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This paper is an exposition of the theory of the

hyperspaces 2X and C(X) of a topological space X. These

spaces are obtained from X by collecting the nonempty

closed and nonempty closed connected subsets respectively,

and are topologized by the Vietoris topology.

The paper is organized in terms of increasing special-

ization of spaces, beginning with T1 spaces and proceeding

through compact spaces, compact metric spaces and metric

continua. Several basic techniques in hyperspace theory

are discussed, and these techniques are applied to elu-

cidate the topological structure of hyperspaces.
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CHAPTER I

HYPERSPACES OF GENERAL SPACES

For a topological space X, the hyperspace of X,

denoted by 2X, is the collection of all nonempty closed

subsets of X. Before defining a topology on 2X, we shall

establish the following notation: for a finite collection

(Ai: i=1,2, ....n} of subsets of X, (A.)Q = [KE 2X

Kq Ai for each i = 1,2,...,n and Kc U A.J. Note
i=l

that (A> is the subcollection of 2K consisting of subsets

of A, and (X,A) consists of those elements of 2x which

meet A. Now the totality of sets of the form (U) or

(X,V), where U and V are open in X, forms a subbase for

the Vietoris, or finite, topology on 2

For notational clarity, we shall consistently employ

small letters to denote points of X, capital letter to

denote subsets of X and points of 2x, and script letters

to denote subsets of 2X. We note further that one may

form higher order hyperspaces by collecting the closed

subsets of 2X, and we denote this space by ,22X. For a

set A, A will denote the closure of A, A0 the interior

of A, and B(A) the boundary of A. Finally, we wish to

emphasize that ALL SPACES CONSIDERED IN THIS PAPER ARE

ASSUMED TO SATISFY THE Ti SEPARATION AXIOM. Hence finite
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subsets of X are closed and are therefore elements of

2X

Theorem 1.1. The collection of all sets of the

form (U.) nrm )= , where Ui is open in X, forms a base for

the Vietoris topology on 2X

n m
Proof. Let Q (U.)f l (X,V.) = 2 be a basic open

i=:1 j=1 J

X 'n
set of 2X, and let A be an elementof . LetU = nU.

i=1

and W. = V.nU. Then we have A E (U,W,...,W )c&.

Theorem 1.2. Let A cX, for i = 1,2,...,n. Then

(A)ni i=l 1 i=1

n xProof. We first show that (A) is closed in 2

n
Hence let K E 2 - (A)_n Then either Kt U AT, or

1i=li=1

Kf A = + for some j. In the former case, there is an
n

open set U which meets K but is disjoint from U A~.
i=l1

Then (X,U) is a neighborhood of K which does not meet

(A ) i=. In the latter case, (X-A~~) is a neighborhood

of K which does not meet (i) n . Hence (A~.~)n is closed
1 i=l i i=l

X n -n.
in Xand since 1A) ic (~) i.l, we have(A) (~)in 2 (A. c(A )= (A )= 1  i (A = 1

Now let KE (AY)Q_ and let (U)Y be a neighborhood

m n
of K. Let U = U U. and A = U A.. For each i = 1,2,...,n,

j=1 i=l'I
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there is a point x.E A flKcA inU, so there is a point

y.E A.inU. For each j = 1,2,...,m, there is a point

z E KAU CU AA, so z. E U QA for some k. Hence

there is a point WE U fAk. Now ifF =[y1,...,y ,w,...,wn

we have F E (A )n 1Qi (U.)'j 1 . It follows that KE (A.)Qi.

Corollary 1.3. Let AE 2X. Then (A), (X,A), and

the set F = (FE 2X:FDA] are each closed in 2

Proof. The first two assertions are immediate con-

sequences of the preceding theorem. Let HE 2X

Then A[H, so there exists a point xE A- H. Now (X -x)

is a neighborhood of H which does not meet Z.

Theorem 1.4. The map f:X + 2X by f(x) = Lx} is an

embedding.

Proof. If U is open in X, f(U) = (U)fnf(X) which

is open in f(X), so f is an open map. Also f1 ((U)) =

f~1((X, U)) = U, so since inverse images of subbasic open

sets are open, f is continuous. Since f is clearly one

to one, f is an embedding.

We shall henceforward denote the image of X under

the above embedding by X and call this set the base of

2X

Theorem 1.5. X is Hausdorff if and only if XA is

closed in 2

XProof. If X is closed in 2X, and x1 and x2 are

distinct points of X, then there is a basic open set
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(U i) which contains {x1,x2J but does not meet X. If

V1 is the intersection of the U.'s which contain x ,

and V2 the intersection of the U. 's which contain x2'

then V1 and V2 are disjoint open sets, since any point

in their intersection would be in (U )n Hence X isi i-
Hausdorff.

Conversely, assume X is Hausdorff and AE 2X

Then there are disjoint sets U1 and U2 so Ui.FA A#

for i = 1,2. Then (X,U1,U2) is an open set containing A

which does not meet X.

Theorem 1.6. The collections of finite subsets of

X is dense in 2

Proof. Let (U.) be a basic open set and for each
1i=l

i, choose x.E U.. Then [x 1,. ,X} E (U.)n1i l n 1=1

Theorem 1.7. 2x is separable if and only if X is

separable.

Proof. If X is separable, and D is a countable

dense subset of X, the collection of all finite subsets

of D is a countable dense subset of 2

Conversely, let . be a countable dense subset of 2x

and xi E A. for each A. E2S. Then if U is open in X, there

is A E(U), so x.E U. Hence tx.:i = l,2,...} iss dense

in X.

Theorem 1.8. 2x is Ti. If X is T3, then 2xis T2.

Proof. Let A,BE2X so A B. Then this is xE B -A,
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say. Then (X -x) is a neighborhood of A which does not

contain B, while (X,.X -A) is a neighborhood of B but

not A. Hence 2X is T1 .

If in addition X is regular, let U and V be disjoint

open sets so x E U and A c V. Then (X,U) and (V) are the

required disjoint open sets to make 2x Hausdorff.

Among the many ways in which one may view the

space 2X is as a topological semigroup (= a semigroup

with a jointly continuous multiplication). This is a

consequence of the following theorem, which incidentally

implies that connectedness is an invariant of the hyper-

space construction.

Theorem 1.9. Let n be a positive integer, and denote
Cateianpodc

by 2 the Cartesian product X. Define f:2 + 2
i=l n

n
by union; that is, f((A ,. .. A) = U A*. Then f is

i=n

continuous.

Proof. It is evident that f maps into 2X. We shall

show that f is continuous by showing that inverse images

of subbasic open sets are open. Hence let U be open in X,

then:

x-nf ((U)) = (A1 ,...,A ) E 2X: U A.CUJ

= (A1 A )E 2X:A. c:U for each ii
n n J

n
= II (U.) where U. = U for each i.
i=l1
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Similarly:

f~ (XU)) = {(A1 ,...,A) E 2X: U A. meets UJ
i= 1

= {((A, . .. ,A n ) E 2x :A meets U for some ji

n _
= U 7r.il((X,U)), where 7r denotes

i=1

the ith projection map onto 2X. Since this set is open

in 2n, the theorem is proved.

Corollary 1.9a. Under union, 2X is a commutative

topological semigroup.

Corollary l1.9b. For each position integer n, the

map Tn:Xn + 2x by Tn( (x1 '... Xn)) = x' ' 'XnJ is con-

tinuous.

Proof. The map Tn may be regarded as the restriction
n,

of the union map to the subspace IIX of 2X, and is
i=l n

therefore continuous.

Theorem 1.10. The space 2x is connected if and only

if X is connected.

Proof. If X is not connected, let U and V be non-

empty disjoint open sets whose union is X. Then (U) and

(X,V) separate 2X. Hence assume that X is connected.

Then for each n, Xn is connected, and the function Tn of
Corollary 1.9b maps onto the subsetYFn of 2x consisting

of all elements of 2X of cardinality :n. Since Tn is

continuous, we conclude thatYi is connected.
n
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C0 00

Furthermore, nfY =X# , and so UY =Yis
n=l nn=1n

connected. But by Theorem 1.6, Y is dense in 2X, so

2X is connected.

The subset relation induces a natural partial

order on 2X which is particularly useful in elucidating

its structure. All order theoretic terminology refers

to the order A --B iff A 9;B.

Theorem 1.11. If 6 is a chain in 2X, then S =U&

is in ', and S is the least upper bound of 8.

Proof. It is clear that S is the smallest closed

set containing each element of , and so we show that S E K.

n
Hence let (U ) be a basic open set containing S. Then

for each i = 1,2,...,n, there exists a point x ESfU ,

and since S is the closure of U 6, and U is open, there

exists C Es6, so ClU. # P. But since 6 is a chain, one

can choose a C. E 6 which is the largest of the sets

C., i = 1,2,...,n. Then C.E (U.)n F e, so S E .

The corresponding assertion for greatest lower bounds

requires the added assumption of compactness, since with-

out this property, the intersection of a chain of closed

sets may be empty. We defer the statement and proof of

this theorem until Chapter II.

Theorem 1.12. Let Y be a closed subset of 2X, and

' be a maximal chain in F. Then 6 is closed in 2X
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Proof. let A E 2X - 6. Then if A fY, 2 X - F is an

open set containing A which does not meet 6. Hence

assume AE.f Then there exists a set K Eg' so A and K

are not comparable, since otherwise one could extend the

chain 6 by adjoining A. Hence we have A -K 4 arid K - A 4.

Let p EK- A and consider the open set (X- p,X -K). This

set contains A, but contains no set which is comparable

to K, hence no set in 9. It follows that 2X- 6 is open,

and so 6 is closed in 2X

Recall that if (X, -) is a totally ordered set, the

order topology on X is the topology generated by the

intervals (-w, a) = x E X:x s a and x 0 a}1, and

(a,oo) =[(x EX:a s x and a LxJ, for a EX.

Theorem 1.13. If X is regular, and 6 is a chain in

2X, then the order topology on 6 is weaker than the rela-

tive Vietoris topology on

Proof. Let A E 6, and assume that (-o,A) and (A,o)

are nonempty. Then the regularity of X implies that if

K E (-ooA), there is an open set U so that K cU and A 4 U.

Then K E (U)nc(-oo,A). Also, if K E (A,o), we have

K E (XX-A> c(A,oo). Hence each of (A,oo) and (-o,A)

are open in the relative Vietoris topology on 6, and so

the theorem is proved.

We shall give an example below to illustrate that

the order topology may be strictly weaker than the Vietoris

topology, even for maximal chairs in 2X. The equality of
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these two topologies is explored in Chapter II in the

presence of compactness.

Even for very simple spaces, 2X is a large and

unwieldy space. We shall see later, for example, that

if X = [0,1], then 2 contains topologically the Hil-

bert Cube, and hence each separable metric space. A

more tractable hyperspace is the subspace C(X) of 2X

consisting of connected sets.

Theorem 1.14. If X is normal, then C(X) is closed

in 2X.

Proof. Let A E2X- C(X). Then A is not connected,

and since A is closed, there are disjoint closed sets

M and N so MUN = A. Since X is normal, there are dis-

joint open sets U and V so McU and NcV. Then we have

A E (U,V), while (U,V)AC(X) = 4. Hence 2X_-C(X) is

open, so C(X) is closed.

We should note that the converse of this theorem

is false, as may be seen by exhibiting a non-normal

totally disconnected Hausdorff space, such as X= S xS,

where S is the Sorgenfrey line. In this case, C(X) = X

is closed by Theorem 1.5.

Unlike the corresponding result for 2X, the con-

nectedness of X is not sufficient to insure the con-

nectedness of C(X). There are at least two reasons for

this phenomenon. In the first place, there exist con-

nected Hausdorff spaces which are locally totally
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disconnected [1] and in this situation, the base X is a

proper clopen subset of C(X). A property of X which is

calculated to remedy this problem is called property A.

A space X has property A provided there exists a point

p EX so that each neighborhood of p contains a non-

degenerate closed connected set.

Theorem 1.15. A space X fails to have property A

if and only if X is open in C(X).

Proof. Note that X does not have property A if and

only if each pont x of X has a neighborhood U which

contains no nondegenerate element of C(X). Then

X = U f(U ):xEX}P C(X)

which is open in C(X).

Hence if X is a connected Hausdorff space, property

A is necessary for C(X) to be connected. That it is

not sufficient will be seen from an example given below.

We first state and prove two facts about the "explosion

point" space of Knaster and Kuratowski. This space is

defined as follows. In the plane, let C be the Cantor

set situated in the interval [0,1] of the x-axis. Let

1 1
p be the point (7,7), and let L(:x) be the line segment

joining x to p, for each x EC. Let X be the union of

the sets L(x), for x E C. Let C = P UQ, where Q is the set

of endpoints of removed intervals, and P is its complement

in C. The explosion point space is the set K of all
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(a,b) E X = UL(x) where b is rational iff x E Q and b is

irrational iff xE P. Note that A and B(A) mean closure

and boundary in X, not in K. The following lemma readily

implies that K is connected.

Lemma 1.16a. If HE 2K, p E H, and U is open in X so

HcU, then the set F = [xE C:L(x)nfifl B(U) i} iss of the

first category in .

Proof. Let {.r.4:i = 1,2,.. .} be an enumeration of the

rationals in [0,7), and define G. = {(a,r )EffnB(U):

(a,r )EL(x) for some xEPJ.-1 Now if xEPflF, there is a

point g E L(x)lC)fln(U). Since U is open in X, g ( U, so

g H, But H = H( K, so evidently g Ki It follows that

the ordinate of g is rational, and since g # p, we have

gE Gi for some i. Now if F. denotes the image of the ra-

dial projection from p of G. into the Cantor set C, we have

shown that P( Fc U F..
i=l '

We now show that each set F. is nowhere dense in C.

To see this, note that -cB(U) Aif, and so ZT does not

meet K. But if q E 7, q has a rational ordinate, so

q E L(x) for some x E P. Hence the projection of G. into

C is a closed set containing F. which does not meet Q.

Since Q is dense in C, F. is nowhere dense in C, so

00

U F. is first category in C. Since C is perfect, any
i=l

countable set is first category, and since Q is countable,
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C0

Fc(FflP) UQc U F. UQ
i=l i-

is first category in C.

Theorem 1.16. K is connected.

Proof. Let H be a clopen subset of K containing p.

Then there is an open set U of X so H = KAU. Note that

since UflK is dense in U, U = UTK = ff.

Now since HE 2K and p E H cU, we may apply the lemma

to conclude that

F = [x E C:L(x)flniiB(U) # 4'

=([x E C:L(x)flB(U) # +)

is first category in C.

Now since U is open in X, and L(x) is connected,

L(x) fB(U) # + whenever L(x) nU # L(x). Hence if x E C - F,

L(x) B(U) =

and so

L(x) nU = L(x),

or equivalently,

L (x) cU.

Hence there is a dense subset M = U fL(x):xE C - FJ of X so

that McU. Then X = McU = H, and so K = K Afl = H, since

H is closed in K. Hence K is connected.

It is readily apparent that K- [pj is totally dis-

connected, hence the appellation of p as an explosion

point. Now, for each a E [O,Z], denote by Ka the subset

of K lying above and upon the line y = a. For rational

a less than 1 K is homeomorphic with K, and for
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irrational a, Ka =ClK(U[KS: >oa and f rational}). Hence

K is in C(K) for each a. Note that & =K :c E[0, ]

is a maximal chain in C(K) which is not connected, since

if U is an open circular disc about p whose boundary meets

L(O) at an irrational point, (U)fle = (U) is clopen

in '. It follows that the order topology on 6, which

is homeomorphic with [0, ], is strictly weaker than the

Vietoris topology on '. Also, note that p is the unique

point at which K has property A.

The following modification of K is an example of

a connected metric space with property A for which C(X)

is not connected. Let K be the set symmetric to K

with respect to the line x =1, and let pl (,) be the

point corresponding to p under this symmetry. Then

M = K UK1 is connected, since KKl = [(1,0)1. Now any

nondegenerate element of C(M) must contain at least one

of the points p or p , and if it contains exactly one,

it is a subset of either K or K . Now define the sets

= AE C(M): 1pp IcAj and = AEC(M):A contains

exactly one of the points p, p1}U M. ThenZ{=C(M)n(M,p,p1 )

is closed by Theorem 1.2, while = C(M)(MU(K,p)U(K',p 1

is also closed. Since ME and 2(F = +, Z and dis-

connect C(M).

The problem with the space M is that it does not

possess the following property. A space X is said to

be C-connected provided that whenever K is a proper,



14

nondegenerate element of C(X), and U is an open set

containing K, then there exists H E C(X) so K c H cU and

K 0 H.

Note that C-connectedness does not imply connected-

ness, since a totally disconnected space is vacuously

C-connected. However:

Theorem 1.17. If X is C-connected and is not lo-

cally totally disconnected, then X is connected.

Proof. Since X is not locally totally disconnected,

there exists a point p EX so that every neighborhood of

U has a nondegenerate component. Then if U is a clopen

subset of X containing p, U has a closed, nondegenerate

component K. If K # X, C-connectedness implies that there

exists H EC(X) so K cH cU and K 0 H, which is impossible.

Hence K = X, or X is connected.

Corollary 1.17a. If X has property A and is C-

connected, then X is connected.

Proof. Since X has property A, it is not locally

totally disconnected.

Theorem 1.18. If X is C-connected, connected and

Hausdorff, then C(X) -X is connected.

Proof. If C(X) - X is not connected, there is a

clopen subset ZI of C(X) - X which does not contain X.

Let A E Liand let =[K E M: K DAJ. Choose a maximal chain

e in X, and let C = U6. By Theorem 1.11, C ECl2x(&)
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and since C is connected, C E ClC(X) (9) . Since C is

nondegenerate, C E2. Now C(X) -Xis open in C(X),by

Theorem 1.5, and so is 1. Hence there is a basic open

set (U )Q so C E (UO) nC(x)c. If Cix, we have

n
Cc U U., so C-connectedness implies there is H E C(X)

i=l
so CcHcUU and C # H. But clearly HE (U)QifnC(X) c ,

so ' U [H} is a chain in X properly containing '. This

contradiction implies that X= C, so X E . This is a

contradiction, so C(X) - X is connected.

Theorem 1.19. If the Hausdorff space X has property

A and is C-connected, then C(X) is connected.

Proof. By Theorem 1.18 and Corollary 1.17a, each

of X and C(X) - X are connected. Hence this is the only

possible separation of C(X)., but this would make X open,

in contradiction to property A.

Since the explosion point space is in a sense

minimal with respect to having property A, it is inter-

esting to note that it is also C-connected, and hence

has connected C(X) . The proof of this fact is omitted.
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CHAPTER II

HYPERSPACES OF A COMPACT SPACE

As in so many other areas of topology, the property

of compactness plays a central role in concluding a

satisfying theory of hyperspaces. This is particularly

true since the Vietoris topology is very difficult to

visualize, and so geometric intuition plays almost no

role in discovering its properties. It is fortunate,

therefore, that for the class of compact Hausdorff spaces

a characterization of net convergence in 2X exists which

is quite intuitive, and provides the tool for a broad

extension of the theory. We shall begin with a defi-

nition.

Definition 2.1. Let X be a topological space and

[A :a ED] a net of subsets of X. If U is a subset of

X, we say that AaI eventually (frequently) meets U if

the set [a ED:AA QU :f is residual (cofinal) in D. We

define

lim A = [x E X: [A I eventually meets each

neighborhood of xj, and

lim A = [x EX: [A I frequently meets each

neighborhood of xj.

If lim A = A = lim A, then we say that (Al converges

17



18

topologically to A, and write

lim A = A.

It is easily verified that if [A } is a net of

subsets of X, then each of lim A and lim A are closed,

and that lim A climi A
a a

The following theorem is an illustration of this

type of convergence.

Theorem 2.2. Let X be a compact Hausdorff space

and (A :a E D J = Y a filterbase of closed subsets of X.

For a,f ED, define a:s iff A ,A .Then ifA=flfA :a ED,a 5

lim A =A.

Proof. It is evident that defines a direction on

D, and since Y has the finite intersection property,

A is closed and nonempty. We shall demonstrate the

desired equality by showing that limA cAclim A . Hence

let x ETlim A and let U be a neighborhood of x. By

regularity, we may choose an open set V so that

x EV cVcU. Then there is a cofinal subset E of D so

that A.flV f for each a E E. Choose x EA flV for each

a E E. Then tx,:a E E I is a net which clusters at some

point yE V CU.

Suppose y A. Then y A5 for some S ED, and since

X - A is a neighborhood of y, one may choose 6 EE so

6 and xEX-A .But x E A cA, so we have a contra-

diction. Hence Y E AfU, and so xE = A. Since it is

clear that A clim A., the theorem is proved.
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The following sequence of theorems characterize

convergence in 2x when X is compact Hausdorff, and show

that 2x is compact whenever X is compact. The following

lemma is an obvious consequence of the definitions.

Lemma 2.3. If [A :ca ED] is a net of subsets of a

space X; if [A : 3 EEl is a subnet of [A I; if x EA

for each 3 E E; and if [x: E E I clusters at a point x E X,

then x ETim A 

Lemma 2.4. Let X be compact and [Aa:a ED] an ultra-

net in 2X. Then limA = limA is in 2Xa a
Proof. Since X is compact and each Aa is nonempty,

the previous lemma implies that lim A is nonempty. By

the remark following Definition 2.1, lim A E2X and

lim A c lim A, so it remains to show that lim A clim A

Let x E lim A , and let U be a neighborhood of x.

Then since [A I is an ultranet, [Aa} is eventually in either

(X,U) or 2X- (X,U) = (X-U). But since (AaI frequently

meets U, the latter possibility is impossible. Hence A)

eventually meets U, so x E lim Aa.

Hence, if X is compact, any ultranet in 2X converges

topologically to a point of 2X. The obvious question is

to determine the relationship between topological conver-

gence and Vietoris convergence.

Theorem 2.5. If X is compact and (Aa:aEDJ is a

net in 2X so that Aa J converges topologically to A, then
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[A . converges to A in the Vietoris topology. If X is

compact Hausdorff, the converse is true.

Proof. Assume that lim A = A = lim A . By the

proof of Lemma 2.4, A is closed and nonempty, and so is

in 2X. Let (V,)nI be a neighborhood of A in 2X, and let

n
V= U V . Then AcV. Let E=[{aED:A f(X-V) # }, and

i=1

suppose that E is cofinal in D. Then if we choose

x E A n(X-V) for each a EE, xa:a E E} is a net in the

compact set X - V which clusters at some point x E X - V.

But by Lemma 2.3, x E1him A = A cV, which is a contra-

diction. Hence E is not cofinal in D, so there exists

6 E D so a-a6 implies that a JE, or A fl(X-V) = 4. Hence

AacV for all a>-6.

Now choose x. EV. flA for i = 1.,2,...,n. Then V

is a neighborhood of xi for each i, and since x. E lim A,

there exists 6. ED so ax 6. implies that A flV. .

Now choose 3 ED larger than each of 61,62,... , 5n, and 6.

Then if aa6, A a E(V i=l, so Aa converges to A in the

Vietoris topology.

Assume now that X is compact Hausdorff and A

converges to A in 2X. We shall show that him A cAc lim A

Let x Elim A . If x fA, the regularity of X allows

us to choose disjoint open sets U and V so that A cU and

x E V. Now since (U) is a neighborhood of A, [A I is

eventually a subset of U, so could not frequently meet V.
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But x EVnlhim A shows that {Aa Ifrequently meets V.

This contradiction shows that x EA, and so lim A c A.

Now let x EA and let U be a neighborhood of x.

Then (X,U) is a neighborhood of A, and so [Aa} is even-

tually in (X,U), or eventually meets U. Hence xE lim A ,

and A clim A

In view of this theorem, we shall hence forward make

no distinction between Vietoris and topological conver-

gence when dealing with compact T2 spaces.

Since any chain in 2 is a filterbase of closed

subsets of X, the following theorem is a corollary to

Theorem 2.2. and 2.5.

Theorem 2.6. If X is compact Hausdorff, and 6 is

a chain in 2 , thenA=(n is inf, andAis thegreatest lower

bound of '.

Proof. A is the limit of a net in '.

Theorem 2.7. 2Xis compact if and only if X is

compact.

Proof. Assume X is compact and [Aa:a ED] is an

ultranet in 2X. By Lemma 2.4, {A} converges topologi-

cally, and so (A } converges in 2X. Hence 2 is compact.

Conversely, assume 2X is compact and 6 is an open

cover of X. Then [(XU):U E 6 is an open cover of 2x

so there is a finite subcover [(X,U.)i = 1,2,. ... ,n]l.

Let x EX. Then [xl E(X, U.) for some i. Hence x E U.,

so {U :i = 1,2,. .,,nJ is a finite subcover of X and X

is compact.
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Corollary 2.8. If any one of the spaces X, 2x or

C(X) is compact Hausdorff, then all of them are.

Proof. If X is compact T2, it is regular, and so

2x is Hausdorff by Theorem 1.8. 2x is compact by the

previous theorem.

If 2X is compact T2 , X is normal, and so C(X) is

closed in 2x by 1.14 and is therefore compact Hausdorff.

If C(X) is compact T2, then X is closed in C(X) by

Theorem 1.5, and so is compact T2 .

The fact that C(X) is closed in 2X whenever X is

compact Hausdorff produces a hyperspace proof of the

following well known theorem. Recall that a continuum

is a compact connected Hausdorff space.

Theorem 2.9. The intersection of a nest of continua

is a continuum.

Proof. Let 6 be a nest of continua. One may assume

that c C(X) for some compact Hausdorff space X. Then by

Theorem 2.6, nME C12x(6) CCl2x(C(X)) = C(X), and so

rM is a continuum.
In Chapter I, we showed that the union operation

xwas continuous in 2X. In our present setting, there is
a different type of union map whose continuity is per-

haps somewhat more surprising. For a subset d of 2X

we define a(d) =Ud .

Theorem 2.10. If X is a compact Hausdorff space,

then the map a defined above is a continuous map from

2x X2 into
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Proof. Our first task is to show that a is well

defined; that is, that a maps into 2X as claimed. Hence

let f E 2 . Then 7 is closed in 2), so Y is compact.

Let x EX--a(f) = X- UF:F EY}. For each F EY, x4tF,

so we may choose disjoint open sets UF and VF such that

x E UF and F cVF. Then the collection [(VF):F EY I forms

an open cover of f, and so let (VF.):i=l,2,...,n} be a

n
finite subcover. Let U = f UF. Then U is a neighbor-

i=lI
hood of x which is disjoint from a(f). Hence a(Y) is

closed in X, and a maps into 2 .

To show that a is continuous, we shall show that

inverse images of subbasic open sets are open in 22X

Hence let U be open in X, and note that each of ((U))

X 2 X
and (2X,(XIU)) are open in 2 . Further,

((U)) = {E22: 2 c (U)

= (d E 22 :A cU for each A EdI

= d E 22 : Ud c UJ

= dE 22 :a(d) E (U)}

= a 1

Also, 
VX

(2 ,(XU)) = [d E 22 :dn(Xv) # #}

=([ E 22X: there exists A Ed so AAV#
= d E 22 X: a(d)f~V# 4+J

= [d E 22 X:a(d) E (X,V)J = ((XV))
Hence a is continuous.
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Theorem 2.11. Let X be a T1 space, and s a connected

subset of 2.If 4'GC(X)# , then a(d) is connected.

Proof. Assume that H and K are nonempty mutually

separated sets whose union is a(d). Let ACEds fC(x), and

assume that A cH, so that A E-A n(H>. Also, since K ,

there exists B Ed4 so B meets K, or B E d n(XiK>. But

(H) and (X,,K) are mutually separated sets whose union

contains d, and since d is connected, either d c (H> or

4c(X,K). Since neither of these cases may hold, we

conclude that c(d) is connected.

The following sequence of theorems illustrate a

method for producing arcs in 2X. We define an arc as

a continuum with exactly two non-cut points, and so

separability is not assumed. Equivalently, an arc is

a continuum whose topology is generated by a linear

order. If an arc in 2X is also a chain with respect

to the partial order of set containment, it is called

an arc chain.

Theorem 2.12. Let X be a compact T2 space and let

' be a chain which is closed in 2X. Then the relative

Vietorin topology on 6 is the order topology.

Proof. Since X is regular, the order topology on

6 is weaker than the Vietoris topology by Theorem 1.13.

Hence the identity map from (6, Vietoris) to (6, order)

is continuous. Since 9 is closed in 2 , it is compact,

and since the order topology on 6 is Hausdorff, the
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identity map is closed and is therefore a homeomor-

phism.

A subset Y of 2X is said to be order dense provided
that whenever A and B are distinct elemenets of F so

A cB, there exists C EF so A c CcB and A # C B.

Theorem 2.13. If X is compact Hausdorff, F is a

closed and order dense subset of 2X, and ' is a maximal

chain in . then 6 is an arc chain.

Proof. By Theorem 1.12, & is closed in 2X, and so

is compact. The previous theorem shows that 6 has the

order topology, and so 9 is an arc if and only if 6 is

connected. But a compact ordered space is connected

if and only if it is order dense, and since Y is order

dense, the maximality of 6 implies that 6 is order dense.

Hence g is an arc chain.

We shall exploit this theorem when we have identi-

fied some order dense subsets of 2X, which we shall do

in Chapter III.

The concluding theorems of this chapter concern

a natural hyperspace map induced by a continuous map

between spaces. Specifically, let X and Y be spaces,

and let f be a closed, continuous map from X onto Y.

Then the induced maps are the maps

f*:2X+ 2 defined by f*(A) = f(A), and

f*: 2 + 2X defined by f*(A) = f~ (A) .
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Our theorems give conditions on f under which the induced

maps are continuous.

Theorem 2.14. If f:X + Y is closed and continuous,

then f*: 2 X +2 is continuous.

Proof. Let U be open in Y. Then

f* ((U)) [={A E 2X :f*(A) E (U>}

= [A E 2X:f (A) cUj

= {A E 2X:A cf (U)}

= (f~'(U)) which is open in 2X

Also,

f*~ ((Y1,U)) =t{A E 2X:f*(A) E (YU)J

=t(A E,2X:f(A) meets UJ

= (A E 2X:A meets fl (U)j

= (X,f (U)) which is open in 2

Since inverse images of subbasic open sets are open, f*

is continuous.

Remark. Since connected sets are preserved by

continuous functions, f*maps C(X) into C(Y).

Theorem 2.16. Let X and Y be compact Hausdorff

spaces, and let f:X + Y be continuous and onto. Then

f*:2+ 2Xis continuous if and only if f is open.

Proof. Assume that f* is continuous, and let U be

open in X and y E f(U) . Then (X, U) is open in 2X, and

f*([y})= f~ 1 (y) E(X,U). Hence there exists a basic open

set (V ) of 2 0so{yj E (Vi)1and f*((V )=)c (X,U).i i ladf i(.1
1)(,)
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n
Set V = A V., and note that V is a neighborhood of y.

i=l
Also, if z E V, then z}J ES(V s)of*(z]) E (XU).

That is, f~ (z) meets U, or z Ef(U). Hence we have

y E V c:f(U) , so f(U) is open in Y. Therefore f is open.

Assume conversely that f is open. We shall use

our characterization of net convergence to show that f*

is continuous. Hence let (Ba:a E DJ be a net in 2 so

that Ba converges to B. Set A f*(B ), and A = f*(B).

Now let x E TimiA . If f(x) B, then there exist disjoint

open subsets U and V of Y so that f(x) EU and Bc V. Then

since B - B, there exists a ED so that a implies that

Be E (V), or B cV. But xE1f 1(U) which is open in X,

so since x E ThiiA , there exists a so that A meets
-f3

f (U). That is, there exists a point

p E f~1 (B) nf(U) = f~-(B AU),

which is impossible. Hence f(x) EB, or x E f~ (B) = A.

Therefore, lim A c A.

Now, let x EA = f 1 (B), and let U be a neighborhood

of x. Then f(x) Ef(U) AB. Since f(U) is open in Y and

B = lim B , there exists a E D so that > a implies that

B meets f(U) . Let 6 a and let p E B nAf(U) . Then there

exists gEU sop = f(g). But gEf~ (B) = A. Hence

A AU # , and so x E lim A.

Therefore, lim A. = A, and so f* is continuous.

Recall that a map is said to be monotone if point-

inverses are connected.
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Corollary 2.17. If f:X + Y is a continuous open onto
map of compact Hausdorff spaces, then Y is embeddable

in 2x. If in addition f is monotone, then Y is embeddable

in C(X).

Proof. f.4Y is certainly such an embedding.

Remark. An equivalent formulation of the preceding

theorem is the following.

If V is a continuous (i.e. upper and lower semi-

continuous) decomposition of the compact Hausdorff

space X into compact sets, then the quotient topology

on S is the topology it inherits as a subset of 2X



CHAPTER III

PROPERTIES OF CONTINUA

Since the succeeding sections of this paper are con-

nected primarily with hyperspaces of a continuum, this

chapter is a digression into the relevant terminology and

theorems about continua which are needed in the sequel.

Throughout this section, a continuum refers to a compact

connected Hausdorff space. If a theorem has been proved

only for the more restricted class of metric continua,

this fact will be noted in the hypothesis.

Our first goal is to show that both 2X and C(X) are

arc-wise connected when X is a continuum. To this end, we

need several preliminary theorems. Recall that in a topo-

logical space X, a component of X is a maximal connected

subset, while a quasi-component of X is the intersection

of all open-closed subsets containing a fixed point. It

is evident that components and quasi-components are always

closed, and also that if p E X, the component containing p

is contained in the quasi-component to which p belongs.

It is an important fact that for the class of compact

Hausdorff spaces, the two concepts coincide.

Theorem 3.1. If X is compact T2 , then the components

are the quasi-components.

29



30

Proof. Let p E X, and let R(p) and Q(p) be respect-

ively the component and the quasi-component of X containing

p. We have R(p)CQ(p), and since R(p) is a maximal con-

nected subset, it suffices to show that Q(p) is connected.

Hence assume that Q(p) is the union of nonempty mutually

separated sets H and K, and that p E H. Since Q(p) is

closed, each of H and K are closed in X. Since X is

normal, there is an open set U so that Hc U and U does not

meet K. If B(U) denotes the boundary of U, then

B(U) n Q(p) = .,

Hence for each point xE B(U), there is an open-closed set

VX containing x so p Vx. The collection tV:xE B(U)J is

an open cover of the compact set B(U), and so there exists

a finite subcover

{Vx:i = l,2,...,n}.

Set
n n

M= U-UV =U- U V
i=1 x i=1 X

Then M is a clopen set containing p which is disjoint from

K. This is a contradiction, and so Q(p) is connected.

Corollary 3.2. If X is compact T2 , C is a component

of X, and U is open in X so Cc U, then there exists a

clopen set so

CcVcU.

Proof. Denote byF the collection of clopen subsets

of X containing C. DirectYF by F 1 F2 iff F2cF1 .
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Since C = f by the previous theorem, and F may be con-

sidered as a net in 2X, we have

C = limF:FEF}

by Theorem 2.2. Since C E (U) which is open in 2X, there

certainly exists VEF so VE (U), or

CcVC U.

Corollary 3.3. If X is compact T2 , C is a component

of X, and A is a closed subset of X which is disjoint

from C, then there exist disjoint closed sets M and N

so CcM, ACN, and X = MUN.

Proof. Put U = X - A. Then U is open and CcU, so

by Corollary 3.2, there is a clopen set M so

CcMcU.

Set N = X - M to obtain the desired separation of X.

Theorem 3.4. If X is a continuum, U is a proper

open subset of X, and C is a component of X, then C meets

the boundary of U.

Proof. Assume that Cff B(U) = . Since U = U U B(U),

our assumption forces CU. Since C is a component of U,

and C is connected, we have ZcCC, and so C is closed in

X. Then by the normality of X, there is an open set V

so that

Cc:VoU,

and C is a component of the compact T2 space V. By the

Corollary 3.2, there exists a set M which is clopen in V

so that

CcMc Vc V.
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Since V is closed, M is clearly closed in X. Also,

M'= OnIV for some open subset 0 of X. Then

on VC oni = MC:onfV,

and so

M = 0 V

is open in X. Hence M is a nonempty proper clopen subset

of X. Since X is a continuum, we have a contradiction.

Theorem 3.5. If X is a nondegenerate continuum, and

K is a proper subcontinuum of X, then there exists a

continuum H so

KcHCX

and

K#H#X.

Proof. Let XE X -K. By the regularity of X, there

is an open set V so that Kc V and x $ V. Let C be the

component of V which contains K. Then U is the desired

continuum.

An arc chaindc 2 X is called an arc chain from A

to B provided that A and B are the end points of d and

Ac B.

Theorem 3.6. If X is a compact Hausdorff space and

A,BE 2X, then there exists an arc chain from A to B if

and only if Ac B, A# B and every component of B intersects

A.

Proof. Assume that 4 is an arc chain from A to B.

From the definition of this statement, we have AcB and
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A # B. Suppose then that there is a component C of B

which is disjoint from A. We may apply Corollary 3.3

to the compact T2 space B to obtain disjoint sets M and

N which are closed in B so that CcM, AcN, and MUN = B.

M and N are each closed in X, and so the sets (B,M) and

(N) are each closed in 2X. Then we have

.dc (B) = (BM)U(N),

while A E (N) and B E (B,M). Since (B,M) and (N) are

disjoint, they form a separation of 4, which is contrary

to the hypothesis. Therefore, each component of B must

intersect A.

Conversely, assume that A cB, A # B and each component
of B intersects A. Consider the set Y = {K E 2X:A cKc B

and each component of K meets Al. Note that A and B are

both in f. We shall show that Y is closed in 2X, and

that fis order dense.

To show that Y is closed, define the set YAA
(K E 2X:A cK and each component of K meets A], and note

that Y = FAfl(B). Since (B) is closed in 2X, it suffices

to show that FA is closed. Hence let K E 2X _ YA If

AcIK, then there is an open set containing K which is

disjoint from FA by Theorem 1.3. Therefore, assume that

AcK and some component C of K is disjoint from A. Use

Corollary 3.3 to obtain disjoint closed sets M and N so

K = MUN, CNcM and A cN. Use the normality of X to

separate M and N with disjoint open sets U and V. Now



34

note that K E (U,V), while if H E (U,V), there is a component

of H which is contained in U and hence does not meet A.

Hence H ( A, and so K E (U,V) c 2X _ YA. It follows that fA'

and hence f is closed in 2 .

To show that Y is order dense, let H and K be dis-

tinct sets in F so HcK. Let x EK- H, and let C be the

component of K containing x. Since C intersects A and

AcH, it follows that C intersects H. Let D be a com-

ponent of CAH. Then D is also a component of H, since

if M is a connected subset of H which intersects D,

then McK and M intersects C and so McC. Hence McC fH

and so McD. Now we have DcC and xEC-D. Since C and

D are continua, there exists a continuum T so DcTcC

and C#4T#D by Theorem 3.5. Set S = H UT. Then S E2X

AcHcScKcB and H # S # K. Also any component of S

contains a component of H, and hence meets A. It follows

that S Ef, and so F is order dense.

Now, by Theorem 2.13, any maximal chain in F is

clearly an arc chain from A to B.

Corollary 3.7. Let X be a continuum, and A E 2X so

A X. Then there is an arc chain in 2X from A to X.

Proof. X has only one component, which certainly

meets A.

Corollary 3.8. If X is a compact Hausdorff space

and A,B E C(X) so AcB and A# B, then there is an arc

chain from A to B. Also, if d is any such arc chain,
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then

.4cC(X).

Proof. The first statement is an immediate appli-

cation of the preceding corollary. To prove the second

statement, let d be an arc chain from A to B and K E d.

One may assume that K 4 A, and so A cK. Then

. = [H Ed::HcK} is an arc chain from A to K, and so

by Theorem 3.6, each component of K meets A. Since

A is connected, K is connected. Hence K EC(X) and so

4c C(x).

A topological space is arc-wise connected if every

two distinct points are the end-points of an arc. Of

course, an arc-wise connected space is connected.

X
Theorem 3.9. If X is a continuum, then each of 2

and C(X) are arc-wise connected.

Proof. If A and B are in 2X(C(X)), then each of

A and B may be connected to X by an arc which lies

entirely in 2X(C(X)). Since the union of two arcs

whose intersection is nonempty isare-wise connected,

A and B lie in an arc-wise connected subspace of 2x(C(X)),

which proves the theorem.

The preceding theorems are useful in proving that

local connectedness is a hyperspace invariant for the

class of compact Hausdorff spaces.

Theorem 3.10. Let X be a compact Hausdorff space.

Then X is locally connected (l.c.) iff 2x is l.c. iff

C(X) is l.c.
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Proof. We shall use repeatedly the fact that a

space is locally connected iff it is connected im

kleinen (c.i.k.) at each point.

Assume that X is 1. c. Let K E 2 and let = nU.

be an open set containing K. For each xE K, let

Ux = f~{U :x EU . Then U is a neighborhood of x, so

there exists for each x EK a connected open set V so

that x E V cVXc U . The collection [V :xEKJ is an open

cover of the compact set K. and so let [V.:i=1,2,...,m}

be a finite subcover. Let = (V >m Then is open

in 2X, and

K E c= (V )m c.
i i=l

m
Put V = U V., and note that

i=1
m
U EE c f

i=l

Now let A and B be points of 2. Since V. is connected

for each j, V has at most m components, and each com-

ponents of V meets both A and B. Since AcV and BcV,

there are arc chains 4 and 2 from A to V and from B to V

respectively. Note that each of d and .2 are subsets of

C, and so . UB is a subcontinuum of & which contains both

A and B. Therefore 2X is c.i.k. at K. It follows that

2X is 1.c.

Suppose that 2X is locally connected and K E C(X).

Let & = (U )Q be a basic open set containing K. Then
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there is a connected open subset of 2X so that

K E c Xci. Let H = ZU . By Theorems 2.10 and 2.11,

HE C(X), and clearly HE12. Let A and B be points of

C(X)W . Then AcH and BcH, and so there exist arc

chains . and 3 from A to H and from B to H respectively.

Then dU.B is a connected subset of C(x)n containing

A and B, and so C(X) is c.i.k. at K. Hence C(X) is l.c.

Assume now that C(X) is l.c. and let xE X. Let U

be open in X so xE U. Then [x} E C(X) (U), and so

there is a connected set which is open in C(X) so that

[xlE ?c (U>lC(X). There exists an open set V so that

I x} E (V>) C(X)c. Then we have x E V c U, and if a and b

are points of V, they lie in the subset U of U. Note

that U2 is connected by Theorem 2.11. Hence X is c.i.k.

at x, and so X is l.c.

One of the most important concepts in the classi-

fication of continua has proven to be that of decomposa-

bility. A connected space X is decomposable if there

exist proper closed connected sets M and N so X = MU N.

A connected space is indecomposable if it is not decom-

posable.

Lemma 3.11. If X is connected, K is a proper con-

nected subset of X so that X - K is the union of mutually

separated sets M and N, then KUM is connected.

Theorem 3.12. Let X be an indecomposable connected

space. Then every proper connected subset of X has empty

interior.
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Proof. Let KcX be proper, closed, and connected.

Assume that KO # . Then X -K0 is a proper closed subset

of X so that X -KcX-K0. Hence X-K is a proper closed

subset of X. Now X -K is not connected, since if it

were, K and X-K would be proper closed connected subsets

whose union is X. Hence there are subsets M and N of

X which disconnect X -K. Now X -K is open in X, and so

are M and N. Hence KUM = X- N and KUN = X -M are proper

closed subsets of X which are connected by Lemma 3.11.

Also, X = (KUM)U (KU N), which contradicts X being in-

decomposable. Hence K0 = t.

Corollary 3.13. A connected space X is decomposable

if and only if there exists a proper closed connected

set KcX so that KO #*t.

Proof. If X is decomposable, let X = AUB, where

A and B are proper, closed and connected. Then X -A is

nonempty and open, and X-AcB, so B 0

The converse is Theorem 3.12.

A concept closely related to decomposability is

that of a composant. If X is a topological space, and

xE X, then the composant of x, denoted by C(x), is the

union of all proper closed connected sets which contain x.

Theorem 3.14. If X is a continuum and p E X, then

C(p) is dense in X.

Proof. Suppose that C(p) # X. Note that C(p) is

a continuum, and so by Theorem 3.5, there is a continuum
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K so C(p)cKcX and CY() p K # X. But since C(p) is a

composant and p E K, we have Kc:C(p), which is a con-

tradiction.

Theorem 3.15. If X is an indecomposable metric

continuum, then X fas uncountably many distinct composants.

Proof. Since X is a complete metric space, it is

not of the first category in itself, and so the theorem

will be proved if we show that each composant of X is

of the first category in X; or, that each composant is

the countable union of closed, nowhere dense sets.

Hence, let C(x) be a composant of X, and let

(B i = ,2,...} be a countable base for the topology

on X. Let [B :i = 1,2, ... } be the subsequence of {B.}

containing precisely the B. 's for which x # B. Let K.

be the component of X - B containing x. Then, for each
1

i, K. is a proper subcontinuum of X containing x, and

is therefore nowhere dense by Theorem 3.12. Hence,

00

if we set K = U K., we have KcC(x), and K is first
i=l1

category in X. Let pE C(x). Then there is a proper

subcontinuum H of X so (p,x} cH. Since X - H is open and

xtX-H, choose jE]N so B O1X -H. Then clearly
n.

p E Ho K.oC K. It follows that C(x)c K. Therefore

C(x) = K, and so C(x) is of the first category in X.
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Theorem 3.16. The composants of an indecomposable

continuum are either equal or disjoint.

Proof. Let C(p) and C(q) be composants of the

indecomposable continuum X. Assume that there is a

point xE C(p)A C(q). We shall show that C(p) = C(q).

Since xE C(p)A C(q), there exist proper subcon-

tinua K and L of X so that (x,pJcK and {x,q} cL. Then

KUJL is a continuum, which is proper since X is inde-

composable. Now let yE C(p). There is a proper sub-

continuum M of X so ty,p}cM. Now KULUM is a proper

subcontinuum of X containing q and y, and so y E C(q).

Therefore C(p)cC(q). An analogous argument shows that

C(q)cC(p).

An equivalent method of considering the composants

of a continuum is through the concept of irreducibility.

If p and q are points of the continuum X, then X is

irreducible between p and q if no proper subcontinuum

of X contains both p and q. It is clear that X is

irreducible between p and q if and only if q j C(p).

A continuum is said to be irreducible if it is irre-

ducible between some two of its points. Note that

Theorems 3.14 and 3.15 imply that in an indecomposable

metric continuum X there is an uncountable subset D so

that X is irreducible between any two points of D.

A more general type of irreducibility may be defined

as follows. Let P be any property capable of being
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possessed by continua. If property P is shared by the

intersection of any chain of continua, each of which has

property P, then property P is said to be inductive. If

continuum X has property P, while no proper subcontinuum

of X has property P, then X is said to be irreducible with

respect to property P.

Theorem 3.17. If X is a continuum, and P is an

inductive property of X, then there exists a subcontinuum

K of X so that K is irreducible with respect to property P.

Proof. Set X = (K E C(X) :K has property PI1. , Then

X E. Choose a maximal chain 6 of K and set K = nV. Then

K is the desired continuum.

Examples of inductive properties are those of con-

taining a certain set, or interesting each of a fixed

collection of.sets. The following theorem is yet another

application of this principle.

Theorem 3.18. Let X and Y be continua and let

f:X + Y be a continuous surjection. If Y is indecomposable,

then X contains an indecomposable continuum.

Proof. For KE C(X), let us say that K maps onto Y

iff f(K) = Y. We shall show that the property of mapping

onto Y is inductive. Hence let ' = {K:a E DI be a chain

into C(X) so that each Ka maps into Y. Direct D by a 3:

iff K aK V Put K = ng. Then K = lim K by Theorem 2.2.
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Since the induced map f*: 2 X+ 2Y is continuous, we have

f(K) = f*(K) = lim f*(Ka) = Y. Hence K maps onto Y.

Now let C be a subcontinuum of X which is irre-

ducible with respect to mapping onto Y. Suppose that

C is decomposable. Then C is the union of proper sub-

continua A and B. Since C is irreducible with respect

to mapping onto Y, each of f(A) and f(B) are proper

subcontinua of Y. Hence Y = f(C) = f(A)U f(B) is de-

composable, which is a contradiction.

A property of a continuum which is shared by each

of its nondegenerate subcontinua is said to be heredi-

tary. Hence a continuum is hereditarily decomposable,

for example, if and only if each of its nondegenerate

subcontinua are decomposable. Hereditarily indecompos-

able continua are also called Knaster continua, in

honor of the man who first demonstrated their existence

[2].

A continuous mapping f:X + Y is called monotone

if f~1(K) is connected for each KE C(Y); it is called

confluent if, for each KE C(Y), f(C) = K for each com-

poinent C of f~ (K); and it is called weakly confluent

if, for each KE C(Y), there is a component C of f-1 (K)

so that f(C) = K.

The concept of dimension of a separable metric

space is an important unifying idea in topology. Since
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an exposition of this theory is out of place here, we

refer the reader to the book b Hurewicz and Wallman [1]

for the needed definitions and theorems.

The following two theorems are illustrations of

the preceding definitions.

Theorem 3.19. If X is a hereditarily indecomposable

continuum, and f:X + Y is a continuous, monotone sur-

jection, then Y is hereditarily indecomposable.

Proof. Suppose that KE C(Y) is decomposable. Then

K = AU B for proper subcontinua A and B of K. Since f-1(K)
is a subcontinuum of X which is the union of proper sub-

continua f1 (A) and f (B), we contradict the fact that

X is hereditarily indecomposable.

Theorem 3.20. A hereditarily decomposable metric

continuum is one dimensional.

Proof. If the continuum X is not one dimensional,

then the dimension of X is greater than or equal to two.

In [3], Mazurkiewicz proved that there exists a continuous

weakly confluent surjection f:X +>I2, where I is the unit

interval. There exists an indecomposable continuum Pc 12

Since f is weakly confluent, there is a subcontinuum K of
X so that f(K) = P. By Theorem 3.18, K, and hence X,
contains an indecomposable continuum. Hence X is not

hereditarily decomposable, The theorem follows by con-

traposition
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CHAPTER IV

HYPERSPACES OF A COMPACT METRIC SPACE

In any construction of a new topological space from

given spaces, an important criterion in defining a

topology on the new space is how well it inherits topo-

logical properties possessed by the old spaces. The

Tychonoff topology on a product is an outstanding

example of the pre-eminence of this requirement. We

have seen in previous chapters that the Vietoris top-

ology on 2X is the "right" topology for preserving

compactness and connectedness. In this chapter we shall

find that 2 is metrizable whenever X is a compact metric

space. We shall demonstrate this fact by explicitly

defining a metric, called the Hausdorff metric, on 2X

and proving that it generates the Vietoris topology.

Definition 4.1. Let (X,d) be a bounded metric

space. For subsets A and B of X, a point xE X, and

positive number c, we make the definitions

d(x,B) = inf-d(x,y):y E B}

dist(A,B) = inftd(a,b):aEA,b EB}

S(x, ) = .p E X:.d(x,p) < e}

Ve(A) =p E X: d(pA) < c}

45
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p(A,B) = inf~c:AcV (B) and Bc V8 (A)}

diam(A) = supid(a,b):a,bEAj.

The function p is called the Hausdorff metric when it

is restricted to 2Xx 2X

Lemma 4.2. If (X,d) is a metric space, s> 0, and

Ac X, then V (A) = UtS(ac):aE A}.

Proof. The proof is easy, and so is omitted.

Theorem 4.3. If (X,d) is a bounded metric space,

then the Hausdorff metric p is a metric on 2X.

Proof. Let ABE 2X. If d is bounded by M, we have

p(AB) 4M< oo. Also p> 0 since it is the infimum of

positive numbers. Now let c> 0. Then AcVF (A), and so

p(A,A) < E. Hence p(A,A) = 0. Conversely, assume that

A # B and that there exists x E B -A. Since A is closed,

there exists E>0 so that S(x,c)flA = . Then B V- (A).

Since the same result holds for all positive 6 < c, we

have p(A,B) 2 e> 0. Since the definition of p is sym-

metric in A and B, we have p(A,B) = p(B,A). Hence we

have only to prove the triangle inequality to show that

p is a metric.

Let A 1 , A 2 and A3 be in 2X and define the sets

E 1 2 , E 2 3 and E1 3 by E = {> 0:A. CV (A.) and A. cV (A.)}.

Define E12 +Et23=61 + 62 :61 E E12 and 62 EE23 }. The

triangle inequality for d implies that E1 2 +E 2 3 CE1 3 .

It follows that
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p(Al,A3) = inf E13  inf(E12 +E 23)

= inf E 12 +inf E23

= p(AY,A2)+p(A 2 ,A3)'
Hence p is a metric on 2

Observe that the above proof uses the fact that the

sets involved are closed only in proving that p(A,B) = 0

only if A = B. It follows that p is a pseudo-metric on

the space of all nonempty subsets of a bounded metric

space X.

Theorem 4.4. If (X,d) is a bounded metric space,

and p is the Hausdorff metric on 2X, then (X,p) is iso-

metric to (X,d).

Proof. Let x and y be two points of X, and

E = d(x, y). Then yE4 S(x, c) = V ([x}), and so

p({xJ ,{y}) c. On the other hand, for any 6> 0, we have

xE S(y,c+6) and yE S(x,F+6), and so p([x,{yJ) c+6.

Hence p({x},{y}) s c.

It is easy to find examples of metric spaces for

which the Hausdorff metric topology on 2X differs from

the Vietoris topology. For example, let X be an infinite

discrete space with metric d(x,y) = 1 iff x y and

d(x,y) = 0 iff x = y. Then the metric topology on 2

is discrete, while the Vietoris topology cannot be

discrete, since the collection of finite sets is a

proper dense subset. However, if X is compact, the two

topologies coincide.
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Theorem 4.5. If (X,d) is a compact metric space,

then the Vietoris topology on 2x is the Hausdorff metric

topology.

Proof. Since X is compact, d is bounded and so the

Hausdorff metric is defined. Let A E 2x, c> 0, and

(A, )= {K E 2 : p(A,K) < cj ble a basic open set in the

metric topology on 2X. Choose 6 so that 0< 6< /2. Since

A is compact, there is a finite subset (a. :i = 1,2,...,nJ

n
of A so that Ac U S(a.,6). Let U. = S(a.,'6) for

i=l11
i = 1,2,... ,n and lets1 = (U )n . Clearly AE.2 which is

open in the Vietoris topology, and so we must show that

cS(A I ) .

n n
Let BE '. Then Bc U U. = U S(a.,6)C V (A). To

i=1 i=12

show that AcV23(B), let xEA. Then x E U for some i,

and since BE2, BflUi j . Let yE BFU . Then

d(x,y) d(x,a.)+d(a.,y)< 6+ 6= 26,

and so

x E S(y,2 6) cV2 6(B).

Hence AcV2 6 (B). It follows that p(A,B) 9 26 < . There-

fore BEJS(A, c), and so h cS(AE) .

Since J(A,c) is open in the Vietoris topology, we

have shown that the metric topolgoy is weaker than the

Vietoris topology. Since the stronger topology is compact

and the weaker is Hausdorff, they must be identical.



49'

For a bounded metric space X, there are numerous

interesting realvalued functions defined on 2X. We shall

find it useful to know that they are continuous in the

Hausdorff metric topology.

Theorem 4.6. If (X,d) is a bounded metric space,

the functions dist:2X x2X +JR and diam:2X + R are each

uniformly continuous in the Hausdorff metric topology.

Proof. We shall first show that dist is continuous.

Let A,BE 2X and F> 0. Take 6.= c/3 and suppose that

H,KE 2X so that p(AH) < 6 and p(B,K) < 6. Then H cV6 (A)

and Kc VJ(R) . There exists (h,k) E H x K so that

d(h,k) < dist(H,K)+ 6. There exists (a,b) E A x B so that

d(h,a) < 6 and d(k,b) < 6. Then we have

dist(A,B) : d(a,b) d(ah) + d(hk) + d(kb)

< 6+ dist(H,K) + 6+6= dist(H,K) + c.

A similar argument shows that dist(HK)<dist(A,B) +e,

and so dist is uniformly continuous.

To show that diam is continuous, let AE 2X and

E> 0. Take 6 = c/2 and suppose that BE 2X so that

p(A,B)< 6.. Then Ac V6 (B). Hence if x,yE A, there are

s, t E B so that d(x, s) < 6 and d(y, t) < 6. Hence

d(x,y) - d(x,s) + d(s,t) + d(t,y) < 6 + diam(B) + 6

= diam(B)+ 26.

Therefore

diam(A) g diam(B) + 26 < diam(B) + Fl.
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A similar argument shows that diam(B)< diam(A)+ s , and

so diam is uniformly continuous.

In 1933, and in an entirely different context,

Whitney [31 defined a realvalued function on 2X which

has come to occupy a prominent place in the theory of

hyperspaces. Kelley [11 used Whitney's function to

greatly extend our knowledge of 2X when X is a metric

continuum.

Definition 4.7. Let X be a topological space.

Then p:2 X [0,1] is called a Whitney map provided that

(1) y is continuous

(2) -({x}) ;-0 for each xE X

(3) If ABE 2X, AcB and A B, then p(A)< 1 a(B)

(4) p(X) = 1.

Note that condition (3) above implies that if & is

any compact chain in 2X, then [6' ais a homeomorphism.

Theorem 4.8. If (X,d) is a compact metric space,

then a Whitney map from 2X into [0,1] exists.

Proof. Since the details of the proof are routine

but tedious, we shall merely outline the construction,

and refer the reader to [3] for the details.

Let (a.:i = 1,2,...} be a countable dense subset

of X. For each i, and for each pE X, define

S = l+d(a.,p)'
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Then we have

(1) If (p) - f (q)| :d(a ,p) - d(a ,q)I d(p,q).

For each A E 2X, and for each i, define

(2) piy(A) = sup f.(p) - inf f (p)
pE A pE A

= sup Jf.(p) - f . (q)j.
p,qE A

Note that 0 5;. (A) < 1. Define

co i(A)
(3) yv(A) = .Z for eachAE2X

i=1 2

Then 0 5 ip(A) 9 1. It may be shown that p has properties

1, 2 and 3 of a Whitney map, and the map v has all

the desired properties.

It should be noted that the Whitney map constructed

above is quite dependent upon the metric properties of X.

Nadler has produced an example of a metric on an arc X

for which yi is not monotone as a map from 2X-+ [0,1] [2].

Since we shall show in Chapter V that a Whitney map is

always monotone and open when it is restricted to the

subspace C(X) of 2X, Whitney maps are most useful in

studying the structure of C(X).

The following theorem is a useful result relating

Whitney maps and the Hausdorff metric.

Theorem 4.9. If X is a compact metric space,

and p is a Whitney map on 2X, then for each c-> ' there

exists a 6> 0 so that if A and B are in 2X so that Ac B

and ip(B) - 11(A) < 6,: then p(A,B) < c.
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Proof. Let c> 0, and suppose, to the contrary,

that no such 6 exists. Then, for each positive integer

n, there exist sets An and Bn in 2 so that AncBnl

S(B n) -p(A n) nand p(An Bn) c. Since 2 is compact

metric, we may assume, by taking subsequences if necessary,

that each of (A n and [BnI converge. Let A = lim An and

B = lim Bn. Then clearly Ac B, and the continuity of p

gives p(A) = p(B). Hence A = B by a property of p. But

our assumption forces p(A,B) c, which is a contradiction.
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CHAPTER V

HYPERSPACES OF A METRIC CONTINUUM

We now have several useful techniques at our disposal

for elucidating the structure of 2 and C(X), where X is

a metric continuum. We begin with a theorem which gives

us good reason for restricting our attention to C(X).

Recall that the Hilbert Cube is the space Iw, when I is

the interval [0,1] and w is the set of natural numbers.

Lemma 5.1. Let X be a nondegenerate metric continuum.

There exists a sequence K. :i = 1,2,... in C(X), a se-1

quence [pi} in X so that p EK for each i, and a point

qEX- UK., so that
i=l 1

(1) K. flK. = 4 if i / j
i J

(2) K. is nondegenerate for all i

(3) diam K. + 0

(4) K. + qJ in C(X).

Proof. The construction is a repeated application

of the "boundary bumper" Theorem 3.4. Let U1 be a proper

open subset of X so that diam U 1. Let p1 EU1 and

choose an open set V1 so that p1 EVcV jcU1 . Note that

V 1 U1 since X is connected. Let C1 be the component

54
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of VI containing p1 , and put K = . Then K1 is a non-

degenerate element of C(X) which is a proper subset of

U1 , and diam K11g1.

Let p2 EU1 - K . Since U1 - K1 is open in X, there

is an open set U2 so that p2 EUCUC U1 -K and diam U I

Choose an open set V2 so that p2 E V2 cV c U 2 , and let C2

be the component of V2 containing p2 . Then K2 = C is a
1

nondegenerate element of C(X) so that p2 EK2 , diam K2

and KflnK2 =

This process may be continued inductively by letting

pn+l E Un -Kn and repeating the above construction. We

therefore obtain sequences {K }, {p } and {U } so thatn n n
for each nEIN,Kn EC(X) -k, Un is open in X,

p EKcU CU -K
n n n n-1 n-

and

diam U = diam U _r.

n n n

It is clear that the sequence {Kn } satisfies conditions

(1), (2) and (3) of the theorem.

To find the point q, note that {U } is a chain in 2x
n

and so
00

m = fU~ =limiU.
n=l n n

Since diam is continuous, diam M = lim diam U = 0, and so
n

M is degenerate. Let M = {q}. Note that if q ETK. for some

j , then the relation Uj+ 1 c U - K implies that q f U
which is a contradiction. Hence q EX - U K..

i=l I



56

It is true that {K } converges to {q}. We shall not

prove this, however, but rather observe that since C(X)

is compact metric, there is a convergent sequence {K }n.
of {Kn}. Let K + K in C(X). Since Kn. cU7n we have

K = lim K clim U. = {q}. Since K # 4, we have K = {q}.
1 1

Therefore the sequences {K.} and {p } satisfy the con-

clusion of the theorem.

Theorem 5.2. If X is a nondegenerate metric con-

tinuum, then 2X contains a subspace homeomorphic to the

Hilbert Cube. Hence any separable metric space is em-

beddable in 2

Proof. Let {K.} and {pi} be the sequences constructed

in the preceding lemma, and let {q} = lim K. . For each i,

there exists an arc chain . in C(X) from {p.} to K .

Note that since C(X) is metrizable, . is homeomorphic
1

00

to I. Let H = II , and let (A.) _be a point of H.
i=l

Since A. cK. for each i, and lim K. = {q} and diam K.+ 0,1 1 1 1

we obtain lim A = {q}. It follows that the set

{A :i = 1,2,...} U{{q}} is closed in 2X, and so by

Theorem 2.10, U A. U{q} is closed in X.
i=l '

Hence we may define a function G:H - 2Xby
00

G(AU)) = UAiU {q}.
i=l
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Then G is one to one, since if (A.) and (B.) are distinct
1 1

elements of H, there is an index k so that Ak Bk

Since Ak and Bk are in the chain.4k, we may take Ak c Bk'
There exists xE Bk - Ak, and so xE G((B)) . Now x4 K.

for all j ' k, and clearly x # q, and so

CO

xf U A.U (qJ G((A )).
i=l 1

Hence G((A.)) G((B.)), and so G is one to one.

To show that G is continuous, let (A.) E H and let

= U ) be a neighborhood of G((A.)) = U A.UtqJ.

Then q E U for some j, and sinxe K. qJ, K. c U. for

all sufficiently large i, say i -N. Now, for all

i<N, definelA = {Uk,:UkOAi J. ThenJk i since

CO n
A c U A c U U.. Further, 6 is finite, so let

1i=1 k=l1

16. = (V , 2 .,V t.J for i = 1,2. ..,N-1. Put

t.
2i=(V. _1 for i = 1,2,... ,N-1, and define

= 1 d 2 2 'i.N xN-1f N-1X .. Then is
i a N

open in H. Also, if i< N, we have A. E 2 by the choice

of the sets V., j = 1,2,...I,t . Hence 2 is a neigh-

borhood of (A.) in H. Finally, let (B)E . Then for

i> N, B.c K.C U., and for i<oN, B.E2 ., and so

t. I n
B.c U V. C UtU.
1 j=l 1Ij k=l k



58

00ln

Therefore G((B.)) U B. UfqJc U Uk. Also, if k is
i=1 k=1

an index from 1 to n, then some A meets Uk, and so

Uk Ei. Hence U = V. for some j. But B EX. implies

that B. meets V. = Uk. Hence G((B.)) meets Uk. It

follows that G((B.)) is in (U k and so G is con-

tinuous.

Since H is compact, G is a homeomorphism from the

Hilbert Cube H into 2X

Since 2X is always so large when X is a metric con-

tinuum, we shall henceforward restrict our attention to

its subspace C(X). The following theorem was proved by

Rogers in [6], and is a useful tool for investigating

the dimension of C(X). An n-cell is a space homeomorphic

to the product In

Theorem 5.3. Let X be a metric continuum, If there

exist proper subcontinua M,K1 ,K2 ,...,Kn of X satisfying

(1) MflK. i ' for each i

(2) Kic[ mfor each i

(3) (K. - M) n(K. -M) = + if i # j,
1 J

then C(X) contains an n-cell.

Proof. For each i = 1,2,...,n MUK. E C(X) by (1),
1

and we have M MUK. by (2). Since McM UK., there

exists an arc chain .4. in C(X) from M to MUK. for
1 1

i = 1,2,... ,n. Note that .4. is homeomorphic to I, and
n

so R .4. is an n-cell.
i=l1
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n n
Define the function f: ..4 . + 2X by f((A.)) = U A..

1=1i=l

Then f is continuous by Theorem 1.9. Note that f actually
n n

maps into C(X), since flA. # for any (A.) E I1 ...
i=l i=l

Condition (3) above readily implies that f is 1-1, and

so f is the required embedding.

Corollary 5.4. C(I2) contains an n-cell for any nE3IN.

Proof. Let n E INand take M = (o,y): O y } 13and

K = [(x,):O5; x:11 for i = 1,2,.. .,n. Then M and then

K.'s satisfy the conditions of Theorem 5.3.

A continuum X is a triod if it contains subcontinuum

K so that X- K is the union of three mutually separated

sets. X is atriodic if it contains no triod.

Theorem 5.5. Let X be a metric continuum. If

dim C(X) 2, then X is atriodic.

Proof. If X is not atriodic, it contains a triod T.

There is a subcontinuum M of T so that T - M is the union

of three mutually separated sets K1 ,K2 and K3 . Then

M,K1 Um, K2 UM and K3 UM are each continua (Lemma 3.11)

which satisfy the hypotheses of Theorem 5.3. Hence C(T)

contains a 3-cell. Since the dimension of a subspace is

less than or equal to the dimensions of a space, we have

2 ; dim C(X) ;2dim C(T) 3,

which is a contradiction. Therefore X is atriodic.

We shall proceed to identify C(X) for some simple

spaces X. Consider first the closed interval I = [0,1].
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If A is a subcontinuum of I, then A = [a,b] for some

0:s a r bsgl.. Hence we may define a bijection

f:C(I) + [(x,y) E I2:x i yJ = N,

where f([a,b]) = (a,b). Consideration of the endpoints

of a convergent sequence of subcontinua of I show that

f is continuous., and hence is a homeomorphism.

Let S = [z E E: zI =l} be the unit circle in the

complex plane 1. Let us agree that the "midpoint" of

a degenerate subcontinuum e is e :, :g 6<2T. If

A is a proper subcontinuum of S, let e , 0--a<c 27,

be the midpoint of A, and let f3,0 s3<27w, be the length

of A. Define a bijection f:C(X) + {z EIC: IzI 21T} by

(27T -6) eiaif A f S,

f(A)= 0 if A = S,

when a and 3 depend on A as described above. Since the

functions which assign to A E C(X) its midpoint and length

are each continuous, f is a homeomorphism.

Denote by T a continuum which is homeomorphic to

its name. That is, T is the union of three arcs A1 , A2
and A3 so that A. ~A. = [p] iff i # j, where p is an

end point of each A . Let [a.,p] = A for i = 1,2,3, and

so [a. :i = 1,2,3} are the non-cut points of T. By

Theorem 5.3, C(T) contains a 3-cell. In fact, if we

denote by C(T,p) the set of subcontinua which contains

p, the argument of Theorem 5.3 may be used to show that
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3
C(T,p) is a three cell. Then C(T) = U C(A.) UC(T,p).

i=l
Since we have identified C(A.) above, and C(T,p) flC(A.)

is an arc chain for each i, the continuum C(T) is a

"3-cell with 3 fins" pictured below.

The subspace 9 of C(T) is denoted by the heavy line, and

other easily recognized points are identified.

Let X be a metric continuum and let p:C(X) + I be a

Whitney map on C(X) . For p E X and t E [0,1], define the

sets C(X,p) = {K E C(X):p E K} and pt _= -1(t) fC(X,p).
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Our immediate goal is to show that p is a monotone open

map. A metric continuum is called Peano iff it is

locally connected.

Theorem 5.6. If X is a metric continuum and

p:C(X)-+ I is a Whitney map, then p is open.

Proof. Let K E C(X) and & be open in C(X) so K EZ.

Let p EK. Let 4 be an arc chain from [p} to X which

contains K. Then pj4 is a homeomorphism, and hence is

open. Since g4 is open in d, 4iQfd( ) is an open set in

I which contains p(K) and is a subset of p(L). Hence

p is an open map.

Theorem 5.7. If X is a metric continuum, p:C(X) + I

is a Whitney map, and pEX, tE [0,]. Thenpt is an

arc-wise connected continuum.

Proof. Note that since there is an arc chain from

[p1 to X, pt is nonempty. Also, pt = (X p)AC(X) P~ (t),

each of which is closed in 2x, and so pt is a compact

subset of C(X). We assume with no loss of generality

that pt is nondegenerate.

t
Let A,B be distinct points of pt. Then p EAfB,

and since p(A) = t = y(B), neither A nor B is a subset

of the other. Let C be the component of AUnB containing

p. Then CcA, C # A, CcB, C 4 B, and so there are arc

chains d.and 2 in C(X) from C to A and from C to B, re-

spectively. Define function f:4x2 + C(X,p) by the
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formula f(H,K) = H UK. This function is continuous, and

maps into C(X,p) since if HEd and KE2, pEHAK. Denote

-1 tthe image of f by X, and let o = fp~ (t) c P. Note

that A = AUC and B = CUB are each in .. Let T = f-1(0).

We wish to show that 3 is a locally connected continuum.

The following diagram illustrates the situation.

inc inc

T
f IT

Note that Ye is compact, and S is a closed subset of X.

It follows that T is a compact subset of d x 2.

Define a function g:T - .d by g(H,K) = H. Then g is

the restriction of the projection function frg to T, and

so g is continuous. We wish to show that g is onto d.

Hence let H Ed. Then H cA, so p(H) s t. If p(H) = t,

then H = A, and since (A,C) ET, we have g(A,C) = A. Hence

assume that p(H) <t. Since HcHUB, and p(HUB) :np(B) = t,

we have that H 4 H UB. Let 2 = [H UK:K E 21. X is clearly

the continuous image of 2, and so 2 is a continuum. Hence

p(2) = [yp(H),p(H UB)] which contains t. It follows that

there exists KE2 so that y(H UK) = t. Hence (H,K) ET,

and so H E g(T) . Therefore g is onto.4.
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Finally, let us define a map k +-K by K(H) = HU K

for any (H,K) E T. We must show that this map is well

defined, so let (H,K1) and (H,K2) be in T. We may assume

that K 1 c K2 . Then HU K 1 cHUK2 , and so

t = v(H UK,) (HUK2) = t-

It follows that HUK1 = HUK 2 , and so k is well defined.

Clearly k - g = fi T, and since g is a quotient map and

fI T is continuous and onto, we obtain that 0 is the con-

tinuous image ofd. Since is homeomorphic to I, & is

a Peano continuum, and is therefore arc-wise connected.

Hence A and B lie in an arc-wise connected subspace of

t
p . It follows that pt is an arc-wise connected continuum.

Theorem 5.8. If X is a metric continuum and

p:C(X) + I is a Whitney map, then p is a monotone map.

That is, ~ (t) is a continuum for each tE I.

Proof. Since -l (0) = X and --[1 (1)=(X,, we may

assume that 0< t< 1. Suppose that p~ (t) is the union

of nonempty mutually separated setsI andAY. Since

p is a connected subset of p~ (t) for each pE X, we

know that pt is a subset of eitherJZ orY. Let

M = (p E X:ptCJl} and N = (p E X:pt c%}3. Note that M

and N are nonempty disjoint sets whose union is X.

To show that M is closed in X, let [p n be a

sequence in M so that pn + p. Let Kn E pnt for each n.

Note that pnt c , and so Kn E6 for each n. Sinceki is
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closed in the compact metric space C(X), we may assume

with no loss of generality that Kn* K, and KEJ. Then

(K) = t, and p E lim Kn = K and so KE pt(~p * It follows

that pt c, and so pE M. Therefore M is closed in X.

Since a similar argument shows that N is closed in

X, M and N disconnect X, which is a contradiction.

Hence 111(t) is connected, and so P is monotone.

If X and Y are spaces, a multivalued function

F:X I Y is a correspondence which assigns to each xE X

a subset of Y. If F(x) is compact (a continuum) for each

xE X, then F is said to be compact (continuum) valued.

If X and Y are compact metric spaces and F is a compact

valued function from X to Y, then F is said to be upper

(lower) semi-continuous ifpf pn p in X implies that

lim F(p n CF(p) (F(p) clim F(pn)). F is said to be con-

tinuous if it is both upper and lower semi-continuous

It is evident that a compact valued multifunction F:X + Y

is continuous iff the induced single valued function

F:X +2 is continuous.

If X is a metric continuum, P is a Whitney map on

C(X) and tE [0,1], define FtWx) = t for x E X. Then Ft
is a continuum valued function from X onto p1(t). We

shall show that Ft is upper semi-continuous. Let [p n

be a sequence in X so that pn + p, and let

K E lim Ft(pn) = pn
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r t .
Now certainly p(K) = t, and so KE p iff pE K. Suppose,

to the contrary that pEf K. Then there exist disjoint open

sets U and V so p E U and KcV. Since lim pn = p. There

is an index n so i a n implies that piE U. Since K E11mpt
1 n

and (V) is a neighborhood of K, there is en index i> n so

p f(V) + . Let L E1pt(V) . Then p E L cV, which con-

ttradicts pi E U. Therefore p E K, and so K E p. Hence

~Ti Ft(pn)cFt(p), and so Ft is upper semi-continuous.

The following example shows that Ft need not be lower

semi- continuous.

Let X be the closure of the graph of the real valued

sin(!) + 2, - 1<x < 0
function f(x) = si(

sin(-) ,2 < x .

Then X is a metric continuum. Let p be a Whitney map on

C(X). Let p = (0,1)EX. Let

K1 = {(o,y):l y:3}

and

K2=(0,Y):1l<y 11.

Then K1 and K2 are points of C(X). Let t be the smaller of

the numbers p(K1) and y(K2). Assume that t = 1(K1). Con-

sider the sequence defined by

2
p n = (-4n + l) -f '

Then [pn} is a sequence in X and pn + p. If Ft were lower

semi-continuous, then F t(p)c lim Ft pn ), and, in particular,
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K1 E lim Ft(Pn). Let U be a small open disc in X so that

U meets K1 but not K2 . Then K 1 E (XU) and so there exists

an index N and element HEFt(pN) so that HE (XU). Then

Pn E H and H~ U # P implies that K2c H and K2 # H. Hence

tp(H)> t. This is a contradiction, since HE pn Therefore

Ft is not lower semi-continuous.

It is a consequence of Theorems 5.6 and 5.8 that any

Whiney map on C(X) induces a continuous decomposition of

C(X) into continua so that the resulting decomposition

space is an arc. It is useful, therefore, to visualize

C(X) as a cone, with the base X at one end and the vertex,

X, at the other. The continua p~ (t) may be considered

as sections of the cone. A study of the continua p 1(t),

which are called Whitney continua in the literature, has

been a fruitful source of information about C(X).

We shall compute the Whitney continua for some simple

spaces. First, let p be a Whitney map on C(I), where I

is the interval [0,1]. Since p~l(0) = I, we may restrict

our attention to the case O< t< 1.

For each AE -p1(t), define f(A) = m, where m is the

midpoint of A. It is easy to see that f is continuous.

To see that f is one to one, note that if two subcontinua

of I have the same midpoint, then one contains the other,

and so they have different p values. It follows that f is

a homeomorphism of y (t) onto a subarc of I.
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Consider now a Whitney map p on C(S), where S is

the unit circle. Let 0 <t <1. Geometric considerations

show the function which assigns to each AE yI (t) its

midpoint is a homeomorphism of p~ 1 (t) onto S.

Theorem 5.9. If X is an arc-wise connected metric

continuum and p is a Whitney map on C(X) , then ~ (t)

is arc-wise connected for each t E [0,11.

Proof. We may assume with no loss of generality that

0< t< 1. Let A and B be distinct points of p~1 (t). If

An B f , let p E An B. Then A and B lie in the arc-wise

connected subset pt o -1(t). Hence assume that AnOB = .

Let Q be an arc in X which intersects each of A and B.

Let pE An Q and let qE BflQ. We shall distinguish two

cases: either y(Q) 9 t or p(Q)> t.

If p(Q) : t, let A be an arc chain from Q to QU B.

Then -p(d) = [y(Q),y(QUB)] which contains t, since

t = y(B) <i(QU B). Let KE nfP-~ (t). Then QOcK and so

(p, qJ c K. Hence KE pt fq . It follows that pt U q is

an arc-wise connected subset of p~1 (t) containing both

A and B.

Assume then that 1 (Q)< t. Note that 1 4lC(Q) may not

be a Whiney map on C(Q), but only because y(Q) < 1. Since

Q is an arc, however, the same argument used in showing

that p~ (t) is an arc when p is a Whitney map on I may

be used to conclude that p~ (t)flC(Q) is an arc in p (t).
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Since C(Q)flpt ) # C(Q)flqt, we conclude that

pt -(il(t)A C(Q))U qt is an arc-wise connected subset

of P- (t) containing A and B.

Hence -p (t) is arc-wise connected.

We remark that there exist simple examples of continua

X which are not arc-wise connected, but for which ~ (t) is

an arc for some t. For example, if X is the closure of the

graph of sin l, 0 < x -2, and K is the limit linex 7T

({(0, Y):- y:! 1},

then p~ (t) is an arc for any J(K) < t <1.

We shall now turn our attention to hyperspaces of

hereditarily indecomposable continua.- It is ironic that

these most "pathological" of continua have hyperspaces

which are particularly easy to visualize due to the fact

that their subcontinua are chained.

Lemma 5.10. A continuum X is hereditarily indecom-

posable iff whenever A and B are in C(X), then either

AflB = 4), AcB, or BcA.

Lemma 5.11. Let X be a hereditarily indecomposable

metric continuum, and p be a Whitney map on C(X). If

A,BE C(X) so AflB 4 and p(A) = yp(B), then A = B.

Proof. The proof is immediate from Lemma 5.10 and

a property of p.

Now let X be a nondegenerate hereditarily indecom-

posable metric continuum, and let p be a Whitney map on

C(X). For each tE [0,1], it is evident from Lemma 5.11
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that the sets pt are degenerate for each pE X. Hence we

may define a function ft:X + p~(t) by the requirement

t = A iff [A} = Pt We have shown above that ft is

always upper semi-continuous when viewed as a multi-valued

map. Since in this case it is single valued, it follows

easily that ft is continuous. Note that the subcontinua

-l -l
in p (t) are all disjoint, and so we may view p (t) as

a decomposition of X into continua. The map ft is then

the natural map induced by this decomposition, and so ft

is a monotone map. We observe that ft is an open map,

since if U is open in X, then

ft(U) = {AE yp-(t):An U J}=:y.(t)ne(X,U).

We have therefore proved the following theorem.

Theorem 5.12. If X is a hereditarily indecomposable

metric continuum and p is a Whitney map on C(X), then

there exists for each tE [0,1] a continuous, monotone,

and open map ft from X onto p1(t).

Corollary 5.13. If X is a hereditarily indecomposable

metric continuum, and p is a Whitney map on C(X), then

p~(t) is hereditarily indecomposable for each tE [0,1].

-lProof. p (t) is the monotone image of X, and hence

is hereditarily indecomposable by Theorem 3.19.

The best known example of a hereditarily indecompos-

able continuum is undoubtedly the pseudo-arc. This con-

tinuum was originally defined by Knaster, and has been
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extensively studied by Moise and Bing among others. The

reader is referred to [ 2 ] for a description of this con-

tinuum.

Bing [1] has shown that the pseudo-arc is the only

hereditarily indecomposable metric continuum X having the

property that for each c> 0, there is a finite open cover

(Vi:i = 1,2 ,...,nJ of X so that V(~nlV f + iff Ji-jI 1,

and diam Vi < c for each i. Such a cover of X is called

on e-chain, and continua which may be covered by an

-chain for each positive number c are called chainable

(also arc-like, or snake-like). Bing [1] also showed

that chainable continua are preserved by continuous mono-

tone maps. These observations imply the following corol-

lary.

Corollary 5.14. If P is the pseudo arc, and p is a

Whitney map on C(P), then p~(t) is homeomorphic to P for

each 0!-t<l.

The maps [ft-:tE IJ may be used to define a natural

correspondence between X x I and C(X), when X is a heredi-

tarily indecomposable continuum. For such a continuum,

define Q : X x I C(X) by the formula Q (x, t) = ft(x). It

is clear that Q is onto. Q is open, since if U and V are

open in X and I respectively, then Q(U xV) = p-~1(Vn (XU),

which is open in C(X). Q is monotone, since if AE C(X),

then ~(A) = A x {p(A)J. The following lemma is useful
in proving that Q is continuous.
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Lemma 5.15. If X is a hereditarily indecomposable

metric continuum, and p is a Whitney map on C(X), then

for each e> 0 there exists 6> 0 so that if A,BE C(X),

dist(A,B) < 6 and I y(A) - p(B)I < 6, then p(A,B) < e.

Proof. The proof proceeds exactly as in Theorem 4.9,

with the obvious modifications.

Theorem 5.16. If X is a hereditarily indecomposable

metric continuum, p is a Whitney map on C(X), and

Q:X xI + C(X) is the map defined above, then Q is contin-

uous, monotone and open.

Proof. We have already seen that Q is monotone and

open. To show that Q is continuous, let c> 0. Choose

6(= 6(e)) to satisfy the requirements of the preceding

lemma. Let a,b E X so d(a,b) < 6 and s, t E I so I s + tI < 6.

Let A = (a,s) and B = Q (bIt). Note that a E A and b E B,

so dist (A,B)s d(a,b) < 6, and I p(A)- -p(B)I s - tj <,6.

Hence p(A, B) < 6, and so Q is continuous.

For any topological space X, the cone over X is the

space K(X) obtained from X x I by identifying the subset Xxtl]

of X x I. Rogers [4], [5] has made a detailed investigation

of continua which have cones homeomorphic to hvperspaces.

Theorem 5.17. If X is a hereditarily indecomposable

metric continuum, there exists a continuous monotone

surjection h:K(X) + C(X).

Proof. Let g:X xI -+ K(X) be the quotient map. Define

h by h(g(x,t)) = Q(x,t). Then h is continuous by a
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property of quotient maps. It is obvious that h is mono-

tone.

In spite of the above theorem, it is not possible

to embed C(X) in K(X) when X is hereditarily indecompos-

able. This is a consequence of the following two theo-

rems. We denote the point X x[11 of K(X) by v.

Lemma 5.18. If X is a hereditarily indecomposable

metric continuum, and A is an arc in K(X) - [v}, then

there exists a point p EX so Ac[p} xI.

Proof. Note that K(X) - [vi is homeomorphic to X x [0,1).

If the theorem is false there are two points p and q of X

and numbers s and tE I so that (p,s) and (q,t) are in A.

If l:Xx [0,1)-+ X is the projection, 11(A) is a nondegenerate

Peano subcontinuum of X. Such a continuum has a proper

subcontinuum with nonempty interior, and hence is decom-

posable by Corollary 3.13. This is a contradiction, and

so the theorem is true.

Theorem 5.19. If X is a hereditarily indecomposable

metric continuum, then K(X) contains no subset homeo-

morphic to a capital H.

Proof. Such a subset is the union of three arcs so

that the intersection of any two is a point. The only

possible intersection two such arcs can have the set vi.

Theorem 5.20. If X is an indecomposable metric con-

tinuum, then C(X) contains a set homeomorphic to a capi-

tal H.
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Proof. Let K be a proper subcontinuum of X, and

p1 and p2 be distinct points of K. Let p3 and p4 be

points of X so that no two of the points p2 p3 p4 lie

in the same composant. Let ., i = 1,2, be arc chains

from (p } to X so that K 1 EdQ1.4 2 , and let.J., i = 3,4,

be arc chains from [p4} to X. Then the union of the

sets .d contains the required set.

The following sequence of theorems were originally

proved by Kelley in [3]. They give an elegant charac-

terization of hereditarily indecomposable continua in

terms of their hyperspace C(X). Let us recall that if X

is a compact Hausdorff space, the map a-22x +2x defined

by c(.) =U.4 is continuous, and (C(C(X)))c C(X). For

ME C(X), we write C(M) to denote the subspace (M)nlC(X).

Theorem 5.21. If X is an indecomposable metric con-

tinuum, andd4 is an arc in C(X) so a(d) = X, then XEJ.

Proof. Let 1 be a Whitney map on the subcontinuum

C(s) of C(C(X)). Let A = {[2EC(d):G() = X}. ThenJE A.

Since A =a1(X) C(4), and a is continuous, A is a com

pact subset of C(d). Therefore P attains its minimum

value on A, and so there exists 1 E A so that P(.6) = inf iy(A).

If PO()>0, thenlA is a sub arc of.4. It is there-

fore the union of proper subarcs A1 and 12. Since

for i = 1,2, it follows that neither]6 1 nor

A2 are in A. Hence a(Al) and a(A22) are proper subcontinua
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of X whose union is a(16) = X. This is a contradiction,

and so y(A) = 0. Therefore I is degenerate, and since

a(J) = [Xji, we have1A = [X}. Hence XEd.

Note that proof of the preceding theorem is valid if

we assume the weaker hypothesis that 4 is a hereditarily

decomposable subcontinuum of C(X).

Theorem 5.22. The metric continuum X is indecompos-

able if and only if C(X) - [X} fails to be arc-wise con-

nected.

Proof. Assume that X is indecomposable. There exist

A and B in C(X) - [X} so that A and B are in different

composants of X. Suppose, to the contrary, that C(X) - {X}

is arc-wise connected. Then there exists an arcd in

C(X) -[X containing A and B. Then a(d) is a subcontinuum

of X which meets two distinct composants. Hence a(d) =X

and so by the previous theorem, XE.d. This is a contra-

diction, and so C(X) - [X} is not arc-wise connected.

Assume conversely that X is decomposable. Then

X = AU B for proper subcontinua A and B of X. Let pE AnAB.

Then [pIE C(A)C)C(B), and so C(A)U C(B) is an arc-wise

connected subset of C(X) - [X}. Let M,NE C(X) - [X}. Then

each of C(M) and C(N) meets either C(A) or C(B), and so

C(M)UC(N)UC(A)UC(B) is an arc-wise connected subset of

C(X) - [X} which contains both M and N. Hence C(X) - [X}

is arc-wise connected.
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A space X is said to be uniquely arc-wise connected

if there is a unique arc joining each pair of points in X.

Theorem 5.23. The metric continuum X is hereditarily

indecomposable if and only if C(X) is uniquely arc-wise

connected.

Proof. Assume that X is not hereditarily indecompos-

able. Then there is a subcontinuum M of X which is the

union of its proper subcontinua A and B. Let pE AnlB.

There are arc chains i , i = 1,2, connecting Ip} to A

and A to M respectively, and there are arc chains $1

connecting tpJ to B and B to M respectively. Then

d2 U 2is an arc from A to B andA4 1 U1 1 contains an arc

from A to B. These two arcs are clearly distinct, and

so C(X) is not uniquely arc-wise connected.

Assume conversely that X is hereditarily indecompos-

able. Let A and B be points of C(X), and lets = [A,B]

be an are with end points A and B. Since a(d) is inde-

composable andy is an arc in C(c(d)), we infer from 5.21

that c(d) Ed . Let M = a(d). Now let ( be an arc chain

in C([A,M]) from tA} to [A,M]. We may use 5.21 to con-

clude that for each [A,K] E 5, a([A,K]) E [AK] c [AM] .

Since D is connected, a([A,M]) = M, and a({AJ) = A, the

continuity of a implies that a(5) = [AM]. Since cr(4)

is a chain, we infer that [A,M] is a chain. Similar con-

siderations may be used to conclude that [M,BI is a chain.
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Since there is only one continuum containing A with a

specified p value, [A,M] is the unique arc chain in C(X)

from A to M. Similarly, [B,M] is the unique arc chain

from B to M. Hence, d is the only arc in C(X) from A to

B. Thus, C(X) is uniquely arc-wise connected.

We conclude this chapter with a theorem which may be

considered an application of the preceding result. It

is an example of hyperspace techniques being used to

solve a seemingly "non-hyperspace" problem.

Theorem 5.24. Let X and Y be metric continua, with

Y hereditarily indecomposable. If F:X + Y is a continuous

surjection, the f is confluent.

Proof. Let KE C(Y) and let C be a component of f~ (K).

Let qE C. Then f(q) = p for some point pE K. There exists

a unique arc chain.4 in C(X) from tp} to Y. Note that

K E.4 . Now letsI be an arc chain in C(X) from tq} to X

which contains C. Since the induced map f*:C(X) -+ C(Y)

is continuous, f*() is a Peano subcontinuum of C(Y)

which contains {pJ and Y. Hence there is an arc in f*()

from {pJ to Y, and this arc must bed. There exists,

therefore, a continuum HE 2 so f*(H) = f(H) = K. Since

Hc f 1 (K) and H meets C, we have HCC. Hence

K = f(H) cf(C) c K,

and so f(C) = K. Therefore f is confluent.
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