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HEAT-CAPACITYI& ONTHEFLOW“

THROUGHOPLIQUESHOCKWA~S

By H.ReeseIveyandCharlesW.Cline

An analysisismadeof
flowparametersforoblique
level.Twosetsofresults

●

theeffectsof
shockwavesat
areobtained:

variableheatcapacityonthe
highsupersonicspeedsatsea
onecorresponflingtocondi-

tionsimmediatelybehindtheshockwavewhereonlytheactivedegreesof
freedomofthemoleculesareinequilibrium;andanotherrepresenting
theasynptoticconditionsfarbehindtheshockwavewhereallthedegrees
offreedomareinequilibrium.

Theflowcharacteristicsbehindstrongobliqueshockwavesareshowh
todependuponthedistancedow&treamofthewaveaswellastheMach
numberandflowdeflection.Thedensitydistributionathighspeedsis ‘
manytimesassensitivetoheat-capacitychangesasthepressuredistri-
bution.Theeffectofheat-capacityvariationisexpectedtobeof
increasingsignificanceathigheraltitudes.“

Thestudyofheat-capacityeffects
tiontoderivea yerysimpleexpression
shockwavesandexpansionwavesathch
pressureequationisappliedtoseveral
surprisinglyaccurate.

wasusedasbackgroundinforma-
forpredictingpressuresdueto
nuuibersfroml.3to m. The
problemsandisshowntobe

INTRODUCTION

Asthespeedsandaltitudesofmissilesincrease,therangesof
applicabilityofmanyaerodynamictheoriesareexceededandmorerigorous
theoriesmustbeusednotonlyincalculatingtheforcesonaircraftbut
alsoindesigningandcalibratinginstrumentalionandexperimentalequip-
ment.Reference1 beganthederivationofa simpletheoryforcalcula-
tingthepressuresovervariousshapesathypersonicspeeds.’Inthe
theoryofreference1 thesimplifyingassumptionwasmadethattheratio
ofspecificheatsofthegaswas1.0.Forthatparticularratiothe
variousintegrationsinvolvedwerereadilyperfomedanda verys~le
~ressionwasobtainedforcalculatingthepressureoverairfoilsand
bodiesofrevolution.Thetunesofpressureagainstflowdeflection
obtainedhavethepropertrends;however,theeffectofspecific-heat
ratioonthemagni%&ofthepressuresneedsfurther
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BetheandTeller(reference2)havegeneralizedthetheoryofshock. “
wavestothecasewherethespecificheatchangeswithtemperature.The
methodsofquantumstatisticswereusedtocalculatethedistributionof
energyamongthevariousde~eesoffreedomfordifferentdensitiesand
temperatures.Theequilibriumenergydistributionwasusedtodetermine
theequilibriumconditionsfarbehindnormalshockwaves.Twosetsof
conditionswerepresented:onesetofconditionshunediatelybehindthe
shockwave,correspondingtoa constantratioofspecificheats;and
anothersetofconditionsfarbehindtheshockwavewheretheenergyis
distributedaccord3ngtoequilibriumconsiderations.Reference2 adds
appreciablytotheunderstandingofstrongshockwaves;however,the
resultsarenotinthesimplestformforapplicationtoefficientair-
craftwheremostoftheshockwavesareoblique.Becausetheflow
deflectioniszeroinaU.normal.shockwaves,reference2 doesnotshow
theeffectoftheheat-capacityvariationon”theshock-waveanglefora
givenflowdeflection. .

.

TIE purposeofthepresentpaperistopresenttheresultsofE&he
andTellerina formmoredirectlyapplicabletoobliqueshockwaves.
Theeffectsofheat-capacityvariationontheflowconditionsaround
wedgeairfoilsareinvestigated.Theresultsofthe.studyareuserlto
derivea simpleexpressionforcalculatingthepressurecoefficients
duetoshockwavesandexpansionsatMch nuuibersfrom1.3to CO.
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SYMBOLS

lkchnuniber,

pressurecoefficient.
velocity,feetpersecond

angleofattack,degrees

wedgeangle,degrees

flowdeflectionangle,degrees

ratioofspecificheats

semiwedgeangle, degrees

shock-waveangle,degrees

density(withoutsubscript,behindshockwave),slugsper
cubicfoot
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Subscripts:

a

e

n

1

2

3

a

approximate

exact

normaltoshockwave

inregion1 “

inregion2

inregion3
.

. infreestream

Thepropertiesof
propertiesofa normal

ANALYSISANDDISCUSSION

EffectofHeat-CapacityLag

anobliqueshockwavecanberelatedtothe,
shockwavebytheequation

tan 0
%= tan(e- p’)

3

(la)

where

P d.ensitybehindwave

Pm densityinfrontofwave

e shock-waveangle

P’ flowdeflection

Inclassicalshock-wavetheory,thespecificheatsareassumedtoremain
constantthroughoutallregionsofflow.Forsuchflowconditions,the
densityratiop/pm is determinedfrom the hch nmibernormaltothe
shockwavebytheequation

P y+l.
z=

7- 1+2
Mn2

(lb)
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TheWch numbernormaltothewaveisdefinedas

(2)

.
Atveryhighflightspeedstheairisheatedduringtheshockcom-

pressiontosuchhightemperaturesthatthespecificheatscannolonger
beconsidered(evenapproximately)constantthroughouttheentireregion.
Thespecificheatschangefromtheirlow-temperaturevalueinfrontof
theshockwavetoanequilibriumvaluefarbehindtheshockwaveinthe
fOllowingmanner: Tbeairenterstheshockwaveattheinitialcondi-
tionsoftemperature,density,andpressure.Fivedegreesoffreedom,
threetranslationalendtworotational,areactive.Inanexkremely
short,distance(oftheorderofa meanfreepath)theairiscompressed
andheatedtoa veryhightemp&ature.A greatdealofenergyhasbeen
transmittedtotherandomenergyofthemoleculesbut,becauseofthe
shortdistanceinwhichthecompressionhastakenplace,aninsufficient
numberofcollisionshaveoccurredtoexciteanyinertdegreesoffreedom.
Theairflow,consequently,followsthepatternpredictedbysimpleshock-
wavetheoryinthisregionhmediatel.ybehindtheshock.

.
Theairatthispointisata veryhightemperature.Collisions

betweenmoleculesareoccurringfrequentlyandatveryhighspeeds;
consequently,thevibrationaldegreeoffreedombeginstoabsorbenergy
frcxuthestrongcollisions.Astimepasses,thevibrationaldegreeof
freedombeginstostoreupappreciableener~. Intimethevibrations
becomesufficientlystrongtocausedissociationofthemoleculesinto
atoms.Now,ifthetemperature,whichdecreasesaseachnewdegreeof9 freedomabsorbsenergyfromtherandommotionofthemolecules,isstill
sufficientlyhigh,furthercollisionofthedissociatedatomswithother
atomsorwithmoleculeswillcauseionization,whichmaybeconsidered’
anotherdegreeoffreedom.Ingeneral,theaircomestosomeequilibrium
conditionwithenergydistributedindefiniteproportionstothevarious
degreesoffreedomandwiththetemperaturesufficientlyhightocause
thefrequencyandstrengthoftheparticlecollisiontobeadequateto
maintainthisenergydistribution.

BetheandTeller(reference2)havegeneralizedthetheoryofnormal
shockwavestothecasewherethespectiicheatchangeswithtemperature.
Thepropertiesofa normalshockwave-cannotbeconvertedtothoseofd
obliqueshockwavefortheconditionofvariablespecificheatsaseasily
astheycan-inclassicalshock-wavetheorybecausetheeffectofvariable
conditionsbehindthewavemustbeconsidered.Thepropertiesoftheair
fluwwithvariablespecificheat,however,canbedeterminedforthree
regionsabouta wedgeairfoilbya fairlysimpleanalysisofthecondi-
tionswhichgoverntheflowpatternat.thesethreepoints.Theseregions
areillustratedinfigure1 andarqdiscussedindetailinthefollowing
paragraphs:

.

#
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Region1: Thefirstcasetobeconsider-eddealswiththeflow
behindtheleadingshockwaveandinthemediatevicinity(withina
fewmeanfree-pathlengths)ofthenoseofthewedge(regionl). In
passingthroughtheshockwaveinthisregionthemoleculeshavetheir
energydistributedamongtheactivedegrees,offreedom.Immediately
afterpassingthroughthewaveandbeforetheenergyhashadsufficient
timetobedistributedbimolecularcollisionstoanydegreesoffreedcnn
otherthantheoriginalfivejtheflowisforcedtofollowthesurface
ofthewedge.Consequently,thefluid,forcedtodeflecttothewedge
anglebeforeY hashadsufficienttimetochangefroml.kjbehavesin
a mannerthatcanbecalculatedbyclassicalshock-wavetheory.Figure2,
takenfromreference3, isa plotoftheshock-waveanglesfor 7 = 1.4
andisapplicableinthisregion. .

Region2: Thesecondcasetobeconsidereddealswiththeflowat
a pointonthewedgefarbehindthepose(region2). Thedistanceof
thispointfromthewedgenoseissufficientlylargetocausetheshock-
wavethicknessplusthe,mlaxationdistancetoappearonlyasa thickened
shockwavefaraheadofthepoint.Furthermorejtheinfluenceofthe
partoftheshockwavenearthenoseofthewedgeisnegligibleincmu-
parisonwiththeeffectsofalltheobherpartsoftheshockwaveinthe
forwardMachconefromthepoint.Thus,theangleoftheshockwavefar
fromthenoseofthewedgemustbe suchastoyielda flowparallelto
thesurfaceinregion2,wherethedensityisthatwhichresultsfrom
theheatcapacitiesIu@.ngreachedequilibriumconditionsaspredicted
inreference2. Figure3,ccmqktedwiththeuseofreference2,and
equations(la)and(2),isapplicableforcomputingtheshock-wave
angle13.Totheleftofthedashedlineinfigure3 thecurvesare
thesameasthoseoffigure2;however,thepartsofthecurvesonthe
rightofthedashedlineareintherangeofvaryingspecificheatsand
aredifferentfromthoseoffigure2,thedifferenceincreasingwith
deflectionangleandMachnumber.Figures2 S@ 3 indicatethelarge
errorwhichwouldresultfromuseofclassicalshock-wavetheoryto
computel&chnumberfromshock-wave-anglemeasurementsatveryhigh
free-stresmMachnumbers.Forinstance,fora flowdeflectionof20°,
whichsetsupa shock-waveangleof25°(farfromthenose),classical
theorypredictsa J@chnumberof15(fig.2);whereasthetheoryallowing
forvariablespecificheatspredictsallachnuaiberofll (fig.3). This
differenceinthecalculatedMachnumbersindicatesthat,althoughthe
effectofvariationof ~ ontheflowpropertiesmaybesmall,itmay
beequaltoorgreaterthantheeffectofvariationsinI@chnumberat
thesehighspeeds.Thisfactshouldbekeptinmindduringanytesting
athighMachnunibersortestingingasesotherthanair.

Region3: Thethirdcasedealswiththeflowimediatelybehind
theshockwavebutfarbehindthenoseofthewedge(region3). .-Inthis
region,theshock-waveanglehasalready-beendeterminedbytheboundary
conditionsinregion2. Theheatcapacitieshavenotyethadsufficient

,
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timetochangeappreciablyand,consequently,theflowpropertiescanbe .

pred.ictedbyclassicalshock-wavetheory.Theflowdeflectionwillbe
smallerthanisrequiredtocausethestresmtobeparalleltothewedge
surface.Figure2 isapplicableinthisregion;however,heretheshock-
waveanglee isknown(fromregion2),andtheflowdeflectionis
unknown;whereash region1 theoppositewastrue.

Asanexampleofthethreecasesconsidera wedgewitha 30°slope
ata Machnuuiberof10atsealevel:

Case1: Atthenoseofthewedgetheshock-waveangleis38.5°
(fig.2)ifboundary-layereffectsareignored.

Case2: Farfromthenoseoftheairfoiltheshock-waveangleis
3P (f% 3).

Case3: Theflowdeflectionimmddatelybehindtheshockwavebut
farfromt% noseoftheairfoilisabout28.8°forthe370shock-wave
angle(fig.2).

Thepreviousdiscussionhasdealtonlywithcertainlimitingcases
oftheflowparametersandgivesnoinsightintothedistancerequired
toapproachequilibriumandnodeterminationofthecurvatureofthe
shockwave. BetheandTeUerindicatethatthetranslationandrotation
comeintothermalequilibriumsfteroneora fewcollisions.mom 20
to500,000collisionsarenecessary’to-establishvibrational.equilibrium,
dependingonthevibratingmolecule(nitrogenoroxygen)andthehwnidity
oftheair.Watervaporactssomewhatlikea catalystinincreasingthe .

efficiencyofthecollisionsinredistributingtheenergy.Fornormal
shockwavesatsealevel,thedistancerequiredforthevibrationto
reachequilibriumliesbetween3 and0.0016millimeters.Forobldque
shockwaves,therelaxationdistanceisactuallygreaterbecausethe
flowvelocitiesarehigher;however,whenmeasurednormaltothsshock
wave,thedistanceisthesamefornormalandobliqueshocks.The
dissociationreqtiesfrom1 millimeterto1 metertoreachequilibrium
forthenormalshockatsealevel.Ataltitudesabovesealevel,more
dissociationoccursata giventemperature,andalsofewercollisions
ina givendistance.Theeffectsofheat-capacityvariationandlag,
therefore,maytakeonaddedsignificanceathighaltitudes.

Insimplecases,theflowparametersfollowanexponentiallawin
approachingequilibrium.E theshockwaveisstrongenoughtocause
dissociationonthehigh-pressureside, thevibrationgraduallyapproaches .
equilibrium,andthen,muchmoreslowly,thedissociationapproachesequi-
.librium.Thecurvatureoftheshockwaveisrelatedtotherateatwhich
thevariousdegreesofmolecularfreedomapproachequilibrium.Ifequili-
briumisestablishedrapidly,theshockwavemustchangefromitsinitial
angletothefinalangleina-shortdistance.Hence,thewavewillbe

.

.
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curvedappreciablyovertheshortdistanceandthenwillbefairly
straightbeyondthatpoint.Iftheshockwaveisstrongenoughto
requireseveraldifferentregionsofflow,eachofextentdeterminedby
therateofapproachofa particulardegreeoffreedomtoequilibrium,
thentheshockwavewillhaveseveraldistinctparts,eachrelatedto
oneoftheregionsofflow.Themagnitudeofthechangesinshock-wave
angleissmallandthewaveformsa continuouscurve.

A studyoffigures2 and3 indicatesthatmaximumdeflectionsof
asmuchasabout4-5°arepossiblewithattachedshockwaveswhenthe
specificheatisconstant;whereasdeflectionsofover50°arepossible
whenthespecificheatreachesequilibrium.Becausetheflownearthe
leadingedgebehavesasthoughthespecificheatremainsconstant,the
deflectionattheleadingedgemustbelessthanthelowerlimit(the
valueforconstant7). Theslopeofthesurfacecanincreasebehind
theleadingedgeasthespecificheatvarieswithoutcausingtheshock
todetach.

Figures4 end5 givethedensityratiosacrossobliqueshockwaves
withconstantandvariablespecificheats,respectively.Thesefigures

c resultfromequations(la),(lb),and(2),andtableVIIIofreference2.
Asanexampleoftheuseofthesefiguresconsiderthepreviouslystudied
problemoftheflowovera 30°slopeata Machnumberof10: -

Case1: Atthenoseofthewedgethedensityratioacrosstheshock
waveis5.33(fig.4).

Case2: FarbehindthenoseofOthewedgethedensityratiohas
increasedtoG.08(fig.5).

Case3: Far fromthenoseofthewedgebutimmediatelybehindthe .
shockwavethedensityratiois5.27.(Seefig.4 andusetheflow
deflectionof28.8°previouslydeterminedforthiscase.)

Figure4 showshowtheflowdensityratio-immediatelybehindthe
shockwaveapproachestheclassicallimitingvalueof6 astheshock
wavesbecomestronger.Incontrast,fi~e 5 givesnoindicationthat
a limitingvalueexistsfarbehindtheshockwave.Calculationssimilar
tothoseofreference2 canbeusedtoextendthecurves’tohigherlhch
numberswherethedissociationismoreandwhereelectronicexcitation
issignificant.Thecurvesshouldnotbeextrapolatedwithoutactual
calculationsbecausethetrendofthecurvesmaychangeeverytimea new
degreeoffreedomisexcited.

.
Fromconsiderationsofcontinuityofmassflow,theratioofthe

velocitycomponentsnormaltoobliqueshockwavesisequaltotherecip-
rocalofthedensityratiosacrossthewaves.Thevelocitycomponents
tangentialtothewavesarethesamebeforeandafterthewave.Because

.

.
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theshock-waveanglefromfigure2 or3 andthecorrespondingdensity
ratiofromfigure4 or5 areknown,thevelocityratioacrossthewave
iseasilyobtained.Thesevelocityratiosareplottedinfigures6 and7.
Fortheflowovera 30°slopeata Machnuiberof10:

Case1: AtthenoseoftQewedgethevelocityratioacrossthe
shockwaveis0.791(fig.6). .

Case2: Farbehindthenoseofthewedgethevelocityratiohas
increasedto0.804(fig.7).

—

case3: Farfromthenoseofthewedgebutinunediatelybehind
shockwavethevelocityratiois0.812(fig.6).

Thevariationinheatcapacityincreasesthechangeindensity
acrossa givenshockwave.Fortheflowovera wedge,theincrease
densitydecreasestherequiredshock-waveangle.Theeffectsof

the

in

increaseddensityanddecreasedwaveanglelargelycancelinsofarasthe
velocityoftheflowisconcerned.

BetheandTellerhavegiventhepressureratidsacrossnormal,shock ,
waveswithandwithoutthevariationinheatcapacity.Thepressure
coefficientfortheobliqueshockwavescanimmediatelybedetermined’
byuseofthepreviouslydetermined~ch nunibersforobliqueshockwaves
ofa strengtheqtitothenormalshockwavesofBetheandTeller.These .
coefficientsarepresentedinfigures8 and9. !l?heflowovera 30°slope ~ ‘
ata Machmmiberof10canbedeterminedbyuseofthesefigures:

.
Case1: Atthenoseofthewe%gethepressurecoefficientis0.628

(fig.8).

Case2: Farbehindthenoseofthewedgethepressurecoefficient
hasdroppedtoo.61o(fig.9).

Case3: Farfromthenoseofthewedgebuttiediatelybehindthe
shockwavethepressurecoefficientis0.596.(Seefig.8 ata deflec-
“tionof28.80.)

\ 11
Thepressurecoefficientisveryinsensitivetothevariationin ‘

heatcapacityexperiencedinmostobliqueshockwaves.Infact,for
thinairfoilsatsealevelnoeffectofheat-capacitychangeistobe
expectedbelowa Machnumberof20. Evenata I&chnumberof100the
effectissmall.Athigheraltitudeswheremoredissociationmightbe
e~ectedforequilibriumconditionsandwheretherelaxationdistance
maybelong,theeffectofheaticapacitylagorheat-capacityvariation
mightbe significant,-particularlyforbluntobjectssuchasa pitottube.

Withthepreviousinformationinmind,theaccuracyofthecalcu- .
latedshock-waveproperties~ybe discussed.BetheandTellertspaper,.

.
.
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suggeststhattheauthorshaveusedallknowncorrectionsincalculating
theheatcapacityathightemperatures;however,apparentlytheydidnot
considertheirresultssufficientforthedeterminationofthespeedof
soundbehindstrongshockwaves.BecauseBetheandTellerworkwiththe
totalheatcontentofthegas,thedeterminationofthespeedofsound
wouldrequtreclifferentiationofsomeoftheirnumericalquantitiesand
theresultsmightthereforebeappreciablylessaccuratethantheir
ot~rresults.Thus,theMachnumberbehindstrongobliqueshockwaves
cannotbeaccuratelycalculatedfromtheworkofreference2. Refer-
ence4,althoughnotasrigorousastheworkofBetheandTeller,
possessestheadvantagethatthespecificheatsareexplicitlygivenfor
anyflowcondition;hence,theMachnuniberbehindtheshockcanbe calcu-
latedfromthisreference.

Thedensityratioacrosstheshockwaveisfairlysensitivetothe
changeinspecificheatand,therefore,wouldbelessaccuratethanmany .
oftheothershock-waveparameters.F&he andTkller,however,consider
densityratiossufficientlyaccuratetopublish;therefore,thepressure
coefficientwhichisveryinsensitivetoa smallerrorinheatcapacity
wouldbeextremelyaccurate.Theactualrelaxationdistanceis~eatly
affectedby smallchangesintheatmospheresuchaschangeh humidity;
thus,thedistancesestimatedinthepresentpapergiveonlytheorder
ofmagnitudeoftherelaxationdistance.Formanycases,the-relaxation
distanceissufficientlysmallforitseffectsnearthenoseoftheati-
foiltobemaskedby”theboundary-layergrowthinthisregion.

Ikrivation.ofPressureEquation

Existingtheoriessuchastheline~rizedtheoryorBusemann~spower”
series,(reference5 withthethirdcoefficientcorrected)forma simple
meansforcalculatingpressuredistributionsatlowormoderatesuper-
sonicspeeds.Wherea solutioninexplicitform.isnotrequired,the
moretediousshock-e-ion methodorcharacteristicmethodmaybe
desirableinordertoobtainan-accuratesolutionforthe~gherl!ach
numbers.Forcurvedairfoils,rotationoftheflowathighsupersonic
speedsmustbe considered.Therotationalflowoverwingsandbodies
atinfiniteMachnumbersfora ratioofspecificheatsequalto1.0has
.beendiscussedinreference1. Thepresentpaperfurnishesadditional
informationontheeffectofheat-capacityvariation.Figure10indi-
catestherangeofapplicationoverwhichlinearizedtheoryand
Busemanntspowerseriesarereasonablyaccurate.Thelinearizedtheory
isreasonablyaccurateuptoa free-streamMachnumhrofapproxi-
mately2,andthepowerseriesretainsitsaccuracyupto Mm= 10 for
twotermsand Mm= 15 forthreeterms.Withintheselimitsthese
equationsareusefulinthedeterminationofairfoilpropertiesbecause
theycanbereadilydifferentiatedandintegratedwithrespectto ~’.
Itispreferabletousethes@pletheorieswhereverpossible.At

---- ---- - .—. . .-. — -.. .— ——. — . ..-. —— .—. —-—.— -——-— --— ---- --
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higherMachnunderswherethevarlation,inspecificheatsbecomessigni- .
ficant,itisdesirabletohaveanequationwhichgivesthepressure
coefficientasanexplicitfunctionoftheflowdeflection,free-stream
lkchnumber,andeffectiveratioofspecificheats.Thepurposeofthe
presentsectionistoderiveaneqwtionofthistype.Inorderfor ‘
suchanequationtobeofvalueit.shouldpossessasnearlyaspossible
thesimplicityofthelinearizedtheoryandtheaccuracyoftheshock-
wavesolutionanditshouldapplyovera verylargeMachnurherrange.

Thed.erivationbeginsbyconsiderationofthefollowingrelationfor
thedensityratioacrossanobliqueshockwave:

A“ tan e y+l
~= tan(e- $’)‘7 -1+ 2

. MJ%&e

where

(3)

e shock-waveangle .

$’ flowdeflection
.

Mm lkchnumberaheadofshockwave

7 ratioofspecificheats

h theftistpartofthederivationthedeflectionisassumedtobe
smalland,hence,thetangentof Pi canbetakenas pt. Theshock-
waveanglef3isassumedsmallenoughtobeapproximatedbya two-term
series(thatis, Mm islarge).Expandingequation(3),dropptigthe
smallestterms,suchas e3,p’2and ~, andsolvingfor f3givesMm2

Thisexpressiongivestheshock-waveangleaccuratelyat.moderateand
highsupersonicspeedswheretheassumptionsarepermissible.Erom
shock-wavetheory,theexpressionforthepressurecoefficientis

*

.
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Substitutingtk valueof f3fromequation(~),andkeepingsignificant
termsgives

/ , \
(6) ‘

Theequationisnowvalidonlyforlargelkch
fiedbeforebeingusefulatlowerspeeds.At
equation(6)simplifiesto

whereasfromlinearizedtheory

‘=$%.

. .

numbersandmustbemodi-
lowsupersonicspeeds

Makingthiscorrectiontothepressureequationyields

p=,f$&+/ml). m.:

(7)

(8)

(9)

Figure11showsthatthisequationisa goodapproximationatI&ch
numbersaboveapproximately1.5andatlowerMachnuuibersismore-
accuratethanthelinearizedtheory.EvenatextremelyhighIkchnumbers
theequationyieldsaccurateresults.Inordertoobtainthegheatest
accuracyfromthisequation,thepropervalueof 7 shouldbeused.
Thisvaluemaybeobtainedforsea-levelconditionsbyuseofequations
(la)and(lb)andfigure3. b ordertobeperfectlyrigorous,a new
valueof 7 shouldbecomputedforeachdeflectionangleandMachnumber.
Thisprocedure,however,ismoreinvolvedthantheaccuracyoftheequa- !
tionwarrants,andinactualcomputations,a valueof “7 computedforan
averagedeflectionangleanda givenMachnumbergivesatisfactory
accuracyovera largerangeofdeflectionangles.Therestrictionsto
theuseofequation(9)arethattheshockwavemustbeattachedandthe
deflectionmustbesmall.

. Busemannisseriese~ressionforpressurecoefficient(reference5)
showsthattothesecondorderinthedeflectionthessmeexpression
shouldholdforexpansionwavesandshockwaves.Hence,equation(9)
shouldbevalidforweakexpansionwaves.Figure12indicatesthatthe

. . - --- -.—. -. -’ . ..—. .—.—— .--—. -—. — - --- —-— —--- ——-—— —.. ———. . . .
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pressureequationchecksthe e~ct

NACATN2196 .

Prandtl-Meyerequationforexpansions .
betweenM = 1.5and20. AboveMachnumber20,thepressurecoefficient
duetoanexpansionisnegligiblebycomparisonwiththeshock-wave
pressureforthesamedeflection.BelowM = 1.5,thepresenttheory
ismoreaccuratethanthecorrespondinglinearizedexpression.For
expansions,pt Isconsiderednegativeand,hence,theabsolutemagni-
tudeofthepressurecoefficientislessforexpansionsthanforcom-
pressions.Forthecaseof Mm= m,thepresent
bothshockwavesande@nsions.Forthatcase,
cientfora shockwavebecomes

P = (y+ l)p?z

andforanexpansion,

P=o

theoryisexactfor
thepressurecoeffi-

F’igure13comparesa pressuredistributionovera doublewedgeairfoil
ascalculatedlythepresentmethodwiththepressurescomputedbythe
shock-expansionmethodofreference3 for 7 = 1.4.Theagreementis
good.

Figures14and15givetheliftanddragcoefficients,respectively,
forsingle-wedgeairfoilswithsemiwedgeanglesof1°,2°,and3°at
variousanglesofattackascalculatedbytwomethods:theshock-’

.

qsionmethod~- var~ble7;md thepresentpressureequation.
Thepresenttheorygivesgoodaseementtibothtrendandmagnitude. .

Tncaseswhererotationalflow.neednotbeconsidered,thepresent
methodyieldssatisfactoryresultsforshockwaves,_sion waves,or
completeairfoils.Forcurvedatrfoilsathighsupersonicspeeds,some
oftheideasofreference1 maypossiblybeemployedtomodifythe
approximatemethodofthepresentpaperinsucha waythattherotation
oftheflowcanbetakenintoconsiderationina simple.manner.

.
A partoftheapproximatepressure-coefficientequationpredictsthe

shock-waveangle.Wheretheequationisusedfor~~ionsj thesame
termsspecifythelocationofa fictitiousnegativeshockwavelocated
betweenthete~~ Machlinesoftheactualeqansion.

CONCLUDINGREMARKB

TheworkofBetheandTelleronthepropertiesofstrongnormal
shockwaveshasbeenextendedtooblique”shockwavesforfacilitating
studiesoftheeffectofheat-capacityvariationonefficientaero-
dynamicshapesat-highsupersonicspeeds.Thesignificantconclusion

.

.
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isthattheheat-capacityvariationshouldnotbenoticeableonthin
airfoilsbelowa Machnumberof20althoughitmaymo&Mytheflowover
a bluntbodyata Machnumberaslowas2 atsealevel.Athigher
altitudesheat-capacitylagtiybenoticeable.

Thestudyofheat-capacityeffectswasusedasbackgroundinfor-
mationtoderivea verysimpleexpressionforpredictingpressuresdue
toshockwavesandeqansionwavesatMachnumbersfrom1.3to oa.“The
pressureequationisappliedtoseveralproblemsandisshowntobe
surprisinglyaccurate. .

LangleyAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

~ey firForceBase,Va.,June7,1950
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Figure 2.- Shcck-wave angle for 7 = 1.b.
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Figure 4.- Eensity ratio for 7 = 1.4.
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Figure7.- Velocityratioforequilibriumspecificheats.
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Figure8.- Pressurecoefficientsfor 7 = 1.4.
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Figure10.-Comparisonofp~ssurecoefficientscalculatedbyexisting
approximatemethodsandbyequilibriumspecific-heatsshock-wave
eqtitions.~ = 6°.
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FigureU.-
equation
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Cmuparisonofpressurecoefficientscalculatedbyapproximate
andbyequilibriumspecific-heatsshock-waveequations.
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Figure12. - Comparisonoftheexpansionpressurecoefficientscalculated

bytheexactPrandtl-Meyerequations,bytheBusemannthird-order
equation,andbythepresentapproximateequation.
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I Figure 13.- Ccmprimn of pressure distributicm calculated by the exact
and approximate methods for a 2° wedge airfoil at Mm = 4.
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Figure 14.- Lift coefficient for a wedge airfoil. IQ s 50. ‘
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Figure U.- Drag coefficient for a wedge airfoil. & = 50.
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