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Synthetic seismograms are a computer-generated aid in the search

for hydrocarbons. Heretofore the solution has been done by z-transforms.

This thesis presents a solution based on the method of finite differences.

The resulting algorithm is fast and compact.

The method is applied to three variations of the problem, all three

are reduced to the same approximating equation, which is shown to be

optimal, in that grid refinement does not change it.

Two types of algorithms are derived from the equation. The number

of obvious multiplications, additions and subtractions of each is

analyzed. Critical section of each requires one multiplication, two

additions and two subtractions. Four sample synthetic seismograms are

shown. Implementation of the new algorithm runs twice as fast as

previous computer program.
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CHAPTER I

INTRODUCTION

The most common method used in the search for hydro-

carbons is the seismic exploration method. As noted by

Levin and others (8) the impact of digital computing on

seismic exploration has been revolutionary. Indeed,

Neidell (9) states that in 1972 more than 40 per cent of

the world total expenditure of $564 million for seismic

exploration was applied to processing applications. Part

of the processing effort is devoted to the generation of

synthetic seismograms and synthetic sections. This thesis

will develop a computer algorithm which is relatively

compact and fast for the generation of synthetic seismo-

grams. The algorithm has been implemented for a group of

geophysists and it runs twice as fast as the algorithm

it replaced. Hence, there is a savings in time and money.

Seismic Exploration

Briefly, the seismic method takes advantage of the

knowledge that seismic waves travel at different velo-

cities through different earth layers and partially

reflect and transmit through the various interfaces between

the layers. By recording the patterns of reflections that

reach the surface, geophysists are able to interpret the

1
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the structure of the strata to varying degrees of reso-

lution. As the available hydrocarbons are discovered

with a given resolution, a need arises for finer reso-

lutions so that more hydrocarbon reserves may be

discovered. A better understanding of seismic wave

propagation will help attain the finer resolutions.

Recordings are usually made by a line of regularly

spaced groups of detectors that are laid out over the

ground for land based exploration or that are pulled

through the ocean by a ship for off-shore exploration.

An artificial seismic wave is generated by a charge of

buried dynamite or a blast of compressed air or by any

one of several other means. Each group of detectors

records for a few seconds the motion of the surface of

the earth caused by the reflected seismic waves. The

recorded data is processed to reduce unwanted data,

noise, and enhance wanted data, signal. The result is

plotted as a graph of the earth's motion with time. The

graph for a single group of detectors is called a

"seismogram" or "wiggle trace" or "trace." When all the

seismograms are plotted together the result is called a

"seismic section" or "section."

This brief discussion has been presented in order

to place synthetic seismograms in the proper context.

Further and more detailed information about various

aspects of seismic exploration can be found in text
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books by Teleford and others (13) and Grant and West (5).

So, a seismogram is the recorded motion of a single

point on the surface of the earth for a few seconds,.

Then, a synthetic seismogram is an approximation to a

seismogram by artificial means, usually a digital com-

puter. Similarly, a synthetic section is an approxi-

mation to a seismic section.

Synthetic Seismograms

If the earth's layers are assumed to be parallel

and horizontal and if the artificial seismic wave source

is assumed to generate plane waves at normal incidence

to the layers, then the generation of a synthetic seis-

mogram becomes the problem of solving the one dimensional

elastic wave equation for a multilayered medium. Another

assumption commonly made is that the thicknesses of the

earth layers are such that a seismic wave will travel

through each layer in the same amount of time. The first

synthetic seismogram to appear in the literature was

produced by Petterson, Fillippone and Coker (10) in 1955

using an analog computer. Since 1960 digital methods

reported by Baranov and Kunetz (3), Wuenschel (15),

Treitel and Robinson (14) and Clearbout (4) have been

in use. These methods employ the Laplace and z-transform

to solve the equation. As shown by Robinson (12) the

methods are all equivalent.



4

This thesis will solve the equation using the method

of finite differences such as found in Richtmyer and

Morton (11) or Greenspan (6). Finite differences have

been used for the study of one dimensional visco-elastic

wave propagation (1, 2) and for the generation of

synthetic sections (6, 7), but not in the generation

of synthetic seismograms. Finite differences, a part

of numerical analysis, and computer science have been

closely related since the advent of the electronic com-

puter. Indeed, some of the problems whose solutions

have inspired the development of super computers are

typically solved by finite differences.
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CHAPTER II

SOLUTION OF THE EQUATIONS OF MOTION

This chapter will present three alternate forms of

equations used for synthetic seismograms. The first form

allows both density and elasticity to vary over the range

of interest as specified by the elastic wave equation.

The second form contains the sometimes used simplifying

assumption that the density of the earth's layers is

constant over the range of interest. The third form,

commonly found in the literature, is the earth may be

divided into many small homogeneous layers, each con-

nected to its neighbors by appropriate boundary conditions.

All three forms will be approximated by finite-differences

and these approximations will reduce to the same simple

equation. It will then be shown that a grid refinement

does not change the answer and hence does not improve

the answer.

First Form

Equations of Motion

The elastic wave equation in three space dimensions

as derived by Ewing, Jardetzky and Press (5) or by Kolsky

(7) can be reduced to a single space dimension to produce

the equation

7
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2

Pt2 -( -- ) for 0 !rx sX and 0 tsT (1)@t 2  9x ax

where

x denotes depth (positive downward),

t denotes time,

u(x,t) is particle displacement from equilibrium,

p(x) is the density distribution of the medium, and

X(x) is Lame's constant or elasticity distribution.

For a simulation of the earth's crust it is quite reason-

able to make the futher requirement that p(x) >0 and

(x) >0 for 0-< x ! X. The velocity of the wave at any

point in the medium is given by c(x) = X/(x) /p (x). The

surface of the earth is assumed to be at x = 0 and is

represented by the stress-free boundary condition (5, 7)

= 0 for x90 and 0 s ts T. (2)

The depth, X, represents the limit of interest. So, it

is: desired to terminate the simulation there. To make

the simulation accurate, waves reaching depth X should

leave the system without reflection. That is, the

boundary condition at x = X must be the transmitting

boundary described by Ang and Newmark (2) or Lysmer and

Kuhlmeyer (8)

= -c-axfor x =X and 0 sts T. (3)

Another way to describe this condition is that beyond

depth X, the earth is assumed to be uniform and there
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are no up-coming waves. Thus, the radiation condition

applies. It will be assumed that the artificial seismic

wave is initially in the system and its direction of

travel is downward as denoted by the conditions

u(x,O) = s(x) for 0 <x<X, and (4)

u(x,O) -Cds for 0 <x <X. (5)

Finite Difference Solution

To apply the method of finite differences as found

in Richtmyer and Morton (9) or Greenspan (6), first

assume that the medium, p(x) and X(x), is divided or

discretized into homogeneous layers, (x1 , x2) ,'2

... ,(xn-l'0xn) as represented in Figure 1 .

x
2

x
3

0

nodes or grid points

layers of uniform

xi11 pand X

xxn-l

n =

Fig. 1--Discretized medium
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Within each interval (x ixi+1 ) i = 1,...,n-l, density and

elasticity are constant. Also discretize time into equal

increments, At, such that t = TAt for T = 0,1,...,p.

T
Using the notation u.~ u(xt), p ( = x

i+ = X((x.+x. 1 )/2) and the definitions Ax. J x. 1 -x.

and Ax. E (Ax. +Ax. )/2, the finite differences
Si - 1' + _

approximation to equation (1) is

T+1 uT T-1

P-uI i i 2
i 2 (Ax. + Ax. _)

At +4 -

i+ (u 1 -u.) i-- (u.- u.
LAxi+ Ax Lull)-

for i = 2,3,... ,n-l and T = 1,2,...,p-l. (6)

Usually the medium is discretized into equal increments.

This simplifies the notation and further manipulation of

the equations. However, in this case, the layers will be

allowed to vary in thickness to satisfy the, condition.Of

equal travel time. A great simplification can still be

achieved by approximating p. in terms of p. and p..

As suggested by Taylor (10), let the mass p.(Axi +Ax. )

be the same as the sum of the masses p. 1 Ax. 1 +p. 1 Ax. .i-4i-4 i+4 i+4

Then, the following approximation results

i Ax. + Ax. (7)

for i = 2,3,...,n-1.

Substituting this expression into equation (6) and rear-

ranging yields
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T+l T - 2u+ T-1 2At2u. 2u+ u.
1 i (Pi+ Axi + piAx.

(8)

T+T 1--12-+ (UT -u)- 2(UT -u )
x i+l i Ax.-

Since the layers of the medium have equal travel time,

c At = Ax . The two terms on the right hand side of

equation (8) can be multiplied by (pi+Ax.I+/pi+ Axi.)

and (p_ Ax /piAxi 1 ) respectively and the equation

can be reduced to

T~l T T22p T
u. - 2u+u - pi i+ u1 p 1 ci++p. _c7_ ) i+1 i

2 p. c. (9)
. - 1-4 i- T T

_ _ _ 1c _ L 2 b 1- _ ) ( u - u ) .1

The coefficients of the two right hand terms are called

transmission coefficients and can be expressed in terms

of a single value, the reflection of coefficient,

R = (p1+ ci+1  - 4 p 1 (pi+ ci +pi ci ) for

i = 2,3,...,n-l. Note that

1+R. = 2p. 1 ci+. /(pi+c+ + p 1c. +)

and

l-R. = 2pi 1 c. /(pi+. ci+. + p c )

Equation (9) can now be simplified to the compact compu-

tational form

T+l T T 1Tu. =ui+l +u -1 + R (uT+ -uT_) (10)1i 13i.l i-l,..,1.10

for i = 2,31... ,n-l and T = 1,2,... ,P-l.
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The differencing of the top boundary can be done

in a manner similar to that done by Alterman and Karal

(1). Assume that there exists a fictitious layer,

(X0,'X ),on the top with the same properties as layer

(x11x2). That is, X X A = 11, Ax = Ax and p=
2 2 2 A 1 2nd P 1= p1 .

Then, the finite difference approximation to equation (2)

is (u2-u )/2Ax11 = 0. This yields u2 = uT Since
2 02 2 0

equation (1) must also be satisfied at x = 0, using

u2 = u0 in equation (10) gives

S[1= 2u - u-- o1 21 -
ui =2 u- for T = 1,2,... ,p-l. (11)

The transmitting boundary at xn = X can be approxi-

mated by noting that the wave traveling down from node

n-l reaches node n in exactly one increment of time and

there are no upcoming waves below node n. So, the con-

dition can be expressed as

un = u 1 for T = 1,2,... ,p-l. (12)

Second Form

Equations of Motion

Suppose that p(x) is constant for 0 s x sX. Then,

equation (1) may be divided by p(x) to produce the fol-

lowing equation of motion:

2
D u _ u 2 u-(c .) for 0 s x !9X and 0 t gT. (13)

The boundary and inJitial conditions will remain the same

as for equation (1).



13

Finite Difference Solution

Allowing the medium to be discretized in the same

manner as in the first form of the equations of motion

and using similar notation, the finite difference

approximation to equation (13) is

T+l T T-1u. -2u.+u.
1 1 1 2

2 (Ax + +Ax. )At+"2+ 2

2 2
c i T T ci-2(T T

(u.+l - uA) - ___(u -Ax ' +2 ix i i-

for i = 2,3,...,n-1 and T = 1,2,...,p-l. (14)

Applying the equal travel time condition, c . At = Ax.i+-2 i + 2
for i = 1,2,... ,n-1, and rearranging, equation (14) becomes

T+1 T T-l 2c-2T UTu -2u.+u. =(c)2(u -u.)
1 1 (. ++c. ) i+l1

2ci

(i+ c ) i --1

Equation (15) is the same as equation (9) with

Pi - = pi+ , constant density. Hence the finite differ-

ence approximation to the second form becomes the same

as that of the first form. The boundary conditions are

done in the same manner.

The difference in the first and second forms is the

manner in which the R. 's are calculated. The next section

will show that equation (7) imposes no restriction on the

solution except that inherent in the method of finite

differences and the equal travel time assumption.
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Third Form

Equations of Motion

In this section the equations of motion presented

will be similar to those in Baranov and Kunetz (3),

Wuenschel (13) and others (12, 11, 4). Assume the earth

is discretized as shown in Figure 1 into many small

homogeneous layers having equal travel time. All the

symbols used in the following discussion will have the

same meaning as in the first form except now there will

be an k subscript denoting the layer in which the

quantity is defined. The layers are numbered Z =1,...,n-1.

The wave equation applies to each layer in the following

manner:

2 222 = c 9kfor x x x+ and 0 s t 9T (16)
2 Z 2 

x2
and Z = 1,...,n-1.

Stress at any point in the system is described by

a = X uY/3X. Each layer is connected to its neighboring

layers by the following conditions of continuous displace-

ment and stress:

u = U,+l anda. = ak+1

forx=x2 ''''Xn-1 and 0Ot -gT. (17)

The top boundary is again the free boundary

= 0 for x = 0 and 0 t <T. (18)

And the bottom boundary is again the transmitting boundary

-Du _n-1 cn -L x for x = X and 0 t s T. (19)
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Finite Difference Solution

The differencing will be done in a manner similar to

that of Alterman and Karal (1). For each pair of layers,

let the top layer be extended fictitiously into the

bottom layer and let the bottom be extended fictitiously

into the top layer as shown in Figure 2.

node 141-- -node Z-

fictitious extension
of layer k

layer -1n

fictitious //.node Z
extension layer l-e

layer k

node .Z+ J .node Z+l

Fig. 2--Extension of Adjacent Layers

The finite difference approximation to equation (16) for

each pair of adjacent layers is as follows

TE+l T T-1
u -2u +uZ-l,9. Y-li k -1,

At2

2

A x 2  (u - lT + - 2 u T + u T. (20)
k-l

uT+_ -2u + u

At2

2
c

2z u T,+ - 2u I + uT (21)
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for k = 2,...,n-1 and T = 1,2,...,p-1 where u is the

finite difference approximation to u P.(x ,tT) and

Ax. = x. -xi. The rest of the notation and assumptions
1 1+1

are the same as in the first form. The finite differ-

ence approximation to the second of equations (17) is

Z-l T TX___-(u 1 - uT
2 Ax k-1, + Jz-1, 1-1

(22)

2Ax(u ,+1 -u -).

Applying the condition of equal travel time, c_1 At = Ax

to equation (20) and simplifying produces

u +l -2uT + u

T 'T (23)
U-,k+ - 2u + u .

Applying the condition of equal travel time and the first

of equation (17) to equation (21) produces

u T+ -2uT + u T1.Zl, Zl,

(24)
UT -2u +u .

Applying the condition of equal travel time and the

definition c = X /p to equation (22) produces

c p5(u)T- u

C P (u T ,+ -u _)T.(25)
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Now if equation (24) is solved for u and the result

substituted into equation (25) and that result solved

for uT 1 ,+ and substituted into equation (23) the

result is

uT+l T+uI

c P (2u " -u +I T -u T ) + 2u IT(26)

Equation (26) can now be reduced to

uT+l = u + u TulZ.-l Z kZ,+l ZlZ- -lI z

T T (27)

+ R (uI 1 - u T )(7,. y Y+1 k-l1, k-l

where Rk = (p - _ _ c + p _ ck_ ) for Z=2,...,n-1

and T = 1,2,...,p-l. Equation (27) is the same as equation

(10) with a different subscript notation.

The top and bottom boundary conditions may be approx-

imated in the same manner as done for the first form.

Thus, it has been shown that the approximation of

equation (7) imposes no additional restriction to the

finite differences solution of the elastic wave equation

for a medium having layers of equal travel time.

Grid Refinement

In this section it will be shown that a refinement

of the grid causes no change in the solution and thus,

does not improve the solution. Assume that the layers
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of the medium are fixed and have equal travel time. The

equations of motion and notation will be like those of

the first form. Since the relation c. 1 At = Ax.+1 must

be true for each grid imposed on the medium, then grid

refinement is accomplished by dividing At by some integer

as depicted in Figure 3.

original grid points new grid points

x 0-

7x
xlb

x2

x-x

x

x i+ 1 
i 

i+--

Fig. 3--Grid Refinement of At/2

Equation (1) is the finite difference approximation

withouth grid refinement. Let the grid be refined

as shown in Figure 3. Then the approximation becomes
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T+l T++ T+ TU. = u. 1 +u. i-u.1 +- 1_i 1

T+2 T+' (28)
+R.(u.-u ~)i +'2 i _-2

for i = 1 ,2,2 ,-2..., n- and T = 0 ,l,...,p-l.

Note that since R. = ( c+ - )i+ ++44 i+1
(pi+, c. 3 + p. 1c. i +ad. c

; 
i+1+ pi+i+) and pi+ Pi+'4and c c

for i = 0,1,...,n-l, then Ri+ = 0 for i = 0,1,...,n-1.

Figure 4 shows the solution pattern for the original

grid and the refined grid.

1-1 i- i i+ i+1
T1- o 0o

T--' 0o o pattern for
original grid

0 0

/ /----pattern for

-+'- 0 0 refined grid

T+1 0 o 0 0

Fig. 4--Solution pattern for two grids

The equations for u _Iu+ and u. are as follows:

T + -_ T T T -2
U =u.+u -u (29)

uiu +uT - (30)

T+ _ T-< T- T-1 T- T-u .u+ +u. -u +R (u u (31)

Substituting equations (29) and (30) into equation (28) and

then substituting equation (31) into the result yields
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T+l T T T-1 T T
u =ui +u 1 - u + R (ui+ -u_) (32)

1-1 i 1-l

for i = 2,3,...,n-1 and T = 1,2,...,p-l. Equation (32) is

the same as equation (10). Hence, the grid spacing which

originally defines the layers of equal travel time is

optimal!
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CHAPTER III

THE ALGORITHM

This chapter will develop two types of algorithms

based on equations (10), (11) and (12) of Chapter II.

The first will be full form which is a simple and

straightforward application of the equation. The second

will be a short streamlined form based on economies

that occur when the artificial seismic wave is assumed

to be an impulse as is commonly done in the literature

(2, 3, 4, 6). -A computer program and several examples

are also presented.

Full Form

In order to implement equations (10), (11) and (12),

the values of uf, u. for i = 1, 2 ,...,n and R. for

i = 2,3,...,n-1 must be determined. The initial condition

of equation (4) gives the shape of the seismic wave,

u0 = s(x.) for i = 2,...,n-1. Equation (5) gives the1 1

direction of initial motion, downward. This can be

handled easily by noting that for downward motion

1 0ui+l = u for i = 2,...,n-1. The values u 1u ,uVand

u2 are assumed to be zero. The result of the algorithm

is u{ for T = 0,1,...,p, the synthetic seismogram.

23
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Algorithm 1: Synthetic Seismogram, Full Form

Initial conditions

1. Setu0 = uO = u = u2 =0.1 n 1 2

2. For i = 2 ,...,n-1 set u = s(x.).
1 1

3. Fori=2,...,n-1set u 1  0
i+l u

Coefficients

4. SetR =R =0.
1 n

5. For i = 2,...,n-1 set

R. = (pi+ C -p. 1 c. i)/Pi+ lCi+ b+p. 1_c, )

Wave Propagation

6. For T = 1,,...,p-1 do the following steps

a. Set uT+l = 2uT -ul1 2 1

b. For i = 2,...,n-1 set

T+l T T T-1 T T
U. = U +u -u +;R(u -u

c. Set uT+l =U
n n-P

End of Algorithm 1.

Complexity

The complexity of the above algorithm and all fol-

lowing algorithms will be presented in terms of the number

of obvious arithmetic floating point operations required

and the number of obvious storage locations required.

For any implementation of an algorithm there will be a

number of necessary register loads and stores and index



25

calculations which may require multiplications arid addi-

tions. These "hidden" operations as well as the number

of temporary storage locations willivary from machine

to machine, language to language and programmer to pro-

grammer, and the resulting complexity will not be treated

in this thesis. The breakdown of obvious operations and

storage locations for the previous algorithm is as

follows:

number of additions and subtractions =

(4(n-2)+l) (p-1) + 2(n-2) = na,

number df multiplications =

( (n-2)+1) (p-1) + 4 (n-2) = nm,

number of divisions = n-2 = nd, and

number of storage locations = n(p1*) +n = ns.

The number of layers that one might expect for a synthetic

seismogram is n = 1000 (5). In order for the propagating

wave to travel to the 1000th layer and have that reflection

travel back to the surface it will require about 2000 steps

in time, p = 2000. So, in terms of a particular problem,

the complexity is na = 7,984,003, nm = 2,000,993,

nd = 998, ns = 2,002,000. The biggest problem here is

ns which can be greatly reduced by noting that only
T T-1u and u. for i = 1,...,n are required to compute

T+1 .
u for i = 1,...,n. The algorithm can be changed as

follows:
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Algorithm 2: Full Form with Reduced Storage

Initial conditions

1. Set j =1 and k=2.

2. Set r = r =u=U=Uk =uk =0.0 1 i n 1  2

3. For i = 2,...,n-l set u. = s(x.).
1 1

4. For i=2,...,n-lset u =u7.
i+l 1

Coefficients

5. SetR =R = 0
n

6. For i = 2,...,n-l compute R..

Wave propagation

7. For T = 1,... ,p-l do the following steps

a. Setr =u = 2uk - u3T+l 1 2 1

b. For i = 2,...,n-l compute uj.

c. Set u3 = ukn n-l'

d. Interchange the values of j and k.

End of Algorithm 2.

The phrase "compute " will be used instead of

equations when there is no confusion about which equation

is intended. In the above algorithm, rT is the result,

the synthetic seismogram. The number of obvious arith-

metic operations are the same as before, but now the

number of storage locations is ns = 2n + (p+ 1) . In terms

of the particular problem ns = 4001, a considerable

savings over the 2,002,000 required for Algorithm 1.
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Short Form

A common thing to do with synthetics is to produce

several different synthetics from the same set of R. 's

but having different initial wave shapes. This is con-

veniently done by letting the initial wave shape be an

impulse or spike, and then, using the resulting synthetic,

let it produce a variety of synthetics by convolution with

various wave shapes (1, 2, 5, 6). Algorithm 1 will pro-

pogate an impulse when u = 2, u = 0, u = 0, u = 1 and12 -0 1 =0 2 =1an

u0 = u1 = 0 for i = 3,..., n. In addition to the impulse

initial conditions, it will be assumed that the result is

desired only for the length of time required for the

impulse, to travel to the bottom layer and to have its

reflection return to the surface, p = 2(n-2). It is

helpful now to look at Figure 5 which depicts the compu-

tational pattern for the above scheme for a seven layer

problem. Each row in the figure represents the values of

u for i= 1,...,n and for a given T. The zeros are

values that will be zero throughout the computation.

The x's are possible non-zero values and the values con-

nected by the diamond pattern are those which affect the

result, u{ for T = l,...,p. The numbering of T begins

with 1 instead of 0 for convenience in algorithm develop-

ment. The only computation of interest then is for values

connected by the diamond pattern. The coefficients R

and R8 (Rn in general) are not included because they are

not used. The diamond pattern does not extend to the
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R2 R3 R4 R5 R6 R

T 2 3 4 5 6 7 8

1 2 0 0 0 0 0 0 0

2 0 1 0 0 0 0 0 0

3 x 0 x 0 0 0 0 0

4 0 x 0 x 0 0 0 0

5 x 0 x 0 x 0 0 0

6 0 x 0 x 0 x 0 0

7 x 0 0 x 0 x 0

8 0 x 0 x 0 x 0 x

9 x 0 x 0 x 0 x 0

10 0 x 0 x 0 x 0 x

11 x 0 x 0 x 0 x 0

12 0 x 0 x 0 x 0 x

13 x 0 x 0 x 0 x 0

Fig. 5--Computational Pattern

eighth (nth) column because the transmitting boundary at

that location assures that no wave reflects from that

column. Note that only u{T for odd values of T are

possibly non-zero. Hence, the calculation should end
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on an odd value T = 2n - 3. It helps to develop the final

algorithm in stages.

The first stage computes only every other u} in each

row of the computational pattern, thereby deleting zero

calculation and reducing the number of operations by one

half. The second stage will impose the triangular pattern

upon the first, again reducing the number of operations

by one half.

Algorithm 3: Synthetic Seismogram, Short Form I

Impulse source

1. For i = 1,2,.. .,n set u1 = u2 = 0.
1 1

1 22. Set u = 2andu2 =1.'

Coefficients

3. For i = 2 ,3,...,n-1 compute R..

Wave propagation

4. For T = 3 ,4,...,2n -3 do the following steps.

a. Set j = T mod 2.

b. If T is odd compute u1 .

c. For i = j+2, j+4,...,n-1 compute uT.

d. If T is odd and n is odd or T is even and

Tn is even compute un.

End of Algorithm 3.

Once again the number of storage locations required

can be greatly reduced since only values at two previous

time steps (rows of the computational pattern) are required.
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In addition the reduced storage requirement can be cut

in half since every other space in a row of the compu-

tational pattern is unused. This is done simply by

T-1 . Tstoring u. in the u. location and modifying the equa-

tions accordingly. The second algorithm stage is as

follows.

Algorithm 4: Synthetic Seismogram, Short Form II

Impulse source

1 2 21. Set u1 = 2, u2 = 1 and u = 0.

Coefficients

2. For i = 2,3,...,n-1 compute R..

Wave propagation

3. Set T = 2

4. For k = 3,4,...,n-l,n-2,...,2,l do the following

steps.

a. SetT= T+l.

b. Set j = k mod 2.

c. If T is odd compute u1 .

d. For i = j+2,j+4,...,k and while k 2j+2

compute uT.

e. SetuT =0.uk+ 2

End of Algorithm 4.

Algorithm 4 does not take advantage of simplified

equations for end values along the top of the triangle.

For example, the calculation for u5 in Figure 5 is (1-u5)RinFgue5is(- 5 )R6
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The end points on the bottom side of the triangle, say

10
U , do not have a simplified computation. If Algorithm 4

were modified to handle the end points differently then it

would mean added complexity for a reduction of about 3n

additions and subtractions. The number of multiplications

would remain the same. Hence, step 4e is necessary.

Comparison of Complexity

The greatest improvement in program speed is made by

reducing the number of operations that are in the section

of code that is executed most often. For Algorithms 1, 3

and 4 the "critical" sections are steps 6b, 4c and 4d

respectively. For comparison, let p of Algorithm 1 be

equal to 2n-3. The number of multiplications done in

step 6b of algorithm 1 is nm1 = (n-2)(2n-5) = 2n2 -9n+10.

The number of multiplications done in step 4c of Algorithm 3

n-2 2 9is nm3 2 ) (2n-5) = n -2-n +5. The number of multipli-

cations done in step 4d of Algorithm 4 is

n-1 2 12 5
nm = Zk/2+ k/2=n + 3. The number of

k=3 k=n-2

additions and subtractions are reduced similarly. In terms

of the sample problem discussed earlier nm1 = 1,991,010,

nm3 = 995,505, and nm4 = 497,503.

The storage requirement for both Algorithms 3 and 4

as noted can be reduced to ns3 = n + (2n-3) = n+ (p--1)

compared to ns2 = 2n+ (p+l) for Algorithm 2. Or

ns3 = 2997 compared to ns2 = 3997 for the sample problem.
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Examples

Algorithm 1 is simple enough to do some calculations

by hand and present them in computational pattern form.

Figures 6, 7, 8 and 9 show the patterns for a wave

reflecting from a single arbitrary reflector, a single

reflector with specified reflection coefficient, a layer

and a linear change (transition zone) in reflection

coefficients.

Figure 10 is a PL/I implementation of Algorithm 3

with reduced storage.
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R 0 0 0 0 R 0 0 0

i 1 2 3 4 5 6 7 8
T

0 2

1 1

21

3

4 1-R

5 -R 1-R

6 -R 1-R

7 -R 1-R

8 -2R

9 -R

10 -R

11 -R

12 -R(1-R)

13 R2 -R(1-R)

14 R2 -R(1-R)

15 R2 -R(1-R)

16 2R2

17 R2

18 R2

19 R2

30 R2(I-R)

Fig. 6 -- Single arbitrary reflector
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R. 0 0 0 .1 0 0 0 .1 0 01

i 1 2 3 4 5 6 7 8 9 10
T

0 2

1 1

2

3 .9

4 -. 1 .9

5 .1 .9

6 -. 2 .9

7 .1 .81

8 -. 1 -. 09 .81

9 -. 09 -. 09 .81

10 .01 -.18

11 .01 -.099 -. 09

12 .02 -. 099 -. 009 -. 09

13 -. 089 -. 009 -. 081

14 -. 198 .01 .0 -. 081

15 -. 099 .009 .009 -. 0081 -. 081

16 -. 1 .018 .0009 -. 0081

17 -. 001 -. 0792 .0099 -. 0081

18 -. 002 .0198 -. 0873 .009

19 .0188 .00099 -. 0882 .0081

20 .0396 -. 00001 .00009 -. 0891 .0081

21

Fig. 8--A Layer
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SYN: PROCEDURE OPTIONS (MAIN);
/* SYNTHETICSEISMOGRAM, 

SHORT FORM I

GET DATA (N); /*NUMBER OF LAYERS + 1 */

BEGIN;

DECLARE U(1:N )/*DISPLACEMENTS*/;

DECLARE R(1:N )/*REFLECTION COEFFICIENTS*/;

DECLARE S (1:2*N-3) /*SYNTHETIC SEISMOGRAM*/;

IMPULSESOURCE

SS,U= 0; S(1), U(i) = 2; U(2) = 1;

/ COEFFICIENTS

*/GET SKIP LIST (R);

SWAVEPROPAGATION

L = MOD(N,2);

DO TAU = 3 TO 2*N-3;

J = MOD(TAU,2);

IF J-= 0 THEN S(TAU), U(1) = 2.*U(2) - U(1);
DO I = J+2 TO N-1 BY 2;

U(I) = U(I+1) + U(I-1) - U(I) + R(I)*(U(I+1) U(I-1));

END;

IF (J-v= 0 & L-,= 0)I(Js=0 & L=0) THEN U(N) = U(N-1);

ELSE U(N) 0;
PUT SKIP DATA ((U(I))I = J+2 TO N BY 2);

END;

PUT SKIP (2) DATA (S);
/*END OF SYNTHETIC SEISMOGRAM, SHORT FORM I

END SYN;

Fig. 10--PL/I Implementation
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CHAPTER IV

SUMMARY

Synthetic seismograms aid in the search for hydro-

carbons. The generation of a synthetic by digital means

corresponds to the numerical solution of a one dimensional

wave equation for a layered medium. The solution is com-

monly done by Laplace or z-transforms. This thesis,

however, presents a solution based on the method of

finite differences which produces a compact computational

algorithm. The critical section of the algorithm contains

only one multiplication, two additions and two subtractions.

In Chapter II three variations of the wave equation are

shown to reduce to the same finite difference approximation.

In addition, it is shown that a grid refinement does not

change the solution in any way. Hence, it is optimal.

Chapter III develops two types of algorithms based on

the solution in Chapter II. The complexity of the algo-

rithms is discussed and compared in terms of the number of

obvious arithmetic operations and storage locations required.

The first algorithm is a direct application of the solution

while the second type of algorithm exploits economies that

occur when the seismic wave is assumed to be an impulse.

Several examples are also presented in Chapter III.
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Additional work in the area might include the following.

1. Show that the finite difference approximation is

actually an exact solution.

2. Present a stability argument.

3. Apply the results to the inverse problem. That is,

given the synthetic seismogram determine the distribution

of the earth's layers.

4. Compare the algorithm with existing algorithms.

With regard to the last item, the execution time of

an existing program was compared to a FORTRAN implemen-

tation of Algorithm 4 and found to be twice as long as the

new program. It would be desirable to make further com-

parisons but synthetic seismogram algorithms are not

commonly published.
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