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The purpose of this study was to develop a probabilistic

model that could be used by petroleum refiners to evaluate

the economic potential of refinery capital investment pro-

posals. The following two requirements were placed on the

development at the outset: (1) that the model use linear

programming to simulate refinery operations; and (2) that

the model keep computer time within reasonable bounds.

A probabilistic model was developed that requires the

following steps for its application: (1) use linear program-

ming to simulate both the operations of the existing refinery

and the operations assuming that the investment is made; (2)

select two variables that can be treated as probabilistic

variables and assign either a theoretical or a subjective

probability distribution to represent future values for the

two variables; (3) develop return on investment interpolation

data by computing a return on investment for all pair combi-

nations of three tenth year values for each of the two

probabilistic variables; (4) develop a return on investment

distribution by selecting values at random from the two

probability distributions and interpolating among the
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interpolation data to obtain return on investment data; (5)

interpret the return on investment distribution.

The model was applied to an actual refining situation

that involved determining the expected internal rate of

return of a proposed hydrocracker addition to a United States

refinery. Total computer time required to evaluate the

hydrocracker proposal was about 159 minutes. Accuracy of

the interpolation feature of the model was also determined

during the application. The average error of ten inter-

polated return figures that were selected at random for the

accuracy check was 1.89 per cent.

Conclusions drawn from the development and application

of the model are as follows:

1. A workable model was developed that can be used by

petroleum refiners to evaluate the economic potential of

refining investment proposals. Even though the model will

handle only two probabilistic variables, the model will

provide at least a partial assessment of risks inherent in

a given investment opportunity.

2. The model does keep computer time within reasonable

bounds.

3. The accuracy of the interpolation feature of the

model is sufficient. The model application revealed that

the average error of the interpolation part of the model

was about 1.89 per cent. This amount of error should be

tolerable even with investments yielding rather low rates of

return.
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4. The model is reasonably flexible. For example,

the model can be used to evaluate investments with lives

other than twenty years. Also, the model is not restricted

to the use of internal rate of return; other methods of

measuring economic potential, such as net present value and

payback, can be used. Finally, the model is not restricted

to the use of only the normal, uniform, and gamma probability

distributions even though these three theoretical distribu-

tions were the only ones dealt with in the model development.

Suggestions for further research are as follows: (1)

further study directed at developing a way for the model to

handle more than two probabilistic models seems feasible;

(2) further research could also be aimed at developing a

more accurate method of interpolation that is used to build

the return on investment distribution; and (3) additional

work could be done at adapting the model for use in other

continuous processing industries.
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CHAPTER I

INTRODUCTION

The health of our economic system depends heavily upon

the efficient allocation of capital and the management of

capital acquisition policies. In order to meet the challenge

of rising living standards and increased productivity at

lower costs, the financial manager must evaluate investments

in new products and manufacturing processes. Therefore, one

of the most important decisions that a manager will ever make

is the capital investment expenditure decision.

Capital investment decisions may be classified as tactical

or strategic. 1 A tactical investment decision generally

involves a relatively small amount of funds and does not con-

stitute a significant departure from what the firm has been

doing in the past. A trucking company's consideration of

buying a different brand of truck is an example of a tactical

decision.

Strategic investment decisions involve large amounts of

money and may also result in a major departure from what the

company has been doing in the past. Acceptance of a strategic

'Harold Bierman, Jr., and Seymour Smidt, The Capital
Budgeting Decision (New York, The MacMillan Co., 1966), p. 3.
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investment will involve a significant change in the company's

expected profits and in the risks to which these profits will

be subject. Such changes are likely to lead stockholders and

creditors to re-evaluate the company. The decision by a

major oil company to enter the nuclear energy field is one

example of a strategic decision. Failure by the company in

the nuclear energy field could seriously threaten the economic

well-being of the oil company itself.

Capital budgeting is the process of planning, evaluating,

and selecting among alternative investment proposals which

will yield returns over a period of years.2 Capital invest-

ments, once made, will produce results that will either please

or haunt the financial manager for many years. Two reasons

this is true are as follows: (1) capital investments often

involve large amounts of money; and (2) capital investment

planning utilizes forecasts that are intended to form the

framework for a company's future development. As a result,

any errors in evaluating and planning capital investments can

do irreparable harm to a company's efficiency and competitive

3
power.

The specific problem of capital budgeting is to decide

which of the available investment opportunities a company

2 Edward J. Mock, Financial Decision-Making (Scranton,
Pennsylvania, International Textbook Company, 1967), p. 372.

3Mock, p. 372.
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should accept and which it should reject. In order to make

this decision rationally, the firm must have an objective.

Profit maxmimzation is the objective that is quite often

assumed. In the long run the firm can either increase or

decrease its investment. The firm will usually increase

investment if investment promises to yield more than the

average rate of return on invested capital; it will reduce

investment if it promises to yield less than the average

return on invested capital; and it will maintain investment

if it earns the average return.4  In an opportunity cost

sense these criteria represent profit maximization so long as

the average rate of return is viewed in an opportunity cost

manner. Extending the rule of profit maximization to capital

investment, then, yields the following conclusion: an invest-

ment proposal should be accepted only if it adds to the

profits of the company after all costs, including the cost of

capital, have been met.5 This conclusion, which is the

essence of the capital budgeting decision process, is graphi-

cally illustrated in Figure 1. Curve A in Figure 1 shows

that the rate of return declines as investment increases, for

a given group of investment proposals. In other words, the

4J. Fred Weston and Eugene F. Brigham, Managerial Finance,
3rd ed. (New York, Holt, Rinehart and Winston, 1969), pp. 172-
174.

5Joel Dean, Capital Budgeting (New York, Columbia Univer-
sity Press, 1951), pp. 67-68.

6 Dean, pp. 67-70.
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Figure 1--Simplified capital budgeting model for a

typical firm that trades on the equity.

typical firm may have an investment proposal that promises

tog yield a 40 per cent return,, another promising 30 per cent,

another 25 per cent, etc. Not all proposals in any given

period will yield the same high return . As a result, the

typical firm faces a negatively-sloped return curve.7 Curve

B in Figure 1 indicates that the typical firm can obtain a

finite amount of capital in a given period at some constant

cost, but that beyond that finite investment volume, creditors

begin to believe that the firm may be assuming too much debt,

and as a result, creditors will demand higher and higher

I1t should be pointed out that some firms may select low
risk proposals first, and then seek higher returns . If this
is done, then the return curve would have a positive slope.

4 MMW
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interest rates on incremental investment. The main point of

Figure 1 is to show that a firm should not invest beyond the

point where curve A and curve B intersect, because it is at

this point that return on investment (marginal revenue) equals

the cost of capital (marginal cost). In Figure 1, Q, invest-

ment assures that all costs are covered, and it is at this

point that profits will be maximized.

The capital budgeting process is discussed in depth in

the next chapter.

In summary, it is clear that good capital budgeting pro-

cedures are paramount to the economic well-being of a business

firm. Capital expenditure decisions are normally irreversible,

because there is little or no secondhand market for many types

of capital goods. Finally, capital expenditure decisions must

be centered around a framework that distinguishes adequately

between the short range and the long range so that the proper

balance can be achieved between tactical investment decisions

and strategic investment decisions.

Summary of Remaining Chapters

Chapter II is a survey of the literature that first pre-

sents a discussion of the capital budgeting process, primarily

for the purpose of showing how the investment proposal evalua-

tion step fits into the overall process. This discussion is

followed by a detailed presentation of investment proposal

evaluation models. Finally, a statement of the problem is

given.

. ". 4n, -- -:",, ; i, . , I ,-, . .1-1 1 1- - 111. a- W*wmwA4wAwm i -- ,si4---A-,% . 1, -, - le"
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The probabilistic model that this study proposes is

developed in Chapter III. The intent of Chapter III is to

enable a potential user of the model to gain an understanding

of the model, and, after studying the chapter, to be able to

apply the model. Thus, Chapter III is both development and

applications oriented.

The probabilistic model is applied to an actual capital

investment proposal evaluation situation in Chapter IV.

Specifically, the model is used to evaluate the economic

feasibility of adding a heavy oil hydrocracker to an actual

United States refinery. Data was supplied by the refinery

owner, a major United States petroleum company.

A summary and the conclusions of the study are presented

in Chapter V. Suggestions for further research are also given.



CHAPTER II

SURVEY OF THE LITERATURE AND

PROBLEM STATEMENT

This chapter presents the following information: (1) a

brief discussion of the capital budgeting process, primarily

for the purpose of showing how the investment project evalua-

tion step fits into the overall budgeting process; (2) a

review of several current deterministic and probabilistic

investment project evaluation models; (3) a discussion of

investment project evaluation procedures that are currently

used by some petroleum refiners; (4) a problem statement.

The Capital Budgeting Process

The capital budgeting process involves several distinct

steps. Proposals to spend money must be generated, alternatives

must be evaluated against one another, decisions must be made to

implement specific projects, and action must be taken on these

decisions. Finally, certain projects should be post-audited

to provide feedback about the quality of the evaluation step.

The remainder of this section develops the capital bud-

geting process according to the following steps: (1) project

generation; (2) project evaluation; (3) project ranking and

selection; (4) project implementation; and (5) project perfor-

mance.

7
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Project Generation

It is normally not too difficult to obtain a set of

proposals for spending money. The objective, however, is

to select the most profitable set of proposals.

Recommendations for capital investment come from two

primary sources:

1. Top management of product divisions or departments.

2. Plant management and the engineering staff.1

Proposals for investment are often grouped according to

the following categories:

1. Replacements

2. Expansion of existing product lines

3. Addition of new product lines

4. Miscellaneous.2

Replacement decisions are probably the easiest to make.

Assets wear out and/or become obsolete, and they must be

replaced if production is to continue. Perhaps the firm can

reduce costs by replacing certain equipment. Such decisions

are tactical investment decisions.

Proposals to expand existing product lines usually arise

as a result of increasing product demand, or as a result of

expanding market efforts into new areas.

'Robert G. Murdick and Donald D. Deming, The Management
of Capital Expenditures (New York, McGraw-Hill Book Co.,
1968), p. 103.

2Weston and Brigham, p. 175.
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Addition of new product lines is probably the most

risky of the four types of proposals. Often very little

experience data are available on which to base such decisions.

Project Evaluation

The selection of capital investment alternatives always

involves choosing between two or more courses of action.

Potential alternative investments can be compared many ways,

but for purposes of capital budgeting, the following questions

are to be answered: Which alternatives will be the most

profitable? Do any of the alternatives promise enough earn-

ings on capital to cover its cost, to cover the risk to be

taken, and in addition, to produce a profit?

At this point, the investment choice reduces to a problem

of evaluating the profitability of each alternative course of

action relative to the other possible alternative courses.

The evaluation of a capital investment project begins

with the principle that the productivity of capital is measured

by the rate of return expected over some specified future

period of time.

A tremendous amount of effort has been applied to the

development of ways to improve our ability to discriminate

among investment alternatives. The aim of all of this work

has been to improve the definition of the value of capital

investments to the firm. The discounted cash flow methods

(internal rate of return and net present value) have emerged

N*NARNPMW , . - - - :4.As1Qpww*iApw$lAw*,- - - -- 
Zoo onamww----
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as the most favored ways of measuring the rate of return that

can be expected in the future from an investment made today.3

A number of elaborate mathematical formulas for comparing

the outcomes of various investments are presently available.

These techniques can be used to calculate expected returns to

a fraction of a per cent.

The astute businessman knows, however, that behind these

precise calculations are data which are not that accurate. At

best, the rate of return information that he is given is based

on a consensus of different opinions that carry varying relia-

bilities and different ranges of probability. Such information

is the product of deterministic capital budgeting models.

In short, the businessman realizes that there is something

more that should be known, something in addition to the ex-

pected rate of return. The businessman suspects that the

missing ingredient has to do with the nature of the data on

which the expected rate of return is calculated and with the

way those data are used. He recognizes the fact that a good

investment evaluation program should include risk analysis.

Risk analysis should be included because many of the variables

used in the rate of return calculation are subject to risk or

uncertainty.4

3David B. Hertz, "Risk Analysis in Capital Investment,"
Harvard Business Review, XLII (January-February, 1964), 95.

40ften a distinction is made between risk and uncertainty.
When a distinction is made, risk is defined as those situations
in which the range of probabilities of possible outcomes are
known for a particular variable; uncertainty is defined as
those situations in which probabilities are unknown.

W40yow -
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In some cases, risks can be reduced by implementing one

or more of the following approaches:

1. Variables that at first seem to be uncertainty

variables might be transformed into risk variables by obtain-

ing additional information through additional research.

2. If capital costs represent the risky part of an

otherwise promising investment, perhaps facilities could be

installed on a fixed cost basis by an outside contractor.

3. If future sales volume is the risk, then forward

vertical integration or long-term bulk sales contracts might

be the answer.

4. If raw material costs are uncertain, then backward

vertical integration or long-term bulk purchases might help

reduce the risk.

5. If technological problems tend to make productivity

uncertain, then subcontract critical steps in the process.5

Unavoidable risks can be dealt with by incorporating

risk analysis into the capital budgeting project evaluation

step. Risk analysis is an attempt to cope quantitatively

with the risk variables (variables classified under risk)

5Miles Kennedy, "Risks in Capital Budgeting: An Inter-
active Sensitivity Approach," Industrial Management Review,
IX (Spring, 1968), 125.

6 For a good discussion of risk analysis in capital invest-
ment, see David B. Hertz, "Risk Analysis in Capital Budgeting,"
Harvard Business Review, XLII (January-February, 1964), 95-
106.
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that contribute to the success or failure of an investment.

The objective of risk analysis is to determine the proper

probability distribution for each risk variable and to

combine such information in a mathematical model to reduce

the situation to one measure of effectiveness of investment,

such as the rate of return on investment.

It should be pointed out that quite often a payback is

calculated and used to supplement the discounted cash flow

methods. Payback represents the time required to recover

the investment. 7

Project Ranking and Selection

Theoretically, a firm will invest to the point where

marginal returns from investment are just equal to the firm's

marginal cost of capital.8 This fact was the essence of

Figure 1 discussed in the first chapter. If the firm can

operate in this manner, then it will make those investments

having positive net present values, and will choose between

mutually exclusive projects on the basis of the largest net

present value. In reality, however, a firm will often set a

R. I. Reul, "Which Investment Appraisal Technique Should
You Use?" Chemical Engineering, XXXII (April 22, 1968), 213.

8 No attempt is made here to go into the measurement of
the cost of capital dilemma. There are several ways of
approaching the calculation of a firm's cost of capital.
Consequently, there is considerable disagreement regarding
the "best" approach. Consult any good financial management
textbook for details on the various approaches.
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limit on the size of its capital budget in any year that is

less than the investment prescribed by the criteria discussed

above.

One reason for limiting the capital budget is that a

firm can physically handle only so much expansion over a

given period of time. A too high rate of expansion may

require additional personnel and thus create organizational

problems that could adversely affect prospective rates of

return on potentially rewarding projects. Top management

must make the decision regarding the total number of favor-

able projects to adopt in the capital budget.9

A second reason for limiting the capital budget is that

some managements may be reluctant to use external financing,

which might be required if the firm were to invest to the

point where marginal return equals marginal cost. Some

managements may refuse to use debt, perhaps afraid that they

might not be able to keep up the interest payments. Other

managements may not want to sell equity capital for fear of

losing voting control.1 0

A third reason for limiting capital outlays is the

"composition problem," which means that other firms in the

industry may be making similar investments. This problem

9
Weston and Brigham, p. 192.

10West on and Brigham, p . 193 .
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could obviously reduce overall prospective investment

returns for all concerned, particularly if the new invest-

ment should expand capacity beyond that which the industry

could absorb.

Under the more realistic conditions of capital rationing,

the probabilistic project evaluation model allows the decision

maker to discriminate between measures of variability of

return and risks.

To illustrate discrimination, consider the following

example presented in Table I and Figure 2. The example

involves two investments, A and B. 1 1

TABLE I

COMPARISON OF TWO INVESTMENT OPPORTUNITIES

Investment A Investment B

Amount of Investment $10mm $10mm
Life of Investment (Years) 10, 10

Expected Return on Investment 5.0% 6.8%
Variability of Return on

Investment
I chance in 50 of being
greater than 7.0% 15.5%

1 chance in 50 of being
less than 3.0% -4.0%

Risk of Investment
Chances of a loss Negligible 10%

Expected size of loss Negligible $200,000

"lTaken from Hertz, pp. 104-105.
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The expected return on investment distribution for the two

investments, generated by a probabilistic model, are shown

in Figure 2.

0

- U-

Figure 2--Return on investment distributions for two
investment opportunities.

Cumulative probability distributions can be derived from the

distributions in Figure 2. These cumulative distributions

are shown in Figure 3.

oo

cv:Nz 1KN C'. oT

Figure 3--Cumulative rate of return probability distribu-
tions for two investment opportunities.
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After analyzing Figures 2 and 3 plus the data in Table

I, it is concluded that:

1. Investment B has a higher prospective rate of return

than investment A.

2. Investment B has considerably more variability than

investment A. Although investment B would be expected to

earn 6.8 per cent, it could earn as high as 15 per cent or

as low as -5 per cent (loss). Investment A would not be

expected to vary greatly from the expected 5 per cent rate

of return.

3. Investment B is far more risky than investment A.

There is essentially no chance of a loss on investment A.

However, there is a 10 per cent chance of losing money on

investment B, and if a loss should occur, its expected size

is about $200,000.

An analysis of this kind, then, gives the decision maker

a reasonably good idea of the risk and uncertainty surround-

ing different investment opportunities.

Finally, investment alternatives may be ranked according

to the following: (1) expected rate of return; (2) risk;

(3) net present value; and (4) payback period. In the final

analysis, however, management may select a rather low-yielding

project over superior ones because the project may fit in

better with long-range plans, or because it represents a well-

timed, opportunistic investment. Normally, however,
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management will strike some desired balance between risk and

profitability, and also a balance between tactical and

strategic investments.

Project Implementation

After investment projects have been selected, they must

be rapidly implemented in order to secure the expected

returns at as early a date as possible. The time required

will depend greatly on the urgency of the project. Building

production facilities for new products or to meet increased

demands for existing products should move forward rapidly.

On the other hand, getting "new" processes into stabilized

production often proves very slow. This difference occurs

because "new" equipment will almost certainly introduce new,

difficult problems because of lack of experience. Conse-

quently, production and sales will be held up by delays.

Quite often such problems stem from poorly defined implement-

ing responsibilities .12

Effective control over the implementation of investment

projects presupposes well-defined lines of responsibility.

Under such conditions, joint efforts to deal with bottlenecks

can be achieved. This, of course, means that the installation

and use of new equipment should be the responsibility of

12 Murdick and Deming, pp. 120-121.
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individuals. In order for individuals to effectively fulfill

responsibilities, plans and schedules are imperative. Plans

and schedules allow for the use of control procedures, which

permit comparison of plan with performance and serve as

guides for corrective action when needed.

Network techniques, such as Program Evaluation and

Review Technique (PERT) and Critical Path Method (CPM), are

extremely useful in planning and controlling the construction

of new equipment. Either technique can be used to approach

a construction job from a systems standpoint; this is

accomplished by PERT or CPM, since either method reveals the

interrelationships among activities, such as equipment

selection, purchasing, installing, debugging, and breaking-

in. The net result of using PERT or CPM is quicker project

implementation, which means money saved, since in most

instances, time is money.

Project Performance

The final step in the capital budgeting process is the

performance review, where actual performance is evaluated by

determining the extent to which projects have achieved the

results projected for them. Performance review is an impor-

tant step because it is here that one attempts to determine

whether the original assumptions, policies, and analyses

used in project evaluation and selection have proved sound

in terms of actual results. Performance review is much
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broader than an accounting audit that determines whether

project costs have exceeded cost estimates.
1 3

Among the advantages of conducting a performance review

are the following points:

1. Prevents repetition of past mistakes.

2. Focuses attention on weak organizations that are

committing serious mistakes, and on the other hand, points

out organizations that are performing well, which itself can

provide incentive for improved performance.

3. Is useful in training young managers, because

reviewing work will help develop skills in production,

pricing, market analysis, and human relations. 1 4

Many firms that post-audit investment projects will set

a minimum on the size of the projects to be reviewed. For

example, a firm may not review a project involving less than

$250,000. Review should begin shortly after projects are

complete and continue on at least an annual basis until

management decides that review is no longer justified.

Performance reviews will typically focus on financial

results, such as rate of return, which is often the measure

used in selecting the project in the first place. This

means that the success of a project will be determined by

1 3 John B. Mathews, "How to Administer Capital Spending,,"

Harvard Business Review, XXXVII (March-April, 1959), 95.

14 Mathews, p. 95.
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measuring the rate of return achieved during the period

under review, and variations from original estimates must

be explained through variance analysis.

A Closer Look at the Project
Evaluation Step

In discussing both project evaluation and project rank-

ing and selection earlier in this chapter, both deterministic

and probabilistic evaluation models were mentioned. A

question must arise concerning when each should be used in

evaluating investment proposals. Briefly, a deterministic

model should be used when numerical values for all variables

15
in the model are known exactly. In other words, there is

no uncertainty about the input data that the model needs.

Product prices, product demand, labor and manufacturing

costs, raw material costs, for example, are known with

assumed surety. But in the real world, all these values are

seldom known with certainty. In such cases, probabilistic

models should be considered. In deciding how to choose

between the two types of models, the following three factors

should be considered:

1. The nature of uncertainty in the real world

situation.

1 5 Harvey Wagner, Principles of Management Science

(Englewood Cliffs, New Jersey, Prentice-Hall, Inc., 1970),

p. 333.
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2. The way the mathematical model handles uncertainty.

3. The computational technique required to solve the

16
model.6

There is no clear-cut line of demarcation available

that will spell out exactly when to use a deterministic or

probabilistic model, but consideration of the three factors

above indicates that when uncertainty exists, when the model

can truly handle the particular uncertainty, and when the

computational techniques are not extremely cumbersome, then

a probabilistic model should be used. An example of such a

model would be one of the familiar stochastic inventory

models. If uncertainty does not exist, or if one of the

latter two considerations listed are not adequately met,

then perhaps a deterministic model should be used. Finally,

if uncertainty does exist, but either the model fails to

handle the uncertainty appropriately or requires an excessive

amount of time to solve, then again a deterministic model

might be best. An example of the latter set of conditions

is the use of stochastic linear programming for large-scale,

complex problems; current stochastic linear programming solu-

tion techniques would present a huge time problem in the

solution phase of the model application.1 7

16 Wagner, p. 333.

1 7 Wagner, p. 351.
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Deterministic Project Evaluation Models

The deterministic project evaluation model is simple

and easy to apply. The model involves first calculating

yearly cash flows and then using the cash flows to 
calculate

the payback period, net present value, internal rate of

return, or perhaps some other measure of the economic

potential of a given investment proposal. Since numerical

values are unquestionably known for all variables, the

procedure boils down to a simple "plug-in" operation, thus

yielding "the" value for payback, rate of return, or what-

ever measure of economic potential is being calculated.

Probabilistic Project Evaluation Models

Probabilistic project evaluation models may be catego-

rized as those that use discreet probability distributions

to represent the probabilistic variables, those that use

continuous distributions, and those that use both discreet

and continuous distributions.

Models that use discreet distributions.--The discreet

distribution models require the determination of the probabi-

lities of all possible outcomes for each of the probabilistic

variables. These probabilities and outcomes plus the data

for the deterministic variables in the model are combined to

calculate cash flows for all combinations of the different

outcomes for the probabilistic variables.

a wam 4"Now
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Perhaps an example will help clarify this discussion.'
8

The information in the tree diagram of Figure 4 on the next

page represents the evaluation of a particular investment

proposal. Product volume and manufacturing costs are the

only two probabilistic variables. Note that the tree diagram

is set up to represent all combinations of the three possible

product volumes and the three manufacturing costs. In this

particular analysis the data do not change from year to year;

therefore, the figures in Figure 4 represent yearly data

covering the life of the investment. (If data changes from

year to year, then a diagram for each year would have to be

set up.)

The significant data in Figure 4 are the figures in the

extreme right-hand column. These figures are the expected

net income (after taxes) for each combination, and their sum

($42,160) is the total expected value of net income that the

investment promises to yield for each year of its designated

economic life. This expected net income can be used to

compute the desired measure of economic potential, i.e.,

payback, rate of return, etc.

Models that use continuous distributions .-- The continuous

probability models use continuous distributions to represent

1 8The example is patterned after the examples in John F.

Magee, "How to Use Decision Trees in Capital Investment,,"

Harvard Business Review, XLII (September-October, 1964), 79-
96.
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the range of possible outcomes for each of the probabilistic

variables. Figure 5 on the next page shows in brief outline

the make-up of a typical probabilistic model that uses

continuous distributions. Note that selling price, manu-

facturing costs, and market size are the probabilistic

variables in the particular investment analysis. The future

outcomes of each of these three variables are represented by

a continuous probability distribution. It is significant to

point out that, unlike the model using discreet distributions,

it is advantageous to use computer simulation to apply the

continuous distribution model. This means that the model in

Figure 5 is iterated a predetermined number of times, where

during each iteration a numerical value is randomly selected

by Monte Carlo sampling from each of the continuous distribu-

tions for use in calculating cash flows. In this way, the

possible outcomes of each of the probabilistic variables are

simulated on the computer. A rate of return, net present

value, or whatever measure of economic potential is desired

is calculated during each iteration of the model, and then

averaged to yield an expected value. Standard statistical

techniques can be used along with a plot of the data to set

up confidence limits for the expected value.

Models that use both discreet and continuous distribu-

tion.--Models that use both discreet and continuous
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distributions are handled by using computer simulation in

the same manner as outlined for the continuous distribution

model.

Conclusion

A brief look has been taken at deterministic and

probabilistic capital investment project evaluation models.

Several criteria were given for determining when to use a

deterministic model or a probabilistic model. Two probabi-

listic models were presented to show how risk analysis can

be incorporated into a deterministic model. Finally, it

should be pointed out that the incorporation of risk analysis

into project evaluation does not reduce risk. Rather, it

only gives fuller appreciation of the risks, which should

help produce better capital expenditure decisions.

Project Evaluation in
Petroleum Refining

Deterministic project evaluation models that utilize

linear programming to simulate refinery operations are

currently used by some of the major petroleum companies in

the United States. 19 A search of the literature indicated

very little progress has been made in converting such models

to needed probabilistic models.

1 9 Based on the author's experience in the petroleum
industry and on discussions with industry executives.
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Why should the linear programming related project

evaluation models be probabilistic in nature? The answer

is that petroleum refiners face substantial risks and

uncertainties in their industry, some of which are as follows:

1. Product demand.

2. Construction and labor costs.

3. Raw material costs.

4. Government-imposed regulations of sulfur content of

fuels.

5. Government-imposed regulations on aromatic content

of gasoline.

6. Government-imposed regulations on lead content of

gasoline.

7. Product distribution costs.

These and other risks and uncertainties are certainly suffi-

cient to call for the use of probabilistic project evaluation

models by refiners, particularly when evaluating major capital

investment proposals.

Why are the linear programming related project evalua-

tion models deterministic in nature? They are still

deterministic because no reported practical way has been

developed that will convert to a probabilistic model and at

the same time keep computer time within reasonable limits.

In order to appreciate the conversion-time problem,

first consider the procedure used in applying the deter-

ministic linear programming related project evaluation models.
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A commonly-used procedure is as follows: (1) simulate

current refinery operations, as well as operations assuming

the investment is made, using linear programming; (2) use

the refinery models to generate "optimized" refinery operat-

ing data for use in calculating annual cash flows that the

proposed investment could be expected to generate; (3) apply

the cash flows to the investment to calculate a deterministic

measure of economic potential, such as rate of return or net

present value; and (4) use sensitivity analysis to determine

how sensitive the return or net present value is to changes

in numerical values of selected variables.20

The computer time required for applying the deterministic

model is reasonable. It is common practice to evaluate refin-

ing investments over a twenty year life. In doing so, cash

flows are computed annually for the first ten years, and then

the tenth year figures are used for each of the remaining

ten years. This means that twenty linear programming solu-

tions are needed for the evaluation of one investment proposal.

Approximately one hour of computer time is required for these

twenty solutions .21

20Sensitivity analysis is a rather weak attempt at

incorporating some degree of risk analysis into the evalua-
tion.

1This time is based on using the IBM Model 50 (256 K

core memory) linear programming solution code to solve a 100

x 200 linear program, which would represent the simulation
of a rather simply configurated refinery.
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The one hour of computer time associated with the deter-

ministic model is, most would agree, economically feasible.

It is when an attempt is made to convert to a probabilistic

model that computer time increases beyond economic feasi-

bility. For example, the model can be made probabilistic by

using Monte Carlo sampling to obtain values for the probabi-

listic variables for each iteration of the entire model

(where each iteration computes a rate of return or net present

value, for example). If 750 iterations are needed, then at

least 750 hours of computer time would be required just for

solving the refinery linear programming models.22 This amount

of time would be economically prohibitive in spite of the

fact that the above method is technically sound.

Another approach to the problem of converting to a

probabilistic model is the use of stochastic linear program-

ming. Efforts in this area have been unsuccessful, however.

The reason is that no practical way has been found that will

allow current stochastic linear programming solution tech-

niques to handle large, real-world linear programming

applications. The two-stage solution technique is highly

impractical for large applications, which the simulation of

any refinery would definitely be, and the chance-constrained

22A method for determining the number of iterations is

presented in Chapter III. Use of the method indicates that

750 iterations is in the neighborhood of a minimum number of

iterations required for any simulation.
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solution technique is also inadequate because the technique

in no way will assure an optimum solution. The application

of stochastic linear programming to most real-world problems

is not yet practical; however, theoreticians and practitioners

are working on reversing the situation.23

Based on a survey of the literature, therefore, it is

concluded that the development of probabilistic capital

investment evaluation models that use linear programming to

simulate refining operations is an underdeveloped area that

needs developing because petroleum refiners should, in many

cases, use probabilistic models for evaluating investment

proposals. One problem that must be overcome before progress

can be made is the computer time problem that was previously

discussed. What is needed, then, is a probabilistic model

that minimizes the number of times the refinery model has to

be solved--a model that keeps computer time within reasonable

bounds.

Statement of the Problem

The purpose of this study is to develop a probabilistic

project evaluation model that can be used by petroleum

refiners to evaluate the economic potential of capital invest-

ment proposals. The model will use linear programming to

simulate refinery operations and Monte Carlo sampling to

23 Wagner, pp. 351-359.
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handle probabilistic variables. Major emphasis will be on

minimizing the computer time requirement of the model.

Secondary emphasis will be on model practicallity and

simplicity.



CHAPTER III

DEVELOPMENT OF THE MODEL

This chapter presents the development of a probabilistic

model that is intended for use by petroleum refiners to

evaluate the economic potential of refinery capital invest-

ment opportunities. The model will be an investment

evaluation model that can be used specifically in the project

evaluation step of the capital budgeting process.

Figure 6 on the next page shows in brief outline the

model that will be developed. Figure 6 is intended to

provide an overview of what will be found in this chapter.

The model will be developed in three parts, which are

briefly described below:

1. The first part deals with the refinery linear pro-

gramming simulation model. An example is given that

illustrates the simulation of a continuous-flow process

using linear programming.

2. The second part develops the risk analysis portion

of the model. This section, which is the primary contribu-

tion of this study, first explains how probabilistic

variables are chosen, and second, how they are incorporated

into the model. The development of return on investment

33
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interpolation data is also explained in this second part of

the model development.

3. The third part explains how the refinery simulation

model and the risk analysis model are combined with Monte

Carlo sampling to develop an internal rate of return distri-

bution.1 The interpretation of the distribution is also

discussed in the third section.

Part 1: The Refinery Simulation Model

Linear programming has been used for a number of years

by petroleum refiners to simulate refinery operations. Given

a set of operating restraints such as material balance re-

straints, crude oil availability restraints, equipment

capacity restraints, processing utility requirements, product

quality restraints, and marketing restraints, the linear

programming model will solve for the most economical way in

which to operate the refinery. For example, the linear

programming solution will give the optimal amount of each

crude oil to refine, the most economical way to blend prod-

ucts, and the volume of each product to produce.

In the evaluation of refinery investment proposals, the

refinery model is used to generate refinery operating data

for use in calculating cash flows.

'The discussion from here on will mention only the inter-
nal rate of return as the measure of an investment's potential.
Other measures, such as net present value, can be used without
modification of the model, however.
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The first step in simulating refinery operations is to

develop a process flow schematic of the refinery. This

schematic should show all significant streams and processing

equipment in the refinery. Just which streams are significant

is a matter of judgment, but in general, all raw material,

intermediate product, and finished product streams would be

considered as significant streams. The primary problem here

is in striking the proper balance between simplicity (i.e.,

not showing all streams) and depiction of reality. Increased

detail increases the representation of reality on the one

hand, but on the other, it tends to create a large, complex

model that may consume a great deal of computer time. The

amount of detail also depends upon what the model will be

used for. If the model is to be used in planning refinery

operations, then a great deal of detail should be shown. When

used for capital budgeting purposes, less detail is needed

because of the long range forecasting nature of capital budget-

ing. Under such circumstances, it is rather futile to go into

so much detail. Finally, the process schematic should reflect

any refinery operating changes in progress and also major

changes that are definitely planned for the immediate future.

After a flow schematic has been decided upon, the next

step in simulating refinery operations involves gathering

refinery data. Refinery data needed are listed below:
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1. Yield data on all processing equipment. This data,

used in making a refinery material balance, should be con-

gruous with the flow schematic. The data should also be

recent data, taken under stable operating conditions.

2. Crude oil availabilities and prices.

3. Utilities consumption on all refinery processing

units. Utilities include electricity, water, catalyst,

steam, and royalties.

4. Blending properties on all gasoline blending compo-

nents. Such properties include research octane number, motor

octane number, lead susceptibility, and Reid vapor pressure.

5. Blending properties on all components going into jet

fuel and heating oil blends. These properties include speci-

fic gravity, sulfur content, pour point, and cetane number.

6. Product prices and maximum potential marketing

volumes.

7. Refinery processing-unit capacities.

Building the Refinery Model

The refinery flow schematic and the data are used to-

gether to construct the linear programming simulation model

of the refinery.

Each stream shown on the flow schematic will be repre-

sented by a restraint, and collectively, will make up the

material balance restraints. These material balance
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restraints maintain the integrity of the refinery material

balance at all times.

To illustrate the formulation of material balance re-

straints, consider the simple flow schematic and material

balance data shown in Figure 7.

o~soNo. a

OO

Figure 7--Flow schematic and material balance data

In Figure 7 the letters A to I represent activities , or

variables in the continuous process . The numbers represent

material balance data in barrels . For example, process "B"

produces three streams, and for every barrel of feed,, process

"B" produces 0.20 barrels of one stream, 0.50 barrels of a

second, and 0.30 barrels of a third stream.

Using -the information shown in Figure 7, the material

balance restraints for the entire process are as follows:

A - B = 0

.2B + .2C - E = 0

.5B + .1D - C = 0
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.8C - F = 0

.3B - D = 0

.2D - G = 0

F + G -H = 0

.7D - I = 0

where

A = purchase process raw material

B = process "B"

C = process "C"

D = process "D"

E = sell Product Number 1.

F = blend stream from process "C" to make Product
Number 2.

G = blend stream from process "D" to make Product
Number 2.

H = sell Product Number 2.

I = sell Product Number 3.

The following should be noted with respect to the

material balance restraints:

1. A separate restraint is needed for each stream,

where a stream is defined as one having a point of origina-

tion and a point of destination with nothing in between.

2. The restraints are equalities, which are necessary

in order to maintain the refinery material balance.

3. Stream originations carry positive signs in the

restraints, and stream destinations carry negative signs.
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This sign convention is arbitrary, i.e., the opposite

convention could be used. The important thing is to adopt

a sign convention and to be consistent in its use throughout

the model.

Processing unit capacity restraints are simple. To

illustrate, assume that processing unit "B" in Figure 7 has

a maximum capacity of 20,000 barrels per day. The capacity

restraint to represent this situation is:

B 20,000.0.

Note that this is a "less than or equal to" restraint. This

feature adds flexibility since it allows unit B to process

from zero to 20,000 barrels per day, the exact amount being

whatever is most economical, as determined by the refinery

model.

Utility restraints represent cost functions for elec-

tricity, water, fuel gas, steam, catalyst, and royalties

that are consumed by the refinery processing units. To

illustrate, assume that processing unit "B" in Figure 7

consumes 0.50 kilowatt-hours (kwh) of electricity per barrel

of feed; process "C" consumes 2.1 kwh; and process "D"

consumes 1.5 kwh per barrel. The electricity restraint for

the three units is as follows:

0.5B + 2.lC + 1.5D - J = 0

where

J = a variable representing the total electricity
consumption in kwh.
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B = barrels per day of feed to process "B."

C = barrels per day of feed to process "C."

D = barrels per day of feed to process "C."

The other utility restraints are developed in the same manner.

If there is a limited supply of crude oil available,

then this situation should be represented by a restraint.

To illustrate, assume that variable "A" in Figure 7 repre-

sents the purchase of crude oil, of which there is a maximum

of 50,000 barrels per day available. The restraint for this

supply limitation is as follows:

A ; 50,000.0.

Here again the restraint is a "less than or equal to"

restraint, a condition that will allow the refinery model

to determine the most economical amount of crude oil to

refine.

Product quality restraints are used in the refinery

model for blended products. To illustrate, consider Product

Number 2 in Figure 7. This product is made by blending two

streams as shown. Assume that Product Number 2 must not

exceed a Reid vapor pressure of ten pounds per square inch

(psi). In order to develop a restraint for this situation,

the Reid vapor pressure of both streams must be known.

Assume that the stream from process "C" averages 10.5 psi,

and the one from process "D" averages 9.3 psi. The vapor

pressure restraint is therefore:

10.5F + 9.3G - 10.0 H < 0
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where

F = barrels of the stream from process "C" in the blend.

G = barrels of the stream from process "D" in the blend.

H = barrels of Product Number 2.

This "less than or equal to" restraint will assure that the

Reid vapor pressure of Product Number 2 will not exceed ten

psi.

Lead representation in the gasoline blending part of

the model is relatively complicated because the relationship

between incremental lead added and octane number improvement

is non-linear.2 This situation can be handled by represent-

ing lead responses by a series of straight line segments.

The lengthy methodology will not be presented here. Instead,

refer to the IBM publication given in the second footnote in

this chapter for a thorough treatment of lead representation

in a refinery linear programming simulation model.

Marketing restraints usually represent maximum product

demand. To illustrate, assume that maximum demand for

Product Number 1 is forecast at 5000 barrels per day over

the simulated period. The restraint for this marketing

limitation is simply

E < 5000.0

2Linear Programming Gasoline Blending, Data Processing
Application (White Plains, New York, International Business
Machines Corporation, 1965), p. 19.
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where

E = sales of Product Number 1 in barrels per day.

This "less than or equal to" restraint will give the linear

programming model the freedom to choose the most economical

volume of Product Number 1 to produce, up to a maximum of

5000 barrels per day. If a definite amount of a product is

to be produced then an "equality" restraint must be used.

The objective function should include all costs (utility

costs, crude oil costs, etc.) and all product prices. If the

function is to be maximized, then costs should carry negative

signs and prices positive signs. If it is to be minimized,

the opposite sign convention should be used.

"Two Models in One" Needed

As pointed out in Chapter II, incremental cash flows are

calculated by subtracting the base case (representing the

existing refinery) model output from the investment case

model output. The discussion, up to now, has been directed

at building the linear programming model that simulates the

existing refinery. The model must also be capable of simulat-

ing the refinery assuming the investment is made. This can

be done by building into the base case model the necessary

restraints and/or additions to restraints so as to reflect

refinery operations after the investment is made. This in

effect yields "two models in one." (If more than one invest-

ment proposal is to be evaluated, then all of the proposals
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should be built into the same base model.) Then when the

base case is to be solved, for example, all that needs to be

done is to set equal to zero those variables that directly

represent all new investment cases. Thus, by zeroing out

the proper variables, a given investment proposal can be

isolated in the overall refinery model and subsequently

solved to determine the optimum refinery operating conditions

for the selected investment proposal.

For additional information on refinery simulation using

linear programming, refer to An Introduction to Linear

Programming, Data Processing Application (White Plains, New

York, International Business Machines Corporation, 1964)

and Refinery Simulation (Ferndale, Michigan, Ethyl Corpora-

tion, 1964).

Part 2: The Risk Analysis Model

The deterministic project evaluation model that is so

widely used by refiners would, at this point, be complete.

The model would simply use the refinery models' data to cal-

culate cash flows, and then use the cash flows to calculate

a deterministic internal rate of return. "Most likely"

values would, of course, be used for all variables in the

model.

In order to convert the deterministic model to a proba-

bilistic model, it is necessary to incorporate risk analysis

into the model. The methodology for accomplishing this is
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the objective of this section. Specifically, the risk

analysis model to be developed here will combine the refinery

linear programming models with the internal rate of return

calculation in such a way so that it allows two variables to

be treated as probabilistic variables. In compliance with

the "Statement of the Problem" in Chapter II, the risk

analysis model must be incorporated in such a way so that it

keeps computer time within reasonable bounds. Whether this

can be successfully done will depend almost exclusively upon

the number of times the refinery model has to be solved per

investment proposal evaluation.

Choosingthe Two Probabilistic Variables

The risk analysis model will handle only two probabilistic

variables. (The reason only two can be handled will be ex-

plained later in this chapter.) The choice of a probabilistic

variable must fulfill at least the two following requirements:

(1) the variable must be quantifiable; and (2) a probability

distribution representing future outcomes of the variable

must be assignable in a rational manner.

The two variables chosen should be variables that can

significantly affect the prospective return on a refinery

investment. For example, such variables might be (1)

gasoline prices; (2) gasoline demand; (3) crude oil process;

(4) crude oil availability; (5) limitations on sulfur content

of heating oils; and (6) stricter limitations on gasoline
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lead content. Of course, it is actually a matter of judgment

as to which two variables one believes are most significant.

Objective vs. Subjective
Probabilistic Variables

After the two probabilistic variables have been chosen,

they must be set up for subsequent use in (1) developing

return on investment interpolation data; and (2) Monte Carlo

sampling, which is used in conjunction with the interpolation

data to develop the ultimate product of the overall model,

the return on investment distribution. (Details on how the

two probabilistic variables, once set up, are actually used

in the model will be discussed later in this chapter.)

The set-up of a probabilistic variable involves the

following two steps:

1. Forecast the expected movement of the variable over

the first ten years of the investment life, using any accept-

able forecasting technique, e.g., the method of least squares,

to derive a regression equation for use in making the ten

year projection. The forecast value in the tenth year is

the value sought, since it is this value that will be used

as the mean of a continuous probability distribution that

will be assigned to represent the range of possible tenth

year values of the probabilistic variable.

2. Assign a continuous probability distribution, either

objectively or subjectively, to represent the range of pos-

sible values that the variable may take on in the tenth year
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of the investment life. This probability distribution is

the one mentioned in the previous step.

Figure 8 is intended as a visual aid to help clarify

the two steps just described.

--.
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Figure 8--Pictorial representation of the setting up of

a probabilistic variable .

Figure 8 shows that the expected movement of the probabilistic

variable has been projected ten years and that a continuous

probability distribution has been assigned to represent the

range of possible values that the variable may take on in
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the tenth year. In other words, the variable would be

expected to move along the projected dotted line in Figure

8, but the probability of it doing so is zero. The proba-

bility distribution is used, therefore, to represent a

possible deviation away from the expected movement in the

first ten years of the investment. The distribution

represents potential tenth year values of the variable. Only

one value, will, of course, prevail at any given time; but

nevertheless, the variable is subject to move along one of

many possible paths in the future.

The reason for forecasting ten years is that it is

common in the evaluation of petroleum refining investment

proposals to forecast yearly for the first ten years, and to

use the tenth year values for each of the remaining ten years.

(Petroleum refining investments are normally evaluated for a

twenty year life.)

The probability distribution representing the future

movement of the variable will be either objectively or

subjectively assigned. If adequate data is available on past

behavior of a variable, then it may be possible to assign a

distribution objectively. Subjective distributions, which

are developed from educated guesses, can be assigned when

past data is lacking, or when one believes that these guesses

will better represent the range of possible future outcomes

of the variable than will an objective assignment (which
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amounts to an extrapolation of the past). Actually, any

and all variables can be handled subjectively, but not all

variables can be handled objectively.

The highlights of the two steps required to set up a

probabilistic variable are now discussed. The discussion

will first deal with objective probabilistic variables and

will be followed by a similar discussion on subjective

probabilistic variables.

Objective probabilistic variables .-- When the probabil-

ities of the range of future outcomes of a variable can be

described by a theoretical continuous probability distribu-

tion, then that variable is defined here as an objective

probabilistic variable.

There are numerous continuous probability distributions

from which to choose. Three theoretical distributions that

are recommended by this writer are as follows:

1. The uniform distribution can be used where the

probabilities of occurrence of all values over a specified

range are equal.

2. The normal Gaussian distribution is useful for

representing symmetry.

3. The gamma distribution can be used to represent a

skewed distribution.

Although other continuous distributions can be used in the

model, this study limits the choice to these three, for the

following reasons:
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1. The three distributions are easy to apply.

2. The three distributions together represent the

desired conditions of uniformity, symmetry, and skewness.

3. It would be impractical to present all of the

theoretical distributions that could be used.

How is it determined which of the three recommended

distributions best represents an objective probabilistic

variable? The answer is to apply a nonparametric statistical

goodness of fit test to a sample of data that represents the

variable. Two such tests are Chi-square and Kolmogorov-

Smirnov. Kolmogorov-Smirnov is preferred because this test

is more powerful than the Chi-square test.3 It should be

pointed out, however, that both the Chi-square and the

Kolmogorov-Smirnov tests, as well as other similar tests,

can be applied to provide a more thorough substantiation of

the proper theoretical distribution to be used.

The mechanics, plus an example illustrating the mechanics,

of setting up an objective probabilistic variable are pre-

sented in Appendix A. The illustrative example in Appendix A

treated monthly changes in average nationwide wholesale price

of regular grade gasoline as an objective probabilistic vari-

able. (What is implied here is that gasoline price can not be

3 J. W. Smidt and R. E. Taylor, Simulation and Analysis of
Industrial Systems (Homewood, Illinois, Richard D. Irwin,
Inc., 1970), p. 233.
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determined with surety over the first ten years of invest-

ment life, and as a result, it is proper to represent the

future movement of price with an objective probability

distribution.) Objective assignment was attempted because

past price data was available. In the example it was deter-

mined that gasoline price was expected to be 21.50 cents per

gallon in mid-1981, which is the tenth year of the particular

investment. Further, application of the Kolmogorov-Smirnov

test indicated that the sample of price change data was

normally distributed, with a standard deviation of 0.137 cents

per gallon.

Sub jective probabilistic variables .--Sub jective

probabilistic variables are defined here as variables for

which a subjectively determined probability distribution is

used to represent and determine the probabilities of occur-

rence of the range of possible future outcomes of the

variable. Instead of fitting a theoretical distribution to

a set of observed data, a probability distribution is

literally constructed by obtaining a consensus of relative

educated guesses regarding future outcomes in the tenth year

of the investment's life. These educated guesses, obtained

from individuals with detailed knowledge about the particular

variable, are converted into probabilities, and from these,

a subjective probability distribution is constructed.
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The mechanics, plus an example illustrating the mechan-

ics, of setting up a subjective probabilistic variable are

presented in Appendix B. The example in Appendix B treated

the future movement of the price of a particular crude oil

as a subjective probabilistic variable. In the Appendix B

example, it was determined that crude price was expected to

be $3.30 per barrel in mid-1981, the tenth year of the

particular investment. Because of the possibility of

increased imports, the experts decided that crude price could

be as low as $3.00 per barrel in mid-1981. Based upon a

pessimistic price forecast, the experts felt that, on the

other hand, crude oil price could be as high as $4.30 per

barrel in mid-1981. The subjective probability distribution,

shown in Figure 14 of Appendix B, can be used to determine

the probability of occurrence of a crude oil price falling

anywhere between the lower $3.00 per barrel price and the

upper $4.30 per barrel price.

Most variables in a petroleum refining study will

probably have to be handled subjectively due to the lack of

reliable historical data and also because the model user may

believe that educated guesses will be more reliable than will

an objectively fitted distribution. The latter point may

need some clarification. When a distribution is fitted

objectively, it is assumed that the same forces that deter-

mined the variables' past behavior will continue to do so in



53

the future. Thus, the future is an extrapolation of the

past. This assumption does not necessarily have to be made

with a subjectively fitted distribution. For example, in

the Appendix B example that dealt with crude oil price, any

number of relevant forces could have gone into an expert's

thinking when arriving at upper and lower price limits and

the odds on prices between the limits. Therefore, the beauty

of using a subjective distribution is that it can be made to

reflect many different forces that one believes will determine

the range of possible future outcomes of a variable.

It should be pointed out that gasoline price (the example

in Appendix A) could have been treated as a subjective

probabilistic variable. On the other hand, it probably would

have been hazardous (though not impossible) to have treated

crude oil price as an objective probabilistic variable,

because of an insufficient amount of data. The price data

shown in Table XIII of Appendix B would make a sample of size

ten. At a 95 per cent confidence level, this size sample

would allow a 43 per cent error (1.36/10 = 0.43) in deter-

mining the proper theoretical probability distribution to

represent the range of crude oil price in the tenth year.4

4The error is based on the Kolmogorov-Smirnov one-sample
goodness of fit test formula. For details on the Kolmogorov-
Smirnov test, see Charles T. Clark and L. L. Schkade, Statis-
tical Methods for Business Decisions (Cincinnati, Ohio,
South-Western Publishing Co., 1969), pp. 436-441.
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Developing the Return on Investment
Interpolation Data

After the two probabilistic variables have been set up,

the next step is to calculate the return on investment inter-

polation data that will be used in conjunction with Monte

Carlo sampling to develop a return on investment distribution.

Development of the interpolation data simply involves

calculating nine internal rate of return values for each

investment proposal to be evaluated. The central idea is to

calculate a return for all pair combinations of three tenth

year values for each of the two probabilistic variables.

(The term "pair combinations" will be encountered throughout

the remainder of this dissertation. The term simply means to

form combinations, taking two of the three tenth year values

at a time.)

It should be pointed out that a complete internal rate

of return calculation involves computing yearly cash flows

for the first ten years and using tenth year values for the

remaining ten years (based on a twenty year investment life).

Since two refinery models are needed per investment proposal,

a total of twenty linear programming solutions are needed to

generate data for one return calculation (both models must be

solved for each of the ten years because of year-to-year

changes in input data).

The three tenth year values just mentioned are the expec-

ted value and the upper and lower limits that the probability

roa -- 10 00-04-0 W-M-0
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distribution is set up to define. For all but the gamma

distribution, these three values are determined during the

set up of a probabilistic variable. The methodology for

obtaining the three values for the three recommended theo-

retical probability distributions (uniform, normal, gamma)

and for a subjective distribution are discussed at this

point.

The three values for the normalized uniform distribution.--

The expected value is determined when the uniform distribution

is set up for a variable. (See Appendix A for a discussion

of expected value determination.) For the uniform distribu-

tion, the upper limit is equal to the expected value plus the

maximum deviation, and the lower limit is equal to the

expected value minus the maximum deviation. (Maximum devia-

tion is explained in Appendix C.)

The three values for the normal distribution.--The

expected value is determined when the normal distribution is

set up for a variable. (See Appendix A for a discussion of

expected value determination.) The upper limit is equal to

the expected value plus three standard deviations, and the

lower limit is equal to the expected value minus three

standard deviations. The standard deviation is the standard

deviation of the changes data used in the Kolmogorov-Smirnov

test to fit a theoretical distribution in the set up proce-

dure. (See Appendix A for the meaning of changes data.)
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It is recognized that the range of the normal distribu-

tion is from negative infinity to positive infinity and that

the imposition of limits upon the distribution excludes the

tails from being used. Although improper from a purely

theoretical standpoint, it is necessary to impose the limits

in order to use the normal distribution in this model in the

manner just described. Since the probability of a value

falling within the tail area is only 0.0023, the imposition

of limits (at the mean + three standard deviations) is not

considered to be a serious detriment.

The three values for the gamma distribution.--Here again

the expected value is determined when the gamma distribution

is set up for a variable. (See Appendix A for a discussion

of expected value determination.) For the gamma distribution,

the upper and lower limits must be determined by generating

a group of random numbers using the gamma generator given in

Appendix C. One thousand random numbers are assumed suffi-

cient to define the range for a given gamma generator. The

upper limit is the maximum value in the one thousand numbers,

and the lower limit is the minimum value in the group.

The three values for a subjective distribution.--The

three values are determined when the odds data for the

subjective distribution is gathered. Details are presented

in Appendix B.
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In order to use one of the three tenth year values in

the internal rate of return calculation, it is necessary to

first calculate the yearly values leading up to the partic-

ular tenth year value. This is necessary because the

internal rate of return calculation, as described earlier,

uses yearly cash flows for the first years of the investment.

Thus these yearly values for the probabilistic variables are

needed as input for the refinery linear programming models

and for calculating cash flows. This situation can be

resolved by assuming that the probabilistic variable will

move along a linear path in reaching the particular tenth

year value.5 Figure 9 depicts a typical situation where a

probabilistic variable is represented by a normal distribution.

Figure 9--Visual aid for the calculation of yearly
values for the probabilistic variables .

5Linearity is assumed appropriate. If this assumption
is objectionable, then use whatever type of change that is
believed to be more appropriate. Since the future is involved
here, there can be no hard and fast rule stated on this matter.
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As shown in Figure 9, the variable is expected to move in

the first ten years along a linear path to the expected value

in the tenth year. In order to use this expected value in

the internal rate of return calculations, yearly values are

needed between the first and tenth years of the investment.

Since the value in both the first and tenth years are known,

and linearity is assumed, the calculation simply amounts to

computing the average yearly linear rate of change over the

ten years. This average rate can then be used to compute

the yearly values. Similar calculations must be made for the

upper and lower limits shown in Figure 9 since internal rates

of return must be calculated using these values, also. Since

there are three tenth year values for each of two probabilistic

variables, a total of six sets of yearly values must be com-

puted.

Perhaps an example will help to clarify the calculations

involved in getting the yearly values. Assume that an invest-

ment proposal is being evaluated that treats the two variables,

gasoline price and crude oil price, given in the examples of

Appendices A and B, as the two probabilistic variables.

Recall that gasoline price changes were found to be normally

distributed, and crude oil price changes were represented by

a subjective probability distribution. The expected value

and upper and lower limits for both distributions are shown

in Table II.
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TABLE II

EXPECTED VALUE, UPPER LIMIT, AND LOWER LIMIT
FOR TWO PROBABILITY DISTRIBUTIONS

Value Gasoline Price Crude Oil Price
(cents/gallon) ($/barrel)

Lower limit 21.2 3.00

Expected value 21.6 3.30

Upper limit 22.0 4.30

One discounted rate of return must be calculated using the

lower limit of gasoline price and the expected value of crude

oil price, for example. The 21.2 cents per gallon gasoline

price and the $3.30 per barrel both represent tenth year

values, i.e., they are prices that might prevail ten years

after the investment is made. To illustrate the calculation

of yearly values, consider the 21.2 cents per gallon lower

limit. The price in the first year of investment is 14.68

cents per gallon (based on the equation P = 12 + 0.173T that

was derived in Appendix A). The calculation simply involves

calculating the average yearly linear rate of price change

over the first ten years of the investment, starting at the

14.68 cents per gallon price and ending at the 21.2 cents per

gallon price in the tenth year (all values are mid-year values).

Based on these figures, the average annual linear rate of

growth over the first ten years is calculated as follows:
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(21.2 - 14.68) 100 = 4.43 per cent
14.68 X 10

The 4.43 per cent figure can be used to calculate a price for

each of the first ten years of the investment. These ten

values are used as input data to the two refinery models and

also for calculating yearly cash flows once the refinery

models have been run.6

Setting Up the Return on Investment Data
for Interpolation

After the nine return on investment calculations have

been made, the results must be set up for interpolation

purposes. This is done as follows: First, multiply together

the two tenth year values of the probabilistic variables used

in each of the nine return on investment calculations.7

Second, arrange the nine results in a column in increasing

order, and in a parallel column, record the respective return

on investment figures. Table III illustrates the proper

arrangement for the previously assumed analysis that used

the data shown in Table II. The return figures in Table III

are ficticious.

6 Recall that two refinery models are needed to evaluate
a given investment proposal, one to simulate the existing
refinery and one to simulate the refinery "after investment,"
i.e., assuming that the investment is made.

7The two values can be added, if desired. The same
results are achieved either way.



61

TABLE III

RETURN ON INVESTMENT DATA REQUIRED
FOR INTERPOLATION PURPOSES

Product of Probabilistic Internal Rate of
Variables' Values Return (%)

(1) (2)

63.6 (3.00 X 21.2) . . . . . . . . . . . . 12.7
64.8 (3.00 X 21.6) . . . . . . . . . . . . 13.0
66.0 (3.00 X 22.0) . . . . . . . . . . . . 13.5
70.0 (3.30 X 21.2) . . . . . . . . . . . . 12.0
71.2 (3.30 X 21.6) . . . . . . . . . . . . 12.4
72.6 (3.30 X 22.0) . . . . . . . . . . . . 12.9
91.1 (4.30 X 21.2) . . . . . . . . . . . . 10.2
92.8 (4.30 X 21.6) . . . . . . . . . . . . 10.6
94.5 (4.30 X 22.0) . . . . . . . . . . . . 11.0

Note that the products in column (1) in Table III are arranged

in increasing order. The figures in parentheses represent all

pair combinations of the expected value and upper and lower

limits for the two probabilistic variables, gasoline and crude

oil price.

Part 3: Developing the Return on
Investment Distribution

Once the return on investment data has been set up for

interpolation purposes, the return on investment distribution

can be developed. This distribution is developed by reite-

rating a predetermined number of times the following two

steps:

1. Select at random a value from each of the two

probability distributions that represent the two probabilistic

variables.
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2. Multiply together (or add, if addition was used in

setting up the returns for interpolation) the two randomly

selected values and then linearly interpolate among the

return on investment interpolation data to obtain an inter-

polated return figure.

Step one is, of course, Monte Carlo sampling, and in

order to use this technique with continuous distributions,

it is recommended to use a computer program that will select

values at random from the probability distributions. The

use of a computer program to generate random numbers will

save both computer time and storage relative to the alter-

native method that involves reading into the computer a

table of random numbers.

For an objective probabilistic variable, i.e., a vari-

able represented by a theoretical distribution (either the

uniform, normal, or gamma in this study), one of the many

random number generators ,found in the literature can be used.

Computer programs for generating random numbers from the

uniform, the normal, and the gamma distribution are presented

in Appendix C.

Before using a computerized random number generator, it

is wise to test the generator for randomness and also to test

to make sure that the generated numbers conform to the

designated probability distribution. The generation of

random numbers by computer is referred to as pseudorandom
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number generation, because the numbers so generated are not

truly random. In order to show that a sufficient degree of

randomness exists, the generator should be tested for random-

ness.8 Even though true randomness may not exist, the

computerized generators are usually good enough to use in

practice. The Kolmogorov-Smirnov goodness of fit test is

again recommended to determine whether the random numbers

9conform to the designated probability distribution. In

other words, if a normal distribution generator is to be used,

then a sample of generator output should be tested to assure

that the numbers are normally distributed.

The computer can also be used to generate random numbers

from a subjective probability distribution, but the method-

ology is considerably more involved than the methodology

used with theoretical distributions. The rectangular

approximation method can be used to generate random numbers

when no explicit functional form represents the probability

density function. As a result, this method is applicable to

subjective probability distributions. The rectangular

approximation methodology is explained and illustrated in

Appendix C.

As previously mentioned, a random number is selected

from each of the two probability distributions, multiplied

8 For randomness testing see Smidt and Taylor, pp. 234-241.

9See Clark and Schkade, pp. 436-441, for the Kolmogorov-
Smirnov test.
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together, and the product used to interpolate among the

return on investment interpolation data to obtain a return

figure. To illustrate, assume that two random numbers

representing the two distributions (crude oil price and

gasoline price) previously used as examples are $3.04 per

barrel for crude oil price and 21.24 cents per gallon for

gasoline price. (These two values would be randomly selected

using the random number generation methods just described.)

Their product is 64.6. Referring back to Table III, it is

found that 64.6 is bracketed by 63.6 and 64.8. The return

on investment for the $3.04 crude oil price and 21.24 gasoline

price is found by linearly interpolating between the 12.7 per

cent return (representing the 63.6 product) and 13.0 per cent

(representing the 64.8 product). The interpolation calcula-

tion is as follows:

64.6 - 63.6 (13.0 - 12.7) + 12.7 = 12.95 per cent.
64.8 - 63.6

This process is reiterated many times: Each time two new

values are selected at random from the two probability

distributions, and multiplied together. The resulting product

is then used to interpolate among the interpolation data to

obtain a return figure used in building the return on invest-

ment distribution.

It is important to point out that when sampling from a

normal distribution, it is possible to select values that

will fall outside the limits (mean + three standard
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distributions) that are defined when developing the return

on investment interpolation data. When this occurs, the

particular value for the probabilistic variable should be

discarded and another iteration started. To illustrate,

consider the data in Table II. In sampling from the normal

distribution that represents gasoline price, it would be

possible to randomly select a price that would fall outside

the 21.2 - 22.0 cents per gallon limits. As noted, when

this occurs, the value should be discarded.

The obvious question that needs answering at this point

is this: How many iterations (interpolations) are needed to

develop the return on investment distribution?

Determining the Number of Iterations
Needed to Develop the Return
on Investment Distribution

The Kolmogorov-Smirnov goodness of fit test can be used

to determine the number of interpolated return figures that

are needed to develop a statistically sound return on invest-

ment distribution.10 The test can be used to calculate the

number of interpolations needed, based on a given confidence

level and a maximum specified divergence between the actual

frequency distribution of interpolated points and any

10R. M. Van Slyke, "Monte Carlo Methods and the PERT
Problem," Operations Research, XI (September-October, 1963),
846.
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theoretical distribution.11 For example, at a 95 per cent

confidence level, the following formula is used to calculate

critical values for the Kolmogorov-Smirnov test.12

Dmax = 1.36/VN.

Since N represents sample size, this formula can be rearranged

for calculating N. Rearranging yields the following formula:

2
N = (1.36/Dmx*

In order to use this formula to compute the number of itera-

tions, it is necessary to specify the confidence level and

D max the latter being the maximum divergence between a

cumulative frequency distribution representing the inter-

polated returns and any theoretical cumulative distribution.

As an example, for a 5 per cent maximum divergence (Dmax)
2

and a 95 per cent confidence level, 740 iterations [(1.36/0.05)]

are needed to develop the return on investment distribution.

Interpretation of Results

The return on investment data should be interpreted in

terms of the mean, and if desired, confidence limits that can

be set up in terms of the mean.

The mean of the group of interpolated returns is, of

course, the expected return for the investment being

l1The Kolmogorov-Smirnov test is non-parametric.

1 2See Clark and Schkade, p. 437, for formulas for other
confidence levels.

jp
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evaluated. To compute the expected return is the ultimate

goal of the model, since it is this expected value that

represents the percentage annual return that can be expected,

given the risky investment situation as defined by the two

probabilistic variables.

Questions, such as "What is the probability of earning

a return within the range of + 10 per cent of the expected

return?" or "Beyond what return is there a 75 per cent

assurance of the return being realized?" can be answered by

first developing a probability density curve and from this,

an area-under-the-curve table.

The first step in developing a probability curve is to

put the return data in the form of a frequency distribution.

Second, use the Kolmogorov-Smirnov test to determine whether

the data are normally distributed. If the data are normally

distributed, then a standard normal curve area table can be

used to answer the probability-related questions.

If the return data are not normally distributed, then

the following procedure is recommended for developing the

probability curve and subsequently an area table:

1. Make a histogram from the frequency distribution.

2. Make a frequency polygon from the histogram. Then

smooth the frequency polygon either by hand or by computer.
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3. Use one of the approximate integration techniques,

such as the trapezoidal rule, to compute the areas under the

13
smoothed curve.

4. Put the area data in the form of a cumulative area

table, by summing the area under the curve from left to

right.

5. Use the cumulative area table to answer the proba-

bility questions about the expected rate of return.

The procedure just described for non-normally distributed

return on investment data is illustrated in the model applica-

tion in Chapter IV.

Model Validation

After any mathematical model has been constructed, it

should be demonstrated that the model is a reasonable repre-

sentation of the real world object system that the model is

intended to represent. An attempt is therefore made to

answer the question, "How good is the model?" In short, the

ultimate value of a model is determined by how well it

predicts the behavior of the system.

One of the best ways to validate a mathematical model

is to determine how well the model will reproduce historical

13 For a discussion of approximate integration tech-
niques, see William L. Hart, Calculus (Boston, D. C. Heath
and Co., 1955), pp. 303-306.
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data.14 The refinery linear programming model can be

validated this way. This is done by repeatedly giving the

model sets of refinery operating conditions for which the

answers are known. Model answers are compared with the

known answers, and if the model is reasonably accurate, then

it is considered to be validated and ready to use. The

degree of accuracy to be achieved is a matter of the user's

judgment.

The risk analysis portion of the model can not be

properly validated because of a lack of data. About all

that can be done is to check the model to assure that no

significant variables have been omitted. The validity of a

model can be partially determined by the assumptions under-

lying the model.15 Meier, Newell, and Pazer support this

philosophy accordingly:

When a model is intended to simulate a new or pro-
posed system for which no actual data are available,
there is no good way to verify that the model, in
fact, represents the system. Under these circum-
stances, there is little alternative but to test
the model for logical . . . errors and to be alert
for any discrepancies or unusual characteristics
in the results obtained from the model.1 6

14 For additional validation methodology see Joe H. Mize
and J. G. Cox, Essentials of Simulation (Englewood Cliffs, New
Jersey, Prentice-Hall, Inc., 1968), pp. 154-156; R. C. Meier,
W. T. Newell, and H. L. Pazer, Simulation in Business and Eco-
nomics (Englewood Cliffs, New Jersey, Prentice-Hall, Inc.,
1969), pp. 294-296; J. R. Emshoff and R. L. Sisson, Design
and Use of Computer Simulation Models (New York, The MacMillan
Co., 1970),, pp. 204-206.

15 T. H. Naylor and J. M. Finger, "Verification of Computer
Simulation Models," Management Science, XIV (October,, 1967),B-93.

16
Meier, Newell, and Pazer, pp. 295-296.
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Finally, the interpolation feature of the risk analysis

model can be tested for accuracy. This can be done by

actually calculating an internal rate of return and comparing

with the interpolated return. This will be done in the model

application chapter, Chapter IV.

Conclusion

The probabilistic investment project evaluation model

that was proposed in the "Statement of the Problem" in

Chapter II has been developed in this chapter. The unique-

ness of the model is, of course, the risk analysis part of

the overall model. Thus, it is the incorporation of risk

analysis into the old deterministic model that constitutes

the primary contribution of this study.

The model is intended to represent a practical way of

introducing some degree of risk analysis into the evaluation

of petroleum refining investment proposals when linear pro-

gramming is used to simulate refinery operations. This

chapter has shown how two probabilistic variables can be

combined with a refinery linear programming model to develop

return on investment interpolation data and how to use this

interpolation data with Monte Carlo sampling to develop a

return on investment distribution. Finally, the chapter has

shown how to use the distribution of interpolated returns to

get an expected return and also how to compute limits for the

expected return.
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The entire model can be computerized. Indeed, the

refinery linear programming model must be solved on a com-

puter because of its size.

The development of the return interpolation data, with

subsequent use of Monte Carlo sampling and interpolation,

it should be realized, is the means by which the number of

times the refinery linear programming models are solved is

held to a minimum.

Finally, the reason only two probabilistic variables

can be handled is due to the interpolation feature of the

model. The handling of two probabilistic variables requires

only simple two-dimensional interpolation. Three or more

probabilistic variables would require three-dimensional

interpolation, which would complicate the model enormously,

particularly when "mapping" the boundaries of risk as repre-

sented by the three or more probabilistic variables'.

Woo=



CHAPTER IV

APPLICATION OF THE PROBABILISTIC MODEL

This chapter presents the results of an application of

the probabilistic model developed in Chapter III. The

application represented a real world situation, which

involved determining the economic feasibility of adding a

heavy oil hydrocracker to an existing refinery. In addition

to computing an expected internal rate of return for the

prospective hydrocracker addition, the accuracy of the inter-

polation feature of the model and the amount of computer time

required by the model were also determined.

Model Application

In 1970, a refinery of a major United States oil company

faced a rapidly declining market for its asphalt production.

This situation formed the basis for a company study that was

made to evaluate alternative methods of getting out of the

asphalt business. One solution was to add a heavy oil hydro-

cracker to replace the asphalt production facilities. Since

the study was of the nature of long range planning and capital

budgeting, it was recognized that all alternative solutions

should be evaluated. For example, a coker could have been

added instead of a hydrocracker. Possibly other alternatives

could have been developed.

72
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However, the intent of this chapter is to demonstrate

how to apply the model. As a result, only the hydrocracker

case is evaluated.

The Refinery Linear Programming
Simulation Models

The existing refinery model was a simulation of the

refinery configuration shown in Figure 10 on the next page.

This configuration represented the refinery as it existed

in 1969. Built into this same base model was the addition

of the hydrocracker. The configuration for the hydrocracker

addition is shown in Figure 11. The simulation model con-

sisted of a set of linear equations that represented refinery

operations both with and without the proposed hydrocracker;

this gave the "two models in one" that was discussed in Part

One of Chapter III.

All of the data needed to build both refinery models are

presented in Appendix D. These data, representing 1969 opera-

tions, were supplied by the refinery owner. The equations

that made up the refinery linear programming models are

presented in Appendix E.

The addition of a heavy oil hydrocracker to crack the

propane deasphalter bottoms represented a solution to the

problem created by the rapidly declining asphalt market. The

addition of the hydrocracker would also have eliminated a

small bottleneck: The crude and vacuum unit had 1000 barrels
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per calendar day (BPCD) of slack capacity due to a loaded

propane deasphalter. This situation could have been

alleviated by building a large enough hydrocracker to handle

the incremental vacuum-reduced crude that an extra 1000 BPCD

of crude oil would produce. Refining an additional 1000

BPCD of crude would provide an extra justification for the

hydrocracker.

The refiner operated on an incremental barrel basis,

which meant that any amount of product not disposed of

through its own retail outlets was dumped on the wholesale

market. Thus, the only marketing restraint was that premium

gasoline volume could not exceed 40 per cent of the total

gasoline pool. This 40 per cent figure was a subjectively

determined one that was based on the refiner '.s belief that

there were no trends in sight that would increase the 1969

premium to total gasoline ratio of 0.35 above 0.40 in the

near future.

Lead representation was handled according to a method

developed by the Ethyl Corporation.
1

The Risk Analysis Model

Crude oil price and regular grade gasoline wholesale

price, the two probabilistic variables used as examples in

'Refiner Simulation (Ferndale, Michigan, Ethyl Corpora-

tion, 1964).
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Appendices A and B, were chosen as the two probabilistic

variables in the hydrocracker evaluation. Two extensions

of these variables, however, were made as follows:

1. The subjective probability distribution developed

in Appendix B was used to represent future price changes

for all three crude oils that made up the refinery feedstock.

2. The normal distribution that was set up in Appendix

A to represent future price changes for regular grade gasoline

was extended in the evaluation to include premium grade price.

This was accomplished by maintaining a constant 1.5 cents per

gallon differential between regular and premium wholesale

price.

Developing the Return on Investment
Interpolation Data

Using the three prescribed tenth year values for each

of the two probabilistic variables, namely, the expected

value and the upper and lower limits, an internal rate of

return was calculated for all pair combinations of the six

values. The six tenth year values were those shown in Table

II of Chapter Three.

The capital investment for the hydrocracker case is

summarized in Table IV. The 3MM standard cubic feet per day

(SCFD) hydrogen plant was sized on the basis of the hydro-

cracker utilizing 1MM SCFD of excess hydrogen from the naphtha

reformer. Hydrogen consumption on the hydrocracker would be
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1000 standard cubic feet per barrel (SCF/bbl) of feed, and

on the distillate-and-lighter desulfurizer, 200 SCF/bbl of

feed. The desulfurizer included a rerun column from which

a 2200 -380 0 F reforming naphtha cut would be taken.

TABLE IV

INVESTMENT REQUIRED FOR
HYDROCRACKER EVALUATION

Item

1--3500 BPCD Resid. Hydrocracker
(incl. initial catalyst charge)

1--1300 BPCD Distillate-and-
Lighter Desulfurizer

1--3MM SCFD Steam-Methane
Reforming Hydrogen Plant .

Subtotal.........

+ 10 per cent contingency .

Total . .. .0 .. .

Cost (MM$)

4.0

0.5

1.2

5.7

0.57

6.27

The existing gas plant, catalytic cracker and reformer all

had sufficient excess capacity to handle the incremental

volumes from the proposed hydrocracker .

Premises for the return on investment calculations were

as follows:

1. The evaluation was assumed to be conducted in 1970,

with cost outlay in 1971, and the hydrocracker on stream by

January 1, 1972.

2. Twenty year economic life.

loll
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3. No investment tax credit.

4. Fifty per cent corporate tax rate.

5. Straight line depreciation.

For illustrative purposes, an economic summary for the

internal rate of return calculation that used the expected

values of the two probabilistic variables is shown in Table

V. The annual rate of return for this particular combination

was 17.40 per cent. The debits and credits in Table V are

incremental values, i.e., they represent changes in cash

flow that would result should the hydrocracker, desulfurizer,

and hydrogen plant be installed.

The results of the nine return on investment calculations

that were used for interpolation are shown in Table VI. The

data in columns (1) and (2) are shown to illustrate how the

combinations of the six values for the two probabilistic

variables were taken. The data in columns (3) and (4)

represent the actual interpolation data that was used with

Monte Carlo sampling to develop the return on investment

distribution.

Development of the Return on
Investment Distribution

The return on investment distribution was developed

using the normal distribution random number generator pre-

sented in Appendix C to randomly generate gasoline wholesale

prices. The uniform generator also in Appendix C was used
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to generate random numbers to use with Figure 15 of Appendix

C in order to randomly generate crude oil prices. The

return on investment for each iteration was, of course,

obtained by interpolating in columns (3) and (4) of Table VI.

TABLE VI

RETURN ON INVESTMENT INTERPOLATION
DATA FOR HYDROCRACKER EVALUATION

Gasoline PricE Crude Return

(Cents/Gallon) Oil Price (1) X (2) on Investment
($/bbl) (3) (Per Cent)

(1) (2) (4)

21.2 3.00 63.6 17.21

21.6 3.00 64.8 18.37

22.0 3.00 66.0 19.35

21.2 3.30 70.0 16.33

21.6 3.30 71.2 17.40

22.0 3.30 72.6 18.33

21.2 4.30 91.1 12.96

21.6 4.30 92.8 14.17

22.0 4.30 94.5 15.18

The number of iterations was determined by using the

Kolmogorov-Smirnov formula. For a 95 per cent confidence

level and a Dmax of 5 per cent, the Kolmogorov-Smirnov

formula, N = (1.36/Dmax) , indicated that 740 interpolated

return on investment figures were needed to develop the

distribution.
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The 740 interpolated figures are shown in the form of

a frequency distribution in Table VII.

TABLE VII

RETURN ON INVESTMENT FREQUENCY DISTRIBUTION

FOR HYDROCRACKER EVALUATION

Return on Investment (%)* Frequency Relative Frequency

12.7 up to 13.4 10 .013

13.4 up to 14.1 18 .024

14.1 up to 14.8 38 .051

14.8 up to 15.5 55 .074

15.5 up to 16.2 66 .089

16.2 up to 16.9 113 .153

16.9 up to 17.6 182 .246

17.6 up to 18.3 241 .326

18.3 up to 19.0 14 .019

19.0 up to 19.7 3 .004

Total 740 1.000

*The data ranged from 12.96 per cent to 19.35 per cent.

The mean and standard deviation of these returns on invest-

ment data are 16.84 per cent and 1.25 per cent, respectively.

Interpretation of Results

The model application indicated that the expected return

on investment for the hydrocracker, desulfurizer, and hydrogen
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plant (a $6.27 million total investment) would be 16.84 per

cent. This figure should be compared with the 17.40 per

cent that a deterministic model (one using expected values

for all variables, and thus calculating only one return on

investment) would provide.

Probability data that could be used to answer probability-

related questions about the 16.84 per cent expected return

were developed. The Kolmogorov-Smirnov goodness of fit test

indicated that the data in Table VII were not normally

distributed. As a result, normal curve area tables could not

be used. Instead, the method described on pages sixty-seven

and sixty-eight of Chapter Three was applied to the data in

Table VII to develop an area table. The procedure required

making a histogram, from this a frequency polygon, and finally

smoothing the frequency polygon to obtain a continuous

probability curve. From this an area table was developed by

using the trapezoidal rule for approximate integration.2

Applying the technique to the data in Table VII yielded

the hand-smoothed curve shown in Figure 12. (Note that the

distribution is negatively skewed.) Using the trapezoidal

rule, the area under the curve was determined. The area

data was then put into cumulative area form as shown in

Table VIII. This was accomplished by summing the area under

the curve in Figure 12, starting at the left of the curve

2
Refer to Hart, p. 303, or almost any integral calculus

book for a discussion of the trapezoidal rule.
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(at 12.96 per cent return on investment) and summing from

left to right. Note that all of the area under the curve

(1.0) is summed at the 19.35 per cent return.

To illustrate the use of the data in Table VIII, assume

that a question arises concerning the probability of realiz-

ing an actual return between 16.06 and 17.56 per cent. This

probability is equal to the area under the curve in Figure 12

between these two returns. From Table VIII, the area between

12.96 per cent and 16.06 per cent is 0.22225 and the area

between 12.96 per cent and 17.56 per cent is 0.60841. Sub-

tracting the former from the latter gives 0.38616, which is

the probability of the actual return falling between 16.06

per cent and 17.56 per cent.

Accuracy of the Interpolation
Feature of the Model

Ten checks were made at randomly selected points to

obtain an idea of the accuracy of the return on investment

interpolation part of the model. The data in Table IX show

the results. The ten interpolated returns were selected and

an actual return on investment was calculated for each. The

average error for the ten check points was 1.89 per cent.

(This error is discussed in the Conclusions section of

Chapter V.)



86

z0
H

SH

E-i

E4H

k

0

rZ4
H

0

rr-- r-4--Ir-4 -- r- r-A Mr- r- r-I r-I 0 .D'qtC0q Ci M 0

a 0 0 0 0 0 0 0 0 0 0 0 a 0 0 0 0 0 0 0 0

0 H

e-, O - Qo i0nD o 0 0 ko. -0 0 0 0 %O - ot C
43J (l% 0 M f 0 & a * 0 5 S0 0 a 50 0 9* a0 & 0 0 0 a

H

4 0r--MNr- m WM r-00mo o

~ 0 0 0 0 0 0 00 0 00 00 0 0 0 00 0 0

00

4-)

( 1)
>

y -
4o 0 U

r- r-4r--4 r-4 r- r- r- r-q r- r- r- -I r-I r-I r- r-A r- r-4 r-I r- r-I

nd4-3
Cd

H-

C

4)

H

C!

C\]m L 0 --- co Om 0 H q Cq () L4 fl ) q N co O0) H c\ N

co c m 0 0 0 n -I r-ler- -4 - r-r-I r-I -q - -
Cq0 0Nr- - 1 NN0N r-r-r40 QOr- NNMM

r- NSmSTSp L S-- w am 0 N m mS-0 w*r-4M mSwS0 0 50

r- N NqNNr- - rqrIN NN N N mm(Y Zt r

C- ~
4 H

H~.

Cd



87

TABLE IX

INTERPOLATED VS . ACTUAL RETURN
ON INVESTMENT FIGURES

Interpolated Return Actual Return Percentage
(Per Cent) (Per Cent) Error

17.94 17.47 2.62

15.07 15.33 1.73

18.99 18.61 2.00

14.37 14.20 1.19

16.019 16.22 0.81

17.34 17.13 1.21

18.05 18.49 2.44

16.44 16.12 1.95

15.56 15.15 2.83

17.69 17.32 2.09

Computer Time Required

Three separate computer programs were used in the model

application. One was a program that solved the refinery

linear programming simulation models. The second was a

program that developed the return on investment interpola-

tion data. The third was a program that developed the data

for the return on investment distribution, i.e., a program

that generated random numbers and performed the interpola-

tions. These three programs are presented in Appendix F.

'i I 11-1 - 1- .1 4--awgNIOU, --- 1 -1, ". - --- , , -4,
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All of the programs were run on the IBM 360 Model 50 computer

in the North Texas State University Computing Center. Data

on the computer time required are shown in Table X.

TABLE X

COMPUTER TIME REQUIRED FOR
MODEL APPLICATION

Program Computer Time*
(Minutes)

1. Solve the refinery models . . . . . . . 157.50

2. Calculate Return on
Investment Interpolation Data ..... 1.21

3. Develop Return on
Investment Distribution . . . . . . . . 0.26

Total ..................... .... 158.97

*Includes compiling time.

In developing the return interpolation data, twenty linear

programming solutions were required for each of the nine

return on investment calculations, for a total of 180 solu-

tions (ten for the base case model and ten for the hydrocracker

case model).

The data in Table X show why, in Chapter Two, so much

importance was attached to minimizing the number of linear

programming solutions. A glance at these data show that

almost all (99 per cent) of the computer time was used in

solving the refinery linear programming models.



CHAPTER V

SUMMARY, CONCLUSIONS, AND SUGGESTIONS

FOR FURTHER RESEARCH

This chapter presents: (1) a summary of Chapters Three

and Four; (2) conclusions; and (3) suggestions for further

research.

Summary

The purpose of this study was to develop a probabilistic

model that could be used by petroleum refiners to evaluate

the economic potential of refinery capital investment propos-

als. Two requirements were placed on the development at- the

outset: (1) that the model use linear programming to simulate

refinery operations; and (2) that the model keep computer

time usage within reasonable bounds.

A probabilistic model was developed in Chapter Three.

Basically, the development amounted to converting a deter-

ministic model to a "partial" probabilistic model. (The

model will handle only two probabilistic variables and for

this reason it is not considered to be complete.)

The following steps are required in order to apply the

model:

89
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1. Use linear programming to simulate both the opera-

tions of the existing refinery and the operations assuming

that the investment is made.

2. Select two variables that can be treated as prob-

abilistic variables, and then assign either a theoretical

or a subjective probability distribution to represent future

values for the two probabilistic variables. Choice of the

two variables is partly a matter of judgment; however, both

should be variables that exert major influence upon the

profitability of the proposed refinery investment. If

historical data is available, both variables might be assigned

theoretical probability distributions. In the absence of

historical data, or if the model user believes that the future

can best be represented by educated guesses, then subjective

probability distributions can be developed for the two vari-

ables.

3. After choosing and setting up the two probabilistic

variables, the next step involves developing return on invest-

ment interpolation data. This requires computing a return

on investment for all pair combinations of three tenth year

values for each of the two probabilistic variables. Conse-

quently, a total of nine such calculations are necessary in

order to evaluate one investment proposal.

'Net present value could be used instead of return on
investment as the measure of economic potential of the pro-
posed investment.



91

4. The fourth step involves developing a return on

investment distribution. This is accomplished by first

selecting values at random from the probability distributions

representing the two probabilistic variables and then using

these values to interpolate among the return on investment

interpolation data. The resulting interpolated return

figures are used to build the return on investment distribu-

tion. The number of interpolated return figures needed to

build the distribution is determined by using the Kolmogorov-

Smirnov one-sample goodness of fit test formula.

5. The final step involves interpretation of the return

on investment distribution. Specifically, interpretation of

the distribution will yield the following: (1) the annual

rate of return that the investment could be expected to yield;

and (2) probability confidence limits related to the expected

rate of return.

The results of applying the probabilistic model to an

actual refinery capital investment proposal were presented in

Chapter IV. The application involved determining the expected

internal rate of return of a proposed hydrocracker addition

to an actual United States refinery. In the evaluation,

future crude oil price and future gasoline price were the

two probabilistic variables. A return on investment distribu-

tion was developed from 740 interpolations.
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In addition to determining the economic potential of

the hydrocracker proposal, both the amount of computer time

required for the model's application and the accuracy of

the interpolation feature of the model were determined.

The entire model was programmed in Fortran IV and run on an

IBM 360/50 computer. It was found that the total computer

time, including compiling, for the model application was

158.97 minutes. Of this time, 157.50 minutes (99 per cent)

were used to solve the refinery linear programming models.

Accuracy of the interpolation feature of the model was

determined by selecting at random ten of the interpolated

return figures and computing the actual return for each.

It was found that the average error of the ten interpolated

return figures was 1.89 per cent; the maximum error was 2.62

per cent, and the minimum error was 0.81 per cent.

Conclusions

Conclusions drawn from the development and application

of the model developed in this dissertation are as follows:

1. A workable model was developed in the study.

Although only two probabilistic variables can be handled by

the model, at least some degree of risk analysis was incor-

porated into a basic deterministic model. Consequently,

the development of the probabilistic model is considered to

be successful.
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2. A major requirement, that the model keep computer

time within reasonable bounds, was fulfilled, based on the

application of the model. The 159 minutes of computer time

needed to evaluate the hydrocracker proposal is considered

to be reasonable.

The amount of computer time is almost entirely used in

solving the refinery linear programming models. The time

required to solve a refinery model depends primarily upon

the complexity of the refinery configuration. The refinery

configuration in the hydrocracker evaluation was perhaps less

complex than average, so probably in most applications, the

total computer time needed to evaluate an investment proposal

will be greater than 159 minutes. Exactly how much more

time will be needed is difficult to determine; but even if

the time were to double, which is unlikely, the computer time

requirement would still be within reasonable limits.

3. The 1.89 per cent average error of the interpolation

feature of the model established in the model application is

considered to be acceptable. This amount of error is more

significant at low rates of return than at high rates. For

example, at an actual return of 10 per cent, the model might

calculate the return to be between 9.81 and 10.19 per cent

(10 per cent + 1.89 per cent error). Although a matter of

opinion, this amount of error should be tolerable in most

cases. At higher returns, for example at a 30 per cent
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return, the model could indicate a return between 29.81 and

30.19 per cent. At the higher returns, the error becomes

less significant.

4. The model is reasonably flexible. The only rigid

elements of the model are the following: (1) linear program-

ming must be used to simulate refinery operations; (2) only

two probabilistic variables can be handled by the model; (3)

interpolation data combined with Monte Carlo sampling should

be used as outlined. On the other hand, the following are

areas where methods different from those outlined in Chapter

Three can be used when applying the model: (1) The model

can be used to evaluate investments with lives other than

twenty years. (2) The method used to develop a subjective

probability distribution is not the only method available.

For example, a survey of the literature revealed several

methods of obtaining the educated guesses from the experts,

and also several methods, some very sophisticated, for reducing

the educated guesses to one set of data from which the distri-

bution is constructed.2 (3) The model was developed using

the internal rate of return method for measuring the economic

potential of an investment proposal; however, other methods,

2Winkler, pp. B6I-B75. R. L. Winkler, "The Quantifica-
tion of Judgment: Some Methodological Suggestions," Journal
of the American Statistical Association, LXII (December,
1967), 1105-1120; L. J. Savage, "Elicitation of Personal
Probabilities and Expectations," Journal of the American
Statistical Association, LXVI (December, 1971), 763-801.
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such as net present value and payback, can be used. (4)

Any predictive method that is acceptable to the model user

to obtain the tenth year expected value for the probabilistic

variables can be used., And (5) the model is certainly not

restricted to using only the normal, uniform, and gamma

distributions to represent objective probabilistic variables.

5. Finally, it is concluded that the model is a signif-

icant contribution to the area of capital budgeting because

the model can be used by petroleum refiners to obtain a more

realistic evaluation of refinery investment proposals than

is provided by the widely used deterministic models.

Suggestions for Further Research

The following suggestions for further research were

derived from recognized weaknesses of the model and from

recognition that the model can possibly be used in continuous

processing industries other than in the petroleum refining

business:

1. The fact that the model can handle only two probabi-

listic variables is certainly a weakness. Ideally, the model

should be able to handle any number of probabilistic variables.

Further study directed at developing a way for the model to

handle more than two probabilistic variables seems feasible.

2. Further research could also be aimed at developing

a more accurate method of interpolation which is used in

building the return on investment distribution. One possible
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way to increase the accuracy would be to increase the amount

of interpolation data. The model as developed requires the

calculation of a return on investment for all pair combina-

tions of the three tenth year values for each of the two

probabilistic variables. Interpolation accuracy might be

increased by calculating, for example, a return on invest-

ment for all pair combinations of four tenth year values for

each of the two probabilistic variables. This would not be

without disadvantages, however, since the number of interpola-

tion data points would be increased from nine to sixteen,

thus increasing computer time substantially.

3. It seems reasonable that the model could be used

to evaluate capital investment proposals in continuous

processing industries (processes that can be simulated with

linear programming) other than in petroleum refining. Petro-

chemical operations and certain areas of the chemical

industry might be potential candidates for the application

of the model.
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APPENDIX A

SETTING UP OBJECTIVE PROBABILISTIC

VARIABLES

The set-up of an objective probabilistic variable is

explained in detail here. The mechanics of a set up are

presented first, followed by an example to illustrate the

mechanics.

Mechanics

As discussed in Chapter III, the set-up of a probabilis-

tic variable involves two basic steps:

1. Forecast the expected value of the variable in the

tenth year of the investment.

2. Assign the proper continuous theoretical probability

distribution to represent the range of possible values that

the variable may assume in the tenth year of the investment's

life.

It is recommended that some mathematical predictive

method be used to determine the tenth year expected value.

For example, the method of least squares might be used to

derive a time series regression equation that can be used

to estimate the expected value in the tenth year. This

approach amounts to an extrapolation of the past. A

98
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mathematical approach is recommended as an alternative to

guessing. Actually, any rational predictive method that is

acceptable to management should suffice.

As stated in Chapter III, the Kolmogorov-Smirnov one-

sample goodness of fit test is recommended for determining

which continuous theoretical probability distribution best

represents chances of future outcomes of the variable. Since

the probability distribution is used in the project evaluation

model to represent a range of possible future tenth year

values that the variable may take on, then the Kolmogorov-

Smirnov test must be applied to changes in historical data.

In other words, if monthly data is available, then month-to-

month changes in the data are calculated, and it is to these

changes that a distribution is fitted by using the Kolmogorov-

Smirnov test to select the best fitting distribution.

As stated in Chapter III, the three recommended continuous

theoretical distributions are the uniform, the normal, and the

gamma distributions. It is recommended that the normal

distribution be tried first when attempting to fit one of

these distributions, since the normal is by far the most

frequently used distribution for continuous random variables..2

1For a theoretical discussion of these three distributions
see G. J. Hahn and S. S. Shapiro, Statistical Models in Engi-
neering (New York, John Wiley and Sons, Inc., 1967), Chapter 3.

2Ya-lun Chou, Statistical Analysis (New York, Holt,
Rinehart and Winston, 1969), p. 218.
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The uniform distribution will represent the situation where

the probability of occurrence of a given value between

specified limits is the same as the probability of any other

value occurring within the limits. The gamma distribution

will represent a situation where the data are quite skewed.

A rule of thumb is to use the gamma distribution in prefer-

ence to the normal distribution when the ratio of the

standard deviation to the mean of the data is greater than

one third.3

If desired, calculations can be made to fit all three

distributions to a set of data. Under such circumstances,
4

the best fit will be the one with the minimum Dmax*

Example

An example will serve to illustrate the mechanics of

setting up an objective probabilistic variable. The data in

Table XI represent monthly changes in the average nationwide

wholesale price of regular grade gasoline.5 The data in

Table XI were obtained by taking average monthly prices and

calculating month-to-month changes.

3 Claude McMillan and Richard F. Gonzalez, Systems
Analysis (Homewood, Illinois, Richard D. Irwin, Inc., 1968),
p. 261.

4 Smidt and Taylor, p. 496.

5 Data taken from Oil and Gas Journal, issues 1965
through 1969.
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TABLE XI

CHANGES IN THE AVERAGE NATIONWIDE WHOLESALE

PRICE OF REGULAR GRADE GASOLINE

Price Change

(Cents per Gallon) Frequency

0 up to 0.12 . . . . . . . . . . . 10
0.12 up to 0.24 . . . . . . . . . . . 19
0.24 up to 0.36 . . . . . . . . . . . 17
0.36 up to 0.48 . . . . . . . . . . . 10
0.48 up to 0.60 . . . . . . . . . . . 4

Total . . . . . . . . . . . . 60

It should be pointed out that to treat gasoline price

as an objective probabilistic variable means that the real

economic forces that determine price are essentially ignored,

since the future course of gasoline price depends solely on

past behavior as will become self-evident in the following

calculations. It is recognized that some could not accept

the purely objective treatment of price considering the

incompleteness of data. Thus, if one desires to incorporate

into the analysis the outside forces that influence price,

then gasoline price should be treated as a subjective

probabilistic variable. (See Appendix B for details on

handling subjective probabilistic variables.)

The set up procedure first calls for forecasting the

expected value of the variable in the tenth year of the

investment. This was accomplished by using the method of

least squares to derive a regression equation for the price

data from which the price changes in Table XI were calculated.
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The equation, a linear time series equation, is as follows:

P = 12 + 0.173T

where:

P = price, cents per gallon.

T = time, quarters.

Origin = mid-3rd quarter, 1967.

To illustrate the use of the price equation, assume

that the first year of a refinery investment is 1972. The

forecast price in the tenth year of the investment is

figured by substituting in the equation for T the number of

quarters of time between the origin (8-15-67) and the tenth

year of the investment (mid-1981). The number of quarters

between 8-15-67 and 7-1-81 is 55.5. Substituting in the

equation gives an expected tenth year price of 21.60 cents

per gallon.

The procedure next calls for fitting a continuous

theoretical probability distribution to historical changes

in the variable. Using the data shown in Table XI, the

Kolmogorov-Smirnov one-sample goodness of fit test was used

to fit a distribution. Table XII shows the results of the

calculations required to apply the test to determine if the

6
data in Table XI are normally distributed. From Table XII,

6 See Clark and Schkade, pp. 436-441, for details on
applying the Kolmogorov-Smirnov test.
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TABLE XII

KOLMOGOROV-SMIRNOV ONE-SAMPLE TEST APPLIED
TO WHOLESALE GASOLINE PRICE CHANGES

Price Change f fE* F0 FE F0-FE
(Cents per Gallon)

0 up to 0.12 10 8.4 10/60 8.4/60 1.6/60

0.12 up to 0.24 19 18.6 29/60 27/60 2/60

0.24 up to 0.36 17 19.8 46/60 46.8/60- 0.80/60

0.36 up to 0.48 10 10.5 56/60 57.3/60 1.3/60

0.48 up to 0.60 4 2.7 60/60 60/60 0

Total 60 60.0 . . . .

*
See Clark and Schkade, pp. 237-238, for the ordinate

method of calculating expected frequencies (fE) for a normal
distribution.

Dmax is 2/60 (or 0.033). Using the Kolmogorov-Smirnov

equation at a 5 per cent level of significance,

.Dtheor. = 1.36/6 = 0.176.

Since Dmax< Dtheor it is concluded that the changes data

in Table XI are normally distributed and as a result, the

normal distribution will adequately represent the range of

possible values that wholesale gasoline price may assume in

the tenth year of the investment's life.



APPENDIX B

SETTING UP SUBJECTIVE PROBABILISTIC

VARIABLES

The set-up of a subjective probabilistic variable is

explained in detail here. First, the mechanics of a set up

are presented, followed by an example to illustrate 
the

mechanics.

Mechanics

As was the situation with objective probabilistic

variables, the set-up of a subjective variable involves:

1. Forecasting the expected value 
of the variable in

the tenth year of the investment.

2. Assigning the proper probability 
distribution to

represent the range of possible 
values that the variable may

assume in the tenth year of the 
investment's life.

The expected value of the variable in the tenth year

can be determined using some mathematical 
predictive tech-

nique, or a subjectively-determined value 
can be used. If

the latter is used, the value, for example, might represent

an average of educated guesses obtained from 
experts on the

particular variable. A given method is not to be dictated

here, rather the important thing is that the value used be

acceptable to management.

104
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The subjective probability distribution will be

developed from a consensus of educated guesses regarding

the relative chances of occurrence of a range of tenth year

values. The first step in constructing a subjective proba-

bility distribution is to locate one or more experts on the

particular variable.1 An expert here is defined as a person

within the company who is responsible for the knowledge in

a particular area(s). For example, future crude oil prices

could be handled as a subjective probabilistic variable.

Experts on this variable would be found in the crude oil

trading department, and possibly in refining.

The data needed to construct a subjective probability

distribution is obtained by asking the expert to estimate

his degree of belief in different values relative to belief

in the expected value, the latter being the tenth year

expected value previously discussed. Thus, the likelihood

of occurrence of each of a group of tenth year values is

determined, all relative to the tenth year expected value.

The relative degree of beliefs are quantified by getting the

expert's estimate of the odds at which a small bet on the

value concerned would be reasonable. The expert can not

assess this exactly, of course, but he should be able to give

1The methodology presented here for developing a
subjective probability distribution was taken from P. M.
Reilly and H. P. Johri, "Decision-Making Through Opinion
Analysis,1 " Chemical Engineering, XLI (April 7, 1969), 122-
129.
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a fairly good estimate. The range of values tested relative

to the expected value will extend to some minimum value

below which the expert feels there is virtually no chance

of occurrence and to some maximum value above which a value

for the variable in the tenth year is not likely to occur.

If more than one expert is used, a consensus can be

obtained from a simple average of odds. 2

After the relative odds have been obtained (and averaged

if necessary), they should be converted to percentages of

the expected value's odds. It should be noted that large

odds indicate a high degree of belief in the outcome, thus

the expected value will have the highest odds.

A probability curve can be plotted by assigning the

point for the expected value an arbitrary height above the

abcissa. Then the previously calculated percentages of the

expected value's odds can be used to plot the points on both

sides of the expected value. In other words, all points on

either side of the expected value will be plotted at heights

above the abcissa that are less than the height for the

expected value. This is, of course, because the odds for all

points will be less than the odds for the expected value;

therefore, the percentage values will all be less than 100 per

2For a discussion of several methods of calculating a

consensus of subjective probability distributions see R. L.

Winkler, "The Consensus of Subjective Probability Distribu-
tions," Management Science, XV (October, 1968), B-61-B-75.
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cent (the percentage figure for the expected value's odds

will, of course, be 100 per cent) .

Figure 13 depicts a typical subjective probability

curve.

Figure 13--Typical subjective probabili ty curve

It should be obvious that subjective probability curves may

assume any shape.

Example

An example will serve to illustrate the mechanics of

setting up a subjective probabilistic variable.

The variable chosen is the future price of a particular

crude oil. Thus, the future range of possible crude prices
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in the tenth year of some hypothetical investment opportunity

will be represented by a subjective probability distribution.

The required tenth year expected value was obtained by

using a linear time series regression equation. The equation

was derived by fitting a straight line through the crude price

data in Table XIII, using the method of least squares.

TABLE XIII

AVERAGE ANNUAL CRUDE OIL PRICES FOR A
PARTICULAR CRUDE, 1960-1970

Year Crude Price

($/Barrel)

1960........-.-........ 2.88
1961.............. 2.89
1962 .............. 2.89
1963....-.-.. . . . . . . . . 2.88
1964 .............. 2.87
1965 . . . . . . . . . . . . . . 2.86
1966..-.. . . . . . . . . .... 2.89
1967 . . . . . . . . . . . . . . 2.92
1968..... .. . . . . . . . . . 2.96
1969 .............. 3.06
1970...-.-.. . . . . . . . . . 3.17

The linear regression equation derived from the data in Table

XIII is as follows:

P = 2.94 + 0.0222T

where:

P = crude price, $ per barrel.

T = time, years.

Origin = July 1, 1965
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Assuming that the first year of the investment is 1972,

then crude price will be $3.30/barrel in the tenth year,

or mid-1981, according to the equation.

In order to develop the subjective probability distribu-

tion for values in the tenth year, four experts were

questioned to obtain their degree of beliefs in several crude

prices relative to the expected price of $3.30/barrel. Two

of the experts were crude oil traders, and the two others

were refiners.

The data obtained from the experts, after averaging the

four estimates at each crude price, are shown in the first

two columns of Table XIV on the next page. The third column

in Table XIV shows the percentages resulting from computing

the odds as a percentage of the odds of the expected price

of $3.30. As an example, consider the data for the $3.10

price. The 2:1 odds mean that the experts believed that it

would be reasonable to bet, at 2:1 odds, that the $3.10 price

would occur in the tenth year rather than would the $3.30

price. The low (2:1) odds indicate a relative lack of know-

ledge (or disbelief) with respect to the possible occurrence

of the $3.10 price. The 10 per cent figure means that the

2:1 odds are 10 per cent of the 20:1 odds for the expected

price. Odds for the other prices are likewise interpreted.

The minimum price of $3.00/bbl was arrived at by the

experts on the assumption of a relaxation of crude imports
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TABLE XIV

ODDS DATA FOR CONSTRUCTING A SUBJECTIVE PROBABILITY
DISTRIBUTION FOR THE FUTURE PRICE OF A PARTICULAR

CRUDE OIL

Crude Price Relative Odds as a Per Cent of the Odds
($/bbl) Odds for the Expected Price (%)

(1) (2) (3)

3.00 no Odds (min. price) 0
3.05 1.5:1 7.5
3.10 2:1 10.0
3.15 3:1 15.0
3.20 4:1 20.0
3.25 5:1 25.0
3.30 20:1 100.0
3.35 19:1 95.0
3.40 18.5:1 92.5
3.45 18:1 90.0
3.50 16:1 80.0
3.55 15:1 75.0
3.60 12:1 60.0
3.65 11:1 55.0
3.70 10:1 50.0
3.75 8:1 40.0
3.80 7:1 35.0
3.85 6.5:1 32.5
3.90 6:1 30.0
3.95 5:1 25.0
4.00 3:1 15.0
4.05 2:1 10.0
4.10 2:1 10.0
4.15 1.5:1 7.5
4.20 1.5:1 7.5
4.25 1.5:1 7.5
4.30 No Odds (max. price) 0

into the United States. The maximum price of $4.30 was

based on an average-price forecast made in 1970 by the

American Petroleum Institute which indicated that
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inflationary pressures could cause crude prices to rise by

ten cents per barrel per year throughout the 1970's.

Figure 14 on the next page shows the subjective

probability distribution representing the data in columns

(1) and (3) in Table XIV. The plot was made by first set-

ting an arbitrary height above the abcissa for the expected

price of $3.30. All other points were then plotted using

the percentage figures shown in column (3) of Table XIV.

Note that the distribution is positively skewed.
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APPENDIX C

COMPUTER GENERATION OF RANDOM NUMBERS

As discussed in Chapter III, the probabilistic model

combines Monte Carlo sampling with the return interpolation

data in order to generate the return on investment distribu-

tion. Recall that the model uses Monte Carlo sampling to

extract random numbers from the probability distributions

representing the two probabilistic variables. Appendix C

is thus concerned with showing how to use the computer to

extract random numbers from the two distributions that were

set up for the two probabilistic variables. (Appendices A and

B described the set up methodology.)

Computer Generation of Random Numbers from
Continuous Theoretical Probability

Distributions

Computer programs for generating random numbers from

the uniform, normal, and gamma distributions are presented

here. Their use is also discussed. All programs are

written in Fortran IV. The normal and gamma generators both

take a number from a uniform generator and transform the

number into a random number that is normally or gamma distrib-

uted.

113
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Uniform Generator

The following is a program that will generate four-

digit uniformly distributed random numbers between zero

1
and one:

READ(5 ,l) IX

1 FORMAT(I5)

IY = IX * 65539

IF(IY) 5, 6, 6

5 IY = IY + 2147483647 + 1

6 YFL = IY

YFL = YFL * 0.4656613E-9

IX = IY

STOP

END.

In the program, IX is any odd-numbered five-digit number

used as a seed. IBM recommends using 65549 as this seed.

In order to use the uniform generator in the model

developed in Chapter III, the limits for the particular

uniform distribution must be computed. In other words, the

model will need a uniformly distributed number between A

and B. Here A is the lower limit and B is the upper limit

of the uniform distribution. These limits can be computed

using these two formulas:

'Program taken from IBM Corporation System 360 Scientific
Subroutine Package H20-0205-0, 1966.

F41
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A = Expected value - Maximum deviation.

B = Expected value + Maximum deviation.

The expected value is, of course, the forecast tenth year

expected value discussed in Appendix A. Maximum deviation

can be calculated by going back to the data that was used

to forecast the expected value. Recall that Appendix A

discussed how to derive a regression equation for use in

forecasting the expected value. Maximum deviation is defined

here as being equal to the absolute value of the deviation

of the most widely deviating data point about the regression

line (or curve). Figure 15 is presented to help clarify

maximum deviation.

00

0

0TXW

Figure 15--Pictorial representation of maximum deviation

Figure 15 shows the data point (historical) that deviates most

from the regression line. Maximum deviation would be simply

the absolute value of the distance between this point and

the regression line.
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Once the values for A and B have been computed, the

uniform generator given in this appendix can 
be made to

generate random numbers between A and 
B by adding the follow-

ing statements:

READ (5,2) A,B

2 FORMAT(2Fl0. 3 )

URN = YFL * (B-A) + A

The URN statement transforms the uniform number that 
will be

between zero and one into the appropriate number between 
A

and B. The URN statement should be placed immediately after

the IX = IY statement in the uniform generator program.

Normal Generator

The following is a program that will generate normally

2
distributed random numbers.

READ (5, 1) IX,S ,AM

1 FORMAT (I5,2F6.3)

Al = 0.0

DO 50 I =1,12

IY = IX * 65539

IF(IY)5,6,6

5 IY = IY + 2147483647 + 1

6 YFL =IY

2Program taken from IBM Corporation System 360 Scientific

Subroutine Package H20-0205-0, 1966.
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YFL = YFL * 0.4656613E-9

IX =IY

50 Al = Al + YFL

XNRN = (Al-6.0) * S + AM

STOP

END.

In order to use this program, it is necessary to specify

IX, S, and AM. IX is a seed; IBM recommends using 65549. S

and AM are the standard deviation and mean, respectively, of

the normal distribution. XNRN is the normally distributed

random number. The standard deviation is that of the changes

data that would be used in applying the Kolmogorov-Smirnov

test in the set up procedure (see Table XI of Appendix A,

for example). The mean is the forecasted tenth year expect

value that would be computed in the set up procedure.

Gamma Generator

The following is a program that will generate gamma dis-

tributed random numbers.
3

READ (5, 1) IX, TMUSD

1 FORMAT (I5,2F6.3)

IY = IX * 65539

IF(IY)5,6,6

3Modified form of the program in McMillan and Gonzalez,

p. 264.
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5 IY = IY + 2147483647 + 1

6 YFL =IY

YFL=YFL*0.4656613E-9

IX = IY

R = (TMU/SD)**2

T = TMU/SD**2

X = 1.0

IR=R

DO 2 I=l,IR

2 X = X * YFL

G = ALOG(X)/T

STOP

END.

In order to use this program, it is necessary to specify

IX, TMU, and SD. Again, IX is a five-digit seed; 65549 is

recommended by IBM. TMU and SD are the mean and standard

deviation, respectively, of the gamma distribution. G is

the gamma distributed random number. The standard deviation

is that of the changes data that would be used in applying

the Kolmogorov-Smirnov test in the set up procedure (see

Table XI of Appendix A for an example of changes data). The

mean is the forecasted tenth year expected value that would

be computed in the set up procedure.
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Computer Generation of Random Numbers from
Subjective Probability Distributions

The rectangular approximation method can be used to

generate random numbers from subjective probability distribu-

.4tions. Such a method is necessary when there is no

mathematical function that will represent the subjective

probability density function.

The rectangular approximation method involves the

following two steps:

1. Develop a cumulative probability curve from the

data that was used to develop the subjective probability

curve in the set up procedure for a subjective probabilistic

variable.

2. Use a computer uniform random number generator plus

the cumulative probability curve to generate the desired

random numbers.

To illustrate the rectangular approximation technique,

refer back to the example in Appendix B, which involved set-

ting up crude oil price as a subjective probabilistic variable.

In order to generate random numbers from the subjective dis-

tribution that was developed in this example, it is first

necessary to convert the data in Table XIV of Appendix B

into a frequency distribution. Using the crude prices in

4See Emshoff and Sisson, pp. 181-182 for a discussion
of the rectangular approximation method.

qqwmmoowAmwwmw
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column (1) as class boundaries, the conversion of the

percentages in column (3) of Table XIV into frequencies

yields the data in column (2) of Table XV on the following

page. Column (3) in Table XV shows relative frequencies,

and column (4) shows cumulative frequencies.

A plot of cumulative frequency vs. class boundaries is

shown in Figure 16. This is the cumulative probability curve

called for in step (1) above.

The generation of random numbers from the subjective

cumulative probability curve requires the use of a uniform

random number generator and the data in columns (1) and (4)

of Table XV. First, a uniform random number between zero

and one is generated. Next, this number's position in the

cumulative frequency column is located, and then an inter-

polation is performed to obtain a crude oil price. In this

way, randomly selected crude oil prices are generated.

As an example, assume that the uniform generator selects

at random the number 0.3615. This number's position in the

cumulative frequency column in Table XV is between 0.31875

and 0.41000. Interpolation for a crude oil price is as

follows:

0.36150 - 0.31875 ($3.45 - $3.40) + $3.40 = $3.4234/bbl.
0.41000 - 0.31875

Thus, $3.4234 would be used as a randomly selected crude price.

The uniform random number generator should, of course, be

tested for randomness prior to its use. If it passes the
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test, then the numbers representing the subjective distribu-

tion will be random numbers.

TABLE XV

FREQUENCY DISTRIBUTION REPRESENTING
CRUDE OIL PRICE

Relative Cumulative
Class Frequency Frequency Frequency

( __)__(2) (3)
3.00
3.05
3.10
3.15
3.20
3 .25
3.30
3.35
3.40
3.45
3.50
3 .55
3.60
3.65
3.70
3.75
3.80
3.85
3.90
3.95
4.00
4.05
4.10
4.15
4.20
4.25

up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to
up to

Total

3.05
3.10
3.15
3.20
3 .25
3 .30
3 .35
3.40
3 .45
3.50
3.55
3 .60
3 .65
3 .70
3 .75
3 .80
3 .85
3.90
3.95
4.00
4.05
4.10
4.15
4.20
4.25
4.30

3.75
8.75
12.50
17.50
22.50
62.50
97.50
93.75
91.25
85.00
77.50
67.50
57.50
52.50
45.00
37.50
33.75
31.25
27.50
20.00
12.50
12.50
8.75
8.75
8.75
3.75

.00375

.00875

.01250

.01750

.02250

.06250

.09750

.09375
.09125
.08500
.07750
.06750
.05750
.05250
.04500
.03750
.03375
.03125
.02750
.02000
.01250
.01250
.00875
.00875
.00875
,00375

.00375

.01250

.02500

.04250
.06500
.12750
.22500
.31875
.41000
.49500
.57250
.64000
.69750
.75000
.79500
.83250
.86625
.89750
.92500
.94500
.95750
.97000
.97875
.98750
.99625

1.00000
t I.

1000.00 
1.00000

1000'.00 1.00000
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APPENDIX D

All data required for constructing the two refinery

linear programming simulation models used in the model

application (Chapter IV) are presented here as follows:

Yield Data . . . . . . . . . Tables XVI-XXI
Utility Data . . . . . . . . Tables XXII-XXIII
Product Blending and

Specifications Data . . . . Tables XXIV-XXV
Gasoline Lead Representa-

tion Data . . . . . . . . . Tables XXVI-XXVII
Unit Capacities . . . . . . . Table XXVIII
Product Prices . . . . . . . Table XXIX

All yield data are in barrels of output per barrel of feed

unless otherwise indicated.

TABLE XVI

CRUDE AND VACUUM UNIT YIELDS

Component Crude No.1 Crude No. 2 Crude No. 3

FG 0.005 0.005 0.010

St. Run 0.069 0.078 0.095

Naphtha 0.147 0.142 0.202

Kero 0.097 0.088 0.090

Diesel 0.142 0.147 0.163

Gas Oil 0.240 0.330 0.310

Vac. Red. Crude 0.300 0.210 0.130

Total 1.000 1.000 1.000

123
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TABLE XVII

REFORMER YIELDS

Component 93.5 Octane Operation 99.5 Octane Operation

FG 0.020 0.02

C3 0.020 0.04

1C4 0.015 0.02

NC4 0.020 0.03

Reformate 0.910 0.87

Total 0.985 0.98

Hydrogen 600 CF/B 750 CF/B

Component

Gas Oil .

Asphalt .

Total

TABLE XVIII

PROPANE DEASPHALTER YIELDS

Yield

0.37

0.63

1.00

TABLE XIX

FLUID CATALYTIC CRACKING YIELDS

Component Yield Component
FG . . . 0.10 Lt. Fcc Gasoline
C3 . . . . 0.07 Hvy. Fcc Gasoline
C3 . . . . 0.03 Cycle Oil........
C .. 0.06 Clarified Oil ...

1C4 . . . . 0.03 Total . . . .0.0
NC4 . . . . 0.06

Yield
0.11
0.53
0.17
0.04
1.15

. . . . . . . . . .



125

TABLE XX

ALKYLATION UNIT YIELDS

Component C-T Feed C- Feed

lC4 Consumed 1.45 1.25

Alkylate Produced 1.77 1.84

TABLE XXI

HYDROCRACKER YIELDS

Component

FG ..0.

C3 -. - -

1C4 .* . .e
NC4 .. 0.
Naphtha

Yield

0.030
0.017
0.008
0.007
0.144

Component

St. Run .
Kero........
Gas Oil .
Resid .

Total .

TABLE XXII

UTILITY REQUIREMENTS

Refinery Unit

Utility Crude & C3  Re- Gas Hydro-
Vac.Unit Deasph. former Fcc Alky Plant cracker

Fuel
(BFOE/BBL) .02 .013 .034 .026' .073 -- .015

Steam
(MLb/BBL) .0324 .223 .07 -. 034 .073 .033 --

Electricity
(KWH/BBL) .60 1.345 .93 1.14 5.04 4.9 5 9.6

Water
(MGAL/BBL) .01 .20 1.50 .21 1.28 .24 .074

Processing
Supplies .01 .0017 .032 .034 .082 .003 .12

($/BBL)
Royalties

($/BBL) -- -- -- -- .04 -- .029

Yield

0.034
0.195
0.466
0.224
1.125
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TABLE XXIII

UTILITY COSTS

CostUtility

Fuel

Steam . .

Electricity

Water .

Tel. .

$1.87/BFOE

$ .50/M#

$ .007/KWL

$ .008/MGal

$2. ll/MCC

TABLE XXIV

GASOLINE BLENDING AND SPECIFICATION DATA

Regular and Premium

Component Research Motor Reid Vapor Lead Suscep-
Octane No. Octane No. Pressure tibility

(psi) ON/3cc

Butane 103 101 63 10

St. Run 85 73 18 18

93.5 Rfmt. 93.5 85 11 11

99.5 Rfmt. 99.5 91.5 11 11

Lt. Fcc Gaso. 100 85 16 7

Hvy. Fcc Gas o. 96 84 4 6

Alkylate 103 100 8 10.5

Specifications

Regular 94 84 10 --

Premium 100 92 10 --
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TABLE XXV

NO. 2 FUEL OIL BLENDING AND
SPECIFICATION DATA

Component Cetane Number

Kero ................

Diesel .............

Cycle Oil . .. 0.0 . .

Specification . . 0.4.

-- -48

. . . 51

. . . 28

. . . 45

TABLE XXVI

REGULAR GASOLINE LEAD REPRESENTATION DATA

Research O.N. Motor O.N.
Component

0.5cc 1.5cc 3.0cc 0.5cc 1.5cc 3.0cc

Butane 98 101 103 97 99 101

St. Run 73 80 85 64 69 73

93.5 Rfmt. 81 87 93.5 74 80 85

99.5 Rfmt. 87 93 99.5 82 87 91.5

Hvy.Fcc Gaso. 88 92 96 76 81 84

Alkylate 92 99 103 94 98 100

Slope (O.N./cc) 3.7 1.8 1.1 3.7 1.9 1.1
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TABLE XXVII

PREMIUM GASOLINE LEAD REPRESENTATION DATA

Component Research O.N. Motor O.N.

0.5cc 1.5cc 3.0cc 0.5cc 1.5cc 3.0cc

Butane 98 101 103 97 99 101

St. Run 73 80 85 64 69 73

99.5 Rfmt. 87 93 99.5 82 87 91.5

Lt. Fcc Gaso. 93 97 100 79 83 85

Hvy. Fcc Gaso. 88 93 96 77 82 84

Alkylate 92 99 103 94 98 100

Slope
(O.N./3cc) 3.8 1.8 1.3 3.7 2.0 1.2

TABLE XXVIII

UNIT CAPACITIES

Unit

Crude and Vacuum

Reformer .......

Fluid Cat. Cracker

HF Alkylation . .0

Capacity (BPCD)

45000

15000

14000

5000
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TABLE XXIX

PRODUCT PRICES
($,bbl)

Product
Year

No. 1 No. 2 No. 6 C3 NC4  Asphalt

1972 4.30 4.10 1.80 1.68 1.68 2.00

1973 4.30 4.10 1.80 1.68 1.68 2.00

1974 4.30 4.10 1.80 1.68 1.68 2.00

1975 4.30 4.10 2.00 1.78 1.78 2.00

1976 4.30 4.10 2.00 1.78 1.78 1.50

1977 4.30 4.10 2.00 1.78 1.78 1.50

1978 4.30 4.10 2.00 1.78 1.78 1.50

1979 4.30 4.10 2.00 1.78 1.78 1.50

1980 4.30 4.10 2.00 1.78 1.78 1.50

1981- 4.30 4.10 2.00 1.78 1.78 1.50
1991



APPENDIX E

The equations that made up the refinery linear program-

ming simulation models that were used in the model application

of Chapter IV are presented here. The equations simulated the

refinery operations shown schematically in Figures 10 and 11

of Chapter IV and are presented in this Appendix as one model,

therefore giving the "two models in one" that was discussed

in Chapter III.

The equations will be presented first, followed by

identification of all variables in the equations.

The Equations

The linear programming equations are presented here in

the following order: (1) material balance equations (2)

product blending equations; (3) utility usage equations 7

and (4) processing unit capacity equations.

Material Balance Equations

F G balance:

0.005 X1 + 0.005 X2 + 0.005 X3 + 0.02 X4 + 0.02 X5

+ 0.10 X6 + 0.03 X16 - X 8  0

St. run balance:

0.069 X, + 0.078 X2 + 0.095 X3 + 0.034 X16~X18

- X 2 9 0

130
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Naphtha balance:

0.147 Xl + 0.142 X2 + 0.202 X3 + 0.144 X16 ~4

- X5 = 0

Kero balance:

0.097 X1 + 0.088 X2 + 0.09 X3 + 0.195 X16-X31

- X32 = 0

Diesel balance:

0.142 X1 + 0.147 X2 + 0.163 -~33 = 0

Gas oil balance:

0.24 Xi + 0.33 X2 + 0.31 X3 + 0.37 X7 + 0.466 X16

- X6 = 0

Vacuum reduced crude balance:

0.30 X + 0.21 X2 + 0.13 X3 ~ 7 16 = 0

Asphalt balance:

0.63 X7 - X16 - X39 = 0

C3 balance:

0.02 X + 0.04 X5 + 0.03 X6 + 0.017 X1 6  10 = 0

ICA balance:

0.015 X4 + 0.02 X5 + 0.03 X6 + 0.008 X -16 X 1 2 =0

balance:

0.02 X 4+ 0.03 X5 + 0.01X6 + 0.007X16 - X13 0

C3balance:

0.07 X6 - X9 = 0

C- balance:

0.06 X6 - x = 0
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Rfmt (93.5 octane) balance:

0.91 X4 - X19 = 0

Rfmt (99.5 octane) balance:

0.87 X5 - X20- 25 = 0

Lt. FCC balance:

0.11 X = 0

Hvy. FCC balance:

0.53 X6 ~X22 ~ =27 0

Cycle oil balance:

0.17 X6 - X34 -X 3 6 = 0

Clarified oil balance:

0.04 X6 - X37 = 0

Resid. balance:

0.224 X 1 6 -59 = 0

FGFP balance:

x8 - X41 = 0

C3 FP balance:

X10 - X40= 0

ICdFP balance:

X 1 2 - 1.45X1 4 - 1.25 X 1 5 + 0.35 X56~46 = 0

NC4 FP balance:

X - X - x + 0.65 X -x =0
13 17 24 56 47

C--0 balance:

x - X 09 14



C-0 balance:

X - X 1 5 = 0

Alkylate balance:

1.77 X 4 + 1.84 XIS -X 2 1

Regular gasoline sales balance:

x 23 ~ 42 =0

Premium gasoline sales balance:

x30~43 = 0

No. 2 balance:

X 32 + 33 -X35=0

No. 2 sales:

x35 - X4 4 = 0

No. 6 balance:

X3 6 + x3 7 -x3 =0

No. 6 sales:

X3 8 45 = 0

- 2 8 =0

Product Blending Equations

Regular gasoline balance:

X1 7 + X 18 +X 1 9 + X 2 0 + x21 + x22 - X23 = 0

Premium gasoline balance:

X24 +X 2 5 +x 26 2 7 +x28 +x29 -30 0

Regular vapor pressure control:

63 X 17 + 18 x18 + 11 x9 + 11 x20 + 4 X21 +8X 2 2

- 10 X2 3 < 0
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Premium vapor pressure control:

63 X2 4 + 11 X 2 5 + 16 X2 6 + 4 X 2 7 + 8 x 2 8 + 18 X29

- 10 x30 -<0

No. 2 cetane number control:

48 X 3 2 + 51 X3 3 + 28X34 - 45 X <35!50

Regular research octane number control:

- 98 x 1 - 73 X18 - 81 x -1 7X20 92 X 2 1 - 88

- 3.7 X57 + 95.85 X2 3 < 0

- 101X1 7 - 80 X18 - 87 X 1 -93 X20 - 99 X21 -92

- 1.8 X5 7 + 96.7 X2 3 < 0

- 103 X17 - 85 X 1 8 - 93.5 X1 9 - 99.5 X 2 0 - 103 X21

- 96 X 2 2  1.1 X5 7 - 97.30 X23 < 0

X5 7 - 3 X2 3 = 0

Regular motor octane number control:

- 97 X 1 7 -64X1 8 -74X1 9 - 82 X2 0 - 94 X 2 1 -76

- 3.7 X57 + 85.85 X2 3 < 0

- 9 9 X. - 69X 1 8 - 80 X1  -87 X 2 0 -98X 2 1 -81

- 1.9 X57 + 86.75 X2 3 <_ 0

- 101 X 1 7 - 73 X 1 8 - 85 X 1 9 -91.5 X2 0 - 100 X21

- 84 X22 - 1.1 X5 7 + 87.30 X2 3 < 0

Premium research octane number control:

98 X24 -8X25 - 93 X26 - 88 X27 - 92 X 2 8 -73 X

-3.8 X58 + 101.9 x30 0

-101 x 24 - 93 X25 - 97 X 26 - 93 X27 ~ 99 X28 - 80

-1.3 X58 + 103.90X 30

134
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- 103 X2 4 -99.5 X2 5 - 100 X -96 X2

- 85 X2 9 - 1.3 X5 8 + 103.90 X30 < 0

X58- 3 X3 0 = 0

Premium motor octane number control:

297 X4 -82X 2 5 -79 X -77 X -94
247 2- 26 27

-3.7 X58 + 103.85 X30 < 0

-99 X 24 ~87 X2 5 - 83 X26 -82 X27 - 9

- 2.0 X5 8 + 95.0 X _ 0
30-

-101 X24 - 91.5 X25 -85 X26 - 84 X27

- 1.2 X58 + 95.6 X3 0 - 0

- 103 X

X - 64X2 9
28 2

8BX2 - 69X2 928 e -2

28 4

Utility Usage Equations

Crude and vacuum unit balance:

X +X2 +X - X = 0x1 +x2 +x3 x48 0

Gas plant balance:

x + x9+ x0+ x +X2+x3-x = 0
8 9 1 11 2 13 49

Fuel gas usage:

0.02 X48 + 0.013 X17 + 0.034 X4 + 0.034 X5 + 0.0265 X6

+ 0.073 X + 0073 X 15 + 0.015 X -16 ~ X5 =0

Steam usage:

0.0324 X4 8 + 0.223 X7 + 0.07 X4 + 0.07 X5 - 0.034 X6

+ 0.073 X + 0073 X 5 + 0.033 X - x =0
+007.1+0049 X5 1  0

Electricity usage:

0.60 X4 8 + 1.345 X7 + 0.93 X4 + 0.93 X5 + 1.14 X6

+ 5.04 X14 + 5.04 X1 5 + 4.95 X4 9 + 9.6 X1 6 - x52 = 0

OUR 0
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Water usage:

0.01 X48 + 0.20 X7 + 1.5 X4 + 1.5 X5 + 0.21 X6 + 1.28 X14

+ 1.28 X 1 5 + 0.24 X4 9 + 0.74 X1 6 - X5 3 = 0

Processing supplies usage:

0.01 X 48 + 0.0017 X7 + 0.032 X4 + 0.032 X5 + 0.034 X6

+ 0.082 X14 + 0.082 X 1 5 + 0.003 X49 + 0.12 X16 - x54 =0

Royalties:

0.04 X 14 + 0.04 X15 + 0.29 X1 6 - X5 5 = 0

Processing Unit Capacity Equations

Crude and vacuum unit capacity control:

Xi + X2 + X3 < 45,000

Reformer capacity control:

-+ X 5  15,000

Fluid catalytic cracker capacity control:

X6< 14,000

HF alkylation capacity control:

X1 4 + X1 5 f 5,000

Identification of Variables

All variables used in the linear programming equations

are identified below.

Variable Identification

Xi Volume of crude No. 1

X2 Volume of crude No. 2

X3 Volume of crude No. 3



Variable

X4

X5

X6

X
7

X8

X9

Xlo

XII

X1 2

X13

XI4

X 15

X16

X1 9

X2 0

X2 1

X2 2

X2 3

X2 4

X2 6

X2 7

X28

Identification

93.5 rfmt. produced

99.5 rfmt. produced

Feed to fluid cat. cracker

Feed to propane deasphalter

FG to gas plant

C-7 to gas plant

C3 to gas plant

C to gas plant

IC- to gas plant

NC4 to gas plant

C- to HF alkylation unit

C- to HF alkylation unit

Feed to hydrocracker

C4 to regular gasoline blend

St. run to regular gasoline blend

93.5 rfmt. to regular gasoline blend

99.5 rfmt. to regular gasoline blend

Alkylate to regular gasoline blend

Hvy. FCC to regular gasoline blend

Volume of regular gasoline blended

C4 to premium gasoline blend

99.5 rfmt. to premium gasoline blend

Lt. FCC to premium gasoline blend

Hvy. FCC to premium gasoline blend

Alkylate to premium gasoline blend
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Variable

X 2 9

X3 0

X3 1

X3 2

X3 3

X3 4

X 3 5

X3 6

X 3 7

X3 8

X3 9

X4 0

X41

X4 2

X4 3

X4 4

X4 5

X4 6

X4 7

X4 8

X4 9

X5 0

X51

X5 2

X 5 3

Identification

St. run to premium gasoline blend

Volume of premium gasoline blended

No. 1 sales

Kero. to No. 2 blend

Diesel to No. 2 blend

Cycle oil to No. 2 blend

Volume of No. 2 blended

Cycle oil to No. 6 blend

Clarified oil to No. 6 blend

Volume of No. 6 blended

Asphalt sales

C3 sales

Fuel gas internal consumption

Regular gasoline sales

Premium gasoline sales

No. 2 sales

No. 6 sales

IC4 sales

NC4 sales

Crude and vacuum unit utility composition

Gas plant utility consumption

Fuel gas outside purchases

Steam purchases

Electricity purchases

Water purchases



Variable

X5 4

X5 5

X5 6

X57

X58

X5 9

Identification

Processing supplies purchases

Royalties purchases

Field butane feed

Total lead in regular gasoline

Total lead in premium gasoline

Resid. to No. 6 blend
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APPENDIX F

The computer programs that were used in applying the

model are presented here. Three programs are presented:

(1) one is a program that solved the refinery linear program-

ming simulation models; (2) the second is a program that

calculated the internal rate of returns; and (3) the third

is a program that developed the data for the return on

investment distribution, i.e., a program that generated

random numbers and performed the interpolations. All three

programs are written in Fortran IV.

A Program for Solving the Refinery Linear
Programming Models

C LIMITATIONS:
C MAX. OF 300 ITERATIONS.

C MAX. OF 1000 VARIABLES.
C MAX. OF %)) EQUATIONS.
C

IMPLICIT REAL * 8 (A-H, o-Z)
DIMENSION X(1000), B(500), FMT(10), U(1000), P(1000,S(1000)
INTEGER * 2 INV (500),ISUR(500),IT(500),ID(3)
DATA ID /'= 'j'<= ', '=I'/

EQUIVALENCE (X (l) , P (1) ) , (S (l) , U (1))
C FILE 10 = MAX - 300 ITERATIONS: 500 EQUATIONS

DEFINE FILE 10(300,1001,U NEXT)

C FILE 11 = MAX - 1000 VARIABLES; 500 EQUATIONS.

DEFINE FILE ll(l000,1000,U,IN)

10 READ (5,1,END=99) FMT
REWIND 20

1 FORMAT(10A8)
WRITE (6,2) FMT

2 FORMAT(lHl,10A8)
READ(5,3) NV, NE, IM

3 FORMAT (315)
WRITE (6,7) NV, NE

140
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7 FORMAT(lHO, 'NUMBER OF VARIABLES.... ',I5 / IH, 'NUMBER OF

EQUATIONS 1....',I5)
IF (IM .EQ . 0) WRITE (6, 400)

400 FORMAT(lH ,MAXIMIZE THE OBJECTIVE FUNCTION.')

IF(IM .EQ. 1) WRITE (6,405)
405 FORMAT (lH , 'MINIMIZE THE OBJECTIVE FUNCTION.')

NTV = NV
NE2 = NE + 2
IS = 0
IA = 0
ISL = 0
READ (5,1) FMT
WRITE (6,8) FMT

8 FORMAT (IHOf'DATA FORMAT = ',10A8)
WRITE (6,350)

350 FORMAT(1H- 36X, 'VARIABLES ADDED: '/lH,5X, 'EQUATION' ,5X,
1'CODE' ,5X, 'TYPE', 5X, 'SLACK' ,4X, 'SURPLUS' ,4X, 'ARTIFICIAL')

DO 20 I=1,NE
12 = I + 2
READ (5,FMT) IT(I), (X(J) ,J=1,NV) ,B(I2)
WRITE (6,351) 1, IT(I),ID(IT(I) + 1)

51 FORMAT(lH ,Il0,Ill,7X,A2)
IF(IT(I) - 1) 30,40,50

30 NTV = NTV + 1
IA = IA + 1
WRITE (6,352) NTV

352 FORMAT (lH+,59XI3)
34 IAS = IA + IS -ISL + 2

INV (IAS) = NTV
WRITE (20) (X(J),J=l,NV)
GO TO 20

40 NTV = NTV + 1
IS = IS + 1
ISUR(IS) = NTV
WRITE (6,353) NTV

353 FORMAT (lH+, 35X,14)
GO TO 34

50 NTV = NTV + 1
WRITE (6,354) NTV

354 FORMAT(lH+,45X,I4)
IS = IS + 1
ISL = ISL + 1
ISUR(IS) = NTV
GO TO 30

20 CONTINUE
C READ IN Z FUNCTION

READ (5,FMT) IZ, (X(J), J=1,NV)
INV(2) = NTV + 1
INV(l) = NTV + 2
WRITE (6,355) INV(1),INV(2)
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355 FORMAT(lHO,5X, 'VARIABLE' ,I3, '=PHASE I OBJECTIVE FUNCTION.l/

11H ,5X,'VARIABLE',I3,'=PHASE II OBJECTIVE FUNCTION.')

B(2) = 0.0
IF(IM .NE. 0) GO TO 410
DO 420 I-1,NV

420 x(I) = - X(I)
410 WRITE (20) (X(I), I=1,NV)

DO 440 I=1,NV
REWIND 20
DO 445 J=1,NE
READ (20) (X(K), K=1,NV)

445 S(J+2) = X(I)
READ (20) (X(K),K=1,NV)
s(1) = 0.
S(2) = X(I)

440 WRITE (ll'I) (S(J),J-1,NE2)
IF(IS .LE. 0) GO TO 80
DO 60 I=1,IS
IX = NV + I
DO 65 J=1,NE2

65 X(J) = 0.
KK = 0
DO 67 IK=1,NE
IF(IT(IK) .EQ. 0) GO TO 67
KK = KK + 1
IF(KK .NE. I) GO TO 67
K = IK
K2 = IK + 2
GO TO 68

67 CONTINUE
68 X(K2) = 1.0

IF(IT(K) .EQ. 2) X(K2) = - X(K2)
WRITE (11'IX) (X(J),J-1,NE2)

60 CONTINUE
80 NX = NV+IS

DO 85 I=1,NX
SUM = 0.0
IF(IA .EQ. 0) GO TO 85
READ (11'I) (S(J),J=I,NE2)
DO 90 J=1,IA
JJ = 0
DO 91 IJ = 1,NE
IF(IT(IJ) .EQ. 1) GO TO 91
JJ = JJ + 1
IF(JJ .NE. J) GO TO 91
K = IJ + 2
GO TO 90

91 CONTINUE
90 SUM=SUM+ S (K)
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s(1) = -SUM
WRITE (ll'I ) (S(J),J=1,NE2)

85 CONTINUE
SUM = 0.
IF(IA .EQ. 0) GO TO 97

DO 95 J=1,IA
JJ = 0
DO 96 IJ = 1,NE
IF(IT(IJ) .EQ. 1) GO TO 96
JJ = JJ + 1

IF(JJ .NE. J) GO TO 96

K = IJ + 2
GO TO 95

96 CONTINUE
95 SUM = SUM + B(K)

97 B(l) -SUM
WRITE (6,111)

111 FORMAT(lHO,5X,'S MATRIX.')
DO 450 I-1,NX
WRITE (6,451) I

451 FORMAT(lHO, 'COLUMN',I4)
READ (11'I) (S(J),J=1,NE2)

450 WRITE (6,452) (S(J),J=1,NE2)
452 FORMAT(1H ,5X, 12F10.4)

NI = 1
WRITE (6,360) NI

360 FORMAT(lH-,5X, '** ITERATION' 13, '**')
WRITE (6,127) (INV(I), I=1,NE2)

127 FORMAT (lHO,5X, 'VARIABLES IN SOLUTION. '/10(lH ,10I10/))

WRITE (6,110) (B(I),I=1,NE2)
110 FORMAT(lHO,5X, 'B COEFFICIENTS. '/10(lH , 10F10.2/))

WRITE (6,370)

370 FORMAT(lH-,20X, 'VARIABLE' ,7X, 'VARIABLE'/H ,5X, 'ITERATION',

16X, 'ENTERING',7X, 'LEAVING')
IP = 1
IF(IA .EQ. 0) IP = 2

200 DO 130 I=2,NE2
130 U(I) = 0.

IF(IP .EQ. 2) GO TO 160
U(1) = 1.
GO TO 154

160 U(2) = 1.

154 WRITE (10'1) (U(I), I=1,NE2)
155 CALL MINCZ( NE2,NX, K,NIIP,U,P)

IF(K .LT. 0) GO TO 300

READ (11'K) (P(I), I=1,NE2)
IF(NI .EQ. 1) GO TO 165

DO 170 I=2,NI
READ (10'I) L, (U(IJ),IJ=1, NE2)
PL = P(L)
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DO 170 IJ-1,NE2
IF(IJ .EQ. L) GO TO 176
P(IJ) = P(IJ) + U(IJ) * PL
GO TO 170

176 P(IJ) = (P(IJ) * U(IJ)
170 CONTINUE
165 CALL THETA(B,P,NE2,L)

IF(L .LE. 0) GO TO 301
PL = P(L)
DO 140 I=1,NE2
IF(I .EQ. L) GO TO 145
U(I) =-P(I)/PL
GO TO 140

145 U(I) = 1. / P(I)
140 CONTINUE

NI = NI + 1
WRITE (10'NI) L,(U(I),I=1,NE2)
BL = B(L)
DO 180 I=1,NE2
IF(I .EQ. L) GO TO 186
B(I) = B(I) + U(I) * BL
GO TO 180

186 B(I) = B(I) * U(I)
180 CONTINUE

IL = INV(L)
IF(K .GT. NV) GO TO 190
INV(L) = K
GO TO 195

190 IK= K - NV
INV(L) = ISUR(IK)

195 WRITE (6,365) NIINV(L), IL
365 FORMAT(lH ,I10,2115)

GO TO 155
300 IF((IP .EQ. 2) .AND. (B (1) .GT. -.lE-04)) GO TO 200
301 WRITE (6,360) NI

WRITE (6,127) (INV(I),I=1,NE2)
WRITE (6,110) (B(I),I=1,NE2)
IF(B(l) .LT. -. lE-04) GO TO 430
IF(IM .EQ. 1) B(2) = -B(2)
WRITE (6,335) B(2)

335 FORMAT(lH-,5X,'OPTIMUM COST =',F10.3)
GO TO 10

430 WRITE (6,435)
435 FORMAT(lH-,5X,'THERE IS NO FEASIBLE SOLUTION.')

GO TO 10
99 CALL EXIT

END
SUBROUTINE MINCZ( NE, NX, K, NI, IP, U, W)

C
C THIS SUBROUTINE FINDS MIN (CJ - ZJ).
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C NE = NUMBER OF EQUATIONS.
C NX = NUMBER OF COLUMNS IN S.

C K = COLUMN NUMBER OF S WHERE THE MIN WAS FOUND.

C NI = NUMBER OF ITERATION IN PROCESS.
C IP = PHASE NUMBER.
C U, W = TEMPORARY STORAGE VECTORS.
C

IMPLICIT REAL*8 (A-H,O=Z)
DIMENSION U(1), W(l)

XMIN = 0.0
K =-l
READ (10'1) (W(I), I=1,NE)

IF(NI .EQ. 1) GO TO 20
DO 25 I=2, NI

IK = NI - I + 2

READ (10'IK) L, (U(IJ),IJ=lNE)
SUM = 0.0
DO 30 IM=1,NE

30 SUM = SUM + W(IM) * U(IM)
W (L) + SUM

25 CONTINUE
20 DO 10 I=1,NX

SUM = 0.

READ (11'I) (U(J),J=1,NE)
DO 15 J=1,NE

15 SUM= SUM + W(J) * U(J)
40 IF (DABS (SUM) .LT. .lE-06) GO TO 10

DIFF = SUM - XMIN

60 IF(DIFF .GE. -. lE-05) GO TO 10
XMIN = SUM
K = I

10 CONT INUE
IF( K .GT. 0) GO TO 99

IF(IP .LT. 2) GO TO 50
WRITE (6,5)

5 FORMAT(lH-.5X, 'OPTIMUM SOLUTION HAS BEEN REACHED.')

50 IP = IP + 1
99 RETURN

END
SUBROUTINE THETA(B, P, NE, L)

C

C THIS SUBROUTINE COMPUTES MIN(THETA).
C

C B = THE SOLUTION VECTOR.
C P = A COEFFICIENT VECTOR.
C NE = NUMBER OF EQUATIONS.
C L = NUMBER OF THE ELEMENT WHERE MIN WAS FOUND.
C

IMPLICIT REAL*8 (A-HO-Z)

DIMENSION B(l), P(1)
L = 0
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DO 10 I=3,NE
IF(P(I) .LE. .lE-07) GO TO 10
Z = B3(I) / P (I)
IF(L .EQ. 0) GO TO 15

IF(Z .GT. TH) GO TO 10

15 TH = Z
L=I

10 CONTINUE
IF(L .GT. 0) RETURN
WRITE (6,20)

20 FORMAT (lHO, 5X, 'PROBLEM IS UNBOUNDED.')
RETURN
END

A Program for Calculating the
Internal Rate of Return

The following program uses the output from the refinery

linear programming models to calculate the internal rate of

returns.

DIMENSION V(l0,20).,P(l0,20),,R(10,20)
DATA V,PR /600*0./

DIMENSION SUM(1,20),E(l, 20) XNIBT(1,20), REV(1,20),TAXINC

(1,20)
DATA SUMEXNIBTREV,TAXINC/l00*O./
DIMENSION TAX(1,20), XNIAT(l 20)

DATA TAX,XNIAT /40*0.!
READ(5,5)Nl

5 FORMAT (12)
C READ VOLUME AND PRICE MATRICES

DO 10 N = 1, NI

10 READ(5,l)V(n,l),V(N,2),V(n,3),V(N,4),V(N,5),V(N,6),V(N,7),
V(N,8) , XV(N,9) ,V(Nl0) ,V(N,11) ,V(N,12) ,V(N,13) ,V(N,14),

V(N,15) ,V(N,16) ,XV(N,17) ,V(N,18) ,V(N,19) ,V(N,20)
1 FORMAT (16F5.0/4F5. 0)

DO 15 M = 1, Nl

15 READ(5,2)P(Ml),P(M, 2), P(M,3) ,P(M,4),P(M,5), P(M,6),P(M,7),

P(M,8) ,XP(M,9) ,P(M,10) ,P(M,ll) ,P(M, 12) ,P(M, 13) ,P(M,14),

P (M, 15) ,P (M,16) ,XP (M 17),P (M,18),,P (M,19) ,P (MI20)
2 FORMAT (20F3 .2)
C CALCULATE DAILY REVENUE

DO 20 I = 1, Nl
DO 20 J = 1, 20

20 R(I,J) = V(IJ) * P(IJ)
C SUM BY COLUMNS

DO 25 M = 1, 20
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DO 25 N = 1, Nl
25 SUM4(1,M) = SUM(1,M) + R(NM)
C CONVERT DAILY REVENUES TO YEARLY REVENUES

DO 30 M = 1, 20
30 REV(1,M) = SUM(1,M) * 360.
C READ IN TOTAL YEARLY EXPENSES

READ(5,3)E(1,1),E(1,2) ,E(1,3),E(1,4),E(1,5),E(1,6),E(1,7),
E(1,8),-E(1,9),E(1,10),E(1,ll),E(1,12) ,E(1,13),E(1,14),
E(1,15),E(1,16),-E(1,17),E(1,18),E(1,19),E(1,20)

3 FORMAT(13F6.0/7F6.0)
C CALCULATE NIBT

DO 40 M = 1, 20
40 XNIBT(1,M) = REV(1,M) - E(1,M)
C READ INVESTMENT

READ(5,4)XINV
4 FORMAT(F7.0)
C CALCULATE ST. LINE DEPR.

DEPR = XINV/20.
C CALCULATE TAXABLE INCOME

DO 45 M = 1, 20
45 TAXINC(1,M) = XNIBT(1,M) - DEPR
C CALCULATE TAX

DO 50 M = 1, 20
50 TAX(1,M) = TAXINC(1,M) * .50
C CALCULATE NIAT

DO 55 M = 1, 20
55 XNIAT(1,M) = XNIBT(1,M) TAX(1,M)
C WRITE HEADER

WRITE(6,7)
7 FORMAT(lH1, 10X, 'PRESENT VALUE',10X, 'PERCENTAGE RATE OF

RETURN')
C CALCULATE PRESENT VALUES

DO 60 L = 5, 50
X=L
z = X/100.
PVI = XNIAT(1,1) * (l./(1.+z)**i.)
PV2 = XNIAT(1,2) * (1./(1.+Z)**2.)
PV3 = XNIAT(1,3) * (1./(1.+Z)**3.)
PV4 = XNIAT(1,4) * (1./(1.+Z)**4.)
PV5 = XNIAT(1,5) * (1./(1.+Z)**5.)
PV6 = XNIAT(1,6) * (1./(1.+Z)**6.)
PV7 = XNIAT(1,7) * (1./(1.+Z)**7.)
PV8 = XNIAT(1,8) * (l./(1.+Z)**8.)
PV9 = XNIAT(1,9) * (1./(i.+Z)**9.)
PV10 = XNIAT(1,10) * (1./(1.+Z)**10.)
PVlI = XNIAT(1,11) * (1./(1.+z)**11.)
PV12 = XNIAT(1,12) * (1./(1.+Z)**12.)
PV13 = XNIAT(1,13) * (1./(1.+Z)**13.)
PV14 = XNIAT(1,14) * (1./(1.+Z)**14.)
PV15 = XNIAT(1,15) * (1./(1.+Z)**15.)
PV16 = XNIAT(1,16) * (1./(1.+Z)**16.)
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PV17 = XNIAT(1,17) * (l./(l.+Z)**17.)
PV18 = XNIAT(1,18) * (l./(l.+Z)**18.)
PVl9 = XNIAT(1,19) * (l./(l.+Z)**19.)
PV20 = XNIAT(1,20) * (l./(l.+Z)**20.)
PV = PV1 + PV2 + PV3 + PV4 + PV5 + PV6 + PV7 + PV8 +

PV9 + PV10 + PVll + PV12 + PV13 + PVl4 + PV15 + PV16 +
PV17 + PV18 + PV19 + PV20
WRITE (6 ,8)PV, X

8 FORMAT (1lX,Fll .2,22X, F6.3 )
IF (PV .GT. XINV) GO TO 60
GO TO 65

60 CONTINUE
65 CONTINUE

STOP
END

A Program for Developing the Data for the

Return on Investment Distribution

The following program was used in the model application

to select values at random from the normal distribution and

the subjective distribution that represented gasoline price

and crude oil price, respectively, to multiply the two values

together, and to interpolate among the return on investment

interpolation data.

DIMENSION VV (9) , ROI (9) , P (27) ,CF (27)
DATA VVROIP,CF/72*0.0/
READ (5, 1) IX1, IX2,S,AM

1 FORMAT (215,2F8.3)
READ (5,2) (VV (I), I=l,9)

2 FORMA9T(F6.2)
READ (5,3) (ROI (I) ,I=l,9)

3 FORMAT (F6.2)
READ (5,4) (P (I) , I=1,27)

4 FORMAT (F6. 2)
READ (5, 5) (CF (I) ,I=l,27)

5 FORMAT(F8.5)
DO 130 J=1,740
Al=0.
DO 50 I=1,12
IYI=IXl*6 5539
IF (IYl)6, 7,7

6 IYl=IYI+214783647+1
7 YFLl-'IYl
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YFLl=YFLl*.4656613E-9
I1x=IYL

50 Al=Al+YFL1
RN= (Al-6. 0) *S+AM
IY2=IX2*65539
IF (IY2) 9,10, 10

9 IY2=IY2+214783647+1
10 YFL2=IY2

YFL2 -YFL2* .4656613E-9
IX2=IY2
DO 14 1=1,27
IF (YFL2-CF (I) ) 12, 13 ,14

14 CONTINUE
13 WRITE((6, 15)P(I)
15 FORMAT(F6.2)

D=P (I)
GO TO 60

12 XP= (YFL2-CF (I-i) ) /(CF (I) -CF (I-))
A=P (I)
B=P (I-I)
C=A-B
D=P (I-l) +C*XP

60 CONTINUE
V3 =RN*D
DO 70 I=2,9
IF(V3-VV(I) )55, 65,70

70 CONTINUE
65 WRITE (6, 31) ROI (I)
31 FORMAT (10X, 9HRETURN = ,F10.4)

GO TO 130
55 E=(V3-VV(I-1))/(VV(I)-VV(I-1))

X=ROI (I)
Y=ROI (I-1)
Z=X-Y
IF (Z) 1:20, 130, 140

120 RT=ROI (I-1) -E*ABS (Z)
WRITE (6,32) RT

32 FORMAT(10X,9HRETURN = , F10.4)
GO TO 130

140 RT=ROI (I-1) +E*Z
WRITE (6, 33) RT

33 FORMAT(10X,9HRETURN =, F10.4)
130 CONTINUE

STOP
END

_
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