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This thesis investigates various theorems on polynomials over the ration-

als, algebraic numbers, algebraic integers, and quadratic fields. The material

selected in this study is more of a number theoretical aspect than that of an alge-

braic structural aspect. Therefore, the topics of divisibility, unique factorization,

prime numbers, and the roots of certain polynomials have been chosen for pri-

mary consideration.

Notation and some initial definitions are introduced in the first chapter.

The second chapter establishes the essential groundwork of the paper, with

theorems on divisibility, unique factorization, and primitive polynomials. Follow-

ing this discussion of polynomials is an investigation of algebraic numbers and al-

gebraic integers in the third chapter. The fourth and final chapter examines alge-

braic integers and norm properties in quadratic fields.
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CHAPTER I

INTRODUCTION

This thesis examines various theorems on polynomials over the rationals,

algebraic numbers, algebraic integers, and quadratic fields. This chapter will

introduce notation and definitions which will be used throughout the paper.

The sets of integers, rationals, reals, and complex numbers will be denoted

Z, Q, FR, and E, respectively. Polynomials in this thesis are assumed to have

rational coefficients unless otherwise defined. A polynomial

f(x) = anx + an-x" +-, +a--+a

has leading coefficient an s0, degree n, and is called monic if a = 1.

Definition1.1: A polynomial f(x) is said to be divisible by a polynomial

g(x) 4 0 if there exists a polynomial q(x) such that f(x) = g(x)q(x), written

g(x) If(x). In this case, g(x) is said to be a divisor or facr of f(x) and the degree

of g(x) does not exceed that of f(x), unless f(x) = 0.

Definition 1.2: A non-empty set G is said to be a groy if there is defined an

operation * such that:

(a) ab, E G implies that a * b E G. (G is closed under *.)

(b) Given a,b,c E G, then a * (b * c) = (a * b) * c. (* is associative.)

(c) There exists an element e E G such thata* e = a = e * a for all a E G.

(e is the identity element of G.)

(d) For every a E G, there exists an element a' E G such that

a * a- = e = a-'* a. (a1 is the inverse of a in G.)

If the above four properties hold, then we say (G,* ) is a group. If, in addition

to the above four properties, we also have a * b = b * a, then (G, * ) is a
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commUtaiv or abelian group. We say H is a sukgoup of G, provided that H is a

nonempty subset of G, and H is itself a group.

Definitin 1.3: A non-empty set R is said to be a ring if R has two operations

+ and - such that:

(a) (G, +) is a commutative group,

(b) G is closed under-,

(c) - is associative,

(d) If ab,c EG, then a - (b + c)= a - b + a - c and (b + c) a = b - a+ c - a.

(.distributes over +.)

If the above four properties hold, then we say (R, +, -) is a ring. If, in addition,

- is commutative, then R is a commutative ring. R is a ring with identity if R is a

ring with a multiplicative identity.

Definition 1.4: S is a subring of the ring R if S is a non-empty subset of R,

and S is itself a ring.

Definition 1.5: R is a division ring if R is a ring and (R - {0}, -) is a group.

Definition 1.6: F is a field if F is a commutative division ring. Note Q is a field.

Definition 1.7: K is a subfield of the field F, provided that K is a non-empty

subset of F, and K is itself a field. In this case, F is called an extension field of K.

Definition 1.8: If F is an extension field of a field K and if x E F, then the

subring Ij consists of all elements of the form f(x), where f is a polynomial with

coefficients in K.

Definition 1.9: An integer b is divisible by an integer a if there is some integer

d such that b = ad, written aib. The integer a is a common divisor of b and c if

a lb and a Ic. If one of b or c is not zero, then the greatest among their common

divisors is called the greatest common divisor of b and c, denoted by (bs).

Definition 1.10: Any divisor of the integer I is a unit.
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Definition 1.11: If R is a ring, a nonzero, nonunit element a E R is irreducible

if and only if a = bc for b, c E R implies that b or c is a unit, and not both.

Definition 1.12: If R is a ring, a nonzero, nonunit element p E R is prime if and

only if p lab implies p Ia or p lb.

Definition 1.13: If R is a ring, a nonzero element a E R is a zero divisor of R if

there exists a nonzero element b E R such that ab = 0.

Definition 1.14: R is an integral domain if R is a commutative ring with identity

and has no zero divisors.

DfiniJion 1.15: Let R be a ring. A non-empty subset I of R is called an ideal

of R if:

(a) (I, +) is a subgroup of R.

(b) Given r E R, a EI, then raE Iand ar E I.

Definition 1.16: An integral domain R is called a principal ideal domain if

every idealI in R is of the formI ={ax IX E R}for some aE I. It is a fact that

any element p of R is prime if and only if it is irreducible. (For proof, see [3].)



CHAPTER II

POLYNOMIALS OVER THE RATIONALS

Theorem 2.1 (Division Algorithm): To any polynomials f(x), g(x) e Q[x] with

g(x) 4 0, there exist unique polynomials q(x), r(x) e Q[x] such that f(x) = q(x)g(x)

+ r(x), where either r(x) = 0 or deg r(x) < deg g(x).

Proof: Let f(x), g(x) E Q[x] and g(x) 4 0. Will show existence by induction on

deg f(x). If f(x) = 0 or if deg f(x) < deg g(x), let q(x) a 0 and r(x) = f(x). Then f(x) =

0-g(x) + r(x) and r(x) a 0 or deg r(x) < deg g(x). If deg f(x)> deg g(x), now sup-

pose the existence statement of the theorem holds for all polynomials in Q[x] with

degree less than deg f(x). Suppose

f(x) = an xf"+ - '+ax+ao andg(x)=bmx"+ -- + b, x+b where n.

Consider xnmy'"g(x) = anx" + --- + anb1x"'1 + abox""' which is a polynomial in
bm bm bm

Q[x] with the same degree and same leading coefficient as f(x). Thus

h(x) = f(x) -ann- g(x) is a polynomial in Q[x] such that deg h(x) < deg f(x).
bm

From the induction hypothesis, there exist polynomials q,(x), r(x) e 1[x] such that

h(x) = q,(x)g(x) + r(x) where either r(x) = 0 or deg r(x) < deg g(x).

Since h(x) = f(x) - ahx" g(x) = qi(x)g(x) + r(x),
bm

f(x) = an- x-"' g(x) + qi(x)g(x) + r(x)
bm

= an xn-'"+ q1(x)) g(x) + r(x) .
bm

Thus, there exist two polynomials q(x) = Anxn-"'+ qi(x), and r(x)E Q[xJ such that
bm

f(x) = q(x)g(x) + r(x) and either r(x) aE0 or deg r(x) < deg g(x).

4
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Next, suppose f(x) = q(x)g(x) + r(x) = q,(x)g(x) + r1(x) for some q(x), q,(x), r(x),

r,(x) e 1[x] where r(x) a 0 or deg r(x) < deg g(x) and r,(x) 0 or deg r,(x) < deg

g(x) (1). Note r(x) - r(x) = [q,(x) - q(x)]g(x) (2), and thus g(x) is a divisor of

r(x) - r(x), which means deg g(x) < deg [r(x) - r(x)] (3). However, from (1),

either r(x) - r,(x) =0 or deg [r(x) - r,(x)] < deg g(x). Because (3) must hold, this

means r(x) - r(x) a20, and therefore r(x) = r(x). From (2), we then have

0= (q,(x) - q(x)]g(x) = q,(x)g(x) - q(x)g(x),

which implies q,(x)g(x) = q(x)g(x). Since g(x) i 0, it must be the case that

q,(x) = q(x). Hence, the q(x) and r(x) in the statement of the theorem are unique.

Theorem 2.2: Any polynomials f(x) and g(x), not both identically zero, have a

common divisor h(x) which is a linear combination of f(x) and g(x). Thus

h(x) I f(x), h(x) Ig(x), and h(x) = f(x)F(x) + g(x)G(x) for some F(x), G(x) e 0[x].

Proof: Let f(x), g(x) e Q[x] and not both identically zero. Let h(x) i 0 be any

linear combination of f(x) and g(x) of least degree. Then h(x) = f(x)F(x) + g(x)G(x)

for some F(x), G(x) e Q[x] (1). Now will show h(x) I f(x) and h(x) I g(x). Suppose

to the contrary that h(x)t-f(x). Then from Theorem 2.1, there exist polynomials

q(x), r(x) e Q[x] such that f(x) = h(x)q(x) + r(x) where deg r(x) <deg h(x) (2). Thus

r(x)= f(x) - h(x)q(x) = f(x) - [f(x)F(x) + g(x)G(x)]q(x)

= f(x) [1-F(x)q(x)] + g(x)[-G(x) q(x)].

Therefore r(x) is a linear combination of f(x) and g(x) which has lower degree than

h(x) from (2), contrary to the choice of h(x). Hence, h(x) I f(x) and, similarly,

h(x) I g(x).

Lemma 2.U: If d(x) is a linear combination of f(x) and g(x) and if m(x) divides

both f(x) and g(x), then m(x) I d(x).

Erof: Suppose d(x) is a linear combination of f(x) and g(x), say

d(x) = f(x)F(x) + g(x)G(x). Suppose further that m(x) divides both f(x) and g(x).

Then f(x):= a(x)m(x) and g(x) = b(x)m(x) for some a(x), b(x) e Q[x]. This



6

implies

d(x) = f(x)F(x) + g(x)G(x) = a(x)m(x)F(x) + b(x)m(x)G(x) = [a(x)F(x) + b(x)G(x)]m(x).

Hence m(x) I d(x).

Theorem 2.4: To any polynomials f(x) and g(x), not both identically zero, there

corresponds a unique monic polynomial d(x) having the properties:

(1) d(x) I f(x), d(x) Ig(x),

(2) d(x) is a linear combination of f(x) and g(x), and

(3) any common divisor of f(x) and g(x) is a divisor of d(x),

and thus there is no common divisor having higher degree than that of d(x).

Proof: Let f(x), g(x) e Q[x] and not both identically zero. Let h(x) 5 0 be any

linear combination of f(x) and g(x) of least degree, say h(x) = f(x)F(x) + g(x)G(x)

for some F(x), G(x) e Q[x]. Then by Theorem 2.2, h(x) I f(x) and h(x) I g(x). Let

d(x) = c' h(x), where c is the leading coefficient of h(x). Then d(x) is monic and

d(x) = c1 f(x)F(x) + c1 g(x)G(x), satisfying (2). Also d(x) I f(x) and d(x) I g(x) since

h(x) does, satisfying (1). Moreover, if m(x) is a divisor of f(x) and g(x), then

m(x) I d(x) from Lemma 2.3.

To show the uniqueness of d(x), suppose both d(x) and d,(x) satisfy the

above three properties. Then from (3), d(x) I d1(x) and d1(x) I d(x), implying

d1(x) = d(x)q(x) and d(x) = d,(x)q,(x) (4) for some polynomials q(x), q1(x) i 0 over

Q. Therefore, d,(x) = d(x)q(x) = [d,(x)q,(x)]q(x), which implies= q1(x)q(x), and

hence q,(x) and q(x) have degree 0. Since d,(x) = d(x)q(x) and d,(x) and d(x) are

both monic, then q(x) = 1. From (4), d,(x) = d(x)q(x) = d(x) - 1 = d(x), and thus

d(x) is unique.

The polynomial d(x) in Theorem 2.4 is called the greatest common divisor

(GQ2) of f(x) and g(x), written (f(x), g(x)) = d(x).

Definition 2.5: A polynomial f(x) 4 0 is irreducible (or prime) over Q if there is

no factoring, f(x) = g(x)h(x), of f(x) into two polynomials g(x) and h(x) of positive
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degrees over Q. Note that this also implies that a nonzero polynomial f(x) is irre-

ducible over Q, provided that f(x) is not a unit and in every factorization

f(x) = g(x)h(x), either g(x) or h(x) is a unit in Q[x].

Jheorem 2.6: If an irreducible polynomial p(x) divides a product f(x)g(x), then

either p(x) I f(x) or p(x) I g(x).

Pfqf: Suppose p(x) e Q[x] is irreducible and p(x)I f(x)g(x) for some

f(x), g(x) e Q[x]. If f(x) S 0 or g(x) = 0, then the theorem holds. Suppose

f(x), g(x) * 0 and suppose also p(x) 'Ff(x). Will show then that p(x) I g(x). Since

p(x) ' f(x), then (f(x), p(x)) = 1. By property 2 of Theorem 2.4, 1= f(x)F(x) +

p(x)P(x) for some F(x), P(x) e Q[x]. Thus g(x) = g(x)f(x)F(x) + g(x)p(x)P(x) (1).

Note that p(x) divides the righthand side of (1), since p(x) was given to be a

divisor of the product f(x)g(x) and p(x) clearly divides the second term in (1).

Therefore, p(x)|g(x). Similarly, by supposing p(x)Thg(x), we can conclude that

p(x) I f(x). Hence, the theorem holds.

Theorem 2.7: Any polynomial f(x) e Q[x] of positive degree can be factored

into a product f(x) = cp1(x)p2(X) ..-- Pk(X) where the p,(x) are irreducible monic

polynomials over Q. This factoring is unique apart from order.

Proof: Let f(x) e Q[x] be of positive degree. Will prove there is a factoring of

f(x) into irreducible monics by induction on deg f(x). Suppose deg f(x) = 1. Then

for c : 0, f(x) = cx + b = c(x + bc -1), and x + bc-1 is an irreducible monic polyno-

mial over Q. Now suppose there is a factoring into irreducible monics for all

polynomials with degree less than deg f(x). If f(x) is irreducible, then f(x) = cg(x)

where c is the leading coefficient of f(x). Note g(x) is monic and irreducible since

f(x) is irreducible. Now suppose f(x) is not irreducible. Then f(x) = a(x)b(x) for

some a(x), b(x) e Q[x] each with lower degree than deg f(x). Therefore, from the

induction hypothesis, a(x) and b(x) can each be factored into a product of irre-

ducible monics, say a(x) = cp,(x)- - -Pk(x) and b(x) = c2q1(x)' .-. -q(x).
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Therefore f(x) = a(x)b(x)

= [cp,(x)- -P,(x)] [c2q1(x)' qx(x)]

= cc2P1(X) 'p1(X)q1(x).- q(x)

can be factored into a product of irreducible monics.

Will show this factoring is unique apart from order by induction on deg f(x).

Suppose f(x) = cp,(x) .- p,(x) = cq,(x) -q(x), where c s 0 is the leading co-

efficient of f(x) and for all 1 i n and 1 j m, p,(x) and q,(x) are irreducible

monics over Q. Suppose deg f(x) = 1. Then the factoring f(x) = cx + b =

c(x + bc 1) is unique. Now suppose the factoring is unique for all polynomials with

degree less than deg f(x). Since p,(x) I f(x) = cq,(x) q - - -qm(x), p1(x) I q(x) for

some 1 j m by Theorem 2.6, since p,(x) is irreducible. By reordering the q,(x)

factors, we may assume p,(x) I q(x). Since p,(x) and q(x) are both irreducible

monics, p(x) = q,(x). Now f(x) cp2(X)* . .pn(x) = cq2(x q )m(x)
R,(X)=

is a polynomial in Q[x] with degree less than deg f(x). Therefore, from the induc-

tion hypothesis, f(x) has a unique factorization into irreducible monics. By reor-
P ®R

dering the factors, we have p2(X) = q 2(x), p(x) = q3 (x),. .. , and n=m. Since

p1(x) = q,(x) also, f(x) has a unique factorization into irreducible monics over Q.

Definition 2.8: A polynomial f(x) e Z[x] is primitive if the greatest common

divisor of its coefficients is 1.

Theorem 2.9: The product of two primitive polynomials is primitive.

PrQf: Let f(x)=an x " +.+ a, and g(x) = bm xn+ --+ bbetwo primitive

polynomials over Q and denote h(x) = f(x)g(x) = cn+m x n+m + + c. Suppose

h(x) is not primitive. Then there exists a prime p such that p I c, for all

0 s s m + n. Since f(x) and g(x) are primitive, p does not divide at least one of

the coefficients of f(x) and g(x). Let a be the first coefficient of f(x) not divisible by

p and let bi be the first coefficient of g(x) not divisible by p. Note that the coeffi-

cient of x'+ +1in h(x) is
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c .1 = Z a kb,!+jk= ab,+, + a, b, +++a-b+. 1 + a~b,+ a 1b 1 <.,+ -

where 0o5,k:!5n and0 s i + j -k < m (1). Note also in this sum that if k < i or if

i+j-k<j,then p dividesakb +kSince pI cforall 0 s m+n, then pI c

which means that p divides the sum in (1). However, since ptab, , p will not

divide this sum, which is a contradiction. Therefore, h(x) = f(x)g(x) is primitive.

Theorem 2.10 (Qauss'Lemma): If a monic polynomial f(x) e Z[x] factors into

two monic polynomials with rational coefficients, say f(x) = g(x)h(x), then g(x) and

h(x) have integral coefficients.

Proof: Suppose f(x) e Z[x] is monic and f(x) = g(x)h(x) for some monics

g(x), h(x) e Q[x]. Let c be the least positive integer such that cg(x) e Z[x]. If

g(x) e Z[x], let c = 1. Note cg(x) is primitive. (For if not, then there is a prime p

that is a divisor of every coefficient of cg(x), including the leading coefficient, c.

Thus a g(x) e Z[x], and since-Q < c, this contradicts the minimal choice of c.
p p

Hence, cg(x) is primitive.) Let c, be the least positive integer such that

c, h(x) e Z[x]. Similarly, note c, h(x) is primitive. By Theorem 2.9, the product

[cg(x)] [c, h(x)] = cc, f(x) is primitive. Moreover, since f(x) e Z[x] and cc, f(x) is

primitive, then cc, = 1. Without loss of generality, we may assume cc1 = 1,

which implies c = 1 = c,. Hence, g(x) and h(x) have integral coefficients.

Lemma 2.11: If f(x) e Z[x], then there is a d e Z and a primitive f, (x) e Z[x]

such that f(x) = df,(x).

Progf: Let f(x)=nax+"+a,e Z[x]. Let d = (a,...,a). Then dla, for

all 1 i n. This means for each i, there is a b, e Z such that a, = db. Thus

f(x)= ax "+ -- + a, =dbn X n"+ -- + db.= d (b X "+ + b)
a a

and 1 = ( an,.. . , ) (b , ..' ,bo).andd
Let f, (x)=b x "+-+ b e Z[x]. Since (b,,.. .,b,)=1,f(x) is primitive and

f(x) = df,(x).

Lemma 2.12: If f(x), g(x) e Z[x] are each primitive and cf(x) = dg(x) for some
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c, de Z+,then c = d.

PrQf: Let f(x) = an x " +---+ aandg(x)=bbm xm"'M+ + b, be two primi-

tives with integral coefficients, and suppose cf(x) = dg(x). Since f(x) and g(x) are

primitive, (ca,... , ca.) = c and (dbm, , db0) = d. Since cf(x) = dg(x), then

c=d.

Theorem 2.13: If a polynomial f(x) e Z[x] factors into a product g(x)h(x) for

some g(x), h(x) e Q[x], prove there exist polynomials G(x), H(x) e Z[x] such

that f(x) = G(x)H(x).

Proof: Let f(x) e Z[x], and suppose f(x) = g(x)h(x) where g(x), h(x) e Q[x].

Let k be the least positive integer such that k - f(x) = k- g(x)h(x) factors into a

product g,(x)h,(x) where g,(x), h,(x) E Z[XJ. Since f(x), g,(x), and h1(x) have

integral coefficients, we may use Lemma 2.11 to factor each into the product of

an integer times a primitive. In this way, let c be the least positive integer such

that f(x) = cf1(x), let d be the least positive integer such that g,(x) = dg'(x), and let

e be the least positive integer such that h,(x) = eh1(x) where f'(x), g1(x), and h'(x)

are primitive.

Now, kf(x) = k[cf'(x)] = g,(x)h,(x) = [dg'(x)][eh1(x)], and thus

kcf1(x) = deg1(x)h'(x) (1). Note g1 (x)h'(x) has integral coefficients since g'(x),

h1(x) e Zx]. Also, since the product of two primitives is primitive by Theorem

2.9, g1(x)h'(x) is primitive. From Lemma 2.12, we then have kc = de (2). Now

(1) and (2) imply fl(x) = g1(x)h'(x).

Consider f(x) = cf'(x) = cg1(x)h(x), and let G(x) = cg1(x) and H(x) = h1(x).

Since cg'(x), h1(x) e Z[x] and f(x) = G(x)H(x), we have the desired result.

Theorem 2.14: If p(x) is irreducible and g(x) 1 p(x), then either g(x) is a con-

stant or g(x) = cp(x) for some c e Q.

Proof: Let p(x) e d[x] be irreducible and suppose g(x) I p(x) for some
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g(x) e c[x]. Then p(x) = q(x)g(x) for some q(x) e Q[x]. However, since p(x) is ir-

reducible, either q(x) or g(x) is a unit. If q(x) is a unit, say u, then u has a multi-

plicative inverse, u1 e Q. Therefore, p(x) = q(x)g(x) = ug(x) and u&p(x) = g(x). If

g(x) is a unit, then g(x) is a constant. In either case, the theorem holds.

Theorm 2.15: If p(x) is irreducible, then cp(x) is irreducible for any nonzero

rational number c.

Pr oQo: Let p(x) e 0[x] be irreducible and consider cp(x) for some nonzero

rational c. Suppose cp(x) is not irreducible and consider the factoring

cp(x) = f(x)g(x) for some f(x), g(x), e Q[x].

Since c is a nonzero rational, it has a multiplicative inverse, and therefore p(x) =

c'f(x)g(x) = F(x)g(x), by letting F(x) = cf(x). Since p(x) is irreducible, then either

F(x) or g(x) is a unit. However, if F(x) = c'f(x) is a unit, then f(x) is a unit, which

implies that cp(x) is irreducible, contrary to our assumption. Similarly, if g(x) is a

unit, we have the same contradiction. Therefore, our original assumption is false

and cp(x) must be irreducible.



CHAPTER III

ALGEBRAIC NUMBERS AND ALGEBRAIC INTEGERS

Definition 3.1: A complex number is called an algebraic number if it satis-

fies some polynomial equation f(x) = 0 where f(x) e [x]. Note that every rational

number q is an algebraic number, since it satisfies the polynomial equation

f(x) = x - q over Q.

Theorem 3.2: An algebraic number & satisfies a unique irreducible monic

polynomial equation g(x) = 0 over Q. Furthermore, every polynomial equation

over Q satisfied by E is divisible by g(x).

Proof: Let , be an algebraic number and G(x) = 0 be one polynomial equa-

tion over Q of least degree that is satisfied by E. Define g(x) = c1G(x) where c is

the leading coefficient of G(x). Note g(x) is monic and g() = 0.

.Jaim: g(x) is irreducible.

Prof: Suppose g(x) is not irreducible. Then there are polynomials

h,(x), h2(x) e Q[x] of positive degree such that g(x) = h,(x)h2(x) and

deg h,(x), deg h2(X) < deg g(x). Since E is a root of g(x), either

h,(E) = 0 or h2 (E) = 0, contrary to the fact that G(x) and g(x) are

polynomials over Q of least degree satisfied by . Hence, g(x) is

irreducible.

Thus, there exists an irreducible monic polynomial equation which is satisfied by

Now, let f(x) = 0 be any polynomial equation over Q which is satisfied by (.

By Theorem 2.1, f(x) = g(x)q(x) + r(x) for some polynomials q(x), r(x) e Q[x]

where either r(x) = 0 or deg r(x) < deg g(x). It must be the case that r(x)=_ 0,

otherwise we have a contradiction to the choice of g(x), since f() = 0 = g()

12
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implies r( ) = 0. Hence f(x) is divisible by g(x).

Finally, to prove the uniqueness of g(x), suppose g,(x) is an irreducible

monic polynomial over Q and g,(E) = 0. Then from above, g(x) I g,(x), and there-

fore there exists a polynomial q(x) e Q[x] such that g,(x) = g(x)q(x). Since g,(x) is

an irreducible monic, this implies q(x) = 1. Thus, g1(x) = g(x) and g(x) is unique.

Definitinh3.i: The minimal equation of an algegraic number E is the equation

g(x) = 0 described in Theorem 3.2. The minimal polynomial of E is g(x). The

degre. fan algebraic number is the degree of its minimal polynomial.

Definition 3.4: An algebraic number t is an algebraic intger if it satisfies

some monic polynomial equation f(x) = x"+ a-1.xni+ -- + a, = 0 with integral co-

efficients.

Theorem3.5: Among the rational numbers, the only ones that are algebraic

integers are the integers 0, 1, 2 . . . .

Proof: Clearly, since any integer m satisfies the monic polynomial

g(x) = x - M e Z[x], every integer is an algebraic integer. Now consider any

rational number M where, without loss of generality, we may assume
q

(m, q) = 1. Suppose M is an algebraic integer and will show that M is an
qq

integer. Since q is an algebraic integer, there is a monic polynomial

f(x) = x"+ a x"' +- + a, over Z such that f(M) =0. Then

(i)n+ a.Q()n1 +-+a,=0. Multiplying both sides by qngives

m"+ ani, qm", + -"+aoq"n=0 or m"=-(an. qm "1 + - + aq") (1). Since

q divides the righthand side of (1), q divides m". But, since (m,q) = 1, this means

q = 1, and therefore M = m is an integer.q

In this paper, the integers will sometimes be referred to as "rational intg rs"

to distinguish them from the other algebraic integers.

Theorem 3.6: The minimal equation of an algebraic integer is monic with

integral coefficients.
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Proof: Suppose , is an algebraic integer, and let f(x) e Z[x] be one monic

polynomial with , as a root. Since every algebraic integer is an algebraic number,

let g(x) be the minimal equation for F which, by Definition 3.3,is monic and irre-

ducible over Q. By Theorem 3.2, g(x) If(x), hence there is a polynomial

q(x) E Q[x] such that f(x) = g(x)q(x). Since f(x) and g(x) are monic, then q(x) must

be monic. By Theorem 2.10, g(x) has integral coefficients.

Theoremnji: If @ and P are algebraic numbers, so are a + P and cp. If x

and P are algegraic integers, so are @ + P and c43.

Proof: See [4].

TheoreM.: The set of all algebraic numbers forms a field. The class of all

algebraic integers forms a commutative ring.

Proof: Let F denote the set of all algebraic numbers and G denote the set of

all algebraic integers. Let c and P be algebraic integers in GcF.

In order to prove the second statement of the theorem, will show:

(1) (G, +) is an abelian group,

(2) G is closed under-,

(3) - is associative,

(4) - distributes over + , and

(5) - is commutative.

To prove the first statement of the theorem, will show in addition that:

(6) the above five properties hold for F, and

(7) (F-{0}, ) is a group.

By Theorem 3.7, cx + @ and c43 are algebraic integers, hence G is closed under

addition and multiplication. Also, since algebraic integers are just complex num-

bers, we have associativity and commutativity of + and-I , - distributes over +,

and the additive and multiplicative identities are 0 and 1, respectively. To show
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that -a is the additive inverse of ax, note that if a: is a root of

f(x) = xn+ aa x n + -- - + a. for f(x) E Z[X],

then -a: is a root of the polynomial g(x) E Z[x], where

g(x) = xn- an., xn + - -- + (-1)n a.

For if n is even, g(-cx) = an (-:)" - a, (-:) n-I+ -+ (-1)n a,

= ann+ann +---+a0 =O,

and if n is odd, g(-a:) = an (-a:)"- an., (-a) ""+--+ (-1)n" a

= -an:n- a . : n-i- ---a0

=-1(an c:+ a n -n+ + a)

= -1 (0) = 0.

Therefore (G, +, - ) is a commutative ring.

Since all algebraic integers are algebraic numbers, a and P are algebraic

numbers and properties (1) - (5) hold for F. (For additive inverses, in above let

f(x) = anxn+ -- -+ a,and g(x) = anx" - a n-1X "1 + - -+ (-1) a0 for

f(x), g(x) E Q[x]). Suppose further that cxs 0 and will show (F - {0}, - ) is a group.

It suffices only to show that a-I is the multiplicative inverse of a. Let

F(x) =anxn+ - -- + a0 be one polynomial over Q having ax as a root. Then a: -I is

a root of G(x) = an +a nI x+ - --+ a, xn-I+ax n E Q[x]

since G(aw1) = an + ani 1: - + - - - + a, :1-n + a. a:-"

=cw:- " (a an+ a n, x : + - - -+ax+a0 )

= a -" (0) = 0.

Hence, F is a field.

Note in particular from above that the set of all real algebraic numbers forms

a field and the class of all real algebraic integers forms a ring, since if a: and 3

are real, then ax + P, cp, -a:, and :-' are real.

Definitin 3.: An algebraic number field is any subset of F (as defined in



Theorem 3.8) that is a field itself.

Definition 3.10: If $ is an algebraic number, the field .(Q, or "the extension

Qf L by ," is defined by:

Q(t)= f g(t)*0 and f(x),g(x)e Q[x]

Theorem 3.11: If , is an algebraic number of degree n, then every number in

Q(t) can be written uniquely in the form a, + a, +-- - + an-1

where the a, E Q.

Proof: See [4].

Note that every algebraic number field contains 0 and 1, and therefore must

contain all the integers. Therefore, every algebraic number field contains some

algebraic integers, namely the rational integers. Theorem 3.12 shows that an

algebraic number field may contain other algebraic integers.

Theorem 3.12: If a: is any algebraic number, there is a rational integer b such

that bc: is an algebraic integer.

Proof: Suppose ax is an algebraic number and let f(x) E Q[x] be one polyno-

mial having ax as a root. By multiplying f(x) by the least common multiple, m, of

the denominators of the coefficients, we construct

g(x) = mf(x) = bx"+ b., X"- +-- + bE Z[x]

Now bc: is a root of b n-If (A)= b~1[bxKn "+ bn.- 1  +.n-1 + bol

= bn1 + bx" +... +bo

= x" + bo.1x"' +... + bn-bo

which is monic with integral coefficients. Hence bc: is an algebraic integer.

Theorem 3.13: The algebraic integers of any algebraic number field form a



17

commutative ring with identity.

Proof: Let S denote the set of algebraic integers of an algebraic number

field, F. Since F is a field, it suffices only to show that S is closed under + and-.

Let :, [3 E S. Since o: + [ and @ are algebraic integers by Theorem 3.7 and

since F is a field, then : + [ and ap are in S. Hence, (S,+, -) is a commutative

ring with identity.

Definition-3.14: In any algebraic number field F, an integer c: t 0 is said to

be a divisor of an integer [ if there exists an integer y such that [ = y,

denoted ilQp = y. Recall that any divisor of the integer 1 is called a unit of F.

Nonzero integers o@ and [ are called associates if 1(P is a unit.

Theorem 3.15: The reciprocal of a unit is a unit. The units of an algebraic

number field form a multiplicative group.

Proof: See [4].

Theorem 31: The units of the rational number field Q are 1. Integers 0C

and [ are associates in this field if and only if a: = [.

Proof: To prove the first statement of the theorem, suppose the rational

number c: is a unit of Q. Then a 11, which means that there exists an integer @

such that x[ = 1. Since [ is an integer, this implies that a = 1 -P- is an integer.

It follows that [ = 1 and thus ax = 1. On the other hand, if a: = 11, then a

clearly divides 1, hence a: is a unit.

Now suppose that the integers a and [ are associates in Q. Then @/( is a

unit of Q, which means @/( = 1 from above. Therefore, a = +P. On the other

hand, suppose cx = [P. Then a/@ = 11, which implies that @/P is a unit of Q

from above. Hence cx and [ are associates.

Theorem W7: For any algebraic number cx, define m as the smallest posi-

tive rational integer such that ma is an algebraic integer. If bcx is an algebraic

integer, where b is a rational integer, then m I b.
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Proof: Suppose a: t 0 is an algebraic number, and let m be the smallest

positive rational integer such that m@ is an algebraic integer. Let b be an integer

such that bo@ is an algebraic integer. Consider b = mq + r (1) for some q, r E Z

where either r = 0 or r < m. Multiplying both sides of (1) gives b: = maq + rct,

which implies ra = ba - maq (2). Since rational integers and products and

sums of algebraic integers are algebraic integers, (2) implies r@ is an algebraic

integer. However, by the minimal choice of m, this means that r = 0 and thus

m Ib.

Theorem 3.18: Ifaa= c:, +@)2i is an algebraic number for some :, ,O2 E fR,

it follows that al and a:2 are algebraic numbers. However, if : is an algebraic

integer, then a, and @2 are not necesarily algebraic integers.

Prf: Let@ax= a:, +( 2 i Q for some@a 1@a2 E1R. Note that i and (-i) are

algebraic integers since each is a root of the monic f(x) = X2 + 1 E Z[x]. Suppose

: is an algebraic number and consider the minimal polynomial for : which is

g(x) = (x - 0()(x -0:) = X2 - 2xct + (a12 + :22) (1).

Since a is an algebraic number, g(x) must have rational coefficients by Theorem

3.2. Thus 2a5 E Q, which implies a, E Q and so @,1is clearly an algebraic num-

ber. Then, by Theorem 3.7, @ - @ = @2i (2) is an algebraic number. Multiply-

ing both sides of (2) by (-i) gives :2 = (@- 1)(-i) is an algebraic number. Now

suppose @ is an algebraic integer. Then the g(x) in (1) must have integer coeffi-

cients by Theorem 3.6, which implies that 2ct and O2+ @22 are integers. There-

fore 2@9 = n for some n E Zso that -, = Vn, which is not necessarily an integer.

Since this possibility does not lead to any contradiction to a12 + @:22 being an

integer, it does not follow from @ being an algebraic integer that a, and @2 are

algebraic integers.



CHAPTER IV

QUADRATIC FIELDS

Definition 4.1: A quadratic field is a field of the form Q() where E is the root

of an irreducible quadratic polynomial over Q. By Theorem 3.11, the elements of

Q(E) have the form a0 + a, t for some a0 , a, e 0. Since E is the root of some

quadratic, it has the form C wherea,b,c,m, e Z, cs; 0, mz 1 is

square-free, and Q(,)= a+b = (a + bii) = Q(bv) = )

Furthermore, note that for two square-free integers m z n, Q(Mff) s Q(tn)

since there are no rational numbers to write #m1 as a linear combination of #IY

and conversely.

Definition 4.2: If an integer m t 0 divides the difference a-b, we say that aji

cngruent to b Mrodulo m, written a =_b(modm).

Theorem 4.3: Suppose a,b, and m z 1 are rational integers where m is also

square-free. Numbers of the form a + b{Im are the algebraic integers of Q(i)

if m = 2 or 3 (mod 4). If m = 1 (mod 4) and a and b are odd, then the numbers

a + 2#i are also algebraic integers of Q(iW~), and there are no further alge-

braic integers.

Proof: Suppose a, b, and m s I are rational integers where m is also square-

free. Recall that every number in a(fm~) has the form a= a + bf~ wherec
a,b,c, e Z, and we may assume without loss of generality that c > 0 and

(a,b,c) = 1. Since a Q, the minimal monic equation for a is

(x-a x-6() = X2 .2a-+ a!_-_bM = 0.
C c

19



20

From Theorem 3.6, a is an algebraic integer if and only if 2a and a2_b

are integers (1), and therefore c I 2a and c21Ia2 - b2m. Suppose c I a so that

(c,a) = p > I for some prime p. Note that pt b since (a,bc) = 1. Now c2 |Ia2 -b2m

and p2 1|c2, therefore p2 1 a2 - b2m. Moreover, since p 1 a, we have p2 1a2 which

implies p2 1 b2m, contrary to the facts that pt b and m is square-free. Thus

(a,c) = 1 and c must divide 2, which implies that c = 1 or c = 2. If c = 1, then

clearly (1) holds and therefore numbers of the form a + bm~ are algebraic inte-

gers of Q(im~).

Now consider the case when c = 2. Since (ab,c) = 1, then a and b must be

odd. Recall 2 I a2 - b2m and therefore 41 a2 - b2m, which means a2 _=b2m (mod

4). Since b is odd, b = 2n + 1 for some n E Z. Then b2 = (2n + 1)2 = 4n2 + 4n +

1, so b2 
2 1 (mod 4). Also b2m = (4n2+ 4n + 1)m = (4n2+ 4n)m + m , and there-

fore b2m 2 m (mod 4). Transitivity gives that m _1 (mod 4). This completes the

proof.

Definition 4.4: The nrm N(ZD of a number a + c in Q(fm) is the

product of a and its conjugate, a = - bI

N(a:)=o:5i= a + bfim. a -bfrii= a2 - b2 m
c c c2

Theorem 45: If a, 3 E Q(frh) , then the following properties hold:

(1) N(cp) = N(o:N(P),

(2) N(a) =0if and only if@ax=0, and

(3) If a I @, then @ I and N(a)|N(P).

If @ is an algebraic integer in Q(f) , then

(4) N(a) is a rational integer.

If @ is a rational integer, then
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(5) N(@) = 1I if and only if a is a unit.

Proof: (1) Suppose a:, E Q(1. Then, since we have ap = a:

and commutativity, N(ap) = c4p(jp) = apap = o~:xp = N(x)N(p).

(2) Let Q'E Q(fm~) and suppose N(a) = a:2 = 0. Then either

= 0 or a = 0. If a a - bm = 0, then a= bIW, and since a E Z, this means

b = 0 and so a = 0. Thus @' =0. On the other hand, suppose a =0. Then

N(p) = aa = 0.

(3) Suppose a, @E QhR) and o' IP. Then there exists an

integer y such that P = a . Moreover, P = ay = y. Note also that since

Y E Z,vEyZand N(y) = VY\EZ. Now, N(P) = f@ = (xy)Qxy~) = wvyy =

N(a)N(y), and therefore N(a)N(P).

(4) Suppose c is an algebraic integer in Q(Vim). Then the degree

of c is either'I or 2. If the degree ofiaxis1, then@ :XEZ ando: E Z so that

N(x) = CM: E Z. If the degree of a is 2, then the minimal polynomial of o0 is

f(x) = (x-Oc)(x-x) = x2 - (c + @)x + ax where f has integral coefficients. There-

fore, c ~ = N(x) E Z.

(5) Let o be an algebraic integer in Q(m). Suppose

N(c:) = a = 1. Then x:I1 so c is a unit. Conversely, suppose c is a unit.

Then there is an integer P such that 4p = 1. Using part (1),

N(ap) = N(a)N(P) = N(1) = 1.

Since o: and @ are rational integers, the above equation implies N(ox) =1

Theorem 46: If D = (a + bf-5~I a, be Z} cQ(fm~) , then

(1) D is an integral domain,

(2) If c: t 0, then N(Q) is a positive integer,

(3) 1 are the only units in D,
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(4) 3, 2 +fI and 2 -f5 are irreducible in D, and

(5) D is not a principal ideal domain.

Note that if O:E D, then N(x) = a2 + 5b2  0.

Proof:

(1) It suffices to show that D has no zero divisors. Let c E D be

nonzero, and suppose that there exists a nonzero P E D such that op = 0. Then

from Theorem 4.5, N(ajB) = N(a)N(P) = N(0) = 0, which implies that either

N(x) = 0 or N(P) = 0. However, from Theorem 4.5, N(:) = 0 implies a = 0 and

N(P) = 0 implies P = 0, contrary to the nonzero choice of x and P. Therefore, D

has no zero divisors.

(2) Suppose a = a + b i0.Then either a :z0 or bs;t0. If

a t 0, then a2 > 0 and b2  >0 , which implies N(:) = a2 + 5b2 > 0. Similarly, if

b : 0, then b2 > 0 and a2  >0, which implies N(a) = a2 + 5b2 > 0. Also, since

a, bE Z, we have a2 + 5b2= N(a) E Z.

(3) Clearly, 111 and -1I1, so 1 are units in D. On the other

hand, suppose c is a unit in D. Then a1, which implies there is an integer
In E Z such that 1 = an. Therefore, a = EZ, which implies n = 1 so that

c: = 11.

(4) First note that (2 +-5)(2-fI) = 3 - 3 = 9 (4a).

Suppose 3 = a 2 where a = a, + b5 E D for i=1, 2. In order to show 3 is

irreducible, it suffices to show either al or o:2 is a unit, and not both. From

Theorem 4.5, N(3) = 9 = N(a@1c 2) = N(ox)N(a2) = (a, 2 + 5b, 2)(a2
2 +5b2

2). Since

N(c:1), N(X) E Z+ and their product is 9, then exactly one of the following cases
must hold: Qam1: N(oc) = a12 + 5b12 = 9 andN(o2) = a22 + 5b2

2 = 1,

(Naae2: N(:) =a2 + 5b,2 = 1 and N(@ 2 ) = a22 + 5b22=9, or
(j.qa : N(a) =a12 + 5b2 = 3 = N(ax 2 ) = a.2 + 5b2

2 .
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Since a2, 5b,2 E Z+ for i = 1,2, Case 3 is impossible. In Case 1, N(:2) =1'im-

plies that a2 is a unit and al is not by Theorem 4.5. Similarly, in Case 2,

N(c:,) = 1 implies that a., is a unit and :2 is not. Since either Case 1 or Case 2

must hold, 3 is irreducible.

Now suppose 2 + = 1 2 where, = a,+ b, fN5E D for i = 1,2. From

(4a) and Theorem 4.5,

N(2+-I) = 9= N (Qx@2) = N(:,)N(( 2) = (a, 2 + 5b, 2)(a2
2 + 5b2

2).

From the above argument, 2 +fK is irreducible. Similarly, since N(2 -V7) = 9,

the same argument proves that 2 -fi is irreducible.

(5) Recall from (4a) that (2+ f-5~) 13 - 3 = 9. However,

(2 + f)$3 because there is no integer q such that 3 = (2 +fT5)q. Therefore,

D contains irreducible elements which are not prime, so D is not a principal ideal

domain.

Theorem 47: If : is an algebraic number in Q(fm) with m < 0, then

N(:) 0. If rn > 0, the implication does not hold.

Prgog: Let a' = a +bM be an algebraic number in Q(fii. Without loss ofc -~a 2- b 2M
generality, we may assume (a,b,c) = 1. Then N(x) =a: = 2 . Note

c2 > 0. If m < 0, then a2 - b2m = a2 + b21ml 0, and therefore N(a) 0. If

m > 0, then a2 - bm = a2 - b2 Iml. If a2 = b2 1 ml, then N(x) is negative. There-

fore, the implication does not necessarily hold if m > 0.

Theorem 4&: If m = 1 (mod 4), then the algebraic integers of Q(fVii) are num-

bers of the form A + B(1 + Imt) where A,B E Z.
2

Proof: From Theorem 4.3, if m = 1 (mod 4), then all the algebraic integers of

Qi) have the form a + b~iY for a,b E Z or a + bm where a,b E Z are odd.

Let c: be an algebraic integer in Q(Gi). If a = a+ bviW , then for B = 2b E Z

and A = a-b E Z,



24

= 2a + 2bfi
2

2a + BV-iY
2

2a - 2b + 2b + Bfm~
2

2a - 2b + B + B-m

2

2a - 2b + B(1+fm~)

2 2

=A + B(1 + frm)

2

If <x = 2,then since a and b are odd integers, a = 2c + 1 and

b=2d + 1 forsomec,d, E Z. LetA=c-dE Z and B=2d+ 1 E Z and notethat

(2c +1) + (2d +1)hm~
2

2c +1+ Bim~
2

2c - 2d + 2d + I + Bfm~
2

2c - 2d + B+ B rim
2

=2c -2d + B(1 + fm~)

2 2

=A + B(1 + fm~)

2

Hence, if m 1 (mod 4), the algebraic integers of Q(Vii) have the form

A + B(1 + -m-) where A, B E Z.
2
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