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This paper is the result of a study of the power method to find dominant

eigenvalues of square matrices. It introduces ideas basic to the study and shows the

development of the power method for the most well-behaved matrices possible, and

it explores exactly which other types of matrices yield to the power method. The

paper also discusses a type of matrix typically considered impossible for the power
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of matrix. It gives an overview of common extensions of the power method. The

appendices contain BASIC versions of the power method and its modification.
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CHAPTER I

INTRODUCTION

In this chapter, we define terms and prove lemmas and theorems which are

necessary for the rest of the paper. We also see an example which demonstrates the

ideas discussed.

Given an nxn matrix, A, an eigenvalue of the matrix A is a number, A, such

that Au = Au for some non-zero vector, u. The vector u is called an eigenvector

corresponding to the eigenvalue A. An eigenvalue may also be called a proper value,

a characteristic value, or a latent root, just as an eigenvector may be called a proper

vector, a characteristic vector, or a latent vector. Note that given an eigenvalue, A,

the corresponding eigenvector u is not unique, since any multiple of u would still

be an eigenvector (for any real number k, A(ku) = k(Au) = k(Au) = A(ku)). So

direction of an eigenvector is preserved by the linear transformation represented by

A but not necessarily distance. Note that there are matrices, such as (1 j)'
which change the direction of every nonzero vector in the space. These matrices

have complex eigenvalues but no real ones. The set of all vectors u such that

Au = AU is called the eigenspace for the eigenvalue A. An eigenspace is a vector

space, so we can find a basis for any eigenspace.

A dominant eigenvalue for a matrix, A, with n eigenvalues, 1 , A2 ,.-- , An, is

an eigenvalue, A,,, such that Vi E {1,...,n}, lAmi > lAid when Ai 0 Am. For

I
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example, if our complete list of eigenvalues for a matrix is -5, -1,2,4, then -5 is

the dominant eigenvalue. Note also that if our complete list of eigenvalues is 0, 2,2,

then the dominant eigenvalue is 2, so it is possible for the dominant eigenvalue to

be repeated. If, however, our complete list of eigenvalues is -3,1,2,3, then our

matrix has no dominant eigenvalue, since -3 # 3, but j - 31 = 13. In this paper,

-3 and 3 are called pseudo-dominant eigenvalues.

The following lemma is used to prove various theorems throughout the paper.

Lemma 1-1. If A is a matrix with eigenvector u corresponding to eigenvalue A,

then Vk E N,Aku - AkU.

Proof:

Suppose A is a matrix with eigenvector u corresponding to eigenvalue A. Then

Au = Au. We proceed by induction on k. The lemma is true for k = 1, since

A'u = A. Suppose now that the lemma is true for k = m, some natural number.

Then A' t u = A"'u. Multiplying both sides by A, we obtain

A(A") = A(A"u),

Am+' - AmAu,

Am+ -AmAu, and

A z+1 Am+lu,

proving the lemma true for all natural numbers, k. o

Suppose we have an nxn matrix, A, and would like to find its eigenvalues and

eigenvectors. Then for any eigenvalue, A, of A with corresponding eigenvector u,
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we have

Au =Au,

Au- Au =0,

Au - AIu = 0,

(A - AI)u = 0,

0 being the zero vector and I being the identity matrix. Now, since u is non-zero,

this equality is possible if and only if A - AI is not invertible (if it were invertible,

we could multiply both sides of (A - AI)u = 0 by (A - AI)-1, getting u = 0). That

is, the determinant of A - AI must be equal to 0. So the problem of finding all of

the eigenvectors of an nxn matrix A can be reduced to the solution of the equation,

det(A - AI) = 0, which is an nth degree polynomial equation. The polynomial

p(A) = det(A - AI) is called the characteristic polynomial of A, and the equation

det(A - Al) = 0 is called the characteristic equation of A.

According to the Linear Factorization Theorem, every nth degree polynomial

equation, p(A), has n complex solutions, A,, A2 ,..., A, and p(A) can be written as

the product of n linear factors and a constant, p(A) = c(A - A,)(A - A2 ) - - (A - An),

for c E R. If an eigenvalue, A., appears only once in the linear factorization of p(A),

then we say that A. has algebraic multiplicity 1. If A appears m times (m < a) in

the linear factorization of p(A), then A has algebraic multiplicity 7n. The dimension

of the eigenspace for A. is called the geometric multiplicity of A..

Lemma 1-2. Suppose A is an nxn matrix and A. is one of its eigenvalues. Then

the geometric multiplicity of A. is no greater than the algebaic multiplicity of A.
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Proof (Nering, pp. 107, 108):

Let A be an nxn matrix with eigenvalue A such that the geometric multiplicity

of A. is m. Then the dimension of the eigenspace for A. is m. Let {u1 ,... , u } be a

basis of the eigenspace for A.. This can be extended to a basis of R', {u 1 ,...,u,

and we can write A with respect to this basis. It has the form

A 0 0 l+ - ' ,n

0

A' = 0.-..-....A am,m+1...-.-.-.-..am,n

\ -- -- O 'nM+1 --- - n,n

......... 0 anrn+

since A'u; = Au; for i < m. The characteristic polynomial of A' is divisible by

(A - A )", so the algebraic multiplicity of A is at least m, the geometric multiplicity

of A.. Since A' and A are two representatives of the same linear transformation,

they have the same characteristic equations. The dimension of the eigenspace for

A* is independent of the matrix representing the linear transformation. Therefore,

the geometric multiplicity of X, is no greater than its algebraic multiplicity. o

For an example of how to find the eigenvalues and eigenvectors of a given

matrix, consider

A 7 -2)

1 4

To find the eigenvalues of the matrix A, we need to solve the characteristic equation,

det(A - Al) = 0. That is

7- A -2 -0
1 4-A ~
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This gives us
(7 - A)(4 - A) + 2 =0,

28 -11A+A 2 + 2 =0,

A2 - 11A + 30=0,

(A - 5)(A - 6)=0.

Solving for A, we have two solutions, A = 5 and A = 6, each of which has algebraic

multiplicity 1. In order to find corresponding eigenvectors for the two eigenvalues,

we need to solve the two equations (A - 51i)u = 0 and (A - 61)u = 0 for the

components of u. For A = 5, we have

(7-5 -2)u, ( 0 )fGu U)
1 4-5 U2 0 (U2)

Simplifying, we have

(2 2 -1 U2 ~0 '

giving us the system of equations,

2u 1 - 2U2 = 0

i 1 - 1U2 = 0.

Since these two equations are linearly dependent, the only thing we can conclude

is that U2 = tt. Then vector u = (u =1 0. Since any multiple of is

an eigenvector for the eigenvalue A = 5, we can take to be the basis of the

eigenspace for A = 5. For A = 6, we have

1 -) (,) ( , 7for u= ( ,'
(1 -2 U2 0 U2
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giving us the system,

lui - 2U2 = 0

lui - 2U2 = 0.

Again, we are left with a dependent system, so we can only conclude that ui = 2u2-

Thus, u = 22 = U2 (). Then {(2)1is a basis of the eigenspace for the

eigenvalue A = 6. Notice that our system of basis eigenvectors,{( ()
spans R2. This means that any two-vector can be written as a linear combination

of these two eigenvectors. This is not always the case with a 2x2 matrix, but we do

have the following lemma.

Lemma 1-3. A 2x2 matrix with two distinct egenvalues will always have two

linearly independent eigenvectors (which span R').

Proof:

Suppose that A is a 2x2 matrix with two distinct eigenvalues, A 1 and A2 , and

that u 1 and U2 are eigenvectors corresponding to A 1 and A2 , respectively. Suppose

also that i1 and U2 are not independent. That is, there exists a real number, k,

such that U2 = ku 1. The number k cannot be equal to zero, since if it were, then

U2 would be the zero vector. We have Au1 = Alu1 and Au2 = A2 u2 . Replacing

U2 with ku1 , we have A(kui) = A2 (kui), and so k(Au) = k(A2 u1) which implies

that Aul = A2u1, since k A 0. We already know that Au1 = Au1, so Alu1 = A2 u1 .

Since u1 is nonzero, then A 1 = A2, a contradiction to our assumption that A J .A2 .

Therefore, ui and U2 are linearly independent. o

This lemma can be extended to square matrices of any size. It can also be
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generalized just a bit more by considering an nxn matrix with fewer than n distinct

eigenvalues.

Theorem 1-1. If A is an nxn matrix with k distinct eigenvalues, A, A,...A,A,

with corresponding eigenvectors, u1 , u2 ,... ,uk, respectively, then these eigenvectors

are linearly independent.

Proof:

Suppose A is an nxn matrix with k (k <n) distinct eigenvalues, A 1, ,A2 ... ,Ak,

with corresponding eigenvectors, u2,...U2 ,uk. Then we have Aui = Aui, Vi E

{1,..., k}. We proceed by induction on k. Certainly, the theorem is true for k = 1.

Suppose that it is true for k = m (in < n). That is, if A has m distinct eigenval-

ues, A1, A2 ,..., Am, with corresponding eigenvectors, u 1 , 2,...,um, respectively,

then the eigenvectors are linearly independent. Suppose now that A has m + 1

distinct eigenvalues, A,...I, Am+i, with corresponding eigenvectors ui,...,Um+1,

respectively. We want to prove that these vectors are independent, so suppose that

ciu1 + C2U2 +...+ Cmr+n.I1Um+ = 0. To prove linear independence, we need to show

C= c2 = cm+I = 0. If we multiply the entire equation by A, we obtain the

following equations.

A(ciui + c2 u2 + ... + cm+um+i) = AO,

c1Au 1 + c 2 Au2 + ... + cr+iAu,,+i = 0, and

c1Au1 + c2A 2 u2 +... + c,, 1 A,,+Iu.+i = 0.

Multiply ciu1 + c2u2 +... + cm+lzUm+1 = 0 by -A,+1 and add the result to the
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above equation.

cl(Al- Am+i)ui + c2 (A 2 - Am+i)u 2 + ... + Cm(Am - Am+i)um = 0.

Now, ,,..., Am are distinct, and by our induction hypothesis, u1 ,u 2 ,.. , Ur

are independent; so c1 = C2 = ... = Cm = 0, since Ai - Am+ 1  0 for i < n + 1.

This means that Cm+1Um+1 = 0. Now, U+1* is an eigenvector, so it is nonzero,

which means that cm+1 = 0. Therefore, u1 ,u 2 ,...+, + are linearly independent,

proving the theorem true for all k < n. o

In order to find the eigenvalues for any 2x2 matrix, then, we need only find the

solutions to a quadratic equation. If we start with a diagonal or triangular matrix

of any size, the eigenvalues are simply the entries along the diagonal; but if we start

with a non-triangular matrix larger than 2x2, we have to solve a third-, fourth-

or higher degree polynomial. Clearly, there are times when this is impossible by

hand. We could use Mathematica or a similar software package to handle larger

matrices. However, some aifterential equations require the computation of huge

matrices, which are impossible to work, even with Mathematica. This is why a

numerical solution to finding eigenvalues is essential.
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CHAPTER II

DEVELOPMENT OF THE POWER METHOD

We now want to develop a numerical method to find the eigenvalues of a matrix.

In this chapter, we consider only nxn matrices, each of which has n distinct real

eigenvalues and a dominant eigenvalue. In the previous chapter, we saw that A=

(7 -) is an example of this type of matrix, and, according to theorem 1-1, the

system of eigenvectors for this type of matrix spans the space. It can happen that

we have a matrix for which the system of eigenvectors does not span the space, but

this is discussed in the third chapter.

Let's consider an nxn matrix, A, with n distinct real eigenvalues, A 1, A2 ,...,An,

and corresponding basis eigenvectors, Ui1 , U2,..., un. That is, Aui = Aui, Vi E

{,..., n}. Let us suppose further that A has a dominant eigenvalue. Without loss

of generality, we can order the eigenvalues from largest in absolute value to smallest,

letting A 1 be the largest and A be the smallest, i.e., lA| > (A2 j > ... > 1Aa1.

Remember that we are assuming here that we not only have n distinct eigenvalues

but also that they all have distinct magnitudes. Now, since the basis eigenvectors

are independent (by theorem 1-2), they span R3. Any vector in the space can thus

be written as a linear combination of the eigenvectors. Consider x, a nonzero vector

in the space.

10
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Then there exist real numbers c1 , C2,..., cn such that

X=Iuj+C2U2 + - - - + CnUn -

Multiplying x by A, we have

Ax = Aciu1 + Ac2 u2 +. . + Acnun,

= c1 Au 1 + c2Au2 +... + cnAun,

= c1Au1 +c 2A2 u2 +...+ CnAnUn

Multiplying again by A, we have

A2 x = Ac1 Au1 + Ac2A2 u2 +... + AcanAun

= c1AAu1 + c2 A2 Au2 +-...+ c AnAu

= c1A 1Aju 1 + c2A 2 A 2 u2 +... + cnAnA, 1un

= c1Ai2U + c2 A 2 +...- + CnA2n

Continuing in this fashion, we obtain

Akx = ciA1kui + c2A4ku2 +-... + CnA p.

Now, liMk-.,o Akx = limk-.oo ciui, provided el : 0. If c1 = 0, then the limit

would be the limit of the term with the next largest eigenvalue and nonzero co-

efficient. So if we repeatedly multiply x by A, we obtain a sequence of vectors

converging to the direction of t1. This suggests a numerical method, namely the

power method, which consists of repeatedly multiplying a nonzero vector, x, by a

given matrix A until the resulting vectors converge sufficiently. Note that conver-

gence will be slow if IA 1 is close to IA21.
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We need to devise a method of testing for convergence. One possibility is to

simply compare two consecutive vectors by dividing their like components. For k

large enough, we have the following:

Ak+1 ciAk+',

A k ciAtui.

U11

Now we name the components and divide like ones. If u 1 = and Ak+,x =

Uln

a(k+I)1 ki) andAkx= ( then Vi E {1...,n}, we have

a(k+1)n akn)

a(k+1)i ____Ik+ All

-ki ciZuli

provided aki $: 0. Remember that if c1 = 0, our vectors converge to some other

term, giving us a different eigenvalue.

This method of comparing corresponding entries of consecutive vectors is quite

understandable, but it causes some problems, namely when one or more of the

components of u is zero. Of course, we want any numerical method to handle as

many situations as possible, so we would like to find a method which does not rely

on the division of corresponding vector entries.

We would like to change our vectors into some form that can be easily com-

pared. For this, there is a ratio called the Rayleigh quotient which is quite useful.

The Rayleigh quotient is the following ratio:

< Ak+1x,Akx >

||Ak 12-
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This ratio can also be written as

(Ak+lx) -(Ak)

(Akx)-(Akx)

where - denotes the dot product.

Let's prove that as k gets larger,the Rayleigh quotient converges to A, the

dominant eigenvalue.

(Ak+lx) -(AkX) (cAk+1lui + c2Ak+ 1z2 + - + cn A+lun) - (Ak)

(Akx) -(AkX) (ci ui +c 2 4u2 + + c uAnUn) - (Akx)

ciAIt+u (AX) + c2 k+ 1 u2 -(AkX) +..+cnA+u (Akx)
- ci.A Ui (A 'x) + cu2U2 (Akx) + ... + cn~uu(Ax

2 -- + n unI-( Akx)

+k(A + +c 2 (,)k+1u2 k(A ) + ... +cn )k+1un (Ax)k

)4(ciui.- (Akx) + C2( '2)ku2.(Akx) + +... + c1 ( a)ku -.(Akx))

Now,

(Ak+lx) -_(Ak lim k+ cu1 (A%) AA_
lim -m A,
k-+oo (Akx) .(Akx)- k-oo -(Akx)

since limk-. ( 9 = 0 for i > 1. Now the only way to get division by zero is if

Akx = 0 for some k.

Another problem that surfaces with the power method is that the resulting

vectors can get too large for the computer, so we need to scale our vectors so they

don't get too big. The power method still works, since the length of eigenvectors

is not important, as long as the direction is preserved. If we scale the vectors at

each step, the method is called the normalized power method. For this scaling, we

can either divide our resulting vector at each step by its largest component or by

its length or by the Rayleigh quotient. In Appendix A, there is a BASIC version of

the power method using the Rayleighquotient for normalization.
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To say that 'the power method works for a certain type of matrix means that

if we multiply a given vector by a high enough power of the matrix in question and

compute the Rayleigh quotient, the result will be sufficiently close to the dominant

eigenvalue. Even when the power method works in theory, there may be some

practical limitations depending on the speed of the convergence.

The next section is devoted to showing exactly what other types of matrices

will yield to the power method, in theory.
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CHAPTER III

FURTHER APPLICATIONS OF THE POWER METHOD

The previous chapter shows that the power method works for nxn matrices

with n distinct real eigenvalues. We now want to consider nxn matrices with fewer

than n distinct real eigenvalues. We continue to consider only matrices which have

all real eigenvalues and which have a dominant eigenvalue. That is, a matrix such

as (2 0)would be ruled out, because it does not have a dominant eigenvalue,
0 -2

since the eigenvalues 2 and -2 have the same magnitude. We will see that we

can relax our conditions of strict inequality when comparing magnitudes of non-

dominant real eigenvalues. We consider matrices with a non-repeated dominant

eigenvalue, as well as matrices with a repeated dominant eigenvalue.

Let us first consider matrices which have a dominant eigenvalue which is not

repeated. Now, it can happen that an nxn square matrix has fewer than n distinct

eigenvalues but still has n linearly independent eigenvectors. For example, the

3 0 0 -2 -1 0
matrix -2 -1 -2 has three eigenvectors, 1) (0, and 2),

(3 6 6) (0) 1) -3)

which span 3, but only two eigenvalues, 3 and 2. So there are two cases to

consider. Either the nxn matrix has a basis of eigenvectors or not. A matrix which

has a basis of eigenvectors is nondefective, and a matrix which does not have a basis

of eigenvectors is defective.

16
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First, we consider nondefective nxn matrices.

Lemma 3-1(a). Assume the following:

1) A is an nxn matrix with all real eigenvalues,

2) A has a dominant eigenvalue, A 1 ,

3) A has fewer than n distinct eigenvalues,

4) A has a basis of eigenvectors.

If A 1 has algebraic multiplicity 1, then the power method will fnd A 1 .

Proof:

Suppose A satisfies the first four assumptions of the lemma. Let 1, A,...,An

be a complete list of eigenvalues with A 1 being the dominant eigenvalue. This com-

plete list of eigenvalues will have some values repeated, namely the eigenvalues with

algebraic multiplicity greater than 1. Let u 1 ,U2,. ., u, be basis eigenvectors corre-

sponding to A, A 2,..., A,, respectively. Then we have Aui = ui, Vi E {1,.. ., n}.

Since the system. of eigenvectors spans the space, we can write any n-vector as a

linear combination of the basis eigenvectors. Let x be a vector in the space. Then

3c,...,cn E such that

x = C1u 1 + .. CnUn

Multiplying by 1k, we obtain

Ate = ciAkui + ... + cnAku

by lemma 1-1. So limv-. At = liM . c1 4u1 , exactly the same limit we got
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in our initial proof of the power method. The Rayleigh quotient will be the same,

also. Therefore, the power method works in this case. o

So far, we have shown that the power method works with no problem for any

nxn matrix with a basis of eigenvectors, even if it has fewer than n eigenvalues,

provided all the eigenvalues are real and there is a dominant eigenvalue which is

not repeated. Let us consider what happens when we have a nondefective nxn

matrix with fewer than n distinct real eigenvalues and a dominant eigenvalue which

is repeated.

Lemma 3-1(b). Suppose A satisfies the first four conditions of lemma 3-1(a). If

the dominant eigenvalue, A 1, of A has algebraic multiplicity greater than 1, then

the power method will find A 1 .

Proof:

Assume A satisfies the first four conditions of lemma 3-1(a). Assume also that

the dominant eigenvalue, A 1, of A has algebraic multiplicity m, where m > 1. Let

A,...I, A,, be a complete list of eigenvalues for A, letting A1 ,... , Am be the m copies

of A1. So A A= = - - - = Am. Let l,..., u,, be basis eigenvectors corresponding

to A,... ,An, respectively. So Auj = Aiui 'Vi E {1,....,n}. Suppose x is a vector

in R?. Since the system of eigenvectors spans the space, ]c,..., c,, E R such that

x = CU + C2U2 + -+-CnUn-

Multiplying by Ak, we obtain

Akx = c1iAku1 + c2 Aku2 +- + cnAkUn

= ciAui + c2 4ku2 + - + cnAku.,
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by lemma 1-1.

Consider the Rayleigh quotient, letting v = Akx to save space.

(Ak+lx).V

(Akx)-v

(ciAt+lui +- + CrnAt+IUm + c,,+A+Im+i+--+ CnAk+1U)-V

c1A+u V + - - -+ cm4 +kU v+ Cm+12{t+ium+1++cnn n

ciA iv+---+cAumv+cm+1i+ m+ iv++--+cnU un V

+(ciu 1  V o+"-'-+ CrnUr -)+ cm+iQ( )k+1Um+i -'+ -- + ca( )k+1u, .v)

( ViI + - + CmUm -.+ + cm+(+)Um+ - +-- + c.)kun v)

Now, if we take the limit of the Rayleigh quotient, we obtain

li (Ak+lx).v =r k+l(ciui -V+ -+CmUm -v)lim --- m'
k-+oo (Akx) -v k-+oo A(ciui -V + - m-cUm -v)

A 1 ,

since limk-.(+)k = 0 for i > m. So the power method finds the dominant

eigenvalue, A 1 , in this case. o

By the previous section, we know that the power method works for any nxn

matrix with n distinct real eigenvalues. Combining this fact with lemma 3-1(a) and

lemma 3-1(b), we have the following theorem.

Theorem 3-1. If A satifies the following conditions, then the power method can

find the dominant eigenvalue.

1) A is an nxn matrix with all real eigenvalues,

2) A has a dominant eigenvalue, A 1 ,

3) A has a basis of egenvectors.

Proof:
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Assume A meets the three conditions of theorem 3-1. A will either have n

distinct eigenvalues or not. If it does, then the theorem is true by the work in

section 2. If it does not, then A 1 is either not repeated or it is repeated. If A 1 is

not repeated, then the theorem is true by lemma 3-1(a). If A 1 is repeated, then the

theorem is true by lemma 3-1(b). Therefore, the theorem is true in all cases. o

So far, we have discussed only nxn matrices with a basis of eigenvectors. Now,

we consider what happens when we have an nxn matrix without a basis of eigen-

vectors. The discussion of the problem relies on an understanding of generalized

eigenvectors.

A generalized eigenvector, or principal vector, for an eigenvalue, A, of a matrix,

A, is a nonzero vector, U, such that (A - AI)ku = 0 for some natural number, k.

The index of A is the largest natural number, k, for which the null space of (A - AI)k

is greater than the null space of (A - AI)k- 1 . Note then that every eigenvector is

by definition a generalized eigenvector.

For example, consider the matrix

3 0

A=(2 -1 2).
(3 6 6)

Solving the characteristic equation of A, det(A - AI) = 0, we get

(3 - A)[(-1 - A)(6 - A) + 12] = 0,

(3 - A)(A2 -5A+6) =0, and

(3 - A)(A - 3)(A - 2) = 0.

Thus, the eigenvalues of A are 3 and 2. The eigenvalue 3 has algebraic multiplicity

2 and the eigenvalue 2 has algebraic multiplicity 1. For A = 3, (A - 31)u = 0 if and
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only if

0 0 0 U1 0

2 -4 -2 U2 =0 ,so

3 6 3) U3) 0)

2u 1 -4U 2 - 2u3 = 0, and

3u, + 6u2 + 3U 3 = 0,

giving us a 1 = 0, and U = -2U 2 . Therefore, u = = a 2  . This is
-2U2 (-2)

the only solution for u, given A = 3. The geometric multiplicity of eigenvalue 3 is 1.

It is the discrepancy between the algebraic multiplicity and geometric multiplicity

of eigenvalues that causes us to have a system of eigenvectors which does not span

the space. This is when a discussion of generalized eigenvectors becomes nontrivial.

Let us see if, for the eigenvalue 3, we have any generalized eigenvectors independent
0

from the eigenvector 1 . Consider the following:

(-2)

J)2 0 00 10

(A -3I) 2 -4 -H 2 -4 -2 = -14 4 2 .
(3 6 3)(3 6 3)21 -6 -3

Therefore, (A - 31)2 U = 0 if and only if

S0 0 tu1

-14 4 2 0
211-6 3D3=0

We end up with a3 = 7u, - 2U 2 , giving rise to two independent vectors, (0
(7)

01

and 1 . This gives us a new vector, 0 , which is independent from the

-2)e) h

0

eigenvector we already had, I When we cube A - 3I and-check the null

(-2)
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space, we have

S0 0 0 0 0 0 0 0

(A - 31)3 -14 4 2 -4 -2 = 14 -4 -2).

21 -6 -3) 3 6 3) -21 6 3)

This matrix obviously has the same null space as (A - 31)2, so we get no new

generalized eigenvalues here. We say that the index of eigenvalue 3 is 2, since when

we squared A - 31, we increased our set of generalized eigenvalues, but when we

cubed it, our set of generalized eigenvalues didn't increase. For A = 2, we have

(A - 21)u = 0 if and only if

1 0 0 U1 0

2 -3 -2 U2 =0 ,

3 6 4) U3) 0) -

0

which leaves us with ui = 0 and -jU2 = U3. Then 1 is a basis of the

eigenspace for A = 2. Checking to see if the eigenvalue 2 gives rise to any other

generalized eigenvectors, we square A - 21.

1 0 0 1 0 0

(A - 21)2=( 2 -3 - 2 -3 -2 -12 -3 -2),

(3 6 4) 3 6 4) 27 6 4)

which gives us the same null space as A-21. So a basis for our generalized eigenspace

0 1 0

of A is 1) 0 , (, }, a system which spans R3. We can prove this

-2 7 -3

by picking a 3-vector at random and showing that it can be written as a linear
X

combination of the vectors in the system. Take vector y ,where x, y, and z are
Z

real numbers. This vector can be written as a linear combination of our generalized

eigenvectors in the following way:

(4)+4)

Y = (14x - 3y - 2z) I + (-14x + 4y + 2z) 1 + x 0 -
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Now, this example raises two questions. One is, given an eigenvalue, A, of

algebraic multiplicity, m, will there always be m linearly independent generalized

eigenvalues corresponding to A? The second is, will the basis of generalized eigenvec-

tors always span the space we started with? The answer to both of these questions

is yes, giving us the next two lemmas.

Lemma 3-2. Suppose A is an nxn matrix satisfying the first three assumptions of

lemma 3-1(a). Suppose also that A is an egenvalue of A with algebraic multiplicity

M, where m <;n. Then there exist m linearly independent generalized egenvectors

corresponding to A.

Proof: See Friedman [1956], Chapter 2. o

Lemma 3-3. Suppose A is an nxn matrix satisfying the first three assumptions of

lemma 3-1(a). Suppose also that {u 1 ,... ,un} is a basis of the generalized eigenspace

of A. Then {U1,..., un} is a basis for A.

Proof: See Friedman [1956], Chapter 2. o

Now we would like to know if the power method works for defective matrices.

We would think so, if the dominant eigenvalue has algebraic multiplicity equal to its

geometric multiplicity, even if at least one other eigenvalue has algebraic multiplicity

greater than its geometric multiplicity. The resulting Rayleigh quotients should still

converge to the dominant eigenvalue. But what about when the dominant eigenvalue

has algebraic multiplicity greater than its geometric multiplicity? The next theorem

is a partial answer to this question.
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Theorem 3-2. Suppose A is an nxn matrix with all real eigenvalues and a domi-

nant eigenvalue, A 1. If the algebraic multiplicity of Ai is 1, when Ai # A 1, and A 1

has algebraic multiplicity 2 but geometric multiplicity 1, then the power method

will find A 1 .

Proof:

Suppose A is a matrix satisfying the hypotheses of the theorem. Then A does

not have a basis of eigenvectors. Let A,..., A be a complete list of the eigenvalues

of A with corresponding eigenvectors u1,...,u,,. Some of these appear more than

once in the list. By lemma 3-1, there is a generalized eigenvector, w, corresponding

to A 1 and linearly independent from u 1 (and u2). We have: Au 1 = Au 1, (A -

AiI)2 w = 0 Au3 = A 3 u3 , ... , Aun = Anu Now, since (A -A 1 1)2 w = 0, we have

the following:

A2 W_2AAw +A w = 0,

A 2 w = 2A 1Aw - A2W.

Now, it turns out that

Akw = kAV ~'Aw - (k - 1)Aw,

for any natural number k. To prove this, we procede by induction on ik. For k = 2,

it's true, since A 2 w = 2A1 Aw -14Aw. Suppose the assertion is true for k = r, some

natural number. Then

A'w = rA~1 Aw - (r - 1)4w.



25

Multiplying by A, we get

Ar+lw = rAV~'A2 w - (r -1)4Aw

= rA~'(2AIAw - Aw) - (r - 1)A4Aw

= 2rAlAw - r4w+1W -(r - I)AAw

= (r + 1)AAw - rA'+1,

proving the statement true for k = r + 1, and so proving it's true for all natural

numbers k.

By lemma 3-3, {U1,tW,U3,U4,.- ,un} is a basis for A. Consider x, some n-

vector. There exist Ci, C2,..., ,c- eE& such that

x = ciUi + c2 w + c3 u3 + - -+ cnun, and

Akx = c1 Aku1 + c2Akw + c3Aku3 + ---- +-c Aku

= cAu1 + (kA47'Aw - (k -1)A4w) + cAsus +-CnA,

using lemma 1-1 and the assertion we just proved. Consider the Rayleigh quotient,

letting v = Akx to save space.

(Ak+lx) .- v

(Akx).v

(cIA4+ui +(k +1)A4Aw - kA+w + c 3 4k+u3 + c4A+I 1un) . v

(cAui + kA-'Aw - (k - 1)Aw + c3A4U3 + + c, Aku,) - v

1(cu .v+ k+1(Az) - v - kw -V+c()k+l -v c3( )k+lu.v)

(ciul .v+ (Aw) -v -(k -1)w -vV+c3 ( )ku3 -v ++Cn( )kU -v)
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Then we have

.rn (Ak+Ix)-(Akx)
k-+oo (Akx).(Akx)

.i Ai(ciui -v + \,+1(Aw)-v - kw -v)

k-+oo clu-o v + +(Aw) -v - (k - 1)w -

SAi(cu -v+ k (Aw)-v+#(Aw) -v - kw -v)(*)
= i4J xm 11.

k--+oo (ciuj-v + k(Aw) -v k -v +w - v)(14C

ur i( u1- v+$(Aw) -v + &(Aw) -v -w -v)

k-*+oo u1 -v+r(Aw)-v-w.v+ iw V

Aj(3(Aw).v -w -v)

-(Aw)-v-w-v

So in this case, the power method works. o

In fact, if A 1 has algebraic multiplicity m and geometric multiplicity m -1, the

proof should be similar to the one above, since the index of A would be 2, and we

would still have (A - A 1 I)2w = 0. Clearly, if the dominant eigenvalue has algebraic

multiplicity equal to its geometric multiplicity, the power method works, even if

some other eigenvalue has algebraic multiplicity greater than its geometric multi-

plicity, since as we multiply a vector by higher and higher powers of our matrix, the

resulting vectors get closer and closer to the direction of an eigenvector correspond-

ing to A,. Presumably, the power method will work, in theory, for any nxn square

matrix with all real eigenvalues, one of which is dominant; but for the case when

the algebraic multiplicity of A 1 is more than one greater than its geometric mul-

tiplicity, the proof would be different from and probably much more difficult than

the one above. According to L. Hogben, the power method will work for defective

matrices with all real eigenvalues, one of which is dominant, even if the algebraic
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multiplicity of the dominant eigenvalue is greater than its geometric multiplicity;

but convergence will be slow. However, I have not seen even a partial proof of the

claim during any of my research.

In the next chapter, we consider matrices with all real eigenvalues but no

dominant eigenvalue. We explore a modification of the power method which works

for these matrices.
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CHAPTER IV

A VARIATION FOR MATRICES WITH NO DOMINANT EIGENVALUE

We have now seen that the power method should work, in theory, for any

square matrix with all real eigenvalues, provided there is a dominant eigenvalue.

We have not yet seen what happens when we have a matrix which does not have

a dominant eigenvalue. In this chapter, we continue to consider only matrices with

all real eigenvalues, but now we consider matrices with no dominant eigenvalue. We

develop a modification of the power method which works for this type of matrix.

Suppose we have an nxn matrix, A, with all real eigenvalues but no dominant

one. Then A has two or more pseudo-dominant eigenvalues. That is, A has two or

more eigenvalues with the same magnitude, m, such that m is larger than the magni-
1 2 5

tude of each of the other eigenvalues. For example, 0 3 7 is such a matrix,

(0 0 -3)

with eigenvalues 3 and -3 being pseudo-dominant. Now, A can be nondefective or

defective. Let's look at the simplest case possible.

Theorem 4-1. if A is an nxn nondefective matrix with all real eigenvalues and

exactly two pseudo-dominant eigenvalues, then the power method can be modified

to find the pseudo-dominant eigenvalues of A.

Proof:

Suppose A is an nxn nondefective matrix with all real eigenvalues and no

29
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dominant eigenvalue. Suppose that A,..., A is a complete list of eigenvalues for A

with u1 ,..., u, being corresponding eigenvectors. Let us suppose that there are only

two pseudo-dominant eigenvalues, A1 and A 2 . Then A 2 = -A 1 and IlA1 =IB21 > jAij,

for i > 2. Now, since A is nondefective, u1,... , un is a basis for R2. Let x be some

n-vector. Then ]c1,..., cn E K such that

x= clu1 +c2U2 + --- cnun.

Multiply everything by Ak to get

Akx = c1Aku1 + c2Aku2 +---+ cAkun

= cI4u1 + c2A4u2 +-- Cn Aln,

by lemma 1-1. Now,

lim Akx= kim (ci1+c2 2u2 +-+cnAun)
k-+oo k-+oo

= lim (c1 2u1+c24ku2)
k-+oo

= lim (cIAiU +c 2 (-A)k)
k-+oo

= lim A(ciui +c2(-1)ku 2).
k-+oo

Clearly this has no limit, and the power method will not work, because the resulting

vectors do not converge. But now, instead of looking at the Rayleigh quotient, let's

look at a similar quotient, taking every other power of A, instead of consecutive

powers. Let v = Akx, to save space.

(Ak+2 x) . V (c 1 Ak+ 2 ui + c2A2 u2 + + cAn +2 un) -.V

(Akx) -V (cIA iU1 + c2A2ku2 + c-4u) v

v1- + c2(-Ak+2u2 v- +' +cnA+ 2un -V

c1Auw V +c2(- )ku2 - + - cAu . V

A k+2(CIU- V + c2 (-1)k+2 u2 - + -+ c+n( )k+ 2u, V)

Ak(cini - V + c2 (-1)ku 2 - V + +- cn( )k+2u -v)



31

Taking the limit of the above quotient, we get

. (A k+ 2 x) (Atr) = j )j(c 1u1 -v + c2 (-1)k+ 2 u2 .v)
lim =-lm

k-+oo (Akx) (Akx) k-+oo CiUl- v + c2 (_1)ku 2 - v

= A2 '

since limk. (t) = 0, for i> 2, and (-1)k+2 (_i)k. If we modify the power

method to check this quotient instead of the Rayleigh quotient, and then take the

square root of the result, i/XT, we obtain the two pseudo-dominant eigenvalues,

A1 and -A 1 . o

If we have a nondefective matrix with all real eigenvalues and more than two

pseudo-dominant eigenvalues, the proof should be similar.

In Appendix B, there is a listing of a BASIC version of this method to find the

pseudo-dominant eigenvalues of a nondefective matrix with no dominant eigenvalue.

We would hope to be able to combine this method with the previous power method

in order to have one program to handle this type of matrix, as well as matrices with

dominant eigenvalues.

I put a module onto my code which, in theory, would switch to this modified

power method after too many iterations of the traditional power method. This did

not work, because the Rayleigh quotient would generally blow up before giving up

on the power method. Conceivably, we could put in a test for this and switch to

the second method when this happens. Unfortunately, there are other problems.

Sometimes, when a matrix with no dominant eigenvalue is input, the Rayleigh

quotient converges to an incorrect value. Occassionally, it even converges to a

correct value. These problems would be more difficult to handle.
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One possibility is to use the following theorem.

Theorem 4-2. Suppose A is an nxn nondefective matrix with all real eigenvalues.

Then the sum of the elements on the main diagonal of A is equal to the sum of all

of the eigenvalues of A.

Proof: See Gantmacher [1960}, p. 87. o

This could be used only in cases when a method to pull off all of the eigenvalues

is used, in addition to the power method. We could compute the sum of the possible

eigenvalues produced by an appropriate method and compare it to the sum of the

elements on the main diagonal of A. If the two are not approximately equal, we could

switch to the modified power method to check for pseudo-dominant eigenvalues.

The next chapter gives an overview of techniques used to extend the power

method to find other eigenvalues of a matrix, besides the dominant one.
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CHAPTER V

OVERVIEW OF COMMON EXTENSIONS OF THE POWER METHOD

We have seen that the power method can be used to find the dominant eigen-

value of any nxn matrix with all real eigenvalues, whether or not the matrix has a

basis of eigenvectors. We have also seen a modification of the power method which

can be used to find the eigenvalues of largest magnitude of an nxn matrix with

all real eigenvalues but no dominant one. There are a couple of questions we still

need to answer. What do we do if we want to find more than just the eigenvalues

of largest magnitude? Also, what can we do if the convergence to the dominant

eigenvalue is too slow to be of use in a particular application? There are several

techniques which can be used to extend the possibilities of the power method. Some

of the more common are the inverse power method to find the smallest eigenvalue,

shifting of eigenvalues to accelerate convergence, and deflation to find all of the

eigenvalues of a symmetric matrix.

The inverse power method can be used to find the smallest eigenvalue of a

matrix. The idea is that the reciprocal of the smallest eigenvalue of a matrix, A, is

actually the dominant eigenvalue of A'. To illustrate this, let us suppose that A

is an eigenvalue of a matrix, A, and u is an eigenvector corresponding to A. Then

34
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we have the following equality:

Au = Au.

Multiplying by A-',
A~ Au = A~1 Au,

u = AA-'u, and

U = A-'u.

The power method can be used to find the dominant eigenvaue of A-' ',. The

reciprocal of the result is the smallest eigenvalue of A.

One problem with the power method is that convergence of often too slow. For

1 2 4

example, the matrix, 0 7 5 has eigenvalues 1, 7, and -6, and convergence

(0 0 -6)

would be slow, since 17j is close to 1-61. There is a technique of shifting to help speed

up convergence. This consists of subtracting ci from a given matrix, A, where c is

an arbitrary constant, and then performing the power method. If A is an eigenvalue

for matrix A, and u is an eigenvector corresponding to A, we have

Au = Au,

Au - cu = Au - cu, and

(A - cI)u = (A - c)u.

So A - c is an eigenvalue for the matrix A - cI. The power method can be used on

A - ci to find its dominant eigenvalue. Then c can be added to the result, giving

an eigenvalue for A. For the example above, if we added, say, 61 to the matrix, the

eigenvalues of the resulting matrix would be 13, 7, and 0. Convergence would be

quick, and we could conclude that 7 is an eigenvalue of the original matrix.



36

There is a technique called deflation which can be used to find all of the eigen-

values of a symmetric matrix. The idea is to somehow reduce our original nxn

matrix A to an (n-1)x(n-1) matrix with the same eigenvalues as A, less the domi-

nant eigenvalue found with the power method, and then to use the power method

yet again to find the dominant eigenvalue of our new matrix, provided the new

matrix has a dominant eigenvalue. The resulting (n-1)x(n-1) matrix is called the

deflated matrix of A. There is a deflation module on the program listed in Appendix

A. It uses an algorithm by L. Hogben.

Even with these techniques, the power method can fall short, especially when

dealing with unsymmetric matrices with nonreal eigenvalues. Other methods some-

times have to be used. Still, when dealing with symmetric matrices, even large ones,

the power method is quite useful.
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APPENDIX A

THE POWER METHOD
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110
120
130
140
150
160
170
180
210
220
230
240
250
260
270
280
290
310
320
330
340
350
360
372
38C
55(
56(
57(
58(
59(
60(

REM
GOSUB
REM
GOSUB
REM
GOSTB

PR(OGRAM TO FIND EIGENVALUES OF MATRICES

POWER METHOD

REM
REM
REM
REM
REM
REM
REM
REM
REM
REM
REM
OPEN
REM
REM
REM
DIM
DIM
REM

IREM
REM
REM
REM
REM
REM
]REM
REM
REM

)REM
) REM
D REM
D COUI

FIND RAYLEIGH QUOTIENT
890
GET NORMALIZED Y
1160
MULTIPLY TO FIND NEXT Y
12-0

REM DECIDE IF THIS IS CONVERGING OR NOT

COUNT=COUNT+1
T(COUNT)=RAYLEIGH
IF COUNT<5 THEN 610
REM DON'T REPEAT TOO MUCH

IF COUNT>100 THEN 820
IF ABS(T(COUNT)-T(COUNT-1))>=ER THEN 610

REM CLEAN UP EIGENVECTOR
GOSUB 1340
PRINT #1:
PRINT #1: "LOOKS LIKE THIS IS CONVERGING TO"; 

T(COUNT)

PRINT #1:
PRINT #1:"EIGENVECTOR:"

39

MAIN PROGRAM STARTS AT LINE 570

PRINTER INFORMATION

#1: "AXIOM"

DIMENSION STATEMENTS

A(10,10),B(10,10),C(10,10)
Y(10),Z(10),T(150),W(10)

MATRIX, INITIAL VECTOR, AND TOLERANCE

ARE NOW INPUT OR GENERATED

SIZE IS THE SIZE OF THE MATRIX

A(i,i) IS THE GIVEN MATRIX

Y(i) IS THE INITIAL VECTOR

ER IS THE ERROR TOLERANCE SELECTED

START MAIN PROGRAM

REPEAT UNTIL CONVERGENCE
NqT=O

610
620
630
640
650
660
670
680
690
700
710
720
730
734
735
740
750
760
761

I
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762 PRINT #1:
763 FOR ROW=nd TO SIZE
764 PRINT #1:4" ";Y(ROW)
770 PRINT #1:
770 PRINT #1:"NUMBER OF ITERATIONS: ";COUNT
780 PRINT #1:
784 REM FIND DEFLATED MATRIX
785 GOSUB 1470
786 IF SIZE>1 THEN 570
790 PRINT #1:
795 PRINT #1: "SMALLEST EIGENVALUE="; A( l,1)
800 PRINT #1:
805 REM FIND OUT IF USER HAS ANOTHER MATRIX

810 REM AND RETURN TO BEGINNING IF SO.

815 REM OTHERWISE, END.
820 PRINT #1::"TOO MANY ITERATIONS."
830 REM
840 REM
850 REM END OF MAIN PROGRAM
860 REM
870 STOP
880 REM
890 REM SUBROUTINE TO FIND RAYLEIGH QUOTIENT
900 REM
910 REM FIND NORM(Y)A2
920 SUM0
930 FOR X=1 TO SIZE
940 SUM=SUM+(Y(X))A2
950 NEXT X
960 NORM=SUM
970 REM FIND AY
980 FOR ROW=1 TO SIZE
990 SUM=O
1000 FOR COL:= TO SIZE
1010 SUM=SUM+A(ROWCOL) *Y(COL)
1020 NEXT COL
1030 W(ROW)=SUM
1040 NEXT ROW
1050 REM FIND <AYY>
1060 SUM0
1070 FOR ROW=1 TO SIZE

1080 SUM=SUM+W(ROW) *Y(ROW)

1090 NEXT ROW
1100 DOT=SUM
1110 REM FIND RAYLEIGH QUOTIENT

1120 RAYLEIGH=DOT/NORM

1125 IF (COUNT/2)<>INT(COUNT/2) THEN 1140

1130 PRINT #1:"R.Q.=";RAYLEIGH
1140 RETURN
1150 REM
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1160 REM SUBROUTINE TO GET NORMALIZED Y ( Z )
1170 REM
1180 FOR R=1 TO SIZE
1190 Z(R)=Y(R)/RAYLEIGH
1200 NEXT R
1210 RETURN
1220 REM
1230 REM SUBROUTINE TO FIND NEXT Y
1240 REM
1250 REM Y(i)=AZ(0)
1260 FOR ROW=1 TO SIZE
1270 SUM=O
1280 FOR COL=1 TO SIZE
1290 SUtMSUM+A(ROWCOL)*Z(COL)
1300 NEXT COL
1310 Y(ROW)=SUM
1320 NEXT ROW
1330 RETURN
1340 REM
1350 REM SUBROUTINE TO CLEAN UP EIGNVECTOR
1360 REM
1370 LARGEST=Y(1)
1375 INDEX=I
1380 FOR ROW=2 TO SIZE
1390 IF Y(ROW)<=LARGEST THEN 1410
1400 LARGEST==Y(ROW)
1402 INDEX=ROW
1410 NEXT ROW
1420 REM DIVIDE BY LARGEST FOUND
1430 FOR ROW=1 TO SIZE
1440 Y(ROW)=(Y(ROW) ) /LARGEST
1450 NEXT ROW
1460 RETURN
1470 REM
1480 REM SUBROUTINE TO FIND DEFLATED MATRIX
1490 REM
1500 REM
1510 REM INTERCHANGE TO GET 1 FOR LAST ENTRY OF Y

1520 REM
1530 LET Y(INDEX)=Y(SIZE)
1540 LET Y(SIZE)=1
1550 REM
1560 REM EXCHANGE ROWS OF A TO CORRESPOND TO CHANGES IN Y
1570 REM
1580 FOR COL=1 TO SIZE
1590 TEMP=A(SIZECOL)
1600 A(SIZE,COL)=A(INDEXCOL)
1610 A(INDEX,COL)=TEMP
1620 NEXT COL
1630 REM
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1640 REM EXCHANGE COLUMNS
1645 REM
1650 FOR ROW:1 TO SIZE
1660 TEMP=A(ROWSIZE)
1670 A(ROWSIZE)=A(ROWINDEX)
1680 A(ROWINDEX)=TEMP
1690 NEXT ROW
1700 REM
1710 REM FIND NEW A = A-Y*(LAST ROW OF A)
1720 REM
1730 FOR ROW=1 TO SIZE
1740 FOR COL=I TO SIZE
1750 B(ROWCOL)=A(ROWCOL)-(Y(ROW)*A(SIZECOL))
1770 NEXT COL
1780 PRINT #1:"
1790 NEXT ROW
1791 FOR ROW=1 TO (SIZE-1)
1792 FOR COL=1 TO (SIZE-1)
1793 A(ROWCOL)=B(ROWCOL)
1794 NEXT COL
1795 NEXT ROW
1800 REM
1810 REM DELET LAST ROW AND COLUMN
1820 REM
1830 SIZE=SIZE-1
1840 RETURN
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REM PROGRAM TO FIND EIGENVALUES OF MATRICES
REM
REM MODIFIED POWER METHOD
REM FOR MATRICES WITH NO DOMINANT EIGENVAIL
REM
REM
REM MAIN PROGRAM STARTS AT LINE 570
REM
REM
REM PRINTER INFORMATION
REM
OPEN #1:"AXIOM"
REM
REM DIMENSION STATEMENTS
REM
DIM A(10,10),B(10,10),C(10,10)
DIM Y(IO),Z(10),T(150),W(lo),TEST(150),F(10)

110
120
130
140
150
160
170
180
210
220
230
240
250
260
270
280
290
310
320
330
340
350
360
370
380
550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740
760
770
770
780
790

ES

UE

REPEAT UNTIL CONVERGENCE
COUNT=0
REM FIND FUNKY QUOTIENT
GOSUB 890
REM GET NORMALIZED Y
GOSUB 1160
REM MULTIPLY TO FIND NEXT Y
GOSUB 1230
REM DECIDE IF THIS IS CONVERGING OR NOT
COUNT=COUNT+1
T (COUNT )=FUNKY
IF COUNT<5 THEN 610
REM DON'T REPEAT TOO MUCH
IF COUNT>100 THEN 820
IF ABS(T(COUNT)-T(COUNT-1))>=ER THEN 610
PRINT #1: "LOOKS LIKE THIS IS CONVERGING TO"; SQR(T(COUNT))
PRINT #1: "ALSO,"; -SQR(T(COUNT))
PRINT #1:
PRINT #1: "NUMBER OF ITERATIONS:"; COUNT
PRINT #1:
REM FIND OUT IF USER HAS ANOTHER MATRIX

REM
REM
REM
REM
REM
REM
REM
REM
REM
REM
REM
REM

MATRIX, INITIAL VECTOR, AND TOLERANCE
ARE NOW INPUT OR GENERATED

SIZE IS THE SIZE OF THE MATRIX
A(i, i) IS THE GIVEN MATRIX
Y(i) IS THE INITIAL VECTOR
ER IS THE ERROR TOLERANCE SELECTED

START MAIN PROGRAM
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800 REM AND RETURN TO BEGINNING OF PROGRAM IF SO
810 REM OTHERWISE, END
820 PRINT #1:"TOO MANY ITERATIONS."
830 REM
840 REM
850 REM END OF MAIN PROGRAM
860 REM
870 STOP
880 REM
890 REM SUBROUTINE TO FIND FUNKY QUOTIENT
900 REM
910 REM FIND NORM(Y)^2
920 SUM=0
930 FOR X=1 TO SIZE
940 SUM=SUM+(Y(X))A2
950 NEXT X
960 NORM=SUM
970 REM FIND AY
980 FOR ROW=1 TO SIZE
990 SUM=0
1000 FOR COL= TO SIZE
1010 SUM=SUM+A(ROWCOL)*Y(COL)
1020 NEXT COL
1030 W(ROW)=SUM
1040 NEXT ROW
1041 REM FIND A(AY)
1042 FOR ROW=1 TO SIZE
1043 SUM=0
1044 FOR COL=1 TO SIZE
1045 SUM=SUM+A(ROWCOL)*W(COL)
1046 NEXT COL
1047 F(ROW)=SUM
1048 NEXT ROW
1050 REM FIND <AA2 Y,Y>
1060 SUM=0
1070 FOR ROW=1 TO SIZE
1080 SUM=SUM+F(ROW)*Y(ROW)
1090 NEXT ROW
1100 DOT=SUM
1110 REM FIND FUNKY QUOTIENT
1120 FUNKY=DOT/NORM
1125 IF (COUNT/2)<>INT(COUNT/2) THEN 1140
1130 PRINT #1:"F.Q.=";FUNKY
1140 RETURN
1150 REM
1160 REM SUBROUTINE TO GET NORMALIZED Y (Z)
1170 REM
1171 LARGEST=0
1172 INDEX=1
1173 FOR ROW=1 TO SIZE
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1174 IF ABS(Y(ROW))<=LARGEST THEN 1177
1175 LARGEST=ABS(Y(ROW))
1176 INDEX=ROW
1177 NEXT ROW
1180 FOR R=1 TO SIZE
1190 Z(R)=Y(R)/LARGEST
1200 NEXT R
1210 RETURN
1220 RM
1230 REM SUBROUTINE TO FIND NEXT Y
1240 REM
1250 REM Y(1)=AZ(o)
1260 FOR ROW=1 TO SIZE
1270 SUM=0
1280 FOR COL=1 TO SIZE
1290 SUM=SUM+A(ROW, COL) *Z (COL)
1300 NEXT COL
1310 Y(ROW)=SUM
1320 NEXT ROW
1330 RETURN
1340 END
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