthecirculationdistributionJ?(y)alongthewingtrailing.-edgehasbeendetermined,thenextstepis thereplacementof theconse-
quentwakecirculationfunctionby a finitenumberofvortices.A plot
ofthecirculationfunction,equation-(3),forexample,lookslikethat
portionofthesolidcurveabovethetingin sketch(e):

.

w

——. - —.-.-.—— -——————-———— —— ————..- -— -- —
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{r

The
spending

Sketch(e)

loadingoverthebody,whichcanbe
bodypressurecoefficient(eq.(I-2)

itlyrequiredhere. Itwillbe seenthatthisloadingisautomatically

calculatedfromthecorre-
ofref.15),isnotexplic-.

accountedforby thevortexmodelsetup forthewingloading.The
curvel?(y)overthewingcanbe replacedbya suitablenumberof step
functions(dashedlinesin sketch),eachofwhichcorrespondstoa vor-
texof strengthequalto thestepheightandlocatedat thestepabscissa
as shown.Althoughan infinitenumberof stepfunctionswouldbe
requiredtoduplicatethegivencurve,inpracticethenumberselected
arethefewestwhichrenderpossiblea reasonablyaccuratepredictionof
thetrailing-vort.$xsheetbehavior.Single-,three-,andten-stepfunc-
tiondistributionshavebeenusedherein.Quantitativeresultswillbe
presentedlaterconcerningthenumberofvorticesusedtoreplacethe
circulationdistribution.Fora single-step(onevortex)approximation,
integratingequation(3)fortheareaunderthe I’(y)curveandequating
theresulttoa singlerectangulararealeadtothesimpleresultshown
infigure14,namely,thatthespanwisedistancefromthebodyofa
singlevortexrepresentingthecirculationdistributionononepanelof
a plane,subsonic-leadlng-edgewingandbodycombinationisapproximately
constantandequaltoabout0.76timestheexposedwingsemispanforall
ratiosofbodyradiustowingsemispan.Inthisapproximationby a
singlevortexthevalueof l?- atthewing-bodyjunctureisassigned
tothevortex.Inallcasesthetwopanelsof thetingaretreatedinde-
pendently.A circulationdistributionwhich,unliketheprecedingsketch,
isasymmetricalacrossthetingtrailingedgetill,therefore,require
anasymmetricalvortexdistribution.

Theeffectofa circularbodyinthepresenceofthiswingvortex
distributionisaccountedforby placingan imagevortexforeachwing
vortexwithinthe’bodyat theinversepoint,as indicatedbysketch(f).
Theimagevortexcancelsthevelocitynormaltothebodyduetothewing
vortex.

___ ._ .—._—_—— —. _ . . ..—-—-— -— .—— — .—. ——. . .
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A

Sketch(f)

Theforegoingdiscussionappliestothetrailing-vortexfilaments
fromthewingandtheimagevorticescontainedwithinthebody. These
filamentscanbeconsideredjoinedbyboundvorticeswithinthewing
andadjacentbodytoformhorseshoevorticesas shownin sketch(g).

Theportionofthetotalliftof
thewing-bodyconibinationcarried
by thetingandby thebodyisrep-
resentedby theboundfilamentsof
length22 withinthewingand ZI
withinthebody,respectimly.A
plotof I’(y)acrossthebodyis,
therefore,obviatedsincethesingle.
vortexrepresentingthebodyloading
automaticallyappearsattheinverse
(image)pointofthewingvortex.
Thisvortexmodel,duetoLennertz
(ref.17),assus thattheratio
ofbodytowingliftisproportional
totheratio 2=/72(Z=+ 22 being
the“effectivesemispan”),andis
knownfromexperimentstorepresent
thedistributionofliftbetween
wingandbodywithgoodaccuracy,
detiatingbutslightlyfromslender-
bodytheory.

Sketch(g)
Consistentwiththeass-d two-dimensionalnatureofthesolution,

thesegmentsofthevorticesboundwithinthewingandadjacentbodyare
neglected.Itisthenassumedthattheremainingfilamentsextend
upstreamtoinfinity.

DeterminationoftheFlowFieldin!IkansversePlanes

Thenonlinear
ofthevortexwake

differentialequationsgoverningthedownstreammotion
requirea stepwisesolutionforthevortexpositions

.
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at successivestreamwisestations(orthe increments).
vortexpatternat anydownstreamstationsuchas section
(Theimagevorticesinsidethebodyarenotshowninthe

21

Considera
A-Ainfigure2.
figure.)It is

assumedthateveryvortexinfluencestheflowfieldaccordingtothe
Biot-Savartvelocitylawofplanar,incompressible-flowvortextheory,
as illustratedinthesketch(h). Thisassumptionwillbe justified
later.

+W

1-+r

0
+V

Theveloci@ Vi inducedat

!Sketch(h)

the ith vortexby the jth vortexis:

Theverticalcomponent,wi,of Vi is:

Thehorizontalcomponent,vi,df Vi is:

(lo)

(n)

(l$?)

Ingeneral,fora flowfieldcontainingn vortices,thevelocity
componentsinducedatthepositionofthe ith wingvortexby theother
n-1 vorticesare:

n
1

I

rj(~i- Aj)
wi=—

27(rj==(xi-xj)2+ (vi- Tj)2
#i

(13)

_. . _ .— ——-..——
— ..—
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J.
2m L (Ai-A-J)2+ (vi- Vj)2

j==

#i

(14)

Equation(10)isderivedfromconsiderationofan infinitelylong,
incompressible-flowvortexfilament,andis,therefore,applicableonly
totwo-dimensionalflow.Forsupersonicspeeds,theuseofequation(10)
isconsistentwiththeslender-bodytheoryunderlyingthisstudyfor
thesereasons:Reference7 showsthatan infinitelylongvortexfilament
paralleltoa supersonicstreamobeystheBiot-Savartlawof incompres-
sibleflow. Omissionoftheboundvortexandwingchordloadingcauses
thedifferencebetweeninitialandasymptoticdownwashat thewingtrail-
ingedgeseeninfigure15reproducedfromreference7;thedownwash
alongthewakeceriterlineapproachestheasymptoticvaluewithina chord
lengthbehindthetrailingedgeforthetriangularwingsof PA< 4.
Hencetheasymptoticdownwashgivenby a two-dimensionaltrailing-vortex
systemhasbeenused.

Superimposedontheveloci~fieldduetothewingandimagevortex
systemisthebodypotentialcrossflowvelocityfield.Fromthepoten-
tial:

where z~ ismeasuredfromthebodyaxis(instead
readilyobtainsthe

or in dimensionless

veloci~componentsinducedby

aql 3=-2’2
‘=s2-=VO”F

(F + 2’2)2

fOrm:

w ~%qta
—=
Vo a(A2+Tjt2)2

(15)

ofthewindaxis),one
thebody:

(16)

(17)

(18)

(19)

— . ——. ——— _—.— — —
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where

Thistransformationf= theusualpotentialequationsisneces-
sitatedhereby thefactthatthecoordinatesarenotbodycentered,and
thebodyisinclined,withrespecttothefree-stmamdirection.

Theselastequationsassumethatthebodyangleof attackis small
enoughsothat tana % a, cosa s 1 (whichistruefor a up toapproxi-
mately200),andthatthecontributionofthecrossflowtothelocal
streamwisevelocityisnegligible.As statedpreviously,viscouscross-
flowseparationaroundthebody,withitsconsequentvortexwake,isnot
consideredhere.

StepwiseDeterminationofVortexPaths

Thereplacementof thewingtrailing-edgecirculationdistribution
by stepfunctionsandassociatedvortices,togetherwiththeplacement
of -e vorticeswithinthebody,as detailedabove,providethestart-
iWPotit firthestepwisecalculationstobe described.Thespanwise
andheightwisecoordinatesofallvorticesat v = O areknown.The
downstreamincrementalmotionofthesevorticeswillnextbe determined.

Nowat anypointina transverse(yz)plane,thelateralvelocity,v,
isgivenby thesumofequations(14)‘and(19).Theverticalvelocity,w,
issimilarlygivenby thesumof.equations(13)and(18).Thestreamwise
velocity,u, perpendicukrto theplsme,iseverywhereVo. Consid&r
thepointwherea vortexline passesthroughthetransverseplane.In
a tb intervalAt thevorte~filmnentm&es withthe
distanceAz = wAt. Since
Sionally:

similarly the

Thelast
distanceAIJ
movingin the
(ratherthan
and(14)will

dimensionless

.

twoequations

fluida vertical
thennondimen-

(21)

is:

(22)

thenfurnishpointsintransverseplanesa
apart,thelocusofwhichisthepathofa vortexfilament
wing-bodyflowfield.Witheachvortex,a tts~@hn Pj/Vo
Pj)willbe associatedinorderthatequations(13)
actually@eld thevelocityratiosw/V.~d V/Vo.

. ...— —— —-— — -—-— ....— — .— .———— ——
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Intheplane w = 0,whichcontainsthewingtrailingedge,as long
as thewingshaveno incidencewithrespectto thebody,allthevortex
filamentshavecoordinatesq ~0. Therefore,thetotalspanwiseveloc-
ityinducedat thelocationofanygivenwingvortexcanreadilybe seen
tobe zero,fromequations(14)and(19).Infact,theinitialmotion
of &ch a vortexsheetisalwaysoneofpureverticaldisplacement.The
total.verticalvelocitysumnedfromequations”(13)and(18)ismultiplied
by a suitableincrementAp yieldingan incrementaldistanceAV moved
lythe givenvortexline,accordingtoequation(21).Valuesof Aq are
thuscalculatedforallthewingvortices,theentiregroupofwhichis
sotransportedtotheplane v = AI.L.Thecoordinatesofeachwingvortex
inthisnewplanearefoundsimplyby addingthecomputedincrementsto
thecoordinatesat thepreviousstation.Of course,symmetricalproper-
tiesareusedwhereverpossibletoobtiatethecalculationofthepaths
ofvorticesfromeachhalfofa wing. Correspondingtothenewlocation
ofeachwingvortexlineatthestationV= A* theimagevortices
tithinthebodyarerepositionedaccordingto thefollowingformulas:

‘image

?-e = -IJ

= A (23)
X2-+(q+u tana)2

tana+
~+~tana

(24)
A2+(q+~t6na)2

where(X,T)arethecoordinatesofthewingvortexat thenewstation
P =AP. Thisreadjustmentof theimagevortexpositions,requiredby
thedownstreamdisplacementoftheinclinedbodyawayfromthefree-
stre@mdirection,ismadebecausethehage vorticesareboundwithin
thebody;theimagevortexdisplacement,infact,measurestheamount
ofltitcarriedby theafterbody(seeref.13).

Withthenewpositionsofwingandimagevorticesthisprocedureis
repeatid.Thatis,thetotallateralandverticalvelocityinducedat
eachwingvortexlocationis calculatedandmultipliedby an incremental
distanceAL Thenewwihgvortexpositionsareobtainedbyaddingthe
computedincrementstotheoriginalcoordinates.Tbe-e vorticesare
thenrepositionedaccordingto thenewwingvortexlocations,andthe
stepwisecalculationcontinuedto.thedesireddownstreamstation.

Thisstepwiseprocedureis simplya methodforintegratingnumeri-
callyn simultaneousdifferentialequationsofmotionof n/2 wing
vorticesforthedownstreampaths.A closedsolutionforthethree-
dimensionalpathsis,ingeneral,extremelycomplicated,ifnotimpos-
sible.Whiletheequationsof thevortexmotionsina transverseor
crossflowplanecanbe
lenttothestreamwise

written,introductionof timedependence(equiva-
coordinate)rendersa closedsolutionextremely
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clifficult. Reference13,
itlytheentirepathofa
inthetransverseplane.

25

usingcomplexvariablenotation,citesexplic.
pairofvorticesinthepresenceofa cylinder
TheequationswerederivedbyVillatinrefer-

ence18. Evenforthissimplecase,where n = 4,recourseisnecessary
tonumericalsolutionforthetimeor streamwisecoordinate.Thissolu-
tionwillbe analyzedingreaterdetailsubsequently,aswellas the
mannerof choosingtheproperspacingAW of successivestations.

SampleCalculations

Threeexampleswillnowbe presentedto illustratethecalculative
procedureandresultingvortexpaths.Theyare:

1. A

2. A

3. A

plane-wingandcylindrical-bodycombinationatangleof
attack.

cruciform-wingandcylindrical-bodyconfigurationat angle
ofattackandbank.

plane-wingandcylindrical-bodycombinationwiththebodyat
“angleofattackandthewingpanelsat differentialincidence.

Theprocedurehasbeensystematizedby preparedcomputationforms
suchas tableIIIwhichisusedwhenthecirculationdistributiononone
wingpanelisreplacedby a singlevortex.

Example 1,planetriangular-wingandcylindrical-bodycotiination
atangleofattack.-Thedataforthisexampleare: wingaspect
ratio= 2/3,ratioofbodyradiustowingsemispan= 0.6,angleof
attack= 5°, andMachnumber= 2.0.

Theleadingedgeofthewingis subsonic(~tanu= 0.291.2< 1),so
thetrailing-edgecirculationdistributionr(y)iscalculatedfromequa-
tion(3)andmultipliedby theaspect-ratiocorrectionfactork = 0.917
(seeAppendixB). A plotof J?(y)vs.y likethatoffigure14 is
obtained,witha maximumordinateFRO = 0.M796 inthisexample.
First,thisdistributionisreplacedby a singlevortexperwingpanel,
withthelocationconsequentlygivenby figure14as s’/(~-r) = 0.763,
or Al = 1.%19(r/% = 0.6). Theverticalcoordinateof thevortexat
thewingtrailingedge(W= O) is zerointhiscase. Thedimensionless
spanwisecoordinateof theimagevortexis,thereforeX2 = 111 = 0.663.

ReferringnowtotableIII(a),theabovevaluesof

‘% ‘“ a~e,andqa arefilledintotheproperboxesof columns@, 3, and 4. ~
symnetry,thevaluesof ha~A4>TIa>~d,q~ canbe readilyfilledin,and
an incrementAp is chosen(1here).Columns@ through@,basedon

.-

.- ..—
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equations(13)and(14),arethencomputedinorder,thelasttwogiving
theverticalandhorizontalveloci

!!$9

componentsinducedatvortex1 by
theotherthreevortices(columns and 9, respectively).Rows@
through~,hased onequations(18 throug(22),nextaddthe otential.
crossflowvelocitycomponentsatvortex1.

@@
Thus,rows 2 and give

thenewcoordinatesofvortex1 foruseintableIII(b),while he
bottomcalculationfurnishesthecoordinatesofthecorrespondingnew
imagevortex2 position.

Columns@ through@ ofthetableIII(b),forstationv = 1, can
nowbe filledinandtheprocedurerepeated,as il.lust~ted.Thisstep-
wisecomputationiscontinuedforasmanystationsdownstreamas desired,
eachpartofthisexamplerepresentingpositionsat incrementsofone
bodyradius(Aw= 1)downstreamofthewingtrailingedge. Theresults
aresummarized&phicall.yby figure16.

Forthesamegivendata,thecalculatedcirculationdistribution
foronewingpanelisnowreplacedby threevorticesofequalstrength
I’/Vo= 0.042653.Theirspanwiselocationsaredeterminedgraphically,
equatingareasunderthecurveof r(y)vs.y,andinthisexampleare:
Al = 1.652,AZ = 1.558,=dA== 1.316.Thethreeimagevortexloca-
tionssreagaincalculatedas theinversepoints,giving:A4 = 0.75988,
As= 0.64185,andA= = 0.60533.Theresultsofthiscaseareshownin
figure17. .

Example2, cruciformtriangular-wingandcylindrical-bodyconfigura-
tionat angleofattackandbank.-Theconfigurationdataofthepre- . .
cedingexampleareagainassumedinadditiontowhichanotherpairof
wingpanelsnowefists,forminga cruciformwing-bcdyarrangementbanked
450● Thestm%gthsoftheassumedfourvorticesoriginatingfromthe
fourwingpanelsareidentical,asrequiredbyequations(8)~d (9).
Theseequationswithequation(6)providetherequiredcirculationdis-
tributionr(y)andI’(z)whichis correctedforaspectratioas explained
inAppendixB. Figure14againfurnishestheinitialpositionsofthe
fourwingvortices,whosecorrespondingfourimagevorticesarethen
locatedat theinversepoints.Thecalculativeprocedurefollowsthat
describedabove.Becauseofplanar(XZ)symmetry,onlythepathsofa
pairofvorticeson onesideofthebodyneedbe computed.!Iheresults
ofthiscasearepresentedinfigure18,whichshowsthatthereisa
tendencytoward“leapfrogging,”sketch(i)salthoughtheprocessappears
tobe retardedinitiallyby thebody.

~Thephenomenonof “leapfrogging”vorticesisdiscussedindetail
forisolatedwingsinreference12.

.—— . . —
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\/

\/

l’”
11

“Leapfrogging”

~lower panels

pathsin crossflowplane

Sketch(i)

Example3, plane-wingandcylindrical-bodycombinationwiththe
bodyatangleofattackandthewingpanelsat differentialincidence.-
TheRivendata’forthiscasearethesameasforthefirstexamplewith
two~xceptions.Onewingpanelisdeflected-andtheotherisat zero
incidencewithrespecttothebodyaxissuchthatthevortexfromeach
panelhasthesamestrength.Nowthevorticesfrombothwingpanels
arerotatinginthesamedirection.Thevortexshedfromthedeflected
panelisassumedto starta%ovethe ~ plane%ecauseoftheangular
displacementaboutthehingelineofthatpaneltstrailingedge. It is
furtherassum6dthatthevortexfromeachpanelis shedat thessmespan-
wisestation.

Figure19illustratesaneffectcharacteristicofwingsdifferen-
tiallyinclined.Thevortexfromthewingpanelwhichhasno incidence

“ to thebodymovesessentiallythesamewayas intheplanewingcase.
However,thevortexfromthewingpanelwhichisat a negativeangleof
attacktravelssharplyupwardandinbosrd..Thismarkedmotionisdue
totwoeffects:First,thevortexstartsat thetrailingedgewithsome
q >.0 becauseofthenegativeangleofattackofthepanel,andsecond,
thebodycrossflowandimagevortex-inducedvelocitiesarecumulativein
thiscaseinsteadofbeingsubtractiveas intheplanecase.At a suf-
ficientlyhighangleofattack,itmaybe possiblefortherisingvortex
to jumpoverthebodytothesamesideas theothervortex.Suchan
occurrencewouldcausea sharpincreaseinrollingmomentfromthetail
surfaces.

Forthecaseofa pairofwingpanelsinclinedtogether,thetrail-
ingvortexpathscanbeestimatedqualitativelybyconsiderationofthe

—. ..— .—— .— .-—...— — -——— —
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vortexpictureinthecrossflowplane.Thus,fora pairofwingpanels
inclinedata positiveangleofattackona bodywhoseaxisisparallel
to thefreestream,thevortexpathstrailbelowthefree-streamdirec-
tionwithconcavityupwardssincethereisno%odyupi+ashandtheeffect
of the-e vorticesistodepressthewingvortexwake. Fora pairof
wingpanelsata negativeangleofattackona bodyatappositivedngle
of attack,thetrailingvorticesareinclinedupwardsincethebody
crossflowandvortex-inducedvelocitiesareadditive.

Theseandallothercomputationsexceptthosewith10vorticesper
wingpanelwereperformedwitha deskcalculator.Itwasfoundthatthe
solutionofvortexpathsdownstreamofthewingcouldbe accomplishedin
aboutfifteenminutesperstationfora single-wingvortex,andtwohours
perstationfora three-wingvortexscheme.In general,thentier of
computationspersolutionincreasesapproximatelyas thesquareof the
numberofvorticesassignedperwingpanel.

EvaluationoftheEffectof StepwiseIntegration
onVortexPaths

In thepresentline-vortexmethod,theprincipalfactorsgoverning
thelaborexpendedinthesolutiontoa givenproblemsxethesizeof
the‘~t~’iincrementAp andthen@er ofvorticesusedtoreplacethe
trailingVorticity.Thefirstfactorwild.nowbe discussedin detail.

Thenecessityfora stepwisesolutionforvortexpathsstemsfrom
thedifficultyofintegratingn simultaneousdifferentialequationsof
vortexmotion(eqs.(13)and(14),togetherwitheqs.(18)and(19)).
Thedifferentialequationsarethereforesolvedwitha -U., ftiiteAP.
In thisreport,theuseofequations(21)and(22)impliestheuseof
lhiler~slinearintegrationmethod,thatis,

where

vi ‘ ~~ or TIiy

seriesexpansion

and i=lj 2,3,... q/2

showsthehigherordertermsneglected:

Thus,itmaybe seenthattheuseofEuler’smethodwithoutappre-
ciableerrorrequireseitherthesecondandhigherderivativestobe
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smallor Av tobe small.The
tanceofthehigherorderterms

29

followingdiscussionindicatestheimpor-
forvortexmotion.

Comparisonofknownexactsolutionofvortexmotionwithstepwise
inte~ tion.-A simpleexampleofthemutualinteractionoftwovortices,
forwhichtheexact’solutionisknown,furnishesan insightintothe
natureof thecumulativeerrorincurredby thisstepwise-integration
method.Itiseasilyshownbythemethodsofhydrodynamics(e.g.,p. 320
ofref.19)thattwovorticesof strengthsrlandrz till,dw tO theti
ownmutualinfluence,eachrotateabouttheircommon‘tcentroid~’ina cir-
cularpathwithconstantangularvelocitywhichisetpalto (1’1+ r2)/2fi
dividedby thesquareof thedistancebetweenthevortices.Thismotion
is illustratedinfigure20. Thesolidlinesradiatingfromthecentroid
representtheendsofa constanttimeincrement(proportionalto AI-L)and
thesolid,spiral-likecurvesarethecorrespondingpathscomput-edbya
stepwiseapproximation.Thedashedradiallinesandspiralsrelatetoa
timeintervalhalfofthatusedbefore.It appearsfromfigure20 that
theerrorordiscrepancybetweencircularandspiralpathsincreases
whiletherateofgrowthofthiserrordecreaseswithtime(ordistance
downstreamof theinitialposition).Further,itisseenthata decreased
sizeof timeincrementresultsina decreasederror,forthisexample,in
approximatelythesameratio.Of course,thiscaseof completelycircular
vortexmotioncanmtbe solvedaccuratelyby Ner’s linearschemewithout
usingextremelysmallincrements.However,formanyof thecomputedvor-
texpathsbehindtheconfigurationsconsideredinthisreportitwillnow
be shownthatEuler’smethodis sufficientlyaccurate.

Effectof sizeofincrementAW on computedvortexpaths.-The
errorincurredby usingthelinearintegrationmethodcanbe j,udgedby
calculatingvortexpathswithdifferentincrementsAp andextrapolating
theresultsto Au= O. Thishasbeendoneforsingle-andthree-vortex
schemesat a= .5°andtypicalresultsappearinfigures21and 22.
BothfiguresshowthatthestepwisemethodemplofingfiniteincrementsAH
yieldsresultswhichconvergefairlyrapidlytotheexactsolution(for
whichAN-dIJ+O). Heretheerror,usinga givenvalueof A!J,is
indicatedbythedifferencebetweenthevalueof A or ~ extrapolated
to Av= O andthevalueof I or ~ atthegivenvalueof AIL As in
figure’20,theerroris seento increasewithtimeor distancev down-
streamof thewing. Fora single-vortexscheme(fig.21),theerroris
approximatelyproportionalto IJAVandis small,ingeneral.Theerror
becomesgreaterandlesspredictable,forthesameincrement,size,with
a multiple-vortexscheme(fig.22). A single-vortexschemeistherefore
lesssubjectto integrationerrorthana multiple-vortexscheme.The
reasonwhytheerrorincreasesnonlinearlyforthethree-vortexscheme
offigure22 canbe explainedby referencetofigure22(c)whichshows
theprojectionof thevortexpathson thecrossflow@ane. ForsmalJ
valuesof I.Lthevortexpathsarefairlylinear,tiththevortexposi-
tionerrorgivenbyfigure22(a)beingsma~ andessentiallylinear
with AP. Furtherdownstream,as theeffectoftherolling-upprocess
becomesmarked,thepathsareseentobecomespiral-like.Eachvortex-
positionerrorcume becomesincreasinglynonlinearas thevortexpath

_ ..——. -———- -—— —— — -—— —— —
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.

approachesa msximumorminimumverticalpositioninthecrossflowplane.
Theuseof smallerincrementsAu thenrevealsthetendencytowardcon- .
vergenceofthepathtooneofa lesserradiusof curvature,as illus-
tratedpreviouslyforthecaseoftrulycircularpaths.

l?romtheseresultsitappearsthattheselectionofa suitable
incrementAy foranygivencaseshouldbemadeby trialcalculation
withseveralvaluesof AW fora fewstationsdownstreamofthewiw.
As longasthecomputedvortexpathsarerelativelylinearinthecross-
flowplane,thelargestvalueof Ap shouldbechosenwhichpermitsthe
extrapolatederrorinvortexlocationtobe the~ tolerableat the
furthestdownstreamstationatwhichdownwashis desired;AK shouldbe
decreasedlocallywhereverthevortexpathsappeartobe approachinga
maximumorminimumheightinthecrossflowplane.

MoreaccuratenumericslintegrationschemesthanEulerlsmethodcan
be foundinreference20. Curve-fittingandextrapolationformulasare
presentedwhichby takingaccountofthehigherorderderivativesofthe
pathenableonetomaintainsufficientaccuracyofvortexpositionswith
a givenAp evenwhenthepathsaremarkedlynonlinear.

Comparisonof computedpathswithexactsolutionforvortexpaths
in crossflowplane.-Theexactsolutionknownforthevortexpathinthe
crossflowplanecorrespondingtothesingle-panelvortexrepresentation
mentionedpreviouslycanbe usedto checktheaccuracyof thestepwise
integration.Equation(~-k)ofreference13 citestheresultobtained
byVil.lat(ref.18). Inthepresentnotation,it is:

where

E2=X2+ (q+pa)2

At an infinitedistancedownstreamthevorticesareinfinitelyfar
removedfromthebody(T+ ~a+m) sothattheasymptoticspacing
2(~)V=@ofthevortexpairisgivenbytherelation:

—

.

— ..— .—. -. —— -— —.
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Twosolutionsby thestepwisemethodhavebeencheckedagainst
equations(25)and(26).Thishasbeendoneby insertingpairsofvalues
ofthecoordinatesw andq,fromthe
equation(25)andsolvingforthe A
sonappearsinfigure23,showingthe

EffectofNumi%erofVorticeson

stepwi.se-calculatedpaths,into
coordinateby trial.Thecompari-
resultstobe practicallycoincident.

Downwashat~il Locations

. Comparisonsweremadeofthedownwashalonga line,representinga
horizontaltailplane,resultingfromtheseparatepresenceof one,
three,andtenvortices,allderivedfroma givencirculationdistribu-
tion. Possibletaillocationsforbotha missile-typeandhigh-tail
airplane-typeconfirmationwerechosen.

Missile-typeConfiguration.-Fortheformer,p = 10 wasselected;
thatis,a tailIocation10bodyradiidownstreamof thewingtrailing
edge. Thereforedownwashwasfirstcomputedalongtheline u = 10,
v =- 10 tana, 1 <h< 6,whichisa horizontallinethroughthebody,
centerlineof themissile-typeconfiguration.

Figures24(a)and(b)showtheeffectof numberofvorticesondown-
washat thechosenmissiletaillocationwithandwithoutcomponentsof
thebodypotentialcrossflowin thestepwisecomputations.Theseomis-
sionsweremadefortworeasons:Onewasto determinetheextent-to
whichthestepwisecalculationscouldbesimplifiedwithoutobtaining
disstiilarresultsindownwash,andtheotherwasan attempttoaccount
fortheflowaroundthebodyathighanglesofattack..As anassumption
forthehigh-angle-of-attackcrossflow,thepotentialcrossflow(eqs.(18)
and(19))wasreplacedby equation(18)alonewith q’e O. Thisassump-
tionimpliesthatthevelocitydistributionon theleesideofthebody
isthesameatanyverticalstationas alongthehorizontaldiameter,as
indicatedin sketch(j).

Potentialcrossflow. Assumedcenterlinecrossflow.
Sketch(j)

_.-———-.—..-— .--— —
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Fortheaspectratio2/3configurationoffigure24(a),with
rlsm= 0.6,thenumberofvorticesusedhasa negligiblysmalleffecton
downwashexceptwhenthebodycrossflowisentirelyomittedinthestep-
wisecalculations.Observanceofthevakiousvortexpositionsat the
taillocation,shownat thetopoffigure24(a),showsthatthevortices
fromthewingpanelsaresubjecttoa relativelystrongbodycrossflow
sothattheircomputedpositionsaregreatlyinerrorifthebodyupwash
isneglectid.Thw, whenat leasttheupwashcomponentof thebodycross-
flow(thecenter.linecrossflo.win sketch(j))isaddedtothestepwise
calculationsthereis.noappreciableeffectofeitherthenumberofvor-
ticesusedorthestrengthdistributionfora givenmultiple-vortex“
stheme.Figure24(a)alsoshowsthatonlya smallchangeindownwash
resultsfromreplacingthepotentialbodycrossflowby theassumedcenter
linecrossflow.

Fortheaspectratiokwing andbodycotiinationoffigure24(b),
with r/~= 0.2,itis seenthatthereis littleeffectofbow crosS-
flowonthedownwashat thetail. Thiscoul.dbeexpectedbecauseof
therelativelylargewing. Whiletheuseof a singlevortex’doesnot
“adequatelyapproximatethemagnitudeof downwashovera tailspanequal
to thewingspan,a 3-vortexschemeappearstobe as satisfactoryasa
10-vortexscheme.Referencetothecomputedvortexlocationsshownat
thetopofthefigureindicatesthatthevortexsheetfroma high-aspect-
ratioyingatlowanglesofattackrollsup so’slowlyandextendsover .
sucha largespanwisedistancethata singlevortexcannotgivethecor-
rectdistributionof downwash.

.
At higheranglesofattack,thevortexwaketin be evenfurthe~

fromthehorizontaltailplanebecausethebodytill.be inclinedbelow
thefree-streamdirectionmorethanthevortex-e accordingtofig-
- 7* Althoughthevortexstrengthsincreasedirectlywithangleof ,
attack,thedownwashat thetaildecreasesveryrapidlywithdistance
fromthe-e. Consequently,theeffectof numberofvorticesshouldbe
smallerathigheranglesofattack.

Airplane-type configuration.-Nowa poss~lehorizontaltailloca-
tionfora high-tailairplane-typeconfigurationis w = 3 andq ~ 2,
thatis,3 bodyradiidownstnamofthetrailingedgeofthewingand
2 bodyradiiabovethebodyaxis.Figure25presentstheeffectof the
numberofvorticesusedon thedownwashat thistaillocation.The
aspectratio2/3configurationoffigure25(a),with r/~ = 0.6,shows
nonoticeableeffectofnumberofvortibesoneitherthedistributionor
-itu~ of downwashsimplybecauseof thedistanceofthehorizontal
tailplaneabovethevortexwake. Neitheristhereanyappreciableeffect
ofassumingthebodycrossflowtobe thecenterlinecrossflow.The
aspectratio4 configurationoffigure25(b),with r/sin= 0.2,shows
that3 vorticesgivethesamedownwashas 10vortices.However,from
figure7 thevortexwakebehindthewingsofbothhigh-andlow-aspect-
ratioconfigurationsat smallvaluesof v is seentobe fairlyclose
to thefree-streamdirectionat allanglesofattack.Thereforeit can
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be expectedthatwithincreasingangleofattack,
approachesthewingvortexwakeandtheuseofat

thetailplane
leastthreevortices

torepresentthewakebehindwingsof suchhigh-tailairplane-typecon-
figurationswillbe requiredtoobtainthecorrectmagnitudeof downwash
acrossthetailspan.

To obtainthesha~ ofa vortexwakebehindawing,clearlyanml-
tipletrailing-vortexsystem,suchas the10-vortexsystemsusedherein,
isrequired.However,forthecomputationof downwashat taillocations
a minimumnumberofvorticesisdesirableandthisnumberdependsmainly
onthedistancebetweenthewingwakeandtailsurfaces.Thenmiber
variedfromaboutonetothreefortheconfigurationsstudiedherein,
dependingonwhetherthatdistancewaslargeor small.An empirical
re-htion~basedon thecalculationsmadein this
thenearestintegralnuriberofvorticesrequired

N=l+ 0.16A

I
Ah
%

- ~a

study,forestimating
perwingpanelis:

where h istheheightofthehorizontaltailabovethebodyaxisin
termsofbodyradii.

Noteoncalculationsinvolving largenumbersof.vortices.-In set-
tingup theinitial(trailing-edge)vortexdistributionfromthegiven
circulationdistributionI?(y),onemustexercisegreatcarewhen n is
large(i.e.,n>20). Thespacingofthevorticeswhichapproximate
r(y)stepwisemustbe checkedto insurea smoothcurveof theirdivided
differences.Otherwise,spuriouseffectssuchas the“lossnofa vortex,
causedby excessiv=inducedveloci~,sketchedbelowycanoccur(see
fig.24(a)).

“LostWvortex

.

InitialvortexdistributionIncorrectresultat p =AI.I
at y=O duetovortexNo.2

Sketch(k)

.._ - ——..—...-—..—. — — — — . . ——-—.. ——.—-
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CONCLUSIONS

An investigationhasbeenmadeof a line-vortex
vortexpaths,downwash,andsidewashbehindwingsof
tions. Applicationofthemethodto thecalculation

methodforcomputing
wing-bodycombina-
ofwakeshapes,

vortexpaths,anddownwashbehindtriangular-wingandcylindrical-body
conibinationswithvariousprescribeddataleadstothefollowingcon-
clusions:“

1. Wakeshapescalculatedby lxm”-dtinsional-line-vortextheory
agreequalitativelyat leastwithwakesobsenedina supersonicwind
tunnel.Calculatedvortexpathsusingthisline-vortexmethodwee
wellwitha knownexactcrossflow-planesolution.

2. A missile-typewing-body-tailcmibinationtiththehorizontal
taillocatedinthebodydiametralplane10bodyradiidownstreamofthe
wingtrailingedgeat 5°angleofattackwasconsidered.Itwasfound
thatiftheplanewingisoflowaspectratio(orderof2/3),downwash
canbe computedatthehorizontaltailfromthewingvorticesalonefor
smallvaluesoftheratioofbodyradiustowingsemispan(orderof0.2)
andfromthebodyupwashaloneforlargevaluesofthatratio(order
of 0.7).Forhigh-aspect-ratiowings(orderof 4)on smallbodies,down-
washatthetaillocationcanbe wellappro~ted onlyby considering
alltheflowcomponents- wingvortices,imagevortices,andbodycross-
flow.

.

.

3. Amultipletrailing-vortexsystemis,of course,requiredto.
determinetheshapeofthewakebehinda wing. However,forthecomputa-
tionsof downwashat a taillocationthenumberofvorticesrequiredper
paneldependsmainlyon thedistancebetweenthewingwakeandtailsur-
faces.Thenumbervariesfromaboutoneto threefortheconfigurations
studiedherein,dependingonwhetherthisdistanceislargeor small.
An empiricalrelation,basedonthecalculationsmadeinthisreport,
forestimatingthenearestintegralnumberofvorticesN requiredper
wingpanelis:

N=l+ 0.16A

where h istheheightofthehorizontaltailabovethebodyaxis,v
thedistanceof thetailfromthewingtrailingedge(bothintermsof
bodyradius),a istheangleofattackinradians,A isthewingaspect’
ratio,and 3?/Sm theratioofbodyradiustowingsemispan.

4. Therollingupofa vortexwakebehindwingsofunbankedwing-
bodycombinationsqualitativelyresemblesthewakepatternbehindtom-~
parableisolatedwings.Thecoma-shapedro~ing-uppatternofthe
vortexwakebehinda subsonic-leading-edgetriangularwingpanel,with
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theeventualsingle-vortexcore,isdueto thenearlyellipticcircula-
tiondistributionalongthewingtrailingedge. In contrast,a supersonic-
leading-edgetriangularwingpanelgeneratesan S-shapedvortexwake
behindtheportionof thetrailingedgewhichhasa linearcirculation
distribution,andtheS-shapedwakeeventuallyrollsup intotwovortices.

5. Thespantisedi&ancefromthebodyofa sin&evortexrepre-
sentingthecirculationdistributionononepanelofa plane,subsonic-
leading-edgewingandbodycombinationisapproximatelyconstantand
equaltoabout0.76timestheexposedwingsemispanforallratiosof
bodyradiustowingsemispan.

6. Thetypeofvortexwake,andresultantdownwashfroma wing,is
significantlyaffected%y thecirculationdistributionalongthewing
trailingedge. It shouldbe notedthatthecirculationdistribution
whichmustbe usedin settingup theinitialvortexdistributionalong
thewingtrailingedgeisnotequivalentto spanloadingwhenthewings
arein sideslipor thebodynoncylindrical.

w AmesAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics ‘

MoffettField,Calif.,June1,1954

.

.—— ——
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APPENDIXA

NONEQUISWZENCEOFWINGSPANLOADINGANDCIRCULATIONDISTRIBUTION

r(y)AILINGTHETNKLINGEZXEOFAWTNG

Thecirculationfunction1’influiddynamicsisdefinedby the
contourintegral:

r ~
$ T “G

where

and

LetI’be evaluatedarounda streamwisechordofa flatplatesuch
as AB infigure13. Then:

!$ rc ro
r= Uax== Uu ax=+ U2 axl

u do

where ~ means(u)z ~~oj~d U2

Withinthelimitsof lineartheory,

nC

~c

means(u)z-.0.

Uz = -Uu,sothat:

(Al)

Thespanloadingona wingisdefinedby therelation:

FromtheBernoulliequationoneobtainsthe
ficientfora generalwing-bodycotiinationas:

(A2)

liftingpressurecoef-

AP -2(UZ-UJ (v7’2-vuq+ (W+wu=’)

~ V.
(A3)

—
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Fora noncylindricalbody-wingcombination,twolinearcrossflow
velocitypotentialsmustbe added;92 associatedwitha cylindrical

37

body-wingccmibinationand 02 f~ran-expandingbodyc 1be superposed

z

as follows:

f

\

\

/

Sketch(Z)

?ntialsubscript2 isdropped,WhenthePO..

Uz - Uu = f(q)= -211qu, Wz - w~ = g(o)= -2W% = o

V2=lvqJ+ lhJ’ vu=pQJqvqul

2v~ -Vuz = 2hul(Ivqzl + Iv%]) = ‘ivQu ]]‘RI

usingthesymmetricalproperties

Substitutingequations(A4)

ofeachpotential.

into(A3),onehas:

()AP ~ 4v*vql
Z- V” VO-V02 (A5)

(z=O). Equation(4)inwherethederivativesareevaluatedon thewing
thetextistheresultof substitutingtheexpressionsforpotentials
qand@ inequation(A5).It canthusbe seenthatthesecondtermin
equation(4)representingthecontributionofthespanwisevelocities
(thesecondtermofeq.(A5)),canbe ofthesameorderofmagnitudeas
thefirstterm,andnotnegligibleas inthelinearizedtheoryforwings
alone.1

%?heabovederivationappe~sinreference21whereitispointed
outthatforaxisymmetricbodies,crossflowvelocitiesmayconsiderably
exceedaxialvelocities,thatis,O(u)< O(v).

0

L-

.

—.———.—.——-— - .-—. .- .. ..— .——.- ——.—
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Nowthespanloadingisobtainedby substitutingequation(A5)
(A2):

3227

in

andusingequation(Al):

(A6)

Thusitis seenthatthespanloadingalongthewingtrailingedge
ofa noncylindrical%ody-wingcombinationdiffersfromthecirculation
distributionby thelastintegralterm. Infact,itcanbe shown,by
writingequation(A3)intermsofvelocitypotentialandcomparisonwith
equation(7),thattoanyordertheoryspanloadingisnotequivalentto
circulationdistributionaslongas sideslipangleofflowisnotzero
orthebodynoncylindrical.Fora bankedcruciformconfiguration,there-
fore,thisnonequivalenceisalwayspresent.

0

.

.
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APPENDIXB

CORRECTIONOF SLENDER-BODYTHEORYTO

FORMODERATEASPECTRATIO

ACCOUNT

Thetheorydevelopedinreference15,fortheliftofwing:and
wing-bodycombinations,isbasedontheassumptionof slenderness.The
aspectratiooftheconfigurationanalyzedby thistheorymustbe low
enoughsothatthewingsareneartheaxisoftheMachcone.A correc-
tionfactorisrequired,therefore,toapplyslender-bodyresultsto
higher-aspect-ratiowingsaccordingtotheformula:

%+13=‘k)(~+B)SBT
(In)

Thecorrectionfactork is
theorywiththemoreexactlinear
wings)fortriangularwings(ref.

obtainedby comparisonof slender-body
theory(applicabletohigh-aspect-ratio
22),thatis:

thatthiswingaspect-ratiofactork can
ofwing-bodycombinationsandforother

Ithasherebeenassumed
be usedforthewingedportion
thantriangular-wingplanforms.Thusonecancorrecttheliftofa
higher-aspect-ratioconfigurationbymeansofequation(Bl).Thisassump-
tionis justifiedforsmallvaluesoftheparameterP tinu (seefig.26)
when k isapproximatelyone,andslender-bodytheoryisitselfapplica-
ble. Satisfactoryresultsshouldalsobe obtainedforlargewing-to-body
arearatiossincethewingthencarriesthemajorportionof theliftof
theccmibination.Experimentaldataconfirmthevalidityof theseassump-
tionsforwing-bodyconfigurationsofaspectratiosontheorderof
1 to 4.

Fortriangularwingswithsubsonicleadingedges,theliftdistribu-
tiongivenby lineartheoryhasthesameshapeas thatgivenby slender-
bodytheory.Thereforethe k factorcanbe definedas inequation(B2)
by totalliftratios,andisindependentof thespanwisecoordinatey.
Forsuchwings,themethodofreference15 (appliedtowingsalone)fields
resultsidenticaltothelow-aspect-ratiotriangular-wingresultsof
Jones(ref.23). However,itisknownthatJones’resultsoverestimate
lift-curveslope~~hentheparsmeter~ tanu isnotsmiLlrelativeto
unity. Thefactorby whichlift-curieslopescalculatedlyslender-body
theorymustbe multipliedtoagreewithlineartheoryisgivenas:

—.—-—.—. _——.
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(B3)
2

k= ~tanw~l
Irptanu

J
Theseequationshaveleemplottedinfigure26.

However,forsupersonicleadingedges(~tanw > 1),theliftdis-
tributionsarenotfunctionallyidenticalsothatequation(Bl)mustbe
writtenintermsoflocalchordlift. Then k becomesa functionof y,
namely,theratioof sectionliftsor circulationby linearandslender-
bodytheory.Nbwinlineartheory,thepressurecoefficientona
supersonic-leading-edgetriangularwingoutboardoftheMachlineis:

AP—=

q&

(Bk)

Substitutionofthisexpressioninequation(1)yieldsthecircu-
lationdistribution(inthiscaseequivalenttothespanloading):

2VoatanA(~ - Y)
r(y)=

~P2 - ~2A
(B5)

Fora wingalone r = O inequation(3),thusgivingtheslender-
bodytheoryremit:

r(y)=~oa~ (B6)

Hence,forthepartofthewingtrailingedgeoutboardof theMach
cone,tliefactork fora wing-bodycotiinationis
tion(B5)to (B6),or:

for

k= 1

/

%-Y

Jp=tan=w-1 Sm+y

Sm -r
r+ <y<sm

$tan(JJ

theratioofequa-

(B7)

.

.

.

.
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Fortunately,theaccuracyof the k factorcanbe checkedinthis
casesinceanexactanswerfor r(y)forthewing-bodycombinationcan
be calculatedby lineartheorywithoutexcessivelabor.Referringto
figure27,at anypoint P(x,y)on thewingtrailingedgeoutbo~dof
thepointof intersectionof theMachconewiththetrailingedge,the
potential93 canbe evaluatedby inte~tionofthedistributionof
sourcesatpoints(u,T)withintheforeconeof P, thatis:

(B8)

where,intheplane

f~re~one
ofP

ofthewing(z= O),thehyperbolicradiusrn is:

~= J(x -a)2- p2(y-T)2 (B9)

andtheangleqfattacka isthesumof thebodyangleofattack,aB,
andthebodyangleofupwash:

()r’a= aBl+~ (B1O)

On thewing,theforeconeofpoint P producestheshadedarea
shownwiththecorresponding‘boundariesof integration.Thus:

[

1Y

@y-x
$-tanA

[

=P(Y-

T tanA

T) ()r2 “1+~= da

J(x-u)2-@2(y-T)2

fly+x

f
&tan A d~’

f

X+p(y-r)
(1+ $)d”

Y T tanA
1

J(X-U)2-f32(y-T)2
d

Theintegralsnotcontainingr havebeenevaluated
ence24,andinthepresentcoordinatesystemgive:

voaB(x-ytanA)
v~=-

‘~$2-tap2A

in

-1-

(Bli)

refer-

. ... (B12)

..+. —.-. .— — —-——- —
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The integralscontainingrz/@ yield:

VoaBr2(x-ytanA)
95=-

Yw

Thereforethetotalpotentialat P is q. = q.

QJx,y) = - VoaB(x-ytanA)
( &

x=

(B13)

+ q or:
5

‘Y*) (B’4)

Thecirculationdistributionr(y)alongtheI%tngtrailingedge.. ..Cr isthen(seeeq. (7)):

r(@TE = 2v&Btinfi(~-y) ( 1

JP2-tan2A
where

+
r2 “

Y~p~-sm2ti2A )

(B15)

Thusequation(B15)furnishesthelinear-theoryanswerfor r(y)
alongthetrailingedgeoutsideoftheMachcone,whileequation(3)
multipliedbyequation(B7)istheapproximationtothelineartheory
assumedby equation(Bl)with k = k(y). Thisapproximationiscom-
paredwithlineartheoryinfigure28 atthespanwi.sepositionofthe
Machline y = r + (~-r)/ptanu forvariousvaluesof r/~ asa
functionof~tanw. It is seenthattheapproximationassumedby
equation(Bl)with k = k(y)is satisfactory,producinga maximumerror
ofabout20percentandonlyabout10percentfortherangeof the
parameter~ tanu fromO to 4.

Fortheregionofthewinginboardofthehch cone,thepressure
coefficientgivenby lineartheoryis (fora wingalone):

AD 4a
q J$2-tan2A

.

l+J=sin-lx

;~2cotA+l

(B16)

————

.

.
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Integrationof equation(1)thenresultsin:

r(y)TEs

.

2Voa

{[
%++ (Sm-y)sin-l y~2*2 ~-sm _Jp%an%-1 (%-Y) P-”

(sm + y) sin-l
ypztanzw+s~1} (B17)
(sm+Y)B~ ~

Thereforethefactork(y)tobe usedfor I’(y)alongthewing
trailingedgeinboardof theMachconeistheratioofequation(B17)to
equation(B6)or:

(sm+ y) sin-l
yp2tan2U -i-s~

(~+ y)j3tanu1} (E18)

for

.. ..— — —— —.—
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(b)Calculatedtheoreticalwingvortexwake.

Figure1.-Vortexwakebehindwingofhigh-aspect-ratiosupersonicwing
andbodycombinationat angleofattack.
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Figure7.- Vortexpathsbehindtwowing-bodycombinationsatvarious—
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Figure10.- Variationof single-vortexstrengthwithbodyrad.i=towing
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.



5

4

3

2

/

o

-/

-2

-3
0

.

f

—— -— Wingvortices
——— — — Image vortices
(—..— ..— BodyCfossf/ow

/

..

.

\ /?

I
I + I

/“J

Aspectratio =2/3
B=IO,~=-.875
Q =5°
M =2.0 r

—— A .
_— —

Awingtip = 2.500
Av*~f*~=2./15
7vortex ‘-.0571

42 3
Spanwisecoordinoie,J

5 6

(a)r/~ = 0.4

Contributionofwingvortices,imagevortices,andbody
flowtototaldownwashat taillocation.

69

cross-

—— .—— —-
-.—.—- .



70 NACATN 3227

.

.

{

—.—. — Wing vortices
——— —— Image vortices
—..—. .—. . Body crossflow

\:

‘ “(>
o

. .. .

Aspectratio =2/3
p =10, ~=-.875

Q =5°
M =2.0

.
———_-—

t

Awingtip = /.389
A~~~~*~= /. /0./
Vvortex = .09781

/

-20
/ 2 3 04 5 6

Spanwisecoordinofe,

(b)r/~ = 0.72

Figure11.- Concluded.

A

.

— -.



NACATN3227 71

Figure
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