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The Feynman path integral formulation of quantum

mechanics is a path integral representation for a propagator

or probability amplitude in going between two points in

space-time. The wave function is expressed in terms of an

integral equation from which the Schrodinger equation can

be derived. On taking the limit -J 0, the method of

stationary phase can be applied and Newton's second law

of motion is obtained. Also, the condition the phase

vanishes leads to the Hamilton - Jacobi equation. The

secondary objective of this paper is to study ways of

relating quantum mechanics and classical mechanics. The

Ehrenfest theorem is applied to a particle in an electromagnetic

field. Expressions are found which are the hermitian Lorentz

force operator, the hermitian torque operator, and the

hermitian power operator.



TABLE OF CONTENTS

Chapter Page

I. INTRODUCTION. . . . . , , , , , . , , , , , , . I

II. CLASSICAL MECHANICS . - - - 5

Newtonian Mechanics
Lagrange's Equation
Hamilton's Equations
Hamilton - Jacobi Equation

III. QUANTUM MECHANICS . . . . . . . . . . . , . .a 19

The Path Integral
The Wave Function
Generalization of the Path Integral
Schrodinger's Equation

IV. EHRENFEST THEOREM - - - - -
.. . . . . & ... 27

General Equations of Motion
Average Position
Equations of Motion
Angular Momentum Operator
Power Operator

V. HYDRODYNAMIC FORM OF THE WAVE FUNCTION AND
THE CLASSICAL LIMITMI-T-.- -.-.-.-- *-- -9a0 35

Equation of Continuity
Hamilton - Jacobi Equation with Quantum

Term
Classical Limit

VI. CLASSICAL LIMIT FOR A SYSTEM OF PARTICLES IN
A POTENTIAL FIELD. . . . . . 0,a * , 5 

,* 39

Method of.Stationary Phase
The Classical Limit
Equation for Classical Path

VII. CONCLUSION, , . , , . . . , , . . . . . , , . , 49

Summary
Problems Remaining

iii



iv

TABLE OF CONTENTS--Continued

Chapter Page

APPENDICES - - - - - - - - - * * . - - * * . . . . . . 52
A. Conservation of Energy. . . . . . I . . . . . 53

B. Conservative Forces.. . . . . . . . . . . . . . 54

C. Total Energy. - - - . . - . - . . . . . . . . . 56

D. Expansion of Equation (3.16). . 0 . . . . . . 58

E. The Velocity Operator.. It.0 .0 t 61

F. The Force Operator. It .. 0 .*0 , . 63

G. The Angular Momentum Operator . . . * . . . . . 66

H. The Average Energy Operator . . . . . . . . .70

I. The Power Operator from Equation (4.24) . . . . 71

J. Equation of Continuity from Quantum Mechanics 0 73

K. Determinant for the Transformation. .- 1 . .0* 75

L. Determinant of (B TB ). . . . . . .I t I . . 77

M. Evaluating the Integral by the Method of
StationaryyPhasehas..0. . . .. *. .0. . .. 78

N. Expansion of Equation (6.18). . . . . . . . . . 81

0. Classical Expression for Equation (6.28). . . . 83

FIGURES* I - 0 0 0 - -0 - --0 ---0 0 -W .-85

REFERENCES AND NOTESN.TE.4... t. .. 0. ..0...0 .41 87



LIST OF FIGURES

Figure Page

1. Paths Between Points a and b. . . . . . . . . 85
2. Points Traveled in Time E . . . . . . , , , , 86

V



CHAPTER I

INTRODUCTION

Since we live in a "classical" world we are constantly

trying to relate quantum particles to a classical picture

in order to visualize fully their motion. The conceptual

foundations of the classical limit is based on the assumption

that quantum mechanics contains classical mechanics in the

limit 4i -+ 0. Few books on quantum mechanics discuss

the classical limit",2 in any detail. Most books will include

a discussion on the Ehrenfest theorem and a few discuss

the hydrodynamic form of quantum mechanics which leads to

the classical expressions in the classical limit.

The classical limit still remains a challenges,6

since we encounter some mathematical difficulties in taking

the limit 1i -+ 0. In the theory of relativity the nonrelativistic

expressions are easy to derive if the speed of the particle

is much less than the speed of light. It is not as obvious

that the classical limit is contained in quantum mechanics.

If we let i go to zero in the Schrodinger equation, we have

a meaningless result. We then have to seek other methods in

finding classical expressions. Also, the classical limit can

serve as a check for our quantum expressions. On taking

the limit If - 0, we should be able to produce the corresponding

classical expressions.

I
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The purpose of this paper is to study the classical

limit for a particle in a potential field. The Ehrenfest

theorem is one way of relating quantum and classical mechanics.

In this theorem, the time derivative of the average quantum

operator is equivalent to the mean of its corresponding

classical expression. As an example, the mass times the time

derivative of the average velocity operator is an operator in

the same form as the classical force. In this paper we consider

a particle in an electromagnetic field. We calculate the time

rate of change of the average position, velocity, and angular

momentum. The results are compared with the corresponding

classical expressions.

Another interesting way of studying quantum mechanics

is by the Feynman path integral7 which expresses the wave

function in terms of a propagator. This integral, which

involves the Lagrangian for the particle, will be postulated

as the starting point for quantum mechanics.8 It is an

appealing formulation from the intuitive point of view because

of its close relation to classical concepts. We shall use

the path integral for the wave function for several particles

in three dimensions.9 The path integral leads to an integral

equation for the wave function which shows explicitly how

Planck's constant enters quantum mechanics. The Schr6dinger

equation is also a direct result of this form of the wave

equation.

In quantum mechanics, there are several paths a particle

can traverse in moving from one point to a second point
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in space. We then have an amplitude, often called the

kernel, to get from point 1 to 2. This amplitude will

be a sum over all paths that go between points 1 and 2

with a contribution from each. In contrast, in classical

mechanics there will be only one path taken by the particle

between the two points. This path is the classical path.

To find the classical limit, we apply the method of

stationary phase'0 to the integral for the wave function.

In taking the limit Ii -+ 0, the condition that only one path

contributes, that is, the path at which the phase is stationary,

leads to the classical equations of motion." Also, since,

in the classical limit, the probability amplitude approaches

the classical distribution function, the condition that the

classical probability density be real implies classical

mechanics.

In chapter II we make a survey of classical mechanics

and equations of motion associated with classical particles.

Chapter III is a review of the development of the Feynman

path integral for the propagator. The Ehrenfest theorem is

applied to a particle in an electromagnetic field in chapter IV.

In chapter V, we discuss the hydrodynamic form of quantum

mechanics and derive the classical equations of continuity

and the Hamilton - Jacobi equation in the limit -fi -0.

Chapter VI is the application of the method of stationary

phase to the integral equation for the wave function. We

find the classical equations of motion for several particles

in three dimensions. Finally, the conclusion discusses
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problems encountered. in the Ehrenfest theorem. We also

discuss some of the advantages and disadvantages of using

the path integral approach. There are still some problems

to be solved in the classical limit.



CHAPTER II

CLASSICAL MECHANICS

Mechanics 2 seeks to provide a precise and consistent

description of the motion of particles which can interact

among themselves and be acted on by external fields. In

Newtonian theory the concept of distance is intuitively

understandable from a geometrical viewpoint. Time is

considered to be an absolute quantity, capable of precise

measurement by an observer. A knowledge of distance and

time enables us to define the velocity and acceleration of a

particle. Another important physical concept is the mass of

the particle.

Newtonian Mechanics

Newton provided us with three fundamental laws of

mechanics. In Newton's second law of motion, the force is

equal to the time rate of change of momentum, p = my,

F q rI69/_)d(2.1)

where F is the force, m the mass, and V the velocity

of the mass. Important consequences of Newton's laws of

dynamics are conservation theorems. If a particle is free

5
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that is, if the particle experiences no force, Eq. (2.1)

reduces to

0.(2.2)

Therefore the momentum is constant in time and is conserved.

The conservation of energy is another principle that

can be derived from Eq. (2.1). The work done on a particle

by a force F in transforming a particle from position XI

to a position X2 is defined by

F (2.3)

In Appendix A we show that

..- 2-T (2.4)
12 1

where T is the kinetic energy defined as

Mr r -(2.5)

A conservative force is defined by the line integral

F 1- 4 X =o(2.6)

about a closed path, where dZ is the element of length.

Upon applying Stokes theorem, we find in Appendix B that
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V X F O (2.7)

Therefore, we may express the force as

FV (2.8)

where V is a scalar function called the potential energy.

Equations (2.7) and (2.8) are alternative expressions for a

conservative force. In terms of the potential energy, the

work done in going from position 1 to position 2 is shown

in Appendix B to be

fF. -& - f1v.

V-Vz . -(2.9)

Substituting Eqs. (2.4) and (2.8) into Eq. (2.3), we have the

conservation of energy theorem

T V iT + V., (2.10)

Thus, the total energy of a particle at any position is the

sum of the kinetic and potential energies,
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E T + V (2.)

which is conserved.

Lagrange's Equation

A fundamental formulation of classical mechanics for

a particle in terms of kinetic and potential energy was

given by Lagrange. Let us consider a particle that is at

an initial time ta which starts from the point qa and

goes to the final point qb at the time tb. As Fig. 1

shows, there are several paths the particle can take in

going from point a to point b. But in classical mechanics,

the particle is constrained to take only one particular path,

which is called the classical trajectory. We shall use

Hamilton's principle of least action to find this particular

path.

The classical path, q(t), is the path for which a

certain integral, called the action S, is a minimum. If

the path is varied by Gq(t), the integral will have no

first order change. The quantity S is given by

5 fL(if )d-(2.12)

where L is the Lagrangian for the system. Suppose we

vary the path by an amount Sq(t). Then since the endpoints

are fixed,



I e.(t ) 0 . e a x m = w e-r

In order for q(t) -to be an extremium, we require

S= + 0

to first order in 9 q. We can now write Eq. (2.12) as

S [1~ -fgf
4

5[j t[*

Using integration by parts, we have

e 2L 1

-6 j dl-. d 1
dp- . ...... (2.16)

where the first term on the right vanishes by Eq. (2.13).

Since we wish to find the extremium, s is zero and we

find

9

(2.13)

(2.14)

(2.15)+ L 
g )A

- S[)=

3i
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Sd L dL
~~~ ~~ ~ P 6 - -(2.17 )

This is the classical Lagrangian equation of motion.

The Lagrangian and Newtonian formulation of mechanics

are equivalent, but the viewpoint is different. If we use

Cartesian coordinates we replace q by X, q by X,
where x = (x1,x2 'x3 ). Then Eq. (2.17) becomes

. [ ({V ] 7x (2.18)

where i = 1 2, 3. This equation reduces to

7-(K v(X(2.19)

Substituting Eq. (2.5) for the kinetic energy, the left

side of Eq. (2.19) becomes

MfjX, (2.20)

Now the right side of Eq. (2.19) is just the force by

Eq. (2.8). Thus Eq. (2.19) reduces to

F 
=(2.21)



which is the Newtonian expression for the force in Eq. (2.1).

We see that Lagrangian dynamics is equivalent to Newton's

equations in Cartesian coordinates.

Hamilton's Equations

We shall now develop a set of equations for the classical

path in terms of the total energy.13 If we consider a

velocity independent potential, the momentum canonical to

qi is defined as

(2.22)

Equation (2.17) becomes

- F(2.23)

which is the classical force for a velocity independent

potential.

Let us consider a conservative system where the potential

is independent of the velocity. Also consider the additional

restriction that the constraints are independent of time

so that L cannot be an explicit function of time.

Differentiating the Lagrangian with respect to time, we

have

-_d 
(2.24)

24 y, dfi ,d id

it

w
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where j = 1, 2, 3 is the number of degrees of freedom for

each particle. Substituting Eq. (2.23) and (2.17), Eq. (2.24)

becomes

ji (cd L L)z = 0.(2.25)

The expression inside the brackets must be a constant

independent of time. We shall call this constant the

Hamiltonian and write

H = 4ii- L (tj, ) . (2.26)
j.1 dij

Substituting Eq. (2.22), we obtain

/ LI f - (, .(2.27)

From appendix C we find the first term on the right of

Eq. (2.27) is twice the kinetic energy. Thus Eq. (2.26) is

H =2T-(T- V)

- T4V(2.28)

and we see that the Hamiltonian is just the total energy of

the particle.



If we take the differential of the left side of

Eq. (2.26),

iLd . +-F [ d4

and set it equal to the differential of the right side,

dfl
z ~$ 5' d

3

/

we find the relations

d14

I (2931)

(2.32))

and

dL
a l-I
dt (2. 33)

Equations (2.31) and (2.32) are known as Hamilton's equations.
They are equations of motion for a particle in terms of
the Hamiltonian H(qp,t). Equation (2.32) is equivalent
to Newton's second law of motion

13

(2.29)

(2. 30)

a

jl



M ,11 = __- (2.134)

since only the potential in the Hamiltonian is a function

of the coordinates.

Hamilton - Jacobi Equation

One technique 1 in solving mechanics problems is to

seek a canonical transformation from the coordinates and

momenta, (p,q), at the time t, to a new set of constant

quantities which may be the initial values (q0 ,p0 ) at

t 0. Then, the transformation relating the old and new

variables gives the solution of the mechanical problem.

This procedure is used in developing the Hamilton - Jacobi

equation.

To begin, let us consider the transformation from the

independent coordinates and momentum (qo,p ) to the new

set (,p ),

0

(2.35)

We require the new coordinates to satisify the conditions

- a K . - -(2.36) C9PC.L ?
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where K = K(Q,P,t) is the transformed Hamiltonian.

Transformations of this kind are said to be canonical.

If the new coordinates Qi and conjugate momentum

P. are canonical coordinates, they must satisfy a modified

11

form of Eq/ (2.12),

At the same time, the old coordinates also satisfy a similar

expression,

41

These two integrals may not be equal. They can differ at

most by the time derivative of some arbitrary function F.

The integral of this function would be

4 F

d- F( ) - F (i ) (2-39)

which would give zero since the variation vanishes at the

end points. If we let

+ (2.40)

then Eqs. (2.37) and (2.38) are connected by
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[f~ ~

K + {F(6,f)') (2.41)

The total time derivative of F is

d Ff g2Li dt (2.42)

If Eq. (2.42) is substituted into Eq.

the transformation equations

2F

/

(2.41), we then find

I (2.43)

(2.44))

kF
(2.45)

The function K is related to the old Hamiltonian
by Eq. (2.45) and will be zero if F satisfies the equation

fFIs t,-) 0,

If we substitute Eq. (2.46), it becomes

5,'

dIF
di

and

(2.46)

CF'-a

(2s 43) into Eq.
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, i- -F, 0 +(2.47)

which is known as the Hamilton - Jacobi equation. It is

a partial differential equation in (n + 1) variables.

The solution to Eq. (2.47) is usually denoted by S

and is called Hamilton's principal function,

S=01 (g,. * n*,1 ,--', ,,,.) (2.48)

The constants of integration d, are usually taken to be the

new momenta

P- c.(2.49)

Since S is the solution to Eq. (2.47), we find

C ?). (2.50)

The new constant coordinate is usually written as Q. =P,

and will appear as

.5= =J4 ) .(2.51)

The constant ) can be obtained from the initial conditions

by calculating the right side of Eq. (2.51) at t to

with the initial coordinates qg in terms of e.,/3.,

and t,
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o( (2.52)

where j = 1, 2, , n. This approach solves the problem
by giving the coordinates as functions of the initial Conditions

and the time. Thus, Hamilton's principle function is a

generator of a canonical transformation to constant coordinates

and momenta. When we solve the Hamilton - Jacobi equation we

are at the same time solving the mechanical problem.

If we differentiate S with respect to time, we obtain

5 c a5(2.53)

Applying Eq. (2.50) along with Eq. (2.46), we may write

S
~ ~ ~-= L- . (2.54)

This gives Hamilton's principle function as

5= f L4oA -t COs#. (2.55)

Thus, Hamilton's principle function is the action, Eq. (2.12),
plus a constant.



CHAPTER III

QUANTUM MECHANICS

In this and the remaining chapters we are concerned

with the non-relativistic motion of a particle in a force

field that can be represented by a potential energy. In

quantum mechanics, the dynamical state of a particle can

be described by a wave function +("X,t) which contains all

that can be known about the particle. The description of

the motion of the particle of mass m and potential energy

V( ,t) is found by applying the differential equation,

known as the Schrodinger wave equation,

In this chapter we shall derive an equation for the wave

function which is written in the form of a path integral.

The Path Integral

An interesting form of the wave function was developed

by Feynman,15 which is a path integral for the motion of

the quantum particle between two points in space-time. We

will consider a particle in one dimension at an initial

19



20

time ta starting at the space-time point a = (x a ta)

It moves to a final space-time point b = (xb,tb) at some

later time tb* In quantum mechanics we have an amplitude

in going from point a to point b. This amplitude is often

called the kernel, written K(b,a). There are many paths

that may be taken between points a and b. The kernel will

be the sum over all these paths. In comparison, in classical

mechanics there will be only one particular path which goes

from a to b which is the classical trajectory R(t).

Each path from a to b contributes to the total

amplitude, but contributes with different phases. Let

O[x(i)(t)] be the amplitude of the path given by x ()(t).

The total amplitude in going from a to b is the sum of

all the amplitudes along each possible path. Thus the kernel

can be written symbolically as

i, [x )] (3.2)

In actual practice the paths will not be countable. The

amplitude for a given path x (t) is

apiuEx")(t)- Pf 5 i - 33

where S is the action for the path defined in Eq. (2.12).

To find the sum over all paths, we first choose a

subset of all paths. We shall divide the time interval into

equal steps of width E. These will be ti equally spaced
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intervals between ta and tb. Referring to Fig. 2, we

construct a path by connecting all selected points by

straight lines. Then we sum over all values of x. for

i between 1 and N - 1 where

N 1 6 - 4r

CL 
(3.4)

X0 XX.

The resulting sum is the integral

(b~a : - -(( ( - " ' .(3.5)
-L A A

We do not integrate over xi or x. since they are fixed

endpoints. Taking the limit as the number of intervals goes

to infinity, the kernel becomes

where A~ is a normalization constant to be determined

later. We write Eq. (3.6) in a convenient shorthand

notation

b #Sbal
e(Aa) & e) (3.7)

a

which is called the Feynman path integral. It is the

probability amplitude of going from a to b.
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We will now obtain a property of the path integral.

Choose a point c between a and b. Let t0  be the time

associated with the new space-time point c = (x' ct). The

action between the points a and b is

sI,] s L[] - s [ajj (3.8)

and the kernel becomes

b

k (b 4j ex Es b c -k(3.9)

which can be expressed as

(3.10)

This procedure can be extended to any number of intermidiate

points between points a and b. Because of Eq.(3.10),

the function K is called a "self-reproducing kernel".

The Wave Function

The dynamical state of a particle can be described by

a wave function which contains all that can be known about

the particle. The probability amplitude that a particle is

at a point x at the time t is the wave function f(xt).
Since the wave function is an amplitude, the superposition
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law holds. We can write the wave function at a later time

t in terms of the wave function at the time T< t by

The kernel K describes the propagation of the particle

and is often called the propagator. In physical terms, the

total amplitude to arrive at (x,t), i. e. +(x,t), is the

amplitude y(y,T) for the particle to be at the point (y,tU)

times the amplitude to go from point y to x, K(x,t;y,tC),

integrated over all y. Thus the past history of the particle

is contained in the kervel. Since the kernel in Eq. (3.11)

is in terms of the Lagrangian, we can write the wave function

+(x,t + E) in terms of the wave function q(y,t) as

00

(jf46 2 f n- E ' E(! p{ L ( 3-12)

where L is the average Lagrangian.

Generalization of the Path Integral

We can generalize the path integral by considering a

system of n particles in three dimensions subject to a

potential V. During the time interval (t,t + E), the action

in Eq. (2.12) is
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d4

=' - - -

(3.13)

where the function EL is the average action during the

time of travel from the particle's position at the time t

to its final position at time t + E.

Let the position of the ith particle be given by

yi= (t) at the time t and its final position by

xi = x(t + E) at the time t + E where E is an infinitesimal

time difference. The average velocity of the particle in the

time interval E is and its average position is

. The average time in the interval is t + . Thus

the average Lagrangian for a system containing n particles

is

With this Lagrangian, the wa.,ve function is

(3.14)
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q ( -. L

This integral equation for f can be written as a differential

equation which is Schr~dinger's equation.

Schrbdinger's Equation

Schrodinger's equation is contained in the Feynman path
integral. To find the Schrbdinger equation, as well as the
normalization constant A-n~ we expand each function in
Eq. (3,15) and integrate. The normalization constant is
then determined from the coefficient of E. First we make
the change in variables i - x. Taking the derivative,

dj = d where x is held fixed. The Eq. (3.15) becomes

1C

X An f j d

el*<p 
(X/4-
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In Appendix D we expand both sides of Eq. (3.16).

From the coefficient of E in Eq. (D8), we have

-.3

(; a4k6 7 (3.17)Aj 1=1

In order for this equation to hold, we must have

31 L
2 

-7r 7 T We ) Mi) { .18)

C=/

which is the normalization constant.16 After substituting

Eq. (3.18) into Eq. (D8), we find Schr6dinger's equation'7

to be the coefficient of E,

(3.19)

The terms of order E2  are not consistent with Schrodingers

equation, Any higher order terms can be neglected, since

E is infinitesimal.



CHAPTER IV

EHRENFEST THEOREM

An important theorem connecting quantum mechanics with

classical mechanics is the Ehrenfest theorem.18 This

theorem is a statement that the quantum mechanical expectation

values frequently satisfy equations which are of the same

form as the corresponding equations of motion for the

classical quantity. We shall now seek classical expressions

from expectation values for a system of particles in an

electromagnetic field.

General Equations of Motion

The Hamiltonian for a system of particles in an

electromagentic field"9 is

" -I=7/LA 1 2. i (; ( X(',))

7a1

where A(xi,t) is the vector potential and A ( it)

is the scalar potential due to the electromagnetic field.

Schr6dinger's equation in Eq. (3.1), written in terms of the

Hamiltonian, is

27
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i- j**/ ( , (I ;.(4.2)

If we take the time derivative of the expectation

value of an operator Q, we obtain

+ > (4-3)

If Eq. (4.2) is used, Eq. (4.3) becomes

where the commutator is

[q, H] =- . (4.5)

Equation (4.4) tells us that the expectation value will be
a constant of the motion if the operator has no explicit time
dependence and if' it commutes with the Hamiltonian.
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Average Position

By Ehrenfest's theorem, the time derivative of the

average position is the average velocity of the particle.

In this section we find the velocity operator for a particle

in an electromagnetic field. The time derivative of the

average position is

X < X f{fX (4.6)

where x is time independent. Applying Eq. (4.4), we find

< 1X11 XN}A)f .(.

In Appendix E, we show that

LXA(4.8)

If Eq. (4.8) is substituted into Eq. (4.7), then

d X "- 'C %(4.9)

since the operator x has no explicit time dependence.

Thus the velocity operator is

(4.10)



30

Equations of Motion

The time derivative of the mass times the average

velocity is the average force. To find the equations of

motion from the average velocity operator, we take the time

derivative of the average velocity,

< q, Ar(4.11)

In Appendix F we calcualte the commutator and show that

(4.2)

The electric field is defined by

ffdth7/WnetI __l(4d13)

and the magnetic f ield by
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Since v and B do not necessairly commute, we have the

Hermitian operator (V x B - B x v) + qE in Eq. (4.12)

as the Lorentz force operator.

Angular Momentum Operator

We can also find a classical expression for the average

angular momentum by taking the time derivative of the

corresponding expectation value. The angular momentum is

L2- X x tn Z X ( -- A). (4.15)

The ith component is

(I- 51K X< ( (4.16)

where Eijk is the Levi-Civita20 symbol which is + 1

or - 1 depending on whether ijk is an even permutation

or an odd permutation of 123. The time rate of change of

the average angular momentum is

< (4.17)

The commutator in Eq. (4.17) for the component i is
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found in Appendix G to be

So 4 -)() 0)

S[-CA) < -,V) ( 
(-4)4 18)

where a = /axi. The commutator on the right side of

Eq. (4.18) is then shown, in terms of the magnetic field B,

to be

[j, 0)~ YX V)f ( o/)KX .(4.19)

The second term on the right of Eq. (4.17) is

C lk . _ A A
5ic ~~ (4.20)

Substituting Eqs. (4.18), (4.19). and (4.20) into

Eq. (4.17), we find

where the electric field is given in Eq. (4.13). In Appendix G,

we write Eq. (4.21) as the hermitian torque operator



33

A < -IL; /r)x

K(-'VV* g . (4.22)

Power Operator

We shall now take the time derivative of the average

energy and obtain an expression for the power operator. We

consider the operator H(A,0) where the scalar potential

of the time-dependent field is omitted. The time derivative

of this operator is

)( >(PJ0H),-h()#

-0) . (4.23)

In Appendix H we find that Eq. (4.23) can be expressed as

the commutator

L~ I-((o (4.24)

Now Eq. (4.24) is the time derivative of the energy

operator. Operating on the wave function f, we can express
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Eq. (4.24) as the power operator

/KRH O) +t>V- (4.25)

which is derived in Appendix I. The operator in Eq. (4.25),
as well as in Eqs. (4.9)-, (4.12), and (4.22), contain

noncommuting terms. For a case where these terms commute,

the operator is in the same form as the classical equation.

Upon taking the limit -I -* 0, the operator should become the

corresponding classical expression. Since the expectation

value contains the wave function, it is not clear how to take

the classical limit in the Ehrenfest theorem.



CHAPTER V

HYDRODYNAMIC FORM OF THE WAVE FUNCTION

AND THE CLASSICAL LIMIT

Another way of treating the classical limit is in

the hydrodynamic representation. In this form the fluid,

described by the function pf'(R,t), is subject to a potential

V. The fluid density and current density at each point

of space at all times is respectively equal to the mass

density mf(xt) and the mass current mJ(x,t) of the

quantum system at that point.

The wave function, in the hydrodynamic representation,

is written as

where f (xt) and S(x,t) are real functions. The

function f(xt) is called the modulus of the wave function

and S(x,t) is the phase. Substituting Eq. (5.1) into

SchroIdinger's equation

(5.2)
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the resulting complex equation is

-sf(Y94) - jf()Z,) -S(,)-~ jf($;-6) (\~S(2,>))

+ f FV ) V,2) 0. (5.3)

As we shall see, the imaginary part leads to the equation

of continuity and, in the limit fi -+0, the real part contains

the Hamilton - Jacobi equation.

Equation of Continuity

The imaginary part of Eq. (5.3) contains the equation

of continuity. The imaginary part may be written, from

Appendix J, as

' p,
f 7'(f 14) 0 (5.4)

From Eq. (2.50),

(5.5)

Then

(5.6)l I
-Lo -

.4) \/(g,-f . if(dt) -t ~ ~ ~ I s / (,) 5Z4)



from which we define the current density

$= f'N 3 ..

Thus, Eq. (5.4) is

t i

which states that the flow of particles is conserved in

space and time.

Hamilton - Jacobi Equation

with Quantum Term

The real part of Eq. (5.3) contains the Hamilton -

Jacobi equation of classical mechanics, Eq. (2.47). The
real part is

2.

-ITV

Rewriting Eq. (5.7),

~s

37

(5.7)

(5.8)

2

(5.9)

(5.10)

vri F L .-tf. -

=0,;
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which contains a quantum term on the right. The Hamilton -

Jacobi equation is contained in the brackets as we shall

see by taking the classical limit.

Classical Limit

We shall now take the classical limit Ti + 0 in

Eqs. (5.8) and (5.10). In Eq. (5.8), there is no dependence

on th. So, Eq. (5.8) is unchanged and may be interpreted

as the classical equation of continuity. Taking the limit

-1i -*0 in Eq. (5.10), we obtain

IA P f E - 0(5.11)

after using Eq. (5.5). In terms of the Hamiltonian (j,),

Eq. (5.11) is

H ( vs/l) S( )(5.12)

which is in the form of Eq. (2.47), that is, the Hamilton -

Jacobi equation. Thus, in the classical approximation,

classical mechanics is contained in quantum mechanics.



CHAPTER VI

CLASSICAL LIMIT FOR A SYSTEM OF PARTICLES

IN A POTENTIAL FIELD

In this chapter we wish to consider a system of

n particles in a potential V. The method of stationary

phase is applied to the wave function, which is defined by

the Feynman path integral in Eq. (3.15), to find the classical

equations of motion for the system of particles. We shall

use the coordinates q1 .. . . ,q3n and ,. . 3n
where, = ,q1 1 . . , q33, x2  q 4 ' 3 3n

andnand yt g ..,,Y13 Y3'0 21 Y4'1 ''Yn3 = 3n'

Now the wave function in terms of its argument and

modulus is, substituting N = 3n,

where W(ql, . . . IqNt) is the phase. The wave function

in Eq. (3.15) may now be written as

- J 0>

39



where we have defined

(6.3)

Method of Stationary Phase

We shall now evaluate the integral in Eq. (6.2) by the

method of stationary phase.10  We shall approximate the

function g by a Taylor series expansion. Expanding the

function g about yi0,

-I

+ (
dyl P'J/)

+-- . ,1 (6.4)

where the first derivative is chosen to be zero in the

( e -Y, 0) ( xi - j 6)
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method of stationary phase. We shall also consider any terms

beyond the second derivative to be negligible and, thus,

keep only the first two non-zero terms.

Let us make the substitution

.to Ot Y11, (6.5)

along with

6C 0 ->fy>) r--- YI) , (6.6 )

We now define the matrix G where G. . is the ijth element

defined by Eq. (6.6). Also, we may define the column matrix

where fi is the ith element defined in Eq. (6.5) and
T is the transpose of . Thus Eq. (6.4) becomes

C .7 (6-7)

Since G is a matrix, there exists a matrix B such

that21

(6.8)

where is a diagonal matrix. Making the coordinate

transformation
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'Pt

(6.9)

we have

TG

(6.10)

'.3

Substituting Eqs. (6.5), (6.9), and (6.11) into Eq.

the wave function becomes,

(6.11)

(6.2),

)( 
'1 j / )I

e~pf~1
c ,'-

(6.12)Fro thetrasfomatvoio) w fi

From the transformation in Eq. (6.9), we find

(6.13)-

cu-.-.-d

(S)
T

G(i9)

5T 7

4 Z ,- )I

drf,. .. j

I (8(/' *'/ g N, -1-4 C) I
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where )(r,,.r. is the absolute value of the Jacobian

of the transformation. 2 2 By the results in Appendix K

Eq. (6.13) is

J3,- -.Jr= (6.14)

This reduces, by Appendix L, to

-- , -A . (6.15)

In Appendix M, we substitute Eqs. (6.9) and (6.15) into

Eq. (6.12) and expand V(Bi1 Z + , . . .BNjZ + N't1

about WiO- Je then integrate to find

[ye-[61V - ()

(7I
(6.16)T C ical -- imi ltjV,

The Classical Limit

We shall now take the classical limit

equation in Eq. (3.15). Taking the limit

the quantum mechanical probability density

of the integral

-h + 0 of Eq. (6.2),

approaches the

ale48d 7-/, - a - ,. ,

1'



classical distribution function F(q1 , . . . ,qNt + E).
Now if we square Eq. (6.16) and take the limit '-> 0,

the result is

Ai~~~~ ,~(6.17)

In Eq. (6.17), the left side is real while the right side

is complex. The phase must be zero everywhere the function

,t + E)1 2  and ( ' . . Y'Not)J2  are

not zero. Thus, in the classical limit the phase must

vanish. On the vanishing of the phase we see in Eq. (6.17)
that if the ith classical particle is at the point

qi = qI(t + E) at the time t + E, then it must have been
at the point q.(t) = K. at the time t.

Upon the vanishing of the phase, we have, from Eq. (6-3),
for a system of n particles,

9- V -4 ~- '(6. 18)

Assuming the classical path q.(t + C) to be differentiable,

we have the expression
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) +l .% (b) t (+-J- -- . (6.19)

Substituting the expression for the classical path into

Eq. (6.18) and writing in powers of E as we have done in

Appendix N, we find that the coefficient of each power of

E must vanish. Thus the coefficient of E is

.~ N d

.VI '4V'c- -- (6.20)

The first two terms in Eq. (6.20) is the Lagrangian, that is,

L W W - (6.21)

Differentiating with respect to , we find

W. (6.22)

However, the momentum conjugate to qi is defined as

-L 
(6.23)

Thus, in Eq. (6.22), the momentum is

W .(6.24)
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Comparing Eq. (6.24) with Eq. (2.50), we see that the function
W is Hamilton's principal function which satisfies the
Hamilton - Jacobi equation, Eq. (2.47).

To see that the Hamilton - Jacobi equation is satisfied,
we substiture Eq. (6.24) into Eq. (6.21) and find

?LW(6.25)

We recognize the first two terms as the Hamiltonian. Thus,

the Hamilton - Jacobi equation

rW (6.26)

is satisfied.

The coefficient of E2 is found in Appendix N to be

C

d I , (6.27)

This is just the time derivative of Eq. (6.20) and may be
neglected since E is infinitesimal.
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Equation for Classical Path

We can also find the equations of motion from the

second term in the expansion of the phase Eq. (6.4). The

first derivative of the phase is zero because of our choice

of the point 'iO. The first derivative, for a time-

independent potential, is

Since the first derivative is zero,

' = g .+ 6 1 V C '(6.29)

In Appendix 0 we apply the initial conditions q =(t) =ioj(+

as well as the expansion for the classical path in Eq. (6.19)

to find

r.VV
M M10c L)- ~ v

f~woo



3A48

(6.-30)

In order for Eq. (6.29) to be satisfied, the coefficient

of each power of E must vanish. For the coefficient of

E, we find

C)L \/\/. (6.31)

Comparing this equation with Eq. (6.24), this is the classical
expression for the momentum. The coefficient of E must

also vanish, giving us

d
0' V Vit(6.32)

We recognize this expression to be the classical force,

Eq. (2.8). The coefficient of E3 is given in Appendix 0
and is neglected since E is small.



CHAPTER VII

CONCLUSION

In this paper we have studied methods of taking the

classical limit. We seek a means in which we can classify

a particle as classical or quantum. In the path integral

form of the wave function, we have the dimensionless

parameter ml2/fic = mce/h where E = /c is the time it

takes light with speed of c to traverse the particle.

When the factor mA2 /E is much larger than -h, then

classical mechanics can be applied. If this factor is on

the order of 10 or less, quantum mechanics applies.

Summary

Mechanics is a means by which we describe particle

motion. Methods of solving mechanics problems were given

by Newton, Lagrange, and Hamilton. These methods give

solutions to the problems, but each from a different point

of view. In quantum mechanics, the particle is described

by a wave function. The wave function used here was the
path integral formulation developed by Feynman. This path

integral can be written as a differential equation which

is Schrodinger's equation.

49



50
The method of stationary phase was used in order to

evaluate the multiple integrals in the wave function. This

method has the advantage of allowing us to take the limit

' -*0 without difficulity. Since the wave function is a
probability amplitude, it approaches the classical probability

density in the classical limit. The classical probability

must be real and implies the phase must vanish. Upon the

vanishing of the phase, classical equations of motion were

derived from the wave function.

We applied the Ehrenfest theorem to a particle in an

electromagnetic field. The expression found for the time

rate of change of the average velocity times the mass corresponds

to the expression for the average classical momentum as

expected. In the time rate of change of the mass times the
average velocity, we encountered the hermitian operator

similar to the Average Lorentz force but noncommutative in

B and v. The time derivatives of the angular momentum

operator and energy operator gave us equations for the

torque operator and power operator which also contain

noncommutative terms. If the terms in the operators commute,

we then have expressions identical to classical equations.

The hydrodynamic form of the wave equation was substituted

into Schrodinger's equation. In the limit fi -+ 0, the
imaginary part of out complex function reduced to the.-

classical equation of continuity. The real part was found
to contain the Hamilton - Jacobi equation plus a quantum term,

This quantum term vanished 2 3 upon taking the limit - - 0.
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Problems Remaining

There have been some problems encountered in the

Ehrenfest theorem. The expressions derived in chapter IV

are quantum mechanical operators. If we take the limit

fi - 0, the form does not change and we should obtain the

corresponding classical expressions. However, since this

is a quantum expectation value, the wave function is involved

and it is not obvious how to take the limit i -+ 0. For the

force, torque, and power operators, we found equations

containing noncommutative terms. In the classical limit,

these terms must commute to give classical equations of

motion. It is not clear how thes terms will commute.

The method of stationary phase has been used to evaluate

the integral equation for the wave function. This method

has the disadvantage of not giving an accurate estimate of

the remainder. We evaluated the integral for the wave

function and found Eq. (6.16). The wave function in Eq. (6.16)

is similar in form to the WKB approximation in several
24&variables. But the connection, if any, between the Feynman

path integral and the WKB approximation is not clear at this

time.
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APPENDIX A

CONSERVATION OF ENERGY

The work done on a particle by a force F in moving

from position 1 to position 2 is given by Eq. (2.3).

The integral of Eq. (2.3) is

rF1
.A* db

/V d

(Al)

Substituting Eq. (Al) into Eq. (2.3) we have

(A2)

which is Eq. (2.4).
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APPENDIX B

CONSERVATIVE FORCES

A conservative force is defined by the integral in

Eq. (2.6). Applying Stokes theorem to Eq. (2.6),

'ds =
(

f(vxr)-d = (31)

Since the curve C is arbitrary, the surface S is also

arbitrary which implies

VXf?: =62. (B2)

Equation (B2) leads to Eq. (2.8).

The work from Eq. (2.3) becomes

I2F
)Ik~i

/ ~

v7V J

=fiv

54



55

which is Eq. (2.9).



APPENDIX C

TOTAL ENERGY

In generalized coordinates, the kinetic energy is

written as

where a. may depend on the coordinates. If we differentiate

Eq. (Ci) with respect to i

S+ 4 . (C2)

Multiplying this equation by q and summing over all 1,

a, 03)

Since all indices are dummies, both terms on the right are

identical,

T 27-T(04)

Now for a velocity independent potential energy, the

generalized momentum is

56
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(C5)

and Eq. (C4) is

4 f.9 (C6)

Substituting Eq. (C6) into Eq. (2.27),

H 2 T - (T-V)

(C7)



APPENDIX D

EXPANSION OF EQUATION (3.16)

Expanding the left side of Eq. (3.16) gives

0/ /xy,*1

EL d

Expanding the exponential on the right of Eq. (3.16),

- CX,,+-iE ) 1' #f 0 d

I' E
'Ti

d'l, I6to

+J

(tCU \)
2.

(D2)E d- x at th -ti ) t

Expanding each function about x at the time t,

c/efLIA&
ifl~; i~]

58

(Dl)

"17

- a
f (Ku- -- ,Ko,-t j ,

15 )
2.r

-- bb

Co



.xfi-4f y 2
.viv 6

(~. V~) (Mvi) V -2-As

C) ( I)]

0V# ~;5 Q2% VOj~*.V5) ~

(D3)

For the evaluation of the integrals in Eq. (D3), we use24

rn } 

Ij

- EpQ
7

fj~

where is the jth component of the vector ..

j = 1, 2, 3, we find

..27
007

We also use

00 e~fkfl 0 1
2 (D6)

if k is odd and

L.!

(.y -- 2t'k 2
(D7)f' ( % 2 7

'C
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Cc

(,Z I

2

L i~ I

dex (D4)

For

(D511)All-



6o
for even k. Applying the integrals in Eqs. (D4) (D7)

we find Eq. (D3) to be

71 C'

ALz

C) V 2ra.2 V Zl
if KV~~T190(c/(D8)

in terms of powers of E. The normalization constant is

determined from the coefficient of E 0 and Schrdinger's

equation, Eq. (3.19), is found as the coefficient of E.



APPENDIX E

THE VELOCITY OPERATOR

In Eq. (4.?), for the ith component of

commutator is

LI XK, /-4(1,l i1) -I; X 6IA (-~ -..&4- -J

I (6-A)xg]

-I-tx.
L. 1 '~

4X ]O +J I -AJ}

(El)

For the j th component of pq

6J (E2)

the

A) -

~P)} ( ~

f)[X )

Z: ) I m f I

i! () fL: ,+

AI f ( E2)
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since p is the operator

6~*~
I

(E3)

Thus,

K x'[QHAA)~ (E41



APPENDIX F

THE FORCE OPERATOR

The time rate of change of the average velocity is

given in Eq. (4.11). Now the squared term in the Hamiltonian,

Eq. (4.1), is the momentum. We write

1-/(A) jm-r2 + \/- +mA, (Fl)

where v is the velocity of the particle. The commutator,

using the i th component, in Eq. (4.11) is now

f(Wrj, H (A,A,)J = ft? i m,,)2] +[ri V + 1 (F2)

Equation (4.11) becomes, after applying Eq. (4.10),

dII)

(F3)

For the second term on the right of Eq. (F3),

63

ev

Ao + V]

kn



4 , (l i -{A

= ~c g( (--k i ~

where a = /xi.

-- 1Y

) -V(Y' A)

f(-i* d

Equation (F3) now becomes

u-k

I~K j

For the first term in Eq. (F5), consider

/24, 1finr

+ 7A WDo--t/)jA

r tVtr

Also, consider

- -A 6P ( 4 "Ai )C

64

(F4)

A A (F5)

(F6)

c Ai)A, - f )

A.(-Ndi- A )

&1- 2tr

~( V)4 1-~Y

I ~ N ;

-iAl]

S /Vi

[iir4

-- Ag]



-(i) CCSWBk
(F?)

Substituting Eqs. (F?) and (F6) into the first term of Eq.

we find

( 30 .04 - .&x -% .(;i3 Ar) g (F8)

Using Eqs. (4.13) and (4.14), Eq.

the electric and magnetic field,

(F5) becomes in terms of

- ~ ~ ~ ~ ~ 1 ]%<j(rK~ A)

(F9)+<I (-vV)9>
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(F5),

- (i()di A - A)

e0p I. j L 41 tur, 21 
tilt

LI 2 ml C (; * 6 i- 2j

ot

di

+ g (1|$1).



APPENDIX G

THE ANGULAR MOMENTUM OPERATOR

In this appendix we will evaluate the two terms in

Eq. (4.17). For the ith component of the commutator in

Eq. (4.17), we have

(GI)

where 2 b/bx . The last term of Eq. (GI) is

- dY - i) 1K A 1
W e s h l u b t( 

G 2 )

We shall substitute

66



67

~e J

(G3)
(fYe(- 4fAv.)

into the commutator on the right of Eq. (GI) to find

A eQ' f

-2 A e ((,- ,)

(10 -Q) 31 I

1 '9];t ['(dA1 A ' Qe

4 +) x; (d,4

-1- c(k f, 4

Now

Y ~- 2

}(G5

+ t C3

clC." Y

(G4)

)2f -A) I

1 %46) (% RCf )

}1

ei f
v Alto

02 if -PI07

5)

pv- me,")



Thus, Eq. (4.17) is

d7 K
=-ii { K (I[< Q i t)+

+ (<I[t\(x-Vv) + K x

('xu )xxJ/

(G6)

(G7)

and

(G8)

Now consider the cross product

= C,';< ('

% 13 KK( ("' x ,) , 8,,

-- x g)]._ (21.) (G9)

68

where

dL ...
dts

cd

I c3Ai'

f A
0

( "Ox ) x $0 e 13 41 /.,Y/

_M3]14 l
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Also, we consider

0.(Gl0)

Substituting Eqs. (G9) and (G40) into Eq. (G6), we find

the time derivative of the operator L to be

(GI

which is the hermitian torque operator in terms of the

Lorentz force operator in Eq. (4.12).



APPENDIX H

THE AVERAGE ENERGY OPERATOR

The commutator in the first term on the right of

Eq. (4.23) is

A 6/

(HI)

We can replace Eq. (4*.23) with

[(,0) A *(H2)
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APPENDIX I

THE POWER OPERATOR FROM

EQUATION (4.24)

Equation (4.24) is the power operator which can be
expressed in terms of the electric field. The commutator
in Eq. (4.24) is

(IF)

For the first commutator in Eq. (Ii),

1 AO,

- - % V
dxL

d2A
2~~ ---t---

d A.
-- -- ar.

.~"vIi
Av

(12)

The second commutator in Eq. (I1) is

'r-u #jk7 4r
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A
[11,1 /14t

1
} fr1v)

r (
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L i Li J



Equation (Ii) now reduces to

~ii(VdAa5 {$-l'k j I (A,) =-- &S *A V Ail

dA

Substituting Eq. (4913), we find in general

TL A0 -th S ,E-.

since

VA -
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1 ('3)

.2 C

dA V
- f

~2 C (Ik)

(15)

(16)



APPENDIX J

EQUATION OF CONTINUITY FROM

QUANTUM MECHANICS

For one particle in three dimensions, the imaginary

part of Eq.

3 F
d+

where V =

(5.2) is

+V-T+ vF7 -vs

Multiplying Eq. (Ji) by

dvII
+ I-- vS

+(y7) 2  V2 =7

Equation (J2) may be rewritten as

6,

0.) p

From classical mechanics we may substitute

vs

73

~72=5 0.
(Ji)

we have

(J2)

(J3)

(J4)

| 93
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into Eq. (J3) to find

-- VY' ',L (J5)



APPENDIX K

DETERMINANT FOR THE TRANSFORMATION

Equation (6.13) contains the Jacobian for the transformation

defined as the determinant

02t p---

d2 14

In general, the matrix elements are

'3

Then. the determinant in Eq. (K1) is

9 (KI)

(K2)
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2 (-2 , . .., I.



i311 81a2

9/Nl

de-1 (8)

where we have set N = 3n.

(Ze2
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APPENDIX L

DETERMINANT OF (BTB)

In Eq. (6.9) we make a coordinate transformation.

The matrix B from Eq. (K3) is an orthogonal transformation

matrix. Thus26

T = I
(LI)

where I is the unit matrix. Now we can write

det (BTB) = det (1)

= 1. (L2)

But

det (BTB) = det (BT) det (B)

det (B) 2

= 1.
(L3)

This implies that

det (B) = a .I
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APPENDIX M

EVALUATING THE INTEGRAL BY THE

METHOD OF STATIONARY PHASE

Substituting Eqs. (6.9) and (6.15) into Eq. (6.12)

yields

( j , --

CV

Expanmding the wave function on the right of Eq. (I

(Mi)

o> Bp2i)Jf

N

3i 2 d *d3j 0k ?( rol

The wave function, Eq. (Ml), is

78

4)/Voii)j )I

(M2)

I Alo

,

(9, j 2 j i

' . 0 xNil ,)
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.(M3)

Upon integrating Eq. (M3), second and higher terms in the

expansion will contain the factor E and will not contribute

to the integral. Thus, we may write Eq. (MI) as

LL ' (fl, > --./-jX--,Ila,

-IV

Integrating, using Eq. (D4), Eq. (M) becomes

qI<z

K._
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Now, by Eq. (6.8),

A'

$TI
1 = d (T 0 6)

= d'e i G , (M6)

Equation (M5) is now

Vq L(,

(M7)
[de+.1

. . . i Ivo ) i



APPENDIX N

EXPANSION OF EQUATION (6.18)

If the classical particle is at the point qi(t + E)

at the time t + E, then it was at the initial point q(t)

at the time t. Substituting the expanison of the classical

path, Eq. (6.19), into Eq. (6.18), the phase becomes, for

a time independent potential,

-1 2

(NI)

where

4;1 - - . (N2)

Expanding each function about q

~~ (K ~ C [v(',v
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In "powers of E
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w

cf O2

The coefficient of E

momentum, Eq. (6.23).

is Eq. (6.20), from which we find the

The coefficient of E2 is Eq. (6.27)

which is the time derivative of Eq. (6.20).
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APPENDIX 0

CLASSICAL EXPRESSION FOR

EQUATION (6.28)

Equation (6.28) can be written in terms of the

expression of the classical path,

gi (+46) = f (+) -t C 4) ,z; (46) +....

If' we substitute Eq. (01) as well as the expression for the

initial coordinates i - + ( ))) qi(t) into Eq. (6.28),

we find

- ~4-L

1

t d

dgc

Ecd

e -- C
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V ~ 2. 1

where

(02)

-1
-t . . (03)
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Expanding the potential,

+ zE2

pt

4 0 K6 ) .

3
E e1
~ ~j(, ~2kn

ia' ~V

(04)

In terms of powers of E, we rewrite Eq. (04) as

. [iiK .

.L i \(. 05 )

The coefficient of E is the momentum in Eq. (6.31). The

.2 Es
coef ficient of E is Eq., (6.32), the classical force.

+
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PATHS BETWEEN POINTS a AND b

Figure 1
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POINTS TRAVELED IN TIME E

Figure 2
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