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SUMMARY

An analytical investigationwas made of the aerodynamic char-
acteristics (relative rotor-entrance Mach ntier, reaction factor,
rotor turning single,radial variation of specific work output, and
rotor-exit tangential_-velocityhead) of single-stage turbines with
nontwisted rotor blades, and an evaluation of these characteristics
on the basis of the simplified-radial-equilibriumanalysis was made
by comparison with the corresponding characteristics of free-vortex
turbines. In order to obtain an indication of the effects of the
radial shifts of weight flow on the significant parameters discussed
in the comparison, further analyses were made of a contemporary single-
stage turbine where the forces due to the curvature of the streamMnes
in the axial-radial plane are approximated.

On the basis of the shplified-radial-equill.briumanalysis and the
analysis accounting for streamline curvature in the tial-radial plane,
the aerodynamic characteristics of nontwisted-rotor-bl.adeturbines are
approximately those of free-vortex turbines intended for similar appli-
cation for values of hti-tiy-radius ratios that are used in cwrent
turbines.

INTRODUCTION

Nontwisted turbine blades were ftist used in early steam-turlxlne<
practice without regard to radial variations in flow conditions.
Although more recently steam-turbine designers have recognized that
certain radial variations of flow do exist, consideration of manufac-
turing costs have generally limited the extent to which these radial
variations have been accounted for. For aircraft gas turbines, the
great importance of high single-stage power output, together with
high turbine efficiency, has required that allowances for radial
variations h flow conditions be made in design techniques. These

* techniques are generally based on either free-vortex flow or constsmt
specific weight flow, either of which results in twisted turbine rotor
blades.‘,,
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Recent research has indicated that it is desirable to incorporate ,<

multiple coo13.ngpassages within tubine rotor blades (reference 1).
The manufacture of such cooled blades willbe shplified if the rotor 5
blades canbe of uniform c-er and without twist along the blade ,m

length, that is, nontwisted rotor blades.

The design of nontwisted rotor blades in combination with non-
tndsted stator blades is discussed in reference 2. Analysis of the
data of reference 2 shows that the relative flow angle at the rotor
entrance varies along the radius. Vsriation of the relative rotor-
entrance flow angle, conibinedwith nontwisted rotor blades, however,
will vewy Mkely result in increased losses in a turbine that has high
aerodynamic loads and a high relative rotor-entrance Mach nmikr.

In the analysis made at the NACA Lewis laboratory and presented
herein, the use of nontwisted rotor blades in ctiination with twisted
stator blades is considered as a method of obtaining structural “
s@licity and efficient aerodynamic performance of turbines. The
manufacture of twisted and cooled stator blades is presumably easier
than twisted and cooled rotor blades because of the freedom in select-
ing materials smd manufacturing processes that the low stator-blade
stress provides.

A general method of design analysis for various types of radial-
flow variation is presented in reference 3 for (a) the simplified-
radial-equilibrium case where the forces due to the curvature of the
streamlines in a axial-radial plane are neglected, and (b) the radial-
e@J3.brium case where these forces are included. Iiodetailed analysis
is made, however, for the particular case”of nontwisted-rotor-blade
turbines.

The purpose of the present report is to investigate the aerodynamic
characteristics of nontwisted-rotor-bladeturbines and to evaluate the
characteristics of this type of designby comparison tith the character-
istics of free-vortex designs. The free-vortex turbine ww chosen for
comparisonbecause it is one of the most common types used in current
design practice.

The evaluation is based on the s@lified-raMal-equilibrium
_sisj where the pwameters of weight flow, relative rotor-entrance
l@ch nunber, reaction factor, rotor turning angle, specific work output,
and rotor-exit tangential-velocityhead of single-stage nontwisted-
rotor-blade turbties are compared with the corresponding parameters of
single-stage free-vortex tibines. Further analysis is then made of a
particular single-stage tibinew here the forces due to the curvalnme
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of the streamlines in the axial-radial
to obtain an indication of the effects
flow on the parameters investi~ted in

plane are approximated in order
of the radial shifts of weight
the comparison.

ANALYSIS

The aerodynamic design of a turbine may be divided into two phases.
The first is the analysis of the “radialvariations of the velocity
vectors at the stator and rotor exit and the second is the design of

‘ the blade profiles to achieve the desired velocity di~ams. The
design of the blade profiles and the effect on the conditions of the
gas at the rotor entrance and exit are not considered in this analysis.
Throughout the smalysis, the relative air angles at the rotor entrance
and exit are assumed equal to the rotor-blade “Gmgles. The Syuibols
used herein are defined in appendix A.

S@iMfied-Radial-E quilibriumAnalysis

Flow at rotor entrance. - An analysis of the flow conditions at
the rotor entrance, with the specification that the relative rotor-
entrance angle is constzmt along the radius, is presented in appendix B.
In this analysis, the following assumptions were made: axial symmetry,
constant total temperature along the radius, constant entropy along the
radius, and simplified radial equilibrium. The following equation
relating the radius ratio r/r. to the velocity-vector-diagramterms
(fig. 1) is obtained:

This equation was obtained by integrating eqyation (B13) between the
limits of 1 and V~U in the right member and 1 and r/r. in the
left meniber.

Eqyation (1) was used in the construction of figure 2, where V#U
is plotted against r/r. for constant values of ~. Lines of constant
stator-exit angle a varying from 10° to 45° are also plotted. The a
Mnes were determined from the expression

otana= l+- tan $
u

(2)

. — — . . —.—.—— ——._



4 NACA TM 2365

Figure 2 was used in the evaluation of the nontwisted-rotor-blade ,

turbines to determine the radial variations of velocity vectors. The
chart was used as follows: Values of pm, (Vw)m, ~d Um were 5
assigned and the correspondingvalue of (r/ro)~ was then determined. ‘& “

Other values of r/r. were determined from

r

()

r r—=
‘o ~m~

For each value of r/ro, the corresponding

obtatied from the chart for the given value

the following expression:

values of VJU are

of p. With these param-
eters lmown, the velocity-vector diqqamE sre then calculated and, with
given values of stagnation temperature and pressure, the gas properties
along the radius may be easily calculated.

In order to determine quickly the aerodynamic characteristicsof
nontwisted-rotor-bladeturbines when a ntier of possible turbine-
design conditions are being investigated, figure 3 was constructed for
values of stator-edt angle G from 10° to 45°. A weight-flow param-
eta Vm

is plotted against rsdius ratio ~ for constant
p iro2 o

values of p, T = 1.3, and values of ~ from 1.0 to 0.5, where MO

is defined as Uo/aa. Lines of constant relative rotor-entranceMach

number ~ and a We that divides the charts into supersonic and

subsonic stator-exit conditions are also plotted. The method of con-
struction of figure 3 is presented in anendix C.

The use of figure 3 in conjunctionwith the use of figure 2 may be
illustrated as follows: For given values of Vu, 13, and U at scme

radius, the correspondingvalue of r/r. is obtained from figure 2.

With U and r/r. lmown, U. is calculated and, with a given design

value of T*, ~ is then determined. With p‘ known and with an
assumed value of flow coefficient that accounts for the effects of ~
annulus-wald.boundary layer and blade wakes in reducing the flow area,
the ltmits of r/r. that pass the desired weight flow are obtained
from figure 3. At these Mmits of r/ro, the relative rotor-entrance
Mach number and the stator-~t angle sre obtained from figure 3.

The flow conditions for the free-vortex turbines were determined
in accordance with the methods presented in reference 3.

— —. —.
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Flow at rotor exit. - An analysis of the flow conditions at the
rotor etit, with the specificationthat the relative rotor-exit angie is
constant along the radius, is presented in appendix D. In this an~ly-
sis, the following assumptions were made: axial Synmletry,constant
entropy along the radius, simplified radial equilibrium, and streamlines
at the rotor entrance and exit lying on the same radius. The following
eqyation defining the change of tangential.velocity with radius as -
derived in appendix D appMes:

vu 52 ( ) dVu ~
dvu,3 - (J +VU,3 l+t=2 P3 -r* -&- utan2j33 -

ar=

rr+-’)(l+tmz’,), (3’

The conditions at the rotor exit were determined from equation (3)
in the following manner: me value of Vu,3 was assigned at the mean

radius and the value of f33 necessary to satisfy conttiulty was deter-

mined from figure 4 and the method presented in appendix E. This method
deterndnes f33 from an evaluation of flow conditions at the mean radius

by the assumption that the specific weight flow at the mean radius is
eqwl to the average specific weight flow. When the values of
‘u,3,mj B3j and rotor-entrance conditions are lumwn, a solution of

equation (3) was obtained by using the Runge-Kutta method of numerical
integration, as presented in reference 4. With this information, the
specific weight flow was then integrated to determine the accuracy of
the value of ~3 obtained from figure 4. b all cases considered, this
first approximation was sufficientl.yaccurate. It should be noted that,
because of the small values of -t tangential velocity tisting in
most cases, the use of large increments of radius yielded sufficiently
accurate results in the numerical inte~ation.

The flow coniki.tionsfa the free-vortex turbines were determined
in accordance with the methods presented in reference 3.

Radial EquiMbrium Accounting for Streamline Curvature

In reference 3, it is shown that the assumption of shplified
radial.eqti~brium leads to errors h the determination of the radial
variations of flow. This result especially applies to nontwisted-
rotor-bl.adeturbines where large radial shifts of weight flow occur. .
This section will be devoted to a method of approximating the forces

.———._ —-. . ——— —
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due to the curvature of the streamlties in the tial-radial plane in
order to obtain an indication of the effects of the ratial shifts of
weight flow on the results Qbtained by the stqplified-radial-equilibrium
analysis●

Flow at rotor entrance. - The equations describing the radial var-
iation of velocity at the rotor entrance midway between the stator and
rotor blades for nontwistid-rotor-bladeturbines and free-vortex tur-
bines that include the additional force term due to the curvature of the
streamlines in the ~al-radial plane are presented in appenti F.
The assumptions used in this analysis were: -al symnetry, constant
total t~erature along the radius, and constant entropy along the
radius. The equations that define the variation of the s&al. velocity
with radius for the cases considered are as follows:

Nontw3.stedrotor blade:

Ihee-vortex rotor blade:

INx .Vx
—=—arc (5)

where C is the radius of curvature of the streamline in the axial-
radial plane at the entrance station (fig. 1). It was found to be more
convenient to present these egyations in terms of the radial variation
of axial velocity instead of the radial variation of tangential
velocity.

A simpld.fiedmethod for the solution of these eqyations for a
multistage machiae is presented in reference 3 with the assumption that
the form of the streamlines in the sxial-radial plane is sinusoidal.
For a single-stage machine, it is possible that the streamlines will be
more closely appro-ted by

r =

the equation

1 X2()--Z’F
r +Ae~cn

.

i!
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E“4

because this equation will satisfy the condition of the streamlines
lying on the same radius at +m and having a msximum deflection between
the Made rows.

It is assumed in this analysis that the nudmum deflection of the
streamMnes occurs midway between the stator and the rotor inasmuch as
it is probable that at this station the specific weight flow has its
greatest vsxiation. It is further assumed that the inflection point of
the streamMnes occurs at the midchord point of the stator (fig. 1).

When these assumptions sre used, the curvature of the streammnes
at the point of the streamlines midway between the stator and rotor
blades equals -Z@, where A is the maximum deflection (r--r)

and b is the axial distance from the point of inflection to the
point of maximum deflection. The following eqmtions, which were
solved by the numerical methods previously used, were obtained by sub-
stituting for the radius of curvature in equations (4) and (5):

Nontwisted rotor blades:

(6)

Free-vortex rotor blades:

dVx -v+

‘= bzar (7)

Inasmuch as A is
essary. The first

not directly determinable, a trial solution is nec-
approximation is foundby integrating equations (6)

and (7) with A eqyal to zero (simplified-radial,-eqdlibriumcase).
From the velocities and the densities so determined, the weight flow
was plotted as a function of radius. The radii that divide the weight
flow into equal parts were determined and the deviation of these radii
from those determinedly dividing the annulus area in equal parts
(constant specific weight flow at rotor entrance) were found. These
deviations A were then used to calculate a second appro-tion.
This procedure was repeated until the assumed values of A checked
the final calculated values. After continuity was satisfied, the value

X,m did not change with successive approximations of A.of v

. ... —___ ___ . . . —— —— _
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Flow at rotor exit. - At the rotor exit, it was assumed that the
effect of the curvature of the streamlines h the axial-radial plane
is negligible. The amalysis as presented in appenti D is therefore
applicable. However, U2 is not assumed equal to U3 as in the

simplified-radial-equilibriumanalysis and eqmtion (D6) was therefore
used, rather than equation (3). The conditions at the rotor exit were
aet~ ed from equation (D6) by the sane method of solution as was
previously presented in the section on the flow at the rotor exit for
the s@33fied-radial.-equ3librium analysis.

COMPARISON OF RESULTS

S5m@ified-Radial-E@librium Analysis

The aerodynamic characteristics’ofweight flow, relative rotor-
entrance Mach number, reaction factor, rotor turning angle, work out-
put, and specific rotor-exit tangenti&l-velocityhead were determined
for nontwtsted-rotor-bladeamd free-vortex turbines with the folJ_owing
operating Coditionsj these conditions were chosen to cover the range
of current design limitations:

Case

1
2
3
4
5

Stagnation Mean-radiw
inlet stagnation-
tempera- pressure
ture, ratio,

T’l (P1’/P3’)m

(%)
2500 1.5
2500 2.0
2500 2.5
2500 3.0
2500 2.5

Mean- ]Mean- lMean-racliusl‘lurbine
radius radius relative internal
blade rotor-exit rotor- efficiency,
speed, tangential entrance %
urn Ivelocity, sngle,

(vu43)m Pm

T
(ft/see) (ftjsec)

900 0
I.loo o
1300 0
1400 0
1300 -0.2 Umr(deg)

40, 50, 60
40, 50, 60
40, 50, 60
40, 50, 60
40, 50, 60

J.

0.85
.85
.85
085
.85

I weight-flow ratio ~ defined as

r‘t

J,Zllr pVx rdr ,
G.

(PVx)m fi(rt2-rh2)

,,

J

—.
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A

is plotted in figure 5 against hub-tip-radius ratio for the preceding
cases. The significance of the weight-flow ratio is two-fold: (1) It
demonstrates the deviation of the actual weight flow as compared with
the weight flow determined from the mean-radius condition; and (2) it
serves to demonstrate the comparison of the actual weight flow of a
nontwisted-rotor-b~e and a free-vortex turbine, with both turbines
having the same mean-radius conditions. For a~ cases considered,
G= 1 for the””free-~ortexturbines. For the nontwisted-rotor-blade
turbines, however, w< 1. This weight-flow ratio decreased as the
hub-tip-radius ratio decreased, giving a minimum value for the cases
considered of approximately 0.89 at a hub-tip-radius ratio of 0.6 for
case 5. At a hti-tip-radius ratio of 0.75, a value that more closely
approximates the values used in current t_&bines, the minhum yalue.
of the weight-flow ratio was appro-tely 0.96.

In order to make the comparison of the aerodynamic character-
istics of the nontwisted-rotor-bladeand free-vortex turbines valid
for equal weight flow for the same hub-tip-radius ratio and mean
radius, the sxial velocity of the free-vortex turbines was decreased
that the weight flow of the two-types of turbine were equal for
every hub-tip-radius ratio. This equaMty resulted in a change in
the relative rotor-entrance angle at the mean radius for the free-

So

vortex turbine at every h~-ti~-radius ratio and the remainder of the
comparison is made on this basis. These results are presented in fig-
ures 6 to Ilj where the parameters of relative rotor-entrance Mach
number, reaction factor, radial variation of work output, rotor
turning angle, and specific rotor-exit tangential-velocityhead are
plotted for both the nontwisted-rotor-bladeand free-vortex turbines.
hasmuch as the magnitude of the values of these parameters for
cases 2 and 3 were within the Hmits of the values of the parameters - -
for cases 1 and 4, cases 2 and 3 are omitted for the remainder of
the comparison.

Relative rotor-entrsace Mach nuniber.- The value of the mdnmm
allowable relative rotor-entrance Mach number is one of the Limiting
factors in the design of turbines. Because the maximum value of this
lhch number always occurs at the hti of the machine, the comparison
of Mach nuniberfor the nontwisted-rotor-bl.adeand the free-vortex
turbines was restricted to comparison at the hub. The relative rotor-
entrance Mach number at the hti is plotted in figure 6 against hti-
tip-radius ratio for the cases considered. For aXl the cases con-
sidered, the Mach nmiber for the nontwisted-rotor-bladeturbines was
greater than the Mach nmiber fcm the free-vortex tubines. At a hti-
tip-radius ratio of 0.6, the Mach nuniberfor the nontwisted-rotor-
blade turbines was approximately 0.02 to 0.16 greater than the Mach

. ..——— .—.- — .———
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number for the free-vortex turbines; the higher values occur at the
higher turbine pressure ratios and higher relative rotor-entrance
angles. The magnitude of the effect on turbine losses associated
with increases of Mach nunber of the order discussed is unlmown and
wilIldepend on the blade loading and the critical inlet Mach mmiber
of the particular blade sections.

Reaction factor. - The reaction factor ~ defined by

~ = (W32-W22)/W22 is a measure of the static-pressurechange across
the rotor. The value of W based on isentropic flow is equal to
zero for impulse bladtng and this value is often considered a limiting
point in contemporary turbine design. In general, the values of v
decrease fkcm tip to hub, which makes the hub of the machine critical
with regard to V. The comparison of the reaction factor was there-
fore restricted to the hub of the machine. A plot of hub reaction
factor $h against hub-tip-radius ratio is sh~ fi fi~e 7 for the

nontwisted-rotor-bladeand the free-vortex turbines. For cases 1
and 4, the reaction factors for both types of turbine are approxhately
equal for all hub-tip-radius ratios and relative rotor-entrance amgles.
For case 5, the reaction factcm for the free-vorta turbines is frcm O
to apprmimately 0.2 ~eater than the reaction factor for the nontwisted-
rotor-blade turbines. The magnitude of these differences is considered
negligible.

Work output. - Two problems are associated with radial variations
of specific work output: (1) the problem of possible losses associated
with the mixinn to constant conditions and the possible induced losses
arising frcm secondary @ws associated with radial gradients of work
output, and (2) the problem of obtaining a @~en a~er%e s.pec~ic work
output. The specific work output fa the nontwisted-rotor-bladetur-
bines varies along the radius, whereas the Wecflic work ~tPu* is
constant along the radius for the free-vortex turbines, as shown in
figure 8, where a ratio of specific work to specific work at the mean
radius is plotted against radius ratio r/rm for the cases considered.

Cases 1, 4, and 5 show simihr variations. For hub-tip-radius ratios
of 0.6, this vsriation frcm the value at the mean radius was of the
order of 5, 10, and 15 percent for relative rotor-entrance angles of

40°, 50°, and 60°, respectively. For hub-tip-radius ratios of 0.75, “
which mme closely approximate the values used in current turbines,
this variation is of the order of 2.5, 5, and 7.5 percent for relative

rotor-entrance angles of 40°, 50°, and 60°, respectively.

d
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b
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It is estimated that the mmbdnn losses associated with the varia-
tion of specific work output presented are negj3.gible,which is based on
the assumption that only that part of the velocity head that remains
after the flow is mixed to constant conditions is considered recoverable.
The induced secondary losses are -o estimated tobe small..

In order to determine the effect-of the variation of specific work
output on the over-all work output, an av~age-spectiic-wwk ratio ~
defined as

[

‘t
U(Vu,2-Vu,3)PV# ~

‘h

is plotted in figure 9 against hub-tip-radius ratio for the nontwisted-
rotor-blade and the free-vortex turbines. It maybe seen from figure 9
that, if the nontwisted-rotor-blade
work output at the mean radius, the
mum of approdmately 2 percent less
radius.

turbine is designed for a specific
average wmk output will.be a maxi-
than the value based on the mean

Rotor turning amgle. - Another factor in turbine design is the
rotor-blade turning angle. In free-vortex turbines, the turning angle
is madmmm at the hub where the relative rotor-entrance Mach nrmbers
and the reaction factor are most critical. The rotor-blade-hub turning
angie is plotted against hti-tip-radius ratio for the nontwisted-rotor-
blade and the free-vortex turbines in figure 10. In every case, the
turning angle, and thus the blade loading, for the nontwisted-rotor-
blade turbine was less than the turning angle for the free-vortex tur-
bine, so that it is probable that the use of higher relative rotor-h@-
entrance Mach nunkwrs and lower reaction factors is possible with
nontwisted-rotor-bladeturbines than with correspondingfree-vortex
turbines.

Rotor-exit tangential-velocityhead. - For nontwisted-rotor-blade
turbines, it is impossible to obtain zero values of exit tangential
velocity-at all radii. The average specific rotor-exit tangential-
velocity head (that’is, the mass-averaged value of Vu,52/2gJ~ iS

plotted against hti-tip-radius ratio in fi~e I.1fa the cases con-
sidered. Charging this velocity head as a loss to the turbine is
equivalent to a ~ decrease of efficiency of the nontwisted-rotor-
blade turbine of approximately 1 percent compredwith the free-vortex
turbines.

— —- ——— — —.—
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Radial Equi13.briumAccounting for Streamline Curvature 4

In order to obtain an indication of the effects of the ‘radial
shifts of weight flow on the design parameters, as discussed in the k

preceding section, the analysis accounting for streamline curvature in
the adal-radial plane was applied to a nontwi.sted-rotor-bladeand a F’
free-vortex turbine. The following design conditions chosen were those 4

of a typical contemporary turbine:

Total-pressure ratio . . .
Turbine-inlet temperature, %“::::::::::::::::::;;%
‘lurbin einterna lefficiency . . . . . . . . . . . . . . . . . ..o.85
Weight flow, lh/sec . . . . . . . . . . . . . . . . . . . . ...75.5
Tubinespeed, rpm . . . . . . . . . . . . . . . . . . . . ..lJ_.500
Tipradius, in...... . . . . . . . . . . . . . . . . . . ..13. O
Hubradius, in. . . . . . . . . . . . . . . . . ... . . . . . ..9.0
H@-tip-radius ratio.. . . . . . . . . . . . . . . . . . . ...0.693
Stata aspect ratio (based on -al chord) . . . . . . . . . . . . 2.0
Rotor aspect ratio (based on axial chord) . . . . . . . . . . . . 1.78
Axial clearancebetween stator and rotor> in. . . . . . . . . . . 0.72

The results of this analysis are presented in figures 12 to I-5,
together with the results of a s5mp13fied-radial.-equilibriumanalysis
based on the same design conditions. The amount of radial shift encoun-
tmed h the axial cleerance space midway between the rotor and the’
stator is plotted against radius ratio r/rm in figure 12. It may be
seen that the deviation of the streties is toward the tip for the
free-vortex turbine and is toward the hul for the nontwisted-rotor-bl.ade
turbine. Ih both cases the deviations are larger for the s@lified-
radial~equilibrium analysis. ~ the free-vortex turbines, however, the
radial shift of flow is smaller than in the nontwisted-rotor-blade tur-
bines, especially in the case where the curvature of the streamlines is
considered. The stator-exit-angle variation for the nontwisted-rotor-
blade turbine is presented in figure 13 for both the simpl3fied-radial-
equilibrium analysis and the analysis accounting for streamline curva-
ture. It may be seen that the vtiation in stator-@t angle is less
than 1°. A ratial variation of circulation across the stator exists
with this type of stator. The effect of this variation of cticulation
on turbine @rfo?mance is unknown. It is noted, however, that the
radial gradient of cticulation was less than the circulation gradient
of a wheel-typ stator where Vu . IQ? for the same mean-radius condi-

tions and the wheel-type atator has been used in current compressor
designs with no decrease in efficiency.

Relative rotor-entrancel@ch nmber. - In the Uscussfon of ZW1=
ative rotor-entrance Mach numbsr for the simplified-radial-equilibrium
analysis, it was found that the relative l@ch number at the hub was
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4

s~ghtly higher for the nontwisted-rotor-blade’turbine than for the
free-vortex turbine. This ~f erence was also found for the typical
turbine design shown in figure 14, where the relative rotor-entrance
Mach number is plotted against radius ratio r/rm fa the s@lAfied-

radial.-eq~brium analysis and for the analysis accounting for stream-
line curvature. On the basis of the analysis accounting for the cur-
vature of the streamlines,however, the radial pressure variation has
changed so that the velocities at the hul for the free-vortex twbine
increased and the velocities at the hti for the nontwisted-rotor-blade
turbine decreased. The result was an increase in Mach number at the
h~ of 0.05 for the free-vortex turbine and a decrease of 0.08 for the
nontwisted-rotor-bladeturbine. Thus, the comparison of relative
rotor-entrance Wch nuniberbased on the simplified-radial-equilibrium
analysis maybe considered conservative.

Reaction factor. - The effect of streamline curvature on the
reaction factor based on a simplified-radial.-equil3.briumanalysis is
presented infi

T

e 15, where the reaction factor ~ is plotted against
radius ratio r rm. On the basis of the analysis accounting for the

streamline curvature, the reaction factor at the h~ of the turbine
decreased from -0.21 to -0.26 for the free-vortex turbine and increased
from -0.11 to 0.03 for the nontwisted-rotw-blade turbine. It maybe
concluded that the comparison of reaction factor may also be considered
conservative.

The other design parameters of rotor turning angle, specific work
output, and rotor-exit tangential velocity were aMo investigated and
it &“found that the vsri~tion frcunthe results of the
radial-equilibriumanalysis due to streamline curvature

simplified-
was negligible.

CONCLUSION

A comparison of the turbtie aerodynamic characteristics (relative
rotor-entranceMach nunberj reaction factor) rotor ~ ~le~ r~~
variation of specific work output, and specific rotor-exit tangential-
velocity head) was made on the basis of the shpMfied-radial-
equilibrium analysis for nontwisted-rotor-bladeand free-vortex tur-
bines. Further analysis was made of a typical.contemporary turbine
approximating the forces due to the curvature of the streamlines in an
axial-radial plane to obtain an indication of the effects of the radial
shifts of weight flow on the results obtainedby the simplified-radial.-
eqti~brium’ analysis.

_.— ——
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It was found that the aerodynamic charact=istics of nontwisted- U

rotor-bUde turbine are approximately those of a free-vortex turbine
designed for sindlar service for values of h~-tip-radius ratios that (~
are used in current turbines. al

Iewis Flight Propulsion Laboratory,
National Advisory Committee fcm Aeronautics,

Cleveland, Ohio, January 4, 1951.

-.

.
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APPENDIX A

SYMBOLS

I-5

A

acr

-b

c

1?

~

h

E

J

K

..
M

r P

R

r

T

u

v

w

w

,
v

,

The following symbols are used in this report:

annulus area, sq ft

velocity,of sound, based on critical temperature, ft/sec

axial distance from point of inflection to point of maximum
deflection of streamlines, ft

radius of curvature of streamline in axial-radial plane, ft

specific heat, ft-lb/(3b)(%)

acceleration due to gravity, ft/secz

specific enthalpy, ft/lb ‘

specific-work ratio

mechanical equivalent of heat, ft-lb/Btu

function of (g, ~, ~d T)

Mach number

absolute pressure, lb/sq ft

gas constant, ft-lb/(%) (lb)

radius, ft

absoltie temperature, ‘R

blade velocity, ft/sec

absolute gas velocity, ft/sec

relative gas velocity, ft/sec

gas weight flow, lb/see

gas-weight-flowratio

,

—. ——. . .— —.—— -——



I?ACATN 2365

-al tistance, ft

angle of absolute velocity with tangential C&ection, deg

angle of relative velocity with tangential direction, deg

ratio of specific heats

maximum deflection of streamlines in radial direction, ft

turbine efficiency based on stagnation conditions

density, 3b/cu ft

angle between streamline and -al direction, deg

reaction factor

angular velocity, radians/see “

Subscripts:

o reference radius

1 stator entrance

2 stator tit, rotor entrance

3 rotor exit

h turbine hti

m mean radius

r radial

t turbine tip

u tangential

w relative

x adal

Superscript:

1 stagnation state

.

,,

L1

——.. . —— —-. -—..
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AEE’ENDIXB

RADIAL VARIATION OF VELOC13?YAT ROTOR ENTRANCE FOR

SIMPIJIKUID-RADIAL-EQ~rU14 ANALYSIS

The following analysis of the flow conditions at the rotor entrance
is made with the specificationthat the relative rotor-entrance angle is
constant along the radius. It will be assumed that si@ified raMal
equilibrium exists in the axial-radial pmej that is, the forces due
to the curvature of the streamlines are zero. Axial symmetry, constant
total temperature along the radius, and constsnt entropy along the
radius will also be assumed.

From vector-diagram considerations (fig. 1),

and differentiation

The energy eqtition

and differentiation
dht/dr = 0, gives

(Bl)

of equation (Bl) with respect to the radius gives

(B2)

for adiabatic compressibleflow maybe written as’

V*2 VX2

~ —+h=h’+ 2g
(B3)

of equation (B3) with respect to the radius, with

Vu dVu Vx dVx ~
——
gdr ‘z F+==

o

For simp~fied r-al equilibrium,

VU2 ~p
P—’par

With constant entropy along the radius,

ah dp—=—
& par

(B4)

(B5]

—.
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Equations (Bl), (B2), snd (B4) combine to yield

Vu dVu dVu

()
t~2 ~ (Vua) ~.— +— -LD+~=o

gdr g

and equations (B5) and (B6) cotiine to yield

The mibstitution of

Vu dVu
——
gar+

dh
z

Vu2/gr for

= VU+JW)
d

in equation (B7)

dVu

)

VU2
—-o+—
ar EP=

Simplifying equation (B9) and making the substitution for
yields

v vu
U2

dVu -utan213+vtan2f3
u u—=- —

dr r vu -Utdp+vutdp

NACA TN 2365

(B8)

(B9)

yields

o

m= u

(B1O)

When the numerator and the denominator of the right side are divided
by Vu> equation (B1O) may be written as

dVu vu’-7&29’~2t~2f3

F=-T
1:-— tdp+tanz~

u

Differentiating V#U with respect to r yields

1 dVu
——
Udr

“

(B7)
r
,1-
;

Substituting equation (Bll) for dV~dr in equation (B12) and
dividing the numerator and the denominator by r. yields:

(B1l.)

(B12)

,,

-- .—. .—. ——. .
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uvu
-dy

( lV ‘tdp+.— )&ti2p

vu u VU2-.

(B13)

The limits @.11 be assigned as Q@=l +0 VJJ and r/r. = 1 to

rjro.

ilrtegratingeqyation (B13) results in

2
tanz p tm2

p,)

vu

2+tan2B-l+tan2

tanz 0

(B14)

Substituting the Umits in the right maber results h

—=e

‘o

.

(1)

... —.—._______ .. . . —.— .. —— —___ —.
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KE’PEKD3Xc .

commucmoN OF FI- 3 (ROTOR ENTRAmE)

The chsrt of figure 3 was constructed as follows: An increment
of weight flow through an increinentof annular area may be expressed
as .

dw = pVx2m dr (cl)

The ratio of static to total.density may be expressed in terms of the
critical velocity as

Substituting for p in equation (Cl) @eld.s

Inasmuch as

Vx = (vu-u) tan p

and

# = VU2 + (VU-U)2 tan2 p

equation (C3) may be written as

1

[ 1VU2 + (VU-U)2 t~2 P = (v u) tm p2Ytrdr
dw=pl 1-

2gcpT1 u-

(C2)

(C3)

E-J

.

(C4)

b

.

— . . . . .—. -— . —---
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S@stituting ~ for u in equation (c4), dividing by ro2, md~

the substitution p’ = pt/IWf, where R is the universal gas constant,
yields

f

RT‘dw
0

{

=1-

Letting

and dividing
sion for the

equation (C5) by R@ results in the follotig expres-
ter:weight-fluw parsme

(C6)

.-. — ..—
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For given tiues of l&, r/r. was assigned within the range given
h figure 2 and values of V~U were deterndned for constant values
of p from figme 2. The equation was then nmnericaXly integrated y
within the Limits of r/r. = 1 to r/ro.—xm._are presented in figure 3, where

P’Jrro2-

radius ratio r/r. for constant values of

The re~ts of”the inte~ation ‘~

is plotted as a function of .

p for T=l.3.

The lines of
stator-exit angle
follows:

The relative

constant relative-rater entrance Mach nuniberand
exe plotted on these figures and were determined as

rotor-entranceMach nuniber

%?=d&
IKromthe vector-tiagram considerations,

~z =w#+vx=@+*a12

then

@ = (vu - U)2 (1+ IX%U2

and from the definition of total temperature,

T = T1 r-l v 2+VU2)
-=(x

msy be expressed as

(C7)

p WU2

P) (C8) >

T maybe expressed as

(C9)

Lwmmch as VX2 = tanz p (VU-U)2, equation (C9) maybe written as

T = Tt
c

- * (vu-u) 12 t& p -1-VU2 (Clo)

v

—— -—— . .—
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When equations (C8) and (C1O) are mibstituted in eqwtion (C7) squared,
the following expression is obtained for %2:

(VU-U)2(l+ tar p)& .

[ 1
(Cll)

r-l t~2 p (VU-U)2 + v#~~f - ~

Dividing the numerator and the

and making the substitution of

the definition of %2 yield

denominator of the right meniberby U2

()
U2=.Z 2 U02 and the substitution of

‘o

\2

Ikom vs.luesof V~U determined from fiwe 2 for assigned values of
r/r9 and ~, ~ was calculated from equation (C12). When ~ was

plotted against r/r. for constant values of P and ~, ~es of
constant relative rotor-entranceMa& number were obtained, as presented
in figure 3.

The vsriation of stator-exit @e with radius ratio r/r. was
determined as follows:

FYom vector-dia~sm considerations,

Vx ()tan a=-= 1-+
vu

tan p
u

vu 1—=
/ U1 tan a-—

tan p

(c13)

.—. -——.. .. ———— .——.-- —
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When constant values of a and 13 were assigned within the range *
used in figure 3, V@ was calculated-usingequation (C13). The cor-
responding value of r/r. was determined from figure 2 and lines of
constant stator-exit angle were plotted against r/r. in figure 3. .

,

v

——
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APPENDIX D

25

RADIAL V.ION OF TANGENTIAL VEIJXI!I’YAT ROI’OREXIT FOR

SIMPIJFIED—RADIAL—EQUIUBRUM ANALYSIS

For the analysis at the rotor exit, as in the aualysis at the
rotor inlet, it is assumed that simplified radial equilibrium exists
in the axial-radial plane; that is, equation (B5) applies.

The energy equation for adiabatic flow along a streamlinebetween
the rotpr entrance and exit may be written as

vx,3~VU,32 + — =
h3 + Zg 2g

h12 - work (Dl)

Work may be expressed as

VU,2U2 VU*3 U3 r—-.. .

g-g
(Jx]

Ihserting the expression given
differentiatingwith respect to r

for work into eqution (Dl) and then
yield the folllowingequation: ,-

vxj3 ~x,3
+—

g~

ahfz u2 dvU,2 + u3 ~u)3 vu,2 duz + vu,3 dLJ3

‘F-T ar F &
—— ““ (D3)

-Y= g~

Constant entropy along the
appenti B,

radius is again assumed; therefore, as in

.-

—. —.—.. .—— .——--
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.

——

Vx,3 = tan p3 (VU,3-U3)

and

5&=tmP3 ~*-%)
equation (D3) may be written as

VU,32 %,3 %,3 + .=2 P3

(

~u, 3 %,3 du3

)

du3
—-l——— V-,3”7 - U3 ~ - VU,3 ~+u3 w
w f3~ g

ah’z %,3
Because ~ . 0, solxtng for ~ in equation (D4) yields

.

vu 32 ~3 au3 dvu2 IiuZ au3
r~+vu,3~+-b3vu,3 ~-%* - VU,2~ - tad f15~ ~

v +V tfd p3 -U,3 u,3 U3td f.J3- U3

When terms are combined, equation (D5) may be written as

(D4)

(D5)

vu 32
[ 1

du3 dVu z auz

‘VU,3 - r
+ VU,3 + tanz P3 (VU,3-U3) ~ - U2 & - %,2 ~

—=
dr

(VU,3-U3) (1 + tm2 P3)

(D6)

—. ———. —..— ——_______ _____ —-— —— ___ _
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When it is assumed
denominator of the

that U2 = U3, dividing the numerator and the
right maiber by co results in

VU,32
ml. 3

.—
u+

dv~ 2
VU,3 (1 + tan2 ~3) - r + - VU,2 - U tan2 ~3

-=
&

r~+ -,)(1+ *~2 ,3)

(3)

\

-. —.. ..—.-— _,_ ——e –——— .-. --.—— .—. ———.
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APPENDIX E

CONSTRUCTIONAND USE OF FIGURE 4 FOR

ROTOR-EXIT ANGLE

The chart of figure 4 for determidng

OF

the rotor-exit angle was
constructed as follows: lKromthe ener~ equation

where ..

a“=-
and from the exit-velocityvector diagram

+ Hvu 2
acr

the folhwing expression is derived:

1

vu
For given vslues of —

%x
v.-

{ VX2 + vu )
2 r-l

(1
2

acr

Vx
—.
acr

uti from O to 1.2 and values of

7.

El
.fN .

.

(El)

‘A
ranging from O to 1.0, the absolute velocity ratio ~

~ acr
and cor-

pvx
rected weight-flow parameter — were calculated for T = 1.30. The

ptacr

— _—.
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results are presented in fi~e 4, where v pvx
— is plotted against —

ptau
v~

with lines of ccmstant values of — ~da~” Superimposed are linesam ~
of constant absolute flow angles, which were determined from the foKLow-
ing expression:

The procedure for applyimg figure 4 to determine the rotor-exit
angle at the mean radius is as follows: With VU,3 assigned at the
mean radius, the work was calculated frcm equation (D2). The stagnation
temperature and pressure at the rotor exit were then determined frmn

-—“3=“1 TJk

and

Values of p13 and a were determined from
and plZ thus obtained. ~%&3 it is assumed that the

the values of T13

mecific weitit
flow atdthe mesn radius is equal to the average specific weight flow,
the corrected weight-flow parameter may be determined from the folJ_owing
expression:

“( )Pv~ w—=
p!aa s A3Pt3%73

uVx
Then — is obtained from figure 4 and, when U3 is known, the

acr 3
value of ~3 may be calculated.

—. -—.- ——
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APPENDIX F

RADIAL VARIATION OF VEIOCITY AT ROTOR ENTRANCE FOR RADIAL

EQ~ ACCOUNTING FOR STKEWKRW CURVATURE

The radial-eqtibrium equation at a station midway between the
stator -t and the rotor entrance, when constant entropy along the
radius is assumed, may be written as (from reference 3, eq@ion (14))

~f Vu d(V&) Vx dvx Vx dvr

F ‘gl- ~——+TF-ZF
(Fl)

When & is assumed equal to zero, equation (Fl) may be written as

vu’
—-
r

vX%+%% +vx:=o (F2)

The radial component of velocity Vr = Vx tan % (See fig. 1.) Dti-

f-entiating Vr with respect to x and substituting the result in
eipation (F2) results in

VU2 -V’d(tarq) -
Y x ax

It will be assumed that

dVx dvu dVx
vx~lv~+vu~+vx~ =0 (F3)

the msMmum deflection of the streamlines

occurs at this station. Therefcre, ~ equals zero and
d(tan q) dq 1=—= —.

d-x Cm c’
equation (F3) may then be written as

VU2 V~ dVu dVx
____ +vu~
r c ‘vx F=O

Nontwisted-rotor-bkde turbines. - Frdm vector-tiagam
tions for nontwisted rotor blades,

Vx
tip = — = constant

vu-u

or

Vu=vxcotp+u

(F4)

considera-

(F5)

.—— .— —
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Differentiation with respect to the radius gives

d.vu dVx
~=cotp —+(3

& (F6)

S@stituting equations (F5) and (F6) in egyation (F4) and s@M-
dVx

~ restit in the following expression for ~:

(Vx cot p + U)z VX2
dVx r

-— -t-O(vxcotp+u)
c—=-

ar Vx+vxcotzp+ucotp
(F7)

Using the identity

multiplying equation (F7) by r# and the numerator and the denominator
of the right menber by l/U, and simp13f@ng yield .

IYee-vortex turbines.

Vx

— CSC2 p + cot p
u

- For free-vortex flow,

Vur= constant
v.-

Differentiating with respect to r and multiplying by # yield

dVu v;
vu~+y= o (F9)

Stistituting equation (F9) ti equation (F4) and s@Ufying result in

dvx v=

F=T (5)

—.. —___ ._.
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—
Radius ratio, r/r.
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Figure 3: - CJxltlnuad. Varlatlon of weight-flon paramter,
and relative m Imr-entranoe Mach number with radius ratio
rot-m-entrance angle (y E 1.3).
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Figure 3. - Concluded. variation of weight-flow parameter, stater-exit angle,
and relative ratar-entrame Hach number with radius ratio for aonstant relative
rotor-entrance angle (T =11.3).
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vortex turbines for equal weight flow
per unit annulus area.
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