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The msgnltude of the af3rcdyrmnlo-s~ effect In* theor Is arm 
ofthe~blemefor~~noc~teane~rhPLeyetbgeaf~. With 
st%enticm restricted to wlnge of aspeot ratio that Is not too smsll (BBS-., 

- - AR ~3)itmqrbs aaLdtha-&, f~~slnunlf'ormmtl~,llftlng-...' 
theor~rrepremtsa satisfactory solutlonofthe problem. Xorwlngs in 
nomdformmotlonthe problsmls conslderablymr>rs dlffioultaudmst 
at*ts to analyae the as- &-span effect apgem to be either ia- 
CoJqplente or~~lrappllca~l~tyres~ctedto speolal oases of the 
problem. 

Inpart of the presentreportanaeroaynamlo theary af the oscil- 
latbg ting of finits span has be+ given which is ctmsldered to be as 
lncluslve as llftlr&Llax3 theory18 for the wing 3.nunlfomnm0tl0n. Iche 
flnallWultsofthlstheoryWirefoxmllas for the spawlse dlstrlbutloa 
of air foroea snb momusnts for the four basic Q-gee of motion of flexible 
wings, zwumly lmndlng, torslon, allaron, and tab dsfleotlcm. fn these 
fomnulae the effeot of thre e4lmns.lonalltyampearsasaaorrectlontenn 
u to the basic function C(k) of the tv4-aimensionEtl. the0~. T!hs oeil- 
oulstlon of u necassltates the solution of an lute& equation which 
ie eimilar t0,butl.e~~ elruple than, the lntegralequationofllftlng- 
lima theory for ths Ilft (and clrculatlon) dlstrlbutl~ on tinge in 
unlforgmotloa. 

-- 

WithaIPethodthue estsblishedforthe Sy8tCmbtia CalatitfOnS of 
finite-span correctloss for the cuetoIpary t wo-dbmaelonal theoqy it 
bec~s possible to arrive at statements wit& re&ard to the quantl.tatm 
tqpwtmoe offhe aemodynsml~~effout. Ithaslnths past been 
hsld by a number of lmeetlgators that this effect, while slgafflcaut 

-fordnge lnunifomndion, Iem longer 80 for oeolllatiPgwlngs.Phye- .- kleratlcm of the wake pattern lndlcates that for a given wins 
e4lmnslcxmJ.flouapproaohesmorerandnmrensarl.yths 

twc4lJmnslonalpatternss the frequemcy of osoll3atloniPoreases. 1tls 
thus permzisslbIe.to w that for suL?flclently high frequencies the 
-=-c-span effect ls,of BP lnsl&qifloemt msgnltude. This, hmer, 
leaves the question as to vhat oon&ltutes‘a‘sufflcientIy high frequency 
and what is the msgnltude of the effect If the freqwnoy la not suffl- 
clently high. It was therefore consldereddeslrable to estsblish, at 

least rou@y, the range of frequencies for which there le BP amreoiable 
aerodynami~effectandto lndlcate ths nature of the effectln this 
razlse. The variables which are,meinly involved am aspect razlo, 
wing deflectionform, emdzM.uoedfmquency kmmb/U, where Q) 1s the 
clrcularfrequencyof osclUatlcm, b thesmLohordofthewln&and~ 
the velc&ty of flight. 

The oaloulati0ne inthi8 Z-EQ~~~SJ~E iPp~td98igns~Itogomi.ta 
-----.rapld estln&,lon of the mgnltude of the +erndynsxlc-spsn effect bY 

-- - 

. . 
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govwidlagfor oonelderatlcm the resulte ofanappeolable nxMbrc@ 6am+ 
Ble oases for orlngs of &eotratios 3 anb 6 anb reotansulerr or elllptlo 
plaafonaap4foj:arange09~~eotP~ths~direq~k. 

It Is feltthatapointoffurther lherestof thisvorkshmlUbe 
thegreeePtatloaof~s.~fgr~orporatingtbs t&rs e4KmnsMrl4l sir 
fames lnflutteroa3.oulatMns, forUwn5e cases izlwblohsuchanl.ncm+ 
poratiarr~e dsemsdworthwhile. Auhough tbe'autbore agree that such a 
refinsmentan~be~oeeear;giPagood~caeeefor~dh~at y 
aaalraoy le notrequlr8iL, w ala0 feel mat If %t'is &mired to obta+j 
tbeomtlaalflutter speedbpphldhweVi%hAn, eey, lCpsroent0fthe 
achualflutter speeds, thenlnnp~t0ase8ltwll&be fotmdns0eeesrp to 
lnaorporate the sew o++psn effeot in the &naJysie. Appmolably 
lsrgeroorreotlor&swlllof'texxbe obtslned, pztrtloulsxly lngroblemeof;?: 
tall flutter. . 

This isme&i@Aon, cqndwted at the UGekchusette Institute of 
IbohPo~,olecesposla~red~,anbcapdugtedwi~f~ial~eis~e 
f+rom, the Xiatlone4l Advisory Ccnmlttse for 4eroautlce. 

u 

=, Y 

P 

Carteslap coordinate8 In pl4na of projection of wing surf- 

semlohordatmidspsn 

amplitude of three-dlmmslonalc3.mu-t%~fumati~defirredby 
equations (8) and (133 
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reduced fr8querEay et mi%BpEn . 

funotion dsfimB% by equ+tbn (10) 

eullpliti-luIeoft wo4aQeneioqal oirc$ul&.tioll funation given l&y eqw 
ti* tr1 .- 

variable of intagraticm 

fuItctioIldefineaI>yequation(~): 

funct~&?flnedbyTELeo~~n 

oorrectia function %efine% by equatgain (6) 

loal%tion of elaetio asie in unite of the aemiohord b 

locatfon 09 

looatlon of 

lOC8tiOl3 Of 

ecller&lea%ingedgeinunitsaP b 

aileronhlngeline inunite of b 

tab leading edge In units of b 

l 

. 

e 

lwnof tab hinge line intmite of b 

aileronand tab overhang inunLte of b; 2 18-0, m-f-% 

ben%in& %eflectica.of wings; h i E(y)ekUt 

angleafattaokofwinge3 u I) Q)ewt 

aileronand tab %eflmtiananglee; p -Be* 

lift per unit 09 .span; L I L eiat 

mmntaboutelaetic axle prunlt of span 

. 

ailemnandtabhirgemomnte perunitof span 
l 

fun&km %efine% by equatiun (9) 

BeeeelflmctloPls inmlsto&'mtati~ 

-- ..- - 
- 
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H aulkel~tiops lnozls~Ibat8tien 

k lift ooefficiept &+ne% by equat++,(l+) 

Fi z-0-t coefYlclent define% by equation (l2b) 

5 

5, 5 fLulotione %efine% by eqw3tioIm (321 anQ (33) 

#J(S) phaaeanghfwotiona (J-h,=> S..r) 

Auoor%bgtopErt~ of the preeentreporttbe Pollow~ngf&sLmllae 
. hold for the (Listributicm of lift & moraent 8&, aileron hinge moment 

@,an%tab~emcment i$ % ue to a bending defleution g, a ten+ ' 
slonal azlgaar %eflecticu& CL, &aileran~%eflsctiQn F, 'a&es 
tab w %efleotion j?: 

z f ka ' -3-c. I; 
! 

2Pfio - 
-F+ ik[C(k) +'c$&- 

Do 

. 
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+ 071 1;; j/, . . (2) - 2 
._- _- -. - .._._~ ~ -- 

- 

-. - 

+ ( > 
b a 
bO 

(2 P373 + im72 - k% ] + 1 E 
's 71 2x. = E 

~,(a) + F ~~(a) 1 h 

X CC&E) + u7] 7 > . (3) 



ErAcAmno. ll9s 7 

i b I- 
2pu2bg b, + $ z,(d)IgtC(k) + oh] 

-k=D~J+J%) il+ik-(+a) ]CC(k) 

+ $%(%) 
3 

-[C(k) + cry] 7 

El - %o - ,aT2; EL(%) - T;Lo(.%) - zdr2&.) 
..-. ..’ . . . ., ‘.’ -_ 

x2 - Tla - 2tTLo Q(d) - R,(d) - Mayo 

1 

(5) 

' 'i,rTx2 - 22T20' %(a) - %2(a) - Mzo(d) 

The%imeneiona a 0, d, 8, f, 2, and m (8llaei%giras%fnref- 
erenoe 1 anil in fig. 11 m are in unlte 09 W~I loml isemiohotd b (b -b, . . 

. atmt%qm!md kw&~ stand6 for the l&i r&&e% fraquemy. 

r 
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iJL(k) 
2 - C(k) + -- 

Jo fk) - IJdk) > (61. 
.. 

w - -. - -- 
’ i The tBnEii(mel oi~talation funoticme nj f2) in equation (6) *. 

82-e asfine% by *' ._. 

,- 
, c . v!. i. k"t 

#) I 4lC(k) eiki 
a 

ld3!2) (k) 

(7) 
-(‘) ,- 4ic(lr), eiG % -!2)(k) . 

El + ik x2 b z(r) 
2. 1 b0 : i : __- . . . 

+) p b$C(k) ,'km 

skII?) 

El(%) + F E2(%) 
t 3 J 

In or%er tq take into acgount $m po:eiblUty of_pbcLee wW?iatiOXl ia 
epan c?lreotioP the fumtl;ozi h(y), a(y)', p(y), and 7(y) in eqzratiose 

. 

-q$(Y 1 
(1) to (4) and (7) must be multiplied by term3 e 

-i&Jr1 
J e J 

respeotively. In equatirwe (7) the quspti~ 
r&reeente the effeot .af sweep 0%the ddoh0rdL line I 

. 

of the wing. . . . .* . *. 
The three-%imaneiruralcircplatlon~tione 5, are 6olutiona of - -\ 

the Oollowi& integdi. eq&tiatz: " 

. __ 



Inequation y*indMatee the looatlon& poLnte almg the erpmin 
units of the'eemlchord at &depsn b,. 

0) 

F(x) - r 
J 

e-l' 
. 0 . . 

(9) 

The functicn2 p 16 %efined. fn ternrS of Beesel fun&ion8 88 
. . 

. 

v(k) - 
“J,(k) - iJz(k) 

r (10) 
%k - Y;(k) j - 1 i Jz(k) + Y,(k) 

m’ L 

lhapsrical wslues of the f'nnatlonq C(k), p(k), 

C(k) + iJ~(k) 
J,(k) - iJl(k) ' 

8n% F(x), whioh em of bporke,na for the 
formul88,m giwtn in -lablee I to v. 
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.i Lift ml% lanmqente at points of no m deflection.- At pojnts of no -_ 
N d.efleotioP equertiaae (1) to (4) ceanot be awed directly because one 
or more of the uJ temne becormeinfinlte while the correspon%ing da- 

. ..fleotion le zero. In view of oquatAona (65 an% (7) there map be written 
for a pint where 8 dsfleCthZl flUlOtiOn. j(b, &, s; 7) bWtWt3 -mJ 

b 
= R- 

b0 
[- e+->! 

kB["(k) . 

) (11) 

-. 

-- 

~eeriax4 for lift an% rolli~t coefficien+s.- !Fho aoeffi- 
oient of wing lift may be %eflne% as 

- - -__ -. - 



Forsreo tebngularw..:. . 

8abz 

g-B 
. . . . '. 

For the solution of equatlca (8) a pmoedure ie ahoaen whloh is 
t3nalogew tu ale of the known method8 for the eolutiort of the 1wt* 
line equation for uni3ormmotlom. . 

I)efinenewvariables fl and Q by the rslaticaa, 
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the ~~~~~variab&e equetxLon(8)becoslse 

d 

b p(k) 

r 

1 f 

l 

‘7 ,sJ* 
008 n 6 

- 
de 

%- 

e(coe # - COB 0) 

s 

0 
.___ -_- 

Introduce the knuwa Pormola, - _ -. 

(14) 

-- 

atd write faquatlon (14) in w fo, . 

._ _ _..-_.. 

x 
ikos CO8 $4 - co0 8 

flG-- f -’ COB 0 \)co0 n8a8 
A . - 

0 ’ 
toe # - toe 8\ 

F(k,e~coe # - 

-$ --- -- 2 (0 CO8 qJ, (15) Y . 

- - *a- - 

- _. 
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’ I$ote, that if the wag i&eat1& is lEt&&i&.-e;ir&t itlli&~, oa$ oda- 
I t 

valuea of P oocur, while for ant~eynmet7.daal deflectlarre only even 
,YtlJ.ueS of n 006ur. If this IS takeil Into aacouIlt, all points r$ Itmy 

be chosen within amunlepan. If th6 number of points $?& which &e 
6f3h3tea it3 19, thea equation (20) is CL ayetern 0f B e~tans0us COP& 
pier linear equationa to be solved for the B oomgler qu8ntltlea Q. 
Hate further that tihm lefthand slds of equation (20) depende im3.y on 
~plspformanbon~~eBfrequce9cy,but~toatbeformaf the 
defleation funotlon whloh determines the rlghthana eldo. 

-k _ 

The fun&Mm '8~(koe,#~) whioh ocmur In equation (l8) have been 
oalcnlated for a number of valuee of n,'koy, and #m and the reeulte 
are oonk;mQ In tablb VI. The &tl&s 8inL&/n me almbalculated 
for the aams values of n and fim andtihe refimlteare@venln t&ble 
VII. Figure.2 ~ontalna a series of plots of 'Sn a&net koe, 80 that 

. aleoforlntermsdiatevaluee ofk,s thevaluee of Bn are avalldble. 

-. . 
Ci&uiatloii & G--fu&t1&3 -81; -iZool;8ing to eqtaa%ion,f16) in- 

mivee the evaluation of CLP lnte-1 oontainlng the fun&Ion F defined 
by equation (g).. With tabularvalu.es of F available, the Integration 
canbe carrieaowtgragblcally orbr rspproximatl~ F tithe range of 
lntereet of the varietble I m,er fun+lon whloh rmlte ezgllclt i&e- 

Boththe8eprocedureehave beenused. 

inoonneotionwlthathe~ of the ae~dyntu&o-sgapeffectwhlchCUffers 
frbm' the one evaluated here. 

(1) Choose eganwiee statlope at whloh Integral equation (8) le to 
be k3atiefiea. (Preeentrm of,calmzlationf3 of amU.lary 
functions reetricte choibe to the six etitiona, 

008 $ - 0, 0.2, 0.4, 0.6, 0.8, sod 1.0 

. 



. . ,. . 
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(3) 

(7) -..-.. -_ 
(8) 

(9) --_ 

RoUlng aB ._ . 5 - . 
.Llr?ear an&numtr%cxal tomion ..(z.a y/ebo, a c 0) . . . 

Figures 3to21oontiinthe z.waulteof.tbe8e CalCulati~. (Sam3 of 
the reb~ulta were first obtaftid in reference 3.) The polnts at which tIm -. Integral equation for the clruulation ha8 been satiefied are lndlcated ti 

.fhe $'lguree; the'n.Mber.of theee points detetinee the number of eimult+ 
* ‘n19ouei equations to be eolveb. !Che fo~.ovingcticlue~lon~ magbe et&d: 

'The serdayasndC-;sPan effect for a given aepect ratio aaad,given wing I 
&fleatlandsorsaeeePa~ceablyas the valuee of the reWc@frequenc~ 
.gp ~mebae4. There ie eubdxutial agreement between the reeulte of the 

~tihree-dinaencsl.~ theoky and the reaulta'af t&e two4imenslonaltheo~ c 
when the value of k. is eufficlently large. !I!he rate at tiiah thie 
approaohbetween the reeulte of the two theorlee takee plaoe &eprd.6 cm 
espct ratio and wing dsflectlm.funotfon. .- The lpmr the aepeot ratio, 
the el&er the apprcad. The f'lnitAp& Bff&t per&eta to values of 
kO whlchare higherforllmeu: 0pamlsevarlatlonof d.efleotlonthan 
they.are for&o epnwlse vaxiatdonof dsfleation, &higherforpam+ 
bollc variation than for LLIBW~ variation. While themefact8areJhat 
mulUbe ekpeoteb, the pre~ntoaloulat$me ahouUfmml6hthe quantlta- 

' tlvs %forPration.whloh la need& in order,to.kn& when to neglect the 
ae~c-epen effect aud when not to mgleo$ it. R~~u&hly; It msy be 
etated then that whoa AR - 6, there fa no neoUto con&&m the 
aeroiiyw&c-span ef$6ct when k. >$; emd whep &R - 3, there +a no well 
te' ooimlder the sffeat when k& B 2. .For.mmll~r valuge af k. the 
the effect r3heuM be glqen gpeter cmnf3idmatlon. Ilqxdemt cs~otioae 
certainly Uooccurwhim k, ( 0.5 'aM AR -6 au&when G< 1 an& I 

-. - AR - 3. Correepcmd.iag ooncsluelcme~ will hold far.mlues. of aapeot ratie 
'between: 3 aad6 anbforoalueebeycmd. theee Umlte. Iltfbgether the 
numarl&L reeulte obtaidsd w alrso s&e ap! an IxuUoation of We magd- 
tude of the effeot to be expeoteb in ca6ea which e&e. somwhat different 
from those analyzed. 

. 

I 

.-.. 
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tieslrable. T&e discontlnuoue rpmwlsevarl8tioaiof defleotfanshouldbe 
taken Into account eltherby uel~~p4re t+mm in the serl- for 5 *by 
u~1ingat3peclalfunctlon figiect which+c&todatee the dlegcntfnultlee 
lnsmanneranalogousto that la unlfom ti.oA wing theory. 

- . .." _.L - a' 
. . It Is no-b&d that for t&*&&&r wings :the lift dlstributlon ia 

zero a$. the tip am wcnihl be exp+ed..~!I!hle:Pley be explain& a8 fol- 
Uhlie inanexactUftlng-+uzf~e $beorg,the chzWlee pressure 

dlstrlbutl~ at the tip would Mimi, thle oondltlon a&nuot be eatleiled 
In the present a pprorfmate theory. In the approxzhmte theory only an 
average condition pan w prmyri~cl~and the,natqql.~holoe qf thle avpqe. 
conUti.& ie in make the oirculatl~.vanmh"at the tip. For.not toe - 
lazge'baltii of k this +&lat~ori oandftiop iei ef"qeutlveXy~equlvalept 
to tg3 ?ieIltUtloil of vanlablng ti~lLft'i.nte~i~. WTth lzxureaeing value . 
of k thebe two &&ll.tlon~ b&&'leee 'anb.lese -is&. CL!hd t3ium Ob- 
servatlon Can be plads re@,rd.l~&~&e nmmni inwltiee'at the tip far 
~0~ WlDgs. lnaaexacttheory fbemon~3ntfunations wouU.mnleh7. 
at the tip while the presen% theory LB unable to enmum this. ..-A 

. . .- 
It must be said thert to the extent thd the tip condltlons me not 

campletely takenoare of,the present theory &oeenotfuUyacoouutfor 
the effect of finite span. Bwever, even when this difficulty OocmM, 
oorreotiona e obtUned which ekre In the right direction aud whlcli 
therefore orey be applleb. It ehoula be eqphaelzed that no such Ulffi- 
oultlea omuy for wlnge tit& zero tlp ohor& beoause for suah wlnge lift 
andmamsptlnteneitles approsoh zeronisar the tlp in the twc+Ummional 
theory. 

InatMltlontotbe dlw ahowIng epanw~ee lift distribut$ona 
there are given ia me 15, 16, and 17 oumem ahaping the variation 
of wing lift ooefflolent for rigid trar43lation an& p&tchlng, and of wing 

. 
zz"""" 

nt coefflolenta for rigid rolll~ and llaear uutl~trloal 
. Theme figures ehouagalnbowwlththeincreaelng k. the.re+ 

aults of the 
saoh other. 

two4lmBnf3lonalspdoithethre~meIl8lonalthe&~pproaob 

The u8e of the flnLte-epan oorregtlonm of thZs report in flutter 
! 
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oalculatlon8mnybe explainedbyuee of the prow- deeorfbedlnrsfer 
ence 4. . 

, 
In the oaee'of c~lnedtorela~aadbendirrgailerwfluttsrvlth 

gearedfab, flutter epeede+df'requeIXIy are determinedfrrrma determl- 
nmtalequatlcuxof theform 

. 

; 

-0 

The term8 of.thle dete4rmi~t IWolve atruotural o-ate anb al80 
a~roQnami~ txngcnente which are deelgae~tsh5~ the follawing Oalcula- 
tlone -by the subeoript A. The aerodyW&o coR!ponente oslly #e oo;p- 
slderedhere. Amz&tci and'til~ the nr>t&tricuj of.&feSence 4, with 
a fllnmn8lonJ.eea 8gsTIPPiee cWn8te z, defined by 

.- -- 

z-ii% 
0 

. 

. 
. . 

. 

. 

-- ._. - 

_.- - . - -- 

-- - 

. -.. ..: 
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Aocoralngtoeqlll%tlane (1) to (4) the flnlte+s~oorreotiawappear b 
as oarreCtl~totbeTbeodcffseafrmatl~ C(k) lnsuchamemnerthat 
C(k) becomaa C(k) + a,.,. @ substltutl~ C(k) + uJ for C(k) ln t&e 

.-. -.. .-... -_- ..____ --_--._ _ 
, 

-  -  _-. I  __ 
_ 

_ .- 

- - - 

-- t 

_ -- .-- ._ .- 

m - . - - 

b -.- 

. . . 

..- 



&A ‘u-4 do. J-J33 
. . 

(3) 
L!A 

# . . 

x [f&) J Cfe(z11 d(e) + p 

(24) 
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-. _.. _ --.- ~ 
By remrltlng the fln2te-span correotloxa terms and indicating 

them by a A prefix, the flnfte-sgan oarrectlons for the bendIng- 
tareicaalleron flutter de- of q3ference' 4 are then 8s 
foll.owor 

. 

- .-..- - -.. - --- --- - 

r 
. . 

. 

. 

- --.___.- -- -’ -_. --- 
. . 

c 

- .- -- --- *_- - 
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These tategm3.8 for the fipite-epem cgwrectlcm for the tdmm3 of a 
t66fluttemd~teMPiZMt~tln~neralbe lnte~tederpIZcitly.It 
la necer388ry In 8l.l but verg 8peofEl c88es tici titegrate these oorrec- - 
twna grrtphiaslly or by nmmrlcd. mespe. I 

-.- 

. 

iJ= 
1 

--.'. '- 
J, - iJ% . . IS ( 0 

3 - 1) [l,(e) ]' df 

-- -- 
Ipvievofthe acmstaucy of k forreetqgularwlPge 8pdthe f&t 

.- 

that the c1rcul8tioll functicne occur am qAot1+8 cay, it Is pemKl8- 
8lbl.e tc narme;lim .-the tuo+5mneionslcirculatione insuchsowy that I 

L 

-- 

. w 
; -- 
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and to 1ndlcat.e a cmre6pmdWg changelnthsthre~~ianalclnnr- 
lat1oIl functlon8 by w?l.ixtIlg 

Bg aesumlng Ynear toixion and mbollo banding, that is, 

. * . 
.i. _ - . - 



j :’ 

- ;- ! I 
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r&d - E, r,(z) - 8 - (30) - 

the relllf%lIllngll3te~tlona lneqw3tiorm (2g)magtJe carrledout aIla 

- - 



. - 
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cap--ontitheqw3tior4 (1) and (2) or the pr8a8ntFeport~Ethows 
~~~f0l&aring relationI3betwseIsthe remal~~op 3?8f8ZOBZW8 5anpth8 
-prq3ent‘ JsEiulte: 

. . 
_ 

‘F--(G) 1 ‘c(i$ .+ ub;(kJ . 
. . . - 

I 

&ho, <-> C(s) -c u&,> 

. 



- 

.- 

- .- 

Aeafommldl.ff men&e k&w8*n'the~ .two aete df reaulte there z-e- 
maIn the fact that In the present w&.he ccrm+tian terms for lift 
mdmommt are the aame, while in.the work of wference..5 this le mf 

n 

80. The authoz-a of 6he pr6eent pipm a% pot able to d@lde uhlch one 
Or the toK> L38t8 of ??8tit8 18 ~81~3r'tOw3e aCtWAkfaCb3 fnthie 
rE38mCt. Itmay,however,ba notedthatthe dzl3-Qesmceebetmenthw . _ 

% 8nd~&fbnctlonh are quite fmnsll. The order of mgnltude 
o10thediffe~8~~~~'twoa~arstdbeno~ter~the 
0rdernPmagnltyas oftheS%miatlons of Uu3 apprcuUa te results from 
fh8 zmsulte Of an aepetnotexutls3g exaoteolutionof the problem. 

A numerloal ccaagarison__betweeq tho F eml -&t”unctlona a$. the. 
.- 

function C+ e haabeenrmlef~ fawrvalues ofaqectratlo, 
6, 3, 2, and 1.5. $igure, 22 repr9dllcee the real-and lmag1mry Barts 
ofthevarmlElfunctloas,together~theflanctlon c aethetvo- 
alln0nslonal theory. It la 8een -at ergresmnnt between tie ix0 IclnU 
of three4im8ns$ona3cbrre&bm8.58 quite climb. Atheoretically 
~imgor-knttUf~'erence 1~ Fe factt+t'forlncreee$n& k, the reeult~ . 
of the preeentwm.95 oowergetoward~ result of tibe'~smu3lonU 
theory while, for aspect rat1q.s 3, 2, w -1.5, +9 3%8UltB Of 
XDf8XWLCe 5donotccKwerge tyDwardvle reaultof the ~KlBiO& 

the0r.y. Aa k, approachoe tero the remita of $he preeent~work ap- 
proach t&3 regults of llfting-l~ne the-. Stisqotedthat tIi8 eeme 
IS v8rg 118~ly tnre for the htla 8, idd~3 ‘th43 .fuadtmi - H IS 
coneletent3y 8- t f#zlal+ th+ would follow from i>rtug-lfm 
thaory. - 

Det@ndnatlarrof~tenns 44- It-7+3 f0wd that,for the tm form3 d 
ofntotfonc&lderedprevi~&, sqff'icienKLyaciourate reititswme 
obtalned frosl a ane-rterm approximation for the clrculebtlcn function \ 
Sl. By takslng - --- -- _. .._ 

-_-- _ 
emd ueteraalline'the 

tion (8) at modal 

L _. - -._ “__ 
. . ._- : 

Kl 

- .._- 
ccefflcl8nt X&by aatwfylng 

. .. ( “lcE;j there.foxh8. rm 

-. i 
r ‘- 

I 
1+: 

(36) 

- .- 
tiktlIm8Q- 

8@latlon (17): 
I 



- 

! I 

uh(ko> - ua(ko) - 1 c(S) 
I lJ,(.ko)'.. .- . 

+ J (k 
. . . . 

0 0 ) -lJdk,) . I F 

lqal-valuee,.of, the f'unctfoqa u eg ol&dxmd are $is$ed ip Mb&-.IX. It 
'm be noted that 8qUEbtkXI f38X,:$p addliion to gl~:tbe cqg.tion 

. termfortzxm&atlonandpltchlng,al.eoglvee the prop8rcorrectlonfor 
the deflection 0f.a full-span aileron on m elliptical ulng as long aa 
thedlmanslor&s~sileroa-hi~insgoordlnata e.andleadlmdge 
coordinate cc arecon8tantalongthespap. 

1 
AE aconcluelcmto tbie dlecuaeionlt~be etat8dtbatfrome 

practical potit of vf8w I218133 88cnng t0 be Uttb to ch0088 betW&8n ths 

results of r8fer8nce ~a&Lth8pz~eentre~ulte intbo* txuyewhez-8 the 
results of reference 5 apply. A pra.c~lcal dlsadvantege of the reqaltta 
of reference g&ppeaye tobe tbatnoprovisl&lemde toobtalncorm- 
epondlnp;keaulte Whenother~rznifd~dsfledtl~Arnctlonsare tobe 
takenlntc consldez?ation. 

. . 

The presentauthors Ndhavellkedto include a&eoacmiparl8on 
' of thelrreeultawlth th6 mkillk! crfW.'P.Joms In r8ference 2;how- 

ever, not&l~dlffi0ultieeoouldnotb8 ov8rOaub3 lntlm. 

. 
. . -... ’ I ,‘. . . . . 
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According to equation (16) 

ii i(kohl CO8$! - COB q )ccJrir nedt3 
. . . 

.- , A- - I-. - 

Euld according to equatlon~ (9) ._ * . 

-.---- _ _- .-._. -- _ _ 

OI 
I . F(x) = "' 

/ 

e-l& &ix- JW' 
I. )c 1 

'0 

xx ,: 
M - R(x) - ff(x) 

. ._. 

!l&e function Fls ~wmm.aerloallylntableV. Itcaslbe ehownthat 
~~%t~pO@EX3888t?I the fO~'=k~ 1id.t~ b$hIWiOr: ., , ._'..' 

_ - 
. . 

. . 

x 3 0 :'B(x) = -lnx-o.3g&2-~ 
.I,'*. . .. : 

.'. 
It-&n fbr-ther be ahown (haference 6) thaf the f'ollmdug ~aentutlon 
hoZ&s: . . 

. . . . '. & 

, :. . ‘X . , 
. . 

;heltW Q(U) E&fBf18E4 the diff8mntiEd. ~qUl?LtfOll, 

d+ 1 = --- -- .GI.& 
.- _ ._ -‘.-Y du2 ** du u . 

(b) 

. 

withtalelnltialoonaltlorle, 

-. 



G(0) - 1, G’ (0) = -1 (cl 

w==- (4 to fc) are lieted Jlere for future referance. so far, It 
has not been found poeslble to derive ccmtput&Umal advantageo f'raa 
them. 

R(k,el CO8 fi. - coa 61 ) f ln [ 2O’ s8k081 CO8 jd - OC8 ef '1 



34 

. 

In thi8 atanner the functlcna 8n 3mvo been oalmibteb for 
?' "kC8 = 0.5 &I@ v#u-lous check oalcuhtlons have been curled out iol? the 

valuee. c&- sn obtal.ned~reference 2. .. 

.- 

(e) 

. - 

--.. _ _ ._ 
x ='k,e(CO8 8 -CO8 !a) 

. . ., . - -’ --_--- _ -- 

_ 
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!&I = --lp x L 6.270 4 0.764x - 0.e + o.cn&? 

. .I 

bd 

I,(x) - 1.319 - 0.757x + 0.2od - o.o2ck= 
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lc . .o 

.I 
CO8 8 - 008 g! . . ,jfn’psIr 2 ,. ’ .. 

I COP) 8 - CO8 $61 ‘08 ns* .” 2 n - 
0 

Jl f-5.. 
fl I 2 a=.l: 

. : 
CO8 8 - CO6 $)cos Pm8 = x, - 

lu$A:m’Ho. 'lL95 

IO. . n-2,3,.., 

.d$ + 2 008 $6 
3 . 

), 

I 

( Bln(P-216 2 sizln$ 
- "&a .- l)(n - 2). n(n* - 1) - 

- .- 

I .- 

c 

\ 
at 3 1. 

4 
Se CO8 f6, n=2 

008 8 - C” 9)” CO8 Sl8u 

i 

- 

0 n=3 

--I_---- 
. ._ 
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fn 9 
./ 

CO8 8 :.CO8 
iCO8 8 

0 

5 3W32Z%li~fOrw;llai8 . 

2 -Bin (n - I,@ er-! T 
nL .n:-l ,.. J n=2,3,. . . 

-. . . . _ . 
with the.$&tial condithu8, a 
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g/a ‘= . 
&‘&,S, .2 \ - %\ I 21 -d--8- % / CO8 8 F&,8 CO8 e)d6 

“. 
“0 

with 

42 
I - 

I 
co8 6 F(k,a CO8 8)aS 

". * .. '-- 
h= + (+,8)* 

k,eX 
0 

= Ime 
0 

there followa then 

- 

. 

- 
. 



In the present report the elemente of the flutterbete~tofrefer- . .~ 
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m addlticin to us gEuU3ral sk‘uotural teni! 'iii eq&icQ (B3), the 
structural terms for the speolal oasa,6f tha unlfom rectaiq+ar wZng 
in bendlngg and tareion flutter with e pambolla bendIng ~&.~a lineer 
torsion mode are lietec¶ mparate~ ae follows. The oo.hspmding eero- 

. dwmc terme are givea in equatiaae (23) at3a (3r). . 

.- , . BP 6a 
r;* = 41cpbo3 I . 
. . 

. ' 
. . 

(B4) 

'-where 
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speed occurs at a somewhat lower i-iCLue af thci frequenoj- parmeter wheti 
the fitits-spaa correot1cm.s are appllsd. This' &mile be kept in mLnd 
when oonducthg fluttsr analye w31l.o.h takei into account the efisct of 
a finite spem, . 

. 

The procedure owtllnedwlll be used in ths two sxamples presontsd 
lntihlssgp+Ux. ._ - - -_ 

This exa~l9 is prwaen~d~i~~ to LLlustrats the msthodof 
applying flnlk+span commotions to a elnr$.e wing Fn bending snd toreSon 
flutter . The wing ectlected~~ th% snalysfr- was the I?-75iring of refer+ 
en043 7. Ipcm%3r to supply nor0 accurate~data onthe charsotsr~&ics of 
-wing, itwassgaintest&i la the M.1.T. flutter Laboratorytith 
equQawmtwhichwas'notav81J.aW.c3 whenthe oti@naltostsweru. con- 
ducted. ; 

The N-75 wiry: 1s a reatanplar wlqg of aspfxt raiuio 4 with t&w f-oh 
lowing charac*rlst~cs: . . . . - 

283,- 60 la. 
. 

a0 - 10 ip, 
. 

a = -0.30 

M - o.ocf-u slug/ft . 

% - 0.00068 slug4%/ft 

=a - O.ooo~ slu@P/ft 

%(maeursd uncoupled m&- 
fzwquency in torsion) 0 8.9 cps 

~(measured uncoupled GW¶I& 
frequency lnbendlxlg) 0 3.9 cps 

. 
al - o.oa3 . 

I 
-=, . - 0.070 

I 

-.- - -. --- .-.. -- __ - 
‘--- -- -.- 

.- _ 
_. ._ . . 



1 
- = o.&@g [I-(“) 

i 
=(l+l&Jj 
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.- - -_ - 
lluqybe celc~ted~reCtlyforeevereil.valuseof thefrequencypammet;ar 
by the P88 cf t2m.e~ I. -.. 

!Fhe t~l.IsnsicmfiL aeroayzlamic term6 fO??'the raotan@aa =m3Ma 
e linear torsion mode and a parabolic be- mode are: 

I 

-- .- 

-.__ ---.-. -_ - -. __-- - 
x C(k) ‘\ 

I 
J 

. 
85nce the eerodyaaml. ctermeoftheflutterdete~~forthls _ 

epeci~ca~emeyb6 Cal~titedby Binrple f- eubetitution of the 
vsluee of C(k), a, aud k, end sfnce. C(k]. ie tabulat& y awzF8a 
of k In table I, the actual calculation of the mroaynanri 
not pereornu3d hem3. TJza aetermlwt 'rua'howeveI,m tabulatedip, 
table X es a f?mctionof the f'rt~que& pexmmter k. 

L 

The flutter determimn t tbn8 evaluated a.ld tabulated in table x 
till. be ~0lv6d by tbs n&hod outUm4a in refemnoe 4. This z&hod VilJ. 
not be illustrerted,but Kbatuu eolutlone toeei.ch of the rmeultit cv 
plex quadretic equatlme are tabulatedse s:fwtionof thefmqmncy 
paranrewr k, in' the lollowIng' table: 

- - - -. - -.. - 

-..-_.. _ _ - - . _ - - .- _- - - .- 

a 



17.4 L -0.639 29.0 0.081 
I 

13.7 - .439 25.1 - A36 

11.3 - ,330 24.3 - .cBl 

, 
. . 

!Che flutter epeedby WE method $8 determine&g?m~callylnflgure 23, 
end la equal'~to 28.6 mph. . . _ 

- . 

Flutter Analyeie tith apllzrte+pcisl Correotiona 

Since the primery purpoee of ihe report 18 to iU.uetreLto a nm8m.s of 
inoorporatlng fMte-fpn 00zTectione In fltiwer Eula3ysie, the me- .of 
calculebting the correotionfanatione uj(h, .a, f3, 7) till be llluetrakd 
and them funotioae applied fn this eiqp3.e flutter problem 

It hae been shown in equation (31) for this special caBa that the 
flnite-epan oqt-eotIom w be expreseed 5~ the folloving form; 
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.- 

._ 

.._ 

1 

I 

,.. 

. 

. - 

-. .- 

Bince the al&me~Ic terms Bevebpedfor thie egecialexzuuple cannot 
be developed eseily for the eneral oaae,.the correctima term till 
uauaL3.y have to be detezm3,ae f by graphical or mmaerioal fstegratlon. For 
this exmuple,then,the correctinn vlll be determlrmdby gtzsphlcal l&e- 
gration and by fomuu&a eubstitution In the reLatlone lieted prevlouelg. 

c 

It oan be &aM Onin eqnution (27) that ths 0orrectMn Function uJ 
mey be Mttenforthe reotangulatingae, 

. . . 
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w Is afwst.'.ozzwWch 1s proportianal ta ttre cfrculationand;Pey b8 
expressed ae, 

Them K' 
nj 

terms of thlaFourlerserlesmsybe foundfromthe eetof 
e~w%tione, 

h0l.h only to the sge3cialoese of the mxtan&Lar dng, but the gemral 
Inathodoffl~ w letheswmemthatforfinding ?i,. 

Inorderb3 lllua~te thezud?~~dthe correctlonterm8wllJbe al- 
ala-bed for kQ = 0.4, Since.the mAmd ie efmilar for any velus of G, 
the proceduretillmtbe repatedforths othervaLumeofthef%que~~ 
pxameter l.nmsti&ated. The results, howver, will 'tie t&ulated for 
other valuss of -s. . 

__ 

. - 

. 
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k, = k = 0.4 
- 

p(k) = p(k,) - 0.2&b -- 0.09541 

c+ IJI lJ = 0.5&jo + 0.03ogl 
Jo- ZL 

!I!tm s,(#, k&3) functlcme t'nted 3s the follar'rlq ta?.ae are ob- 
WAned from the @mote cf S&8, k,e) 'a&%&t k# In fe 2: 

I - I 1 I 1 0.230 0.295q 

I 0 

f 
j ; 1 

-0.3333 

.2ow “’ 

I 

-.1429 I 
-.’ -.493 .eo + - .5541i .337q 

I 7 I -.715 + .310* 

0.9165 

I 

0.280 i 0.300~ 
-.low w-.204 + .115ii 
-:?a9 , -.326 + :;:;a 1 “-7-E - 

i i I 1 I 0.600 
I I 

; ’ 
.3-20 

I 
-.0151 

I 7 -.1393 

- .._ ‘II 1 I 0 0 
Ii;0 

I :i "0 

3.115+ .TE!l 

7.025 1.665 5.050 + + + 1.3101 -485 ,344 i 



i ” ” 

When thee funotlow have been tabulated, tlze l&e& equation 
must-be eolxedtofix the circuJationdietrlbutlonalops the spap. It 
lm tJmu@tthatthe cizculat~oncaabe approximated e&le9actorllgfor 

"tiz- 
dngbr the we ofs~ouptemnFourler serfee amroxlme- 

For tbie emaqple the'lntegral equatfon OrriU be satisfied et 
Y/& - 0, 0.4, 0.8, and 1,o. . 

The integral equation, 

then beuomee 8 Bet of four srmul- linear equatlone to be solved 
for the % ocn3fYlclenta. Bince then@.eeaammdare, ~trlcal, 
only l dd valueer af P dl.3. occur. 

and when them terms are evaluatid for n P 1,' 3# 5, 7 at 
d-0 - 0, 0.4, 0.8, 1.0, the f& Functiona beconw, for p/sbo - 0, 

- 1-k (0.1384 - 0.05051)(0.230 -'osggi) 

= 1.0&g - 0.05241 

&I = -0.3333 + (0.13E4 - 0.0505i)(-O.493 + 0.3541) 

- a.3837 + o.o73!tii 

b1 e O.MOO + (0.1384 - 0.0505i)(0.630 - 0.3371) 

- 0.2702 - 0.078gL 
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AL2 - 0.9163 + (0.1384 - 0.05OSi)(O.280 - O.JOOi) 

? q.9401 i- O-9557$ . . . 

* = -o.logg + (0.1384.- 0.050~)(-0.20w+ o;u5ij '.. 

--0.1323 + 0.02621 
'. . . : . 

& = -0.0936 + (0.1384 - 0.05051)(-0.326 + 0.1741) 
. 

= -0.12gg + o.o@l . t 

i& - 0.1380 + (0.1384 - O.OgO~l)(O.772 - 0.3l5T) . . r . , . . , 
= o.e@ - 0.08261 . 

for y/eb, - 0.8, 
I 

:. , . ._I .., .: 

A 1o - 0.600 + (0.1384 - o.ow~r)(o.y88 - 0.2801) 

- 0.6672 - 0.06&i 

h = 0.3lao + (0.1364 - 0.05051)(0.985 - 0.5351) 

* * 0.4213 -0.l2381 r . 
P 

L - -0.0151 + (0.1384 - 0.05051)(-0.xL0 + 0.1371) 

= -0.0234 + 6.02451" ' - ' ' 
. 

A& = -0.1398 + Co.1384 - 0.05051)(-1.330 + 0.360~) 

- -0.3057 + .o.lJ.701 I 

- 



. 

.., 

.I. . ’ . 

(0.1384 - o.ogo5i)(1.665 + 1.3lOl) 

0.2966 + q.09721 

(0.1384 -9.05pSi)(3.g5 + 0.77253 

0.4701 - 0.050g1 

(OJ3S4 - 0.0505i~(g.050 +'0.485l) 

0.7234 - 0.18791 

(0.1384 -: 0.0~0~.)(7.023 + 0.344aI 

0.W -0.3om . . . . 

may be soYed. Thla solution Is carr%ed out In 
- the croutmsthodofrefezsnce 8.' 

tableXIb$ the use of 

- . 'l&en the ' 
5 

te,rxg have been calcu&ted, th6 flxKeLm v vhlch 
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~ydz&ypals are-evaluated grapb1caU.y In flm 2!$, (a), (b), (c), 
. -.. .. . .__ : . . . . ,.C" 4 I __ 

For this ay~cial. caea it la possible to conpre the vaiuee of the 
flra@lcal lntegraticm ~5th those obtalnad by eubetltutlng valuee in the 
algebraic equationa of equation (31) ae 18 done In the folloaring tablo: 

For kb = 0.4 

Toznl I By graphIcal Integration I By ‘dlreot lrLtegratios 
.~ 

1. : 

/ 
0 

crhe4de -o.O4q'+ 0.0101 . -0.039 + 0.0111 

1.0 

L 
uaz=dz -.ok + .0141 -.ok + .OL41 

1.0 

I, 

upadz -.043 + .0121 * - TO43 + .OlJl 

1.r: I 

Jd 
UaE2dz 

I 
7048 + .0171 

I 
-.047 + .ol81 

The aerodpamic correctlone thexneelvm are tabulated for a v 
Of k, in table XV .aloni with the calculated datezadmnt tam3 cm-- 
rected far f.1nlt-a-ep3n effecte. 

. 

I 
I 1 4 

-- -‘-- 

The flutter ds=terminaLte corxwcted for flsCte-0pm effecte, the - 
terma ofprhlchare I.isted~~tableXV, c&be ~d~eol.~ed.!IYMs 
wa8 done, and the remAt* c 

"$ 
ax g.u+atlc eqyationwaa eolved 'b;v 

u89 .of the method qf zwference Theo resullieare ~tehaiatedae a 
function of ko In tha'foIlovi& table: 

s 
. 
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First solutlcm . secaail'solutfon 

81. v2 
bN) 81 b@.d 82 

0.333 I 20.8 -0.565 33.3 0.035 

.40 I 17.2 -.4& . . 29.7 -0% 

-50 113.5 -. 316 . 25.8 -. 120 . 

, The actualdeterminatlanof the calculatedflutier speed18 carried-out 
graghicslly In figure 23 snd.the flutter epsed is equal to 34.2 LI@. ' 

Diecuselon of the results of example I.- When the N-75 wing of rcrP- 
erence 7tithalO4nch chorduw teeted for flutter, the wins was 
observed, to flutter at about 34 mph for low englee of attack. The ISRXW 
WI= was again tested w the staff of the W.I.T. flutter laboratory, - 
whepthlewlngwas selectedforana3~ele lnthepresent report, topr~ 
vide the measuredunooupledgroundf"requencf.es lnbepdlng andtoraloa 
emdto determine the decey ourves of the uncoup&dbendUgandtorslon 
modes 80 the -1% co8ff~ciente could be c&C-ted. In aabition, 

the wins w&a agalrr tested lp flutter and was observed .tc flutter et . 
34.2 mph. 

Sfnce the calculatedvalue of the flutterepeedwlthfl.nite+3pf9n 
correctlonswasfoundtobe 3k,2nrphforavalue ofthefreqyenoy 
paramef=r k, of&bout 0.3, the checkbetveenthe theoreticaland 
masured values la remarlcable. Itshouldbe noted,however, that We 
close checkwas entirelyummpected elnce the flutterzmdesusedin 
the analysis were not found by ccmductipg a ~~lbratlo 
ageilysfs, nor were they observed in actual flutter tests. It la be-. b 
lleved, however, that the modes used were reasonable, 

As an afterthou@t, the M.I.T. flutter laboratory installed end 
p~tesla~evfndtuonslaensarth4ti~oftheviag~laeua6 
pactlcable (the gapwas aboutl/l6 in.) Fnorderto am- teiac- 
~slonalflowoonditi~eL8ns~~&sposerible. Whenthlswasdme, 
the measuredflutter epeduas 30.7ngb. The oalculatedt~lonal 
value w&e 28.6 I@ for a valus of k, of abou& ,O.?l. This too is a 
remarkable check, considering t&at& truly twp-dimellslanalflowwaenot 
posslbtiunder the teetcondLtlor@beoause aellghtgapwas leftbe- 
tween the wing tips and the end glates. From this analyale It seems 
that the extra work of a thme-dlmens$& ana3ysls is Juetlfled, 
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fnthis exmrple the tail-flutter problemof Example No. 7 of mf- 
erence 4wlXLbe analyzed. with the benefltoffinlte-apancorrectloae. 
The tail In question flutt&r&' In fueelqe toreion and Melage bendIng. 
For the e&e of the analysie the enarfacee themaelvse are aesumed to-be 
ri@d. _ - 

When thle eranrpls wae analyzed In refereme 4, a method of equlY%- 
lenteszwdyne&c chord8 wae usedto~calculate t$e aerodypamic 
cceff lclente. This method le.:uneul.table for more exact.anel,vaes and ie 
replsced lg thle prob&unby,~two-dim r~iox+lmez&odof 
aekodynamlo coeffioients which-d&m.ds 

ca.lcuLati~y~ the 
M the'&m form of't&e suzz%tces 

to be tzuudyced and in wh:oh tl.6 tic-dimrieional aerodynamic Coeffltilente 
are :nte~m-bd alow the em. In this p??cp.&.em the +ruci;ural parts of 
the d.etrr;rmic%nt terin~ ueedwilllw thoee cf khmple No, 7 (reference 4). 

The vertical'and horizontal tail mrfacee.s#ed in thle problem m 
shown in figures 2", an3 24. Various +iher phs'slcal characterletice of 
the rstuzkcea a.zw lletedintables XVI ~IAXVIC-. The..valuee of the ruy 
coupied ~ga.enc~oe to be ussd In the &n~~Iyeie axe 

%(ae&md uncoupfed fueelage 46.1 radi*/aec 

_. 
-I 

~(aesumed uncoupled f'uaelqe torelca ttmqpe~) - $3.,0 
.' .- . . 

cug(frea-rudrte~qllency) - 0 radlan/iec 

*=v+ ‘. : 
. . 

:. . 

- 
. 

. 
- 

--- - ----- - : -__ 

. . w .- 

‘. m 
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FrcrmExe~@3No.~ofrefemnce 4, the etructuraltarmeumdare 

Thefueelegetorsionandel~~~~s~eumadinthisePaPrgls 
give the tallaurfaces thefollowing~des: Se horizmtal tailwlll 
fluttervltharfgidro&lingmde, !Etevertlcelte.ilwlllhavearigld 
rolllngmrds anda\miformpitchingrmde aboutthe fuselegebending 
axle. The rudderwlllha~e aun%fomdeflectMnmode and8hc.e ageared 
table providedonthe rudder, the "uab till ale0 have aunifonadeflec- 
tfon mode. Itisforthesemods6thatthe~ro~cpartaofthe 
flutterdetemlnantmzmbe calculated. Beceu;zere of the difference in 
the root chords, thevalue of k, fo~tllevertlceLltalltillbe 1.16 
tirpes the s of the horlp;ontaltal~. 
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fortheAerodynaaicIhrteofthaDeterminaat 

By rearranglng.themlatitiIfor~the two4irmrmslonalaerodynami~ 
term8 In equation (23) to fit the epeci&l. oondltione of tile example 
(where the H eubscrlpt indlceLteevalues.pertaining ti Uze horizontal 
tall and the V tsubscripte, to t&e vertiusl tall), the terms become 
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-- 

- 
The83 ixltegralg m8y be e3-hluated graphIcally for a given value of 

the freqmncy peramter. By noting that the freQu8ncy pazvlmeters ire 
different for the vertical andhorlzantsl Wil surfaces, the fwmtlon 
C(k) can be found frcun the tablee. The functione A, B, and. C can 
be fomd In reference 1. The f+unct1cm 1 18 dsfined in eguaticm (5). 
TheIT 18, then,= obst8.c~ tO'tht.8 ~PhiWd iIltegreLtiOZl. 

- 

.- 

llThe XW8tit8 OfeP3hE%ting the38 integEd.8 forar&Il@ of k, aY?e 
tabulated in table XVIII along,ti~ the elwnte of the &etegmlnant. 
The &3teZ'lUi~t8 th3lDE&V08 ar9 Solved by the method Of ZWfeWeIlCe 4 and 

are tabul&te& in the following table: . 

- _-_- _.- 
RCCTS-?@FIUTTER~ 

--. -. __- 
BYXRVARIOW k, 

I 

0.686 0.795 172 0.004 268 

.600 .696 194 .OU. 314 

,436 .506 257 -052 431 
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!ttIe c#3hnlatedfhtterepeed 58 det8rmtnt31%gre#dc+&y ~nfigwe 2'7. . 
-'tru8 sirepedca&ulatadbg thl8methodi8 243mpii. 

Fl@Aer AnaIiyeie tith pSr&yrmnd cTe~Corm&ed 
:.. . 

. for FLtit.e-spEtn EfTecte - 

The relation8 for the finite+Epn CorreGtione frcm equatian (25) 
modified for thie example becam . 
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A Bp = ,.bdt, J'!'( 
, .o 

-- _- -- -_- .- 

. * ,’ . . 

. . 
_ _ _ - _ _ --. _------ -- --.-- 

-l ‘- 

- AQ= 

Of etitanaoueeguat$~ne~tbe solvedto dettsrmh= thb c$rctitian 
dIstrIbutIona over them& eurfkoes and thue ,+a cormatlop fuzwtlcam u3 -- - 
for 8ach'~aJw of-m/u sel&ed. 

. 

- L 



For the tuorollIr@mode8 the I&&kequ~tfontillbe eatiafbd 
at y/eb, I 0.4, 0.6. ~ 0.8;:andfor .the.tbree-smtrical rho&38 ..+. - 
P/sb, - 0, 0.4, and 0.8. nor the rotiiy +!bs, 
the symmetrical mode&r.i,,3, 5. 

ny 2, 4, 6, e.n& fee 
(-_ . 

In the ena&-& iie v&i& tail -is &ndiiF"'- --. dsslfituereheilfof 
a vlng with CL fbll-8pan 8llerau. ~arfs.ssetamedtobe satisfuotoq 
mince the horizontal tailacteae anendp3ate at the rootahord. 

In order to ii&et&e th~~~ed&~s'&Ge of' ;u/a mill be me- 
and lected pohich will @ye ior t@e verticsl .teLi.i 'a ahze~ pf k, = 0. go6 

for the Lorieonta3. :t&l a val&~ aF k. q 0.436. - 
. . . . . ._ -a... w . . . -_. I . . . -. . . . * 

The n&888ary pammders iid functiow for the 8OhltfOZlS ure firat 
l.Ietedinthe foux>wizls tab-e:.. 

(k, - 0.436) 

0.4 0.375 0.060 0.9126 c 0.14gko.5g0a + ok54i o.eJ463- 0.08~1 

c .6 -336 -770 .g451- .1747i A205 .00085 - 2034 - .lcmi . . 
.0 .206 0655 .9953 - .20541 .6523+.-~3941 .3cxY7 k ..lcBgl. 

, 
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- 

c. 

T- 

. . . . . . 

I 

-.-.-. - -- --_ .- -- 
.- ~'~.101,--+b, 

0.4 
- --.- .- -- 

koe * . . . 

n j elh / ' 'i (ji$ k-8) 
n al 0. . . . 

2 

I 

. 0.494 - Q.2781 

6” 
: -.850 rc .293i 

*575- .xX1 

3/8b, - 0.6 
. . 

'2 

I 

/ 0.4600'. ' . 0.7% - 4.3901 
w.1344 'L.547 + .lbol 
-. 1098 f -.7lO k .l-f81 

’ 0.4800 0.78e - 0.4331 
.x344 -525 - .17m 

-.lO@ -.710 + .2031 

-*. - I .p.---cI 

l&en thle le &ne, the h ooefflciente' of the Integral equation, 
c 

. . 

._ 

. 

-. -._ I 
- 

-- --_ - 
.-. 

- 
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for y/ah, = 0.4, 

A.21 =0.3w+ $-$) (0.2453 - 0.0873) (0.494 - o-nsi) 
. 

N o-3&7,+ (0.2635 - o.og341) (o.494-0.2781) 

= 0.47o9 - 0.11941 

Aa - -0.2493 + (0.2535 - 0.09341) (-0.8f;o + 0.2931) 

- -0.4459 + 0.1566~. 

A s1 = 0.~32 + (0.2635 - o.oS3kil (0.575 - O.l5W 

- 0.25o7 - 0.09321 

for y/sb, - 0.6, 

0 0.&&t) +. (0.2715 -O.-h) (o.‘TFo -O-390i) 

m 0.6559 - 0.18441 ' - 

A42 m -a$S44+(0.2715 - 0.09941) (-0.547 + 0.1~) 

=-0.2670+0.09181 

h--0.1098+ (0-2'715 -0.w41) (-o.rirlo + o-1789 

- -0.284g + 0.w 
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for y/ebo - 0.8, 

A 28 er 0.4800 + y!. (0.3007 - 0.1G8gl)(0.788 - 0.4331) 
. 

=TLWoo + (0.2450 - O.O@7i)(O.?88 - 0.4331) 

= 0.6347 - 0.1761 

A as m 0.1344 + (0.2450 - 0.0887i)(O.525 - 0.1'701) 

-._ _ - 0.24’19 - o.om?l ---_ .-- 

hs = -0.109 -I- (0.2450 - 0.08871)(-0.7l0 + 0.2031) 

= -0.2657 + 0.11271 . 

WheIi the b coeffl~leIlte have been calculaixd, the w 
dlmns1one.l clrtnalatti functions c 2) must be evaluated. Bor the 
roxng mode, L 

_ .- -. - - - -. 
lihere la tale case, 

- .- -- - - 

-. -- _ ____ 
. 
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f,or y/sb, - 0.4, 
. 

=t + =t 
== 2b 

I a-733 + o-9= - 0 m 
. 

0 2 

$4 = 4(o.gu6’ L O.l496l~fO,9g85 + 0.055w(0.3750m0.4) 

= o-0991+ 0.5518% 

for y/eb, 90 -6, . . 
l 

-0.600 

pin-- 

-I- 0.930 

2 F 0.165 

k, m’o.0635 ’ - 

0 1h = (0.9965 + 0.934-r), . 

42) 
'h - 4(0.945 - 0.1747l)(O.g965 + O.O834a)(i 9.336!(~~6) 

= O.O76a+ o.nogi 

for 7/8b, = 0.8, . . 

Tll" -0.475 + 0.855 p o 1 190 
2 

ii;l” = 4(0.9!953 -'0.2~1)(0.9954 + 0.09~1~~0.2tW~0.8~ 
= o.ogg6 + 0.92451 
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. 
Cd 42) = ml-%JIl 

may now be 8Olved. This 18 don8 In tablo XRi by the Grout method, 

whentheYailwa'of K& have been de~ermlned, tha Y&h168 of 
. . 

The V8b98 Of the oO~CtiOSlfUIlotj;Ctn8 cannnwbe Ca&UkttSdtith 
It noted that 

I- 

2 - 1 C(k) + 
._ - 

. 

L 

99218 18 done &8 fO~CfW8, 

for y/oh, - 0.4,. 
c 

um - (0.5988 + 0.0154i) 1 - I- -0.0594 -I- 0.434fa -,I 
0.0591 + 0.5518i J -- ._- 

---C.l427 + 0.11Ci. 

for y/Bb, - C,6 

2 .~ _:_ _. r- -0.0895.+ t,.g8041 - 
urn i-(&6&5,- +8t3~f,l o 07~ + o 770g1 - 1 

. -. 1 
. 
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. for y/ ab, = O-8 

cr= = (0.6523 - o.o3g41), 
-o.l057+ 0.66861-, 

o.ogg6 + 0.9245i 1 

Whenall the correctlonfuuotlonsha~e beenevalaated, thevalues 
ofthefini~pascol~eotianecapbefouPdby&~~calor~rical 
LntegratMn of the Integrals lietedipthebe&.nsLngof we 8ectiatlof 
EkalqQle II. Thi8inte43XBtiCUlm carrledout,~dthevetlueeabthe 
finlte-spancorreotlon8 found&I% lfstedfntabhm. The flutter - 
termln8nt terms c alculatedtithuee of 35wo4&mn8lonal aerodypamio 
conslderatlolle and those corrected for finlte-epaa effect8 are al80 
llstedln t&s table. 

The dJ5te rmlnants c8n now be eohed. For this problem the 801utians 
arefoundby themethodof referenae 4emdthe X'98titem tdmlatedia 
the follmdng table: 

m.. e.. - . . . - . 

%3 

":Z 
,686 

Flret solution seoond solution 

kov 
b-2) == & 82 

o-N -696 267 196 0.030 ,012 3a G3 -0.212 -.151 
l 795 173 ,006 233 -.073. 

, 

The actad flutter 8peed 18 determined ephlow in figure 27. !i?he 
calculatedvalue of the true alrspeedatwfilchfluttq occurewhenthe~ 
flnlte+pan oorpsctl.nrse are used 18 299 II@, 

DlsoussioIi of Example II.-l!huQle Ho. 7 of reference 4 lndlcatee 
that the observed flutter speed for the tall analyzed In thle problem 
f1utteredexperQwntaU.y at&out 262mph true ah-speed. We fact that 
the theoretIcal analysle, however, does not check the observed flutter 
speed 18 not considered 8iSnifloant be~eLu8e the observed flutter 8peed 
was reportedby s pllotsoma tlms wo andmeynotbe accurate &the 
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analyeisis~p~imateinthert~attemptvssmadstotakeintoaacount - 
the effective inertia bus to wing motion or the eleretlc reetralnt 8.nd 
damplngln~mdder~control~etem. _ 

- . . . It 18 comldered Bl&flC@%nt that the three tbeOretiC& EUk&8ef3 , 
-_ .- give such widely vwlng valuee for the calculated flutter epeed. !Cheee - --. 

values of the trm alr8p0d are 220 I@ $or flutter epeeduakulated by - -- the method of equivalent chord8,of reference 4; 243 IQh for a value of -_ _ -- k. frJr,the flutter epeed, of about 0.55, $hkn the.tw~+&u.#9nelonal aero- 
dynamic tepns are integrated'~alon6 the epem;and~mphforav4us of - 
kib of about 0.45, when the aero~c term8 are oorrected for the ef- 

- -__. . fects of a ff.nlte epsn. . _ _._. -._ __ ---. 
. . 

.-. __ --_ -- 

- . 

. 
-- 

.- .--- _-_- 
- 

_.- - 

. 

. 

. 

-- - 
.- 

. . 

.. h 

. 

-.. __ -- 

. 

--.._ ___ - __ - - .- - -- - __ # 

. . 
. 

--- 
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TABLE I . . TABLFa XI I 

VALUESOFFUNCT~C~C=B+~O,. _ VALUES Ol;l-,Fl&fNcTION /i(k) c _. a_ 
k 

0.00 
0.01 
0.025. 
0.04 

2 
0.08 . 

.. 

0.10 
0.12 
0.16. :.' 
0.20 

- . . -- . ., 
I 

. -' c.. 
1.0000 - .d . oo.ooi 
o;y8& '- 0.0 ts 821 

0.92 k 7 -.o-.I1 L 1 
0.95 5 .;o:.o 21 

‘k’.’ 
O.-u0 : 

0.02' 
‘0.0 . 

k 0.0 

0.08 
.O..lO - 
0.125 
0.1'5 
0 9175 
0.20.' 
0.225 
0.25. 
0.275 .-' 
0.30 
0. 5. 

t 0. 0 
g.45.: ‘; 

$r6.z 5 

0165 
0.70 
g.2 :.. 

Ii 

p--- i 

1:25. _. 
1.50 
1.75 
2.00 -. 

2.10 
2.15 
2.20 
2x5 
2.30 
::g 
z.48 

2: cl P 

0.00001 
0.0 221 

2 0.0 651 
o.o82gi 
0.09421 
a'.10181 
0.10821 
0.'11201 
0.11301 
0'.11391 
:-4zf 
0:ioyyi 
0~0761 
0.102 1 
o..,o96 I z 
px 031 
0;o L.21 iI! 

. 

! 

0.5 0 . 
- '_ 

0.5 is 79;r;g.; ; 
z!i 

kg 
0 .'57 a'- io:13j81 
0.5 z 13 ;&,z;' .::g$i" z ' 

. : i O/&2651 
.0.55 E 1 .- 0.12121 
0.55 1' - o:.n.651 

.. . . .- l oG5 2 07 0.11201 
0.5 60..~ 04078.1 

1'. O.~.l$? -.-.0.3.0&1 - : '.. , . oi53.9, l .-.cj*lOO3i 
0.5300 -'a.og7 1 I 
0.5210 - 0.073 I 
0.5-Y .I.;.; o .5063 z. 

y; 
0.5o.37..- -0:op. i 
0.501 i: -.0:020 2 i 
0.500 - 0.01 % 0.5000 - 0.000 ', 

NATIONAL ADVISORY 
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-._ - -.- -- 

'0.2289 - o.o7?5i 
. 0.2220 - .0.07221 I 

o.-1027.+ o.oa3oi 
o.o8& + 0.00661 
0.0807 + 0.007oi 
0.0780 + 0.0072i 
0.07~ + 0.00721 
0.3730 + 0.00721 
O.WO6 + 0.0070i 
o.o6&+ + 0.0~69i 
0.~663 + xcm%: 
i3.-532 + - .tr..z - -; -5.L.J. . 
0. clol!J -i- o.cKI571 
0.0531 + 0.00521 

_- . -.I $. , - FM *-. _ 

- 

_. 
l 

. 

-- 
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TABIS III 

VALUES OF FUNCTION 

C(k) + 3$#&g; 

k 

0.00 
0.01 
0.025 
0.040 . . 
z-i 2 
0108 
0.10 
0.12 
0.16 
0.20 
o-24 
0.30 
0. 4 

i: 0. 0 

i-g 
o: 6 

2 0. 0 
0.65 
0.70 
or-5 

8 0. 0 
0.85 
o.yo 
0.95 
1.00 
1.20 
1.50 
2.00 
3.00 

iii* UJ "8 3 + o*12 gi 0:465 8 '+ + o.ll& 0.17531 3 31 
o.l+l.@+ +.0.20121 

0.394 0.4187 2 
+ 0.22621 
+ 0.24W 

0.370 + 
0.3443 

0.27231 
+ o-29351 

0.3179 + 0.31331 
0.2yog + 
0.1747 

0.33191 
+ 0. guy1 

-0.0220 + 0. b+ 51 
-0.3550 
-0.1233 T ym;; . 

I 

TABLE IV 
. 

VALUES OF FUXCTION 

k 

:-ii 2 
0:70 
0. 5 

8 0. 0 
0.85 
0.90 
0.95 
1.00 
1.20 
1.50 
2.00 
3.00 

NATIONAL ADVISORY 
COMMITTEE FDR AERDNAUTICS. 
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TABLE V 

VALUES OF FTJNCTION F(x) = 

X 

0.00 
.o5 
.lO 
-20 
. 0 
t . 0 

. 0 
a 

:: 
8 . 0 

-90 
1.00 

:-3: . 

::gi 
1. 0 

5 
:: : 

z 
290" 
2.00 

sin 
+ 
8n 
+P 
sin 
+ 
aini16d 

sin 
+ 
.ln~8S 

sin 
-# 

X I F 1 

J 

NATldFiAL ADVISORY 
&MMlTlEE ‘ti AEROHAUTIU’ 

0 

a.3333 

0 

0.2000 

‘0 

.o.l&zg 

0 

0.1111 

0.2 

0 -9798 

o-1959 

-0.2744 

-0.1803 

0.1070 

0.1558 

4.0472 

-0.1249 

-0.0246 

0.4 

o -9165 

0.3667 

-0.1099 

-0 .a93 -0.2165 -0.1344 O-1344 

-0 .og36 -0.1732 

0.1132 0 -0.1098 -0.1098 

0.1380 0.1238 0.0295 -0.1398 

0.0188 0.1083 0.1134 -0.1134 

-0.og40 

O-5 

0 
::g’i 
0.34 i 
0.3 & 
"o-g5; 
0:2 i t 

a 0.2 Of 

iii-$“: 
0:22 1 2 
0.21 I 

8 0.20 1 
0.2001 
0.1 21 

zi 0.1 51 
0.179% 
0.1 21 

I!! 0.1 71 
l/x 

0.8660 

o-4330 

0 

0 

0.6 

0.8OQ 

0 J&000 

0.1173 

-0.1994 

0.0980 -0.0525 

0.8 

0.600 

0.4800 

0.3120 

-0.0151 

0.9 

'0.4355 

0.39u 

o-3255 

o-2433 

0.1550 

0.0707 

-0.0022 

-0.0558 
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TABLE VI t, 6%~ 

VALUES OF FUNCTION 

FOR VARIOUS VALUES OF n, k,s, add p/s = cosjd 

c 

. 

/ 

I 
I 

1 

n cod 

1 

2 

t 
5 
6 

7’ 

8 

9 

0 

1 
0 

-1 
0 
1 
0 

-1 
0 
1 

koa = 0 

0;2 * 0.4 I 

1 1 1 1 
0.8001 1.2000 1.6000 

0.8401 -0-3593 0.4399 1.5601 
-1.0879 -0.6722 0.8963 

0.5461 
- -,: 

-0.5105 -l.&& -0.1259 
0.6792 -0.8234 -1.3723 

0.3373 1.0542 0.2578 -1.6307 
o&44 1.1335 -1.5113 

0.2257 -0.9232 1.1020 -0.7876 

0;6 0.8 1.0 

1 
2 

t. 
5 
6 

6 
9 
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kos =0.5 

0.4 

0.701 
-0.2931 

-0.311 
0.0631 

-0.465 
0.0791 
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TABLIL VI (oontinued) NAOA TN No. 1196 
kos = 1 

o . 0.2 0.4 0.6 0.8 1.0 

1. 0.468 
-0.3561 

Q -479 0.516 
-0.3401 

o-589 0.729 
-0.3521 -0.3091 -0.2231 

.I.2 2 0 
0.7 71 

2. 0.000 0.516 
-0.2741 

0.823 2.068 
0.0001 -0.3821 -kc$ 0.4761 

3 -0.725 -0.615 
0.2491 

-0.274 1.280 3.021 
0.3Oli 0.0941 

0.3 d 1 
-0. 01 -0.,3841 0.3311 

4 0.030 -0.869 -0.556 0.0001 0.2821 0.1531 -:-:fg . $*gg . 

5 0.820 -0.116 -0.u 0.451 '-0.424 -1.063 -0.1301 0.1231 0.2701 0.0631 is% . 

6 0.000 0.584 -0.720 
0.1671 

rl.269 
0. oooi -0.14x o.lBgi 

6.003 
0.1661 

7 -0.868 -0.316 -1.498 0.205 0.0321 0.92 2 -0.20 f 0.2 & 1 -0. I 0.2261 a::& 

8 0.000 o a46 1.026 -1.402 8.001 
0.0001 -0.032~ -q.i87i 0.1751 0.1251 

9 0.895 -0.2cll 1.008 9.001 
-0.1771 0.0661 

-:*!gi 
. -0.1711 

-0.7 % 6 
0.0 71 0.1111 

koa =2 

0 0.2 0.4 0.6 0.8 1.0 

1 -z::& 0.284 0.327 O.@l 0.622 
-0.3201 -0.3211 -0.3181 -o.26gl 

1.551 
1.1731 

2 0.000 
0.0001 

-::gL 0. & 95 -::g e 2.210 
-0. 91 0.8771 

3 -0.545 -0.468 -0.221 
0.3551 0.2941 

0.245 1.062 3.083 
0.1131 -0.1751 -0.5051 0.6471 

4 0 .ooo -0.472 0.6 1 
0.000 

2: ;& 
-0.2 % 31 

4.038 
0.2001 0.4961 

5 0.679 0.376 -0.3 2 2 -0.912 -0.112 
-0.32li -0.1721 0.1 61 

'5.014 
0.3701 0.1151 0.4031 

6 0.000 0.505 
0.00-01 -0.1951 

-0.630 6.012 
0.2381 

-1.179 
0.2821 0.3321 

7 -0.7 33 -0.2 8 -::& 0.208 
0.2 I -0.0581 

-1.377 7.006 
0.0 i ' 0.3311 0.2851 

8 0.000 0.1 d 0 0.931 - -1. 02 
0. 2 521 

8.004 
o.ouol. -0. 71 -0.2751 0.2501 

9 -:I:;& -::xL -0.755 9.003 
0.2271 

0.92 3 
-0.25 I 

-0.68 is 
0.08 i 0.2221 

NATIONAL ADVISORY 
couUllTEE FDR AERDMAUTICS. 

. 

I 

I 

- 

.._. ..-. -.- _ _-.- _ .- 



. 
HAOA TN No. 1195 TABLlb VI (oonoluded) 

- k,s = 4 

. 

s 

. 

. 

. 

m 

76 
. 

0 0.2 0.4 0.6 0.8 1.0 

1 -:::;~I O.&O 0.&l+ 
-0.2361 

0.1 3 
-0. 1 

0.2 32 6 
-0.2 i -0.3151 

2.0 i&i 5 
1.7 

2 0.000 0.19 5 0.390. 0.689 
0 .oool. -0.2 -0.3901 ' -0.5251 

2. f+ o 
1. 991 

3 a.341 -0.300 -0.160 0.139 0.766 3.274 Q-3371 0.2841 0.1201 -0.1701 -0.5721 1.2041 

4 0 moo0 -0.488 O.0001 o.384i -0.35 ii!i 0.23 -:%$I !:$;I 

5 0.486 Q-273 -0.688 -0.3521 -0,lgli -0.2 B 0 0.1 i 0.4351 -2% cl& 
6 0.000 o.38g- 

O.OOOl -0.2321 
-On&8 2 
0.29 i 

-1.0 ilii 6.046 
0.3 1 0.6581 

7 -0.584 
0.3511 -:::gi -:$!$I -::~~~I -k& a:;gi 

8 0.000 -%!:I 2:; Ii %I -1.320 . 0.0001 o-34 08:F& 

9 0.651 -0 .lt+o -0.623 o-774 9.008 
-0.3371 0.1731 0.302~ -0.3531 

-0.5 z8 6 
0.0 I. 0 .wj21 

k0” = 6.0 

0 0.2 0.4 0.6 0.8 1.0 e 

1 0.082 0.086 0.1 -3% Q-179 
i -0.~01 -::& 

2.474 -o.i8gi -0.1871 -0. 2.2371 - pum 
2 -0.000 0.126 0.~4.2 2.862 

0.0001 -0.u71 -0.3331 
0. % 11 

-0. 971 1 mg8gi 
3 -O.&O 

0.300i 
-0.u zl 

0.25 
-0.12 B 

0.11 1 
0.08 2 

-0.14 1 
Q-5 % 9 

-0.5 91 
3. i( 02 
1. 721 

4 0 .ooo -0.364 0.000 0.3601 -0.284 0.2601 0.3 30 1 -0.0 1 4-g& . 
5 o-371 0.210 -0.188 

0.169% -0. 36 . -0.3321 -0.1851 0. z 351 
-0.11g 5-148 0.3391 1.1901 

. 6 0.000 6-099 
0.0001 

-::z;8,, -0:38 2 
0.30 1 

-0. u 2 
0. i o-9755 

7 -0.463 -0.2 ?t -::;&.l O.l$t -1.003 
0.46a 7.046 Q-3591 0.05 1 -0.075% 0.8391 

8 0.000 
0.000 

2% 23 
1 

-:;p Q& -0.95 % 8.024 
0.31 i o-7401 

9 0.5 2i 1 -0. log -a.517 Q-649 
-0.4001 

-0.512 . 9.022 
-0.3 71 0.2251 0.3331 0.0571 0.6591 
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k 
Y 

G 
C =ll 

0.167 o 
::ig :: k 

0.757-0.1881 
0.757-0.1881 0.757-0.1881 

-0.10 5 +0.1291 

0.167 0.757-0.1881 
-0.2 -0.1 3 5+o.n5i +0.1251 

0*055+0,3g71 
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1.0 
0.055+om3g7i omoyj+om3g7i 

-0.013+0.34; 
-o.oo6+o.24c -0.011+0.32r 

-0.750+0.1051 0*055+0*3g71 -o.aB2+o.ooi 

0.333 0.333 0: :-::~::-~~:I 

::g$; ?o FQ 

0.650-0 -1751 0.650-0.1751 
0.650-0.1751 0.650-0.1751 

-0 &g:::a;; 
-0.196+0.083~ 0:008+0:6811 

::::gz:fg 

-0.622+0.cwx 0.008+0.6811 
-0*079+0*47f 
-0.003+0.02~ 

0.667 o 
2ffT :: k 

om56g-o.l3oi 
o.56g-omljoi 

-0.018+0.030i -0.426+1.1911 -0.489+1.15~ 
0.667 o-569-o.i3ol 

-0.036+0.0331 -o.&6+1.1g1i -0.4 +I.W 
o-569-o.i3oi -0.127+0.00gi -0.426+1.1911 -on 1.0 

-o&g-o.183i -0 .@6+1 l lgli 
a 

-o.ol+z=::@ 

tTmmEM-mmw ~wamcwm=6 

0.167' o 
::i%= :: k 

0.757-0.1881 

0.167 
0.757-0.1881 0.757-0.1881 

1.0 0.757-0.1881 

Q-333 0: 
ii 

0.650-0.1751 
0.650-0.1751 

o.w1+0.0271 0.008+0.6811 -0.020+0.681 
0.333 0.008+O.6811 
kf;; i!:o 0.650-0.1751 0.650-0.1751 

-0.013+0.0 a 91 
-0.100+0.0 51 0.008+0.6811 

-0.0 2 2+0.66 
-0.0 o+o. 

-0.622+0.0101 0.008+o.6811 % 
7 z 

-0.002+0. 2s 
0.667 
0.667 

0: 
k 

0.569-0.1301 0.000+0.007~ -o.L&~+~.l 3 
8 

0.667 
o.56g-o.13oa 

-o.&t6+1mlgli 
-0.006+0.0141 -0.426+1.19u -0.4 5+1-i a 

o. 0.667 
om56g-oml3oi -0.058+0.0171 -o.@6+1.1g1i -on d 1.0 o-569-o.13oi -o&g-o.i83i -0.426+1.1911 -o.o$%:~$ 

UMDTWMP-W- lmuw AR-3 bo) 

k L c =a 
p . L 

boa epu4+ edi-+ 
: 0 

:- k 

i :::g 8 3.142 2.1 2.0 z g 8 

0 1 ;-:g 
0 l:o 1 

-o-5:5 
3:u 

1-p 

0.167 
0.167 

o! 
::;f= i# 

0.757-0.1881 
0.757-0.1881 

-o.1o5+0.1291 2.427-o.13oL 2.063+0.2481 
0.757-0.1881 0.757-0.1881 

-0.1 7+0.125L 2.@7-0.1301 1.963+0.2271 
1":o 2 -0.2 5+0.115F 2.427-0.1301 1.501+O.1571 

-0.750+0.1051 2.@7-O.13Ol o.o44+o-0031 

3'581 0:33 c$ . ?$i;:~$ . - : %kyd3l -0:19 ~0.0 +0.0831 81 2.133+0..3151 2,133+Q..315l 2.133+0.3151 1. 1.i73+o-+ l-473+0. 57+o.5 741 6~ 

-0,622+0,0101 2.133+0.3151 0.173+o.Q221 

10.667 o 
iO.667 0. 

ii 

om56g-oml3oi -0.018+0.030i 
0.569-0.1301 
0.569-0.130~ 

-0.036+0.033i 
l.g&+1.2341 
3.924+1.2341 

1.8 3 7+1.3101 
1.7 3+1.301l 

lo.667 0. -0.127+0.00g1 1.924+1.2341 
0.667 1.0 o.56g-o.iwi -0.459-0.183~ l.g2&+1.23b 

1. % 17+1.12 8 1 
0. 73+Q.17 1 
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z 2y-r 
21502 
2.052 

0 

88 
::77~77:::;88: 
0.757-0.1881 
0.757-0.1881 

-0.025+0.0591 
-0.04l+0.0701 
-0.158+0.099x 
-0.750+0.105l 

2.427 0 1301 
2.427:o:ljoi 
2.@7-Q.1301 
2.@7-0.1301 

0.650-0.1751 0 .ool+o .027i 
0.650-0.1751 
0.650-0.1751 

-0.013+0.039i 
-0.100+0.06 i 

0.650-0.1751 -0.622+0.10 z 
0.000+0.0071 

-0.006+0.014i 
1.92&+1.23b 
1.924+1.23b 

-0.058+0.0171 
-0.459-0.1831 

1.9*+1.2&I 
1,9&+1.2* 

2.12~~4011 
2.0 3+0.430% 
1.7 5+Q.4681 zi 
0.173+0.0221 

1. 
1. 

8 18+1.2581 
91+1.2721 

1. 
0. 

1 25+1.2261 
73+0.1774 

G = 0) 
&I L 

=a mJ=G 

-0752 
-0~396 

1.2057 
2.513 
3.142 

@ -001 -0. 9 +0.1201 
-0.3 3+o.&l.i 

O.&.O52i 
1. 

-0.750+0.1051 2. % y-y& - . 

-o.om6~:0821 
-0.2 2eo.0981 i5 0.353: .r26r 

1.707+0.2521 
-0.622+0.0101 2.133+0.3151 

o .406-o .0201 
o-777+0.08 i 

t 1.001+0.17 i. 
0.04.4+0.0031 

0.167 o 
i:z%= :: FQ 
0.167 1.0 

0.757-0.1881 
0.757-0.1881 
0.757'0.1881 
0.757-0.1881 

0.333 0 
z3; 2 FQ 
3:333 1:o 

t 

0.667 o 
ka6,: 0”: 8 
2.667 1.0 

0.650-0.1751 
0.650-0.1752 
0.650-0.1751 
0.650-0.175% 

0.340+0.0051 
y4Q7~-~ ; 

88 
0:173+0:022l 

0.569-0.1301 
0.569-0.1301 
0.569-0.~301 
0.569-0.1301 

0.235+0.0861 
0.699+0. 21% 

3 
zq;z:1; i FQ' 

-0.%87 
-0.4290 

0.42 0. 9 f 
-1 

'mo35 if 

OS-a01 0 
-0.049+0.06 I 

0.292-o .1021 

8 
0.971-0.0521 0.902+3.0301 

-0.215+0.12 f 1. l+2-0.1041 1.373+0.1731 
-0.750+0.1051 2. e 7-0.1301 0.045+0.0031 

oo-no1 82 
-0.033+0.0401 0.853fo.1261 E$ts:!691 
-0.137+0.0931 1.707+0.2521 l-325+0.4291 
-0.622+0.0101 a2.133+0.3151 0.173+0.0221 

3.167 
2.167. 0: -r FB ki66:: 20 0.757-0.1881 

0.757-0.1881 
0.757-0.1881 
0.757-0.1881 
0.65~1-0.1751 
0.650-0.1751 
0.650-0.1751 
0.650-0.175.1 

0.569-0.1301 
0.569-0.1301 
o .56g-0.1301 
0.569-0.130~ 

J 
-0+-l 

-0.012+0.0151 
-0.079+0.0 11 

z -0.459-0.1 31 
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k% 

0.167 
0.167 o'i P 0.167 CL FB 
0.167 LO 

c 

-o.1°0+&201 
-0.3 3+o:l41i it+ 
-0.750+0.1051 

0.757-0.1881 
0.757-0.1081 
0.757-0.1881 
o-757-0.1881 

0.650-0.1751 w-aal 
0.650-0.1751 -0.0 6+0.0821 
0.650-0.1751 -0.2 au.og81 z 
0.650-0.1751 -o.62z+o.Oloi 

0.022+:.1591 
0.009+0.06 i 
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0.044+0.3171 

-0.003+0.12 i 
-c1.015+0.16 i 

0.055+0,3971 a -0.cxm2+0.0 I 

0.017+0.110~ 
O.O03+:.272i -0.031+0.2381 

%X%&E 
-0.075+0.3251 
-aoo3+0.02g1 

0.569.0.130% 
0.569~0.1301 
0.569-0.1301 
0.569-0.1301 

a 
-Sri 
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0.167 
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20 

0 

2 k 
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0 
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0.757-0.1881 
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C 

0.757-O .1881 
0.757-0.1881 
0.757-0.1881 
0.757-0.1881 

0.650-0.1751 
0.650-0.1751 
0.650-0.1751 
0.650-0.1751 
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0.569-0.1301 
0.569-0.1301 
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0.055+0.3971 

0 
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0.035+0.1061 
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-0.18 +0.0061 13 
-0.459-0.183~ 
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0.667 
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: 
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0.294-0.0711 
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0.691-0.185 -0.145+0.1121 l.o77+0.0461 
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0.551-0.1131 0.556-0.1191 -0.026-0.004i --001 0.69 0+0.5591 
0.596-0.1501 -0.088+0.064 0.95 2 +0.3361 

0. 
4i 0.38 

0.254 

O-84 
;5. 

k$t3 

I 32) . 
k k 0 

uh 
I rP*cao 

I I 

0.71g-0.1881 
0.733-0.1891' -0.180:0.:1yi 
o .7pg-0.1811 -0.347+0.1391 

0.022~0.1791 
0.038*0.255i 

0.613-0.1621 
o .629-o .167i 
0.691-0.1851 

-0.115:0.:7 1 
i: -0.277+0.11 1 

.212 0 
A94 0. 

I .127 0. k 

. 

0.551-0.1131 
0.556-0.1191 
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-0.057~0.~01i 
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-0.26 o+o.r 31 
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0.212 
0.194 

0: 
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o.?lg-o.188i 
o.733-0.18gl 
0.799-o .181i 

-0.07&0~0801 o.o22+k79i 
0.0u+0.0614 

0.127 0. -0.2u.+o.123i 0.038+0.2551 
0.003+0.1601~ 

-0.002+0.1881 

k38 3 0 

0.254 :: b 

o.62g-o.167t 0.618-0.1621 

0.6gb0.1851 
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0.034+0.0851 
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0.551-0.1131 
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o.on+o.og6i 
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o.733-0.18g1 -0 
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-0.372+0.&& 

o.oog%.*71i 0.005+0.03gi 

0.030+0.2O41 
-o.OOl+O.O6gi 

0.127 0. o.Tgg-0.1811 -0.00po.10g1 

?38 3 0 0.618-0.1621 
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0.02g+o.353i -0.034+0.2131 

oA+ 

::;;8 a 

0 

:: k 

0.551.0.1131 oo-Boi 0 -0.010+0.0851 
o-556-o.llgi 

2: 3 ;zxz -0.105+0.2171 -0.107+0.61oi 
-0.116+0.25 I 

o.5g6-o.15ot -o.16g+o.b 3 i 
. 

o.u2 0 o.71g-0.1881 a-ei 0 0.012+0.0301 
g-g i. 

k 
o.733-o.18gi 

-0.22 3 +a1281 
0.04 +0.0381 o.oog+o.o72i 

0.03O+O.20~1 
0.005+0.0761 

. . o.Tgg-o.l8li -0.003+0.1461 

0. 3 0°' 0.618-0.1621 * 
‘B o&g-o.1671 

- - ~1 
0.38 
0.254 0: o.6gl-0.1851 

0.04g+0.0031 -O.O0&12ji 
0.021+0.03g1 

-0.006+0.1331 
-0.157+o.1131 0.02g+=o.3531 -0.028+0.2731 

0.84 

::;88 a 

0 0.551-0.113i 
o.~S~o”po~3i -0.10$0.2171 

0.012+0.042~ 

:: k 
o.556-0.1191 -0.101+0.232i 
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c EP) E 
9 2c@boT d5,3 

k, = 0 

: -0. -0. ;, 71 71 1.5 1.1 3 2 8 
1.508 - 

0". 8 4 
1 -0.571 0:6J 

0.865.0.023i 
1.162-o.o5g1 :: 5 's~z:~:% 
1.222-O .1011 0.747+0.114 
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0.62g-0.1671 
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0.762+0.1721' 
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8;" O- k 
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-0.013+0. 071 
:::;~:::4J+li L 41 

-0.064+0.218 
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-0.113+0.0 3 71 
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::,';a :: k 
1.017 0.8 

0.520-0.0 O-525-0.0 z 01 21 -0.030-0.03 -0.005-0.037i i 
0.539~o.oggi -0.056+0.02 2 i 

-1.52 -1.376+1.0151 +1.3431 
-1.04 +1.3771 ;5 -1.113+1.231 

- 
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0.212 0 

;.1g! . z- . 8 

0.719-0.1881 
* 0.799-0.1811 0.733-0.1891 

-0.1 F+ 0.1211 

-0.228+0.125~ -0.1 2+0.1241 

0.65 2 +0.4781 
0.0 0.0 I? 7+0.3191 +0.447i 

-0.026+0 -0.020+&& 80 

-0.003+0.228i 

::3 % 0 -0.0 -0.0 82 6+0.070% 
0.254 0": k 

0.618-0.162I 0.629-0.16 i 
0.69l-0.18 I 3 

+0.0361 -0.0 
-O.l~+o.lgl 

-0.067+0.8231 +0.7671 
0. a 

-0,160+0. -0.1 8+0. 3: 215 671 
W.5521 -0.0 0+0.4291 z 

-0.0$7+0.0l7i -0.0 6+0.0081 
-0.103+0.0651 

10.6jj7+l.3581 0.828+l.i+661 
0.1 7+0.9521 

-0.69+3~ -0.84 +1.3691 
-0.271+0.7 71 

1.695 o 0.518-0.0671 
ye; . E* . tQ 0.520-0.07U 0.539-0.0991 

0.00 a -0.012i 
-0.00 -0.075+0.0081 -0.0X61 

-4p&+v~ 
-3. -1.308+1.72~ 3 2.5 i 

4~;;;~;:7;& 
-1.333+1. la II 

ko= 1.695 
0.520-0.0 ;5 21 -0.001-0.0491 
0.525-0.0 01 -0.030-0.04 I 
0.539-0.099~ -0.075+0.01 2 i 

o. 8 06+1.2201 
6+1.3401 

1.017 0.8 ::7 2 3+0.9981 

0.511-0.05u o-039-o.oooi 
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131 004 0.551-0.113i o-556-o.ligi 1.369+1.2ooi 1.31 +o.9741 1.2 1.18 % +1.1411 +O. 325 
-508 0.3 0.596-0.1501 

-0.Oi+l+0.0011 -0.050+0.009i 
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00 0 
0 :: 'Q 

: -0 -0.400 -400 0.1 0.187 7 
1 -0 -400 0.0 2 7 - 

::Eg 
o-045 

0.618-0.1621 -0.08wo.0621 
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0.0 8 7+0.191i 
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0.081+0.1 B 71 

-0.150+0.1211 0.047+o.o37l 
0.073+0.1 u 

0.691-0.1851 0.037+0.0421 
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0.023+0.0841 
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WlIByxRldAlLERoBHsBllE LDFLXTIWWABAIg-BPAR-WAAE LLlm!IcALuIm 

cm AR I 6 (e = ;, 2 - 0.1 +f-) 
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o. 26+0.0311 
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-0.026+0.1161 

$6 . 8 
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0.097 0 0.837-0 -1701 - I 0.0250+0.173~ .0.011+0.0261 
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TABm XII.- VAlXJ5~ w ATVARIozIs8TA!l?IOHBAl3H3T2ES.?AIf 
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Y P Mn d 6-d 
sh .P 
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b0* a Hhcc P 
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5 -0.1994 -0.0715 - 0.00851 -0.0089 + 0.01541 

7 0.0295 0.0043 - 0.00061 0.0003 + 0.0005~ 

G 0.3242 + 0.04481 0.5637 + 0.08n.i 

0.8 I 

1 0.600 0.2026 +0.01921 0.3l.58 + 0.02911 

3 o.sl20 0.3228 +0.07831 0.3677 + 0.0807i 

5, -0.0151 -0.0054 - o.ocm61 -0.ooo8 + 0.0012i 

7 -0.1390 -0.0204 +0.00261 -0.0398 - o.ooll5i 

ii; 0.4991 +0.09451 0.64SQ + O.ll57i 

.I 0.4859 0.1472 +O.OEiQi 0.2295 + 0.02111 

3 0.3255 0.4582 +0.07651 0.6836 + 0.0905i 
3.9 5 0.1550 0.0556 + 0.00651 0.0050 - O.OlJ.Qi 

7 -0.0022 -cLofm3 +o.axloi +.ome - o.ooooi 

W ; 0.5587 +o.o989i 0.6155 + 0.09971 

.__ NATIONAL ADVISORY 
&MlTTEE m AEROHAUTICS. 

. 



S-AOA TX X0. 1195 
TKaIsE XIII.- 7 (IB u3 (3 - '8, h) - 

-_ ..__- 

0.163% - o.ooml 

0.6348 + 0.0445~ 

0.4QQl + 0.m451 

0.6687 + 0.owB1 

I 0 

0.8899 + O.Oe841 
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0.64SB + 02.671 

0.8156 + 0.09871 

0 

0 .o --Ql 
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1.0 -1 

TABIS XIV.- 
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0.5650 + 0.08091 -o.oaw + O.oa611 

0.6650 + 0.08aei -o.lJm + 0.07%%1 

0.6650 + 0.08091 -0.1886 + 0.055J.i 

0.5asa + o.oKl91 -0.5850 - 0.0309~ 

P 9 z+ Qh . =h= 4 OhI = 
0.4 0.064 0.035% 0.066% - o.aa%i o.oo%l - o.ocxat 0.0053 - 0.m 

0.6 0.8l.6 o.l%Q% -o.o%%cl+ 0.o%aB1 -0.oo80 + o.omsi 4l.0154 +o.cu49f 

0.8 0.618. 0.4m% 4.1584+ 0.0786f -0.0548 + o.O?iz61 -0.0883 +o.cMaM 

0.9 0.729 0.6581 -0.189% + 0.05Q61 ~.la.o + 0.06911 -0.1455 - 0.06ctai 

1.0, 1.0 1.0 -a.5650 - O.Om@f -0.5650 - 0.06oa1 -0.5660 * o.cl?io!x 

a z t 8 z a 0 a =a= %= 

0.4 0.18 0.064 -0.03~5 + 0.032a --o.am + o.ao601 -0.0066 + a.wsu 

0.6 o.s% 0.6l% -0.0199 + 0.066li -o.ocm + 0.03.791 4Lol44 + o.om9l 

0.8 0.64 0.516 -0.OOl6 + 0.07861 -0.0607 +O.O406l -0.0759 + 0.05081 

0;s 0.81 0.729 4.188!5 + 8.05511 -0J.675 +'o.o4cm -0.l525 + O.a4461 

1.0 1.0 1.0 -o.s%5a - o.owei -0.5650 - 0.03091 dLs%x) - 0.06091 
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!CENCRCWT- l-m a 

(2) 
Mven Matrix i7ih 

0,470 
-0.11g t i 

-0.44 9 
0.15 2 61 

0.2507 0.0591 
-0.og32i 0.55181 

0.6 
-0.1 ZL 

LO -2670 
o.og781 

-0 -2049 a.0768 
0.11111 0.77091 

-0.17 ii 01 
a.63 7 

-::a %! g1 
-0.2657 a.09 6 

a.11271 0.9 3 51 
Supplementary Matrix 

1.9953 
0.5a591 

-0.44 9 
a.15 2 61 

0.2507 a.0591 
-0.09321 0.5518i 

Chock 
0, 348 
a. 958% c 
0.1808 
a l 795U 

a.7165 
a.n3ai 

0. 348 
a. 9581 t 

-0.306 
a.11 & 

-0.6330 -0.0260 
0.25081 -o.oaa6i 

o .o64g 
a.18ogi 

2.4 2 9% 
a.9 231 

0.9673 
a. 34161 

0.9843 
-0.14391 

Auxiliary Matrix 

0.470 
-0.119 E 

-0 .g68g 0.5474 -a .1612 
0.08691 

a.0 2 
-0.05912 1.13091 1.15 8 61 

a,6 
-0.1 GL 

a.3525 -1.798 
-0.13791 0.007 3 i 

-0.0634 -0.86211 
-a.a26y -a.oi85i 

-0.17 k a 
0.63 7 0.8476 0.91 2 

-0.31391 -0.3 2 61 
a l 0010 1.0013 
o.lg721 0.19701 

k2il -::;gL 1 ::g.cL 
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TABLE xx.- vALm!sm~, FoHIExmFmII 

Y n ain n# fain d 
b0’ P =-T- 

0.3667 -o.o745+o=4937I 
0.4 1 t -0.2493 0.0150-0.08181 

6 +0.1132 +0.0001+0.0223~ c 

w -0.0594+0.4342i 

0.4800 -0.0975+0.64621 
0.6 { : -0.1344 0.008~o.d&ti 

6 -0.1098 -0.0001-0.0217~ 

I 4 -0.0895+0.580~ 
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0.4800 -0.0975+0.6462I 

0.8 O-1344 -0.0081+0.04411 
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Tmm XL-B ComETIas MD mImIAm v !lzms 
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. -133.73 n 

65.1599-39.1* 11.5520+2.86801 76.7119-36.32541 
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-13.1297~3.57031 

lo3.8lg-2o.12gai 
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-133.73 n 
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Fig. 2~3.. NACA TN No. 1195 
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(8) uos fJ - 1; R = 1, 2, 3, 4, 5, 6, 7, 8, 9. 

‘. 

I 

l'fgure 3 (a to h).- X’unctlon &((b, k,e) against koe for v~ioU~or 
valueo of n and of COB 6. (Dash lines =e 

Imaginary parts; solid line8, for real parts.) 



NACA TN No. 1195 Fig. 2b 
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Figure 2.- Oontinusd. 
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Fig. 2c NACA TN No. 1195 

(c) 008 fi - 0.03 n - 2, 4, 6, 8. 

Figure 2.0 Oontlnued. 
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W we 8 = 0.6; n - 1, a, 6, .7, 9. 

Pigum 8.- Qontlnued. 



Fig. 2e . NACA TN No. 1195 
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Figure B.- Continued. 
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Figure 3.- Lift di8tribUtiOnB for uniform translation of rectanguhz 

rings of aepect ratios 3 and 6 for & - 0.167, 0.333, 0.667. 
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Figure 5.- Lift distributions for linear symmetrical toreion 
of rectangular wings of aspect ratio0 3 and 6 for 

& = 0, 0.167, 0.333, 0.667. 
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Figure 6.- Lift distributions for liaear symmetrical bending. 
of rectangular wings of'aapect ratioa 3 and 6 foP 

k-0 = 0.16’7, 0.333, 0.667. 
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Ffgure ?.- Lift distributions for parabolic symmetrical band- 
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Figure 8.~ Lift dlstributlone for linear antleymnetrical torsion of.a 
rectangular wing of aspect ratio 3 with k, = 0, 0.167, 0.333, 

0.667 (left col.umnl, and for rfgld rolling (right colum) of a rectangular 
wing of aspect ratio 3 with k, = 0.167, 0.333. 0.667, 1.333.’ 
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Figure lO.- Lift distributions for lfnear eymmetrical bending 
of elliptical wings of aspect ratioe 3 and 6 with 

b L 0.212, 0.424, 0.847. 
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