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This study attempted to determine the specific mathe-

matics necessary to a student in a beginning course in be-

havioral science research statistics. To determIne the most

desirable form for a review of mathematics prior to a re-

search statistics course,, it was first necessary to determine

the following: (1) the specific overall content of such a

ccOurse, (2) the specific mathematics toptes of such a course,

and (3) the specific miathematics operations utilized in such

a course.

The study consisted of three parts. The first phase

was a determination of the content of a typical beginning

cous tii n research statistics for the behavioral sciences.

To miake this determination, a survey was conducted among

forty universities chosen by random sa pling from those in

the United States offering the Doctor of Education degree.

Court se outlines and textbooks used by these uni versities

were a-nalyzed, and topics were tabulated. In addition, a

selecion ofX recent statistics to:s waas analyzed, and

these topics :ere also tabulated. Tlese tables were utsed as

a meas or content determination.
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The second phase of the study consisted of an analysis

of the mathematics operations and concepts used in a beg n-

ning course in reSearch statistics for the behavioral

sciences. These were determined by a tabular breakdown of

statistics topics and the specific mathematics operations

used in each statistics operation. A composite of these

mathematics topics formed the outline of the mathematics

C 00tent .

The third phase of the study consisted of a presen-

tation of-the mathematics topics. This was done in an

intuitive manner, with no formal proof. Only those specific

topics necessary for a beginning course in research sta-

tistics were developed. Emphasis was placed on the mechanics

of the operations and understanding -the manipulative pro-

cedures involved.

The conclusions reached in the study were that a core

of common topics exists in nearly all beginning research

statistics courses in the beavioral sciences and that these

topics have a common set of m atheatics operations involved

in their anipulation. The second semester of a sequence,

if it exists, is the point at which variation usually exists

among universities and disciplines within universities,

Recoinendations made by the study were (1) that further

standardization of course content hold be made among

disciplines and universities, (2).that a iathematics pre-

test should be developed a studouni dng , (3)
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that a uniform mathematics eq'reent for all graduate-level

research statistics courses in the behavioral sciences be

made available to students, and (4) that the mathematics

content developed in this study be programmAed into a self-

study unit to be made available to students as either a

course or an individual resource unit.
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CHAPTER I

INTRODUCTION

Most areas of study in the behavioral sciences require

a working knowledge of basic descriptive and/or inferential

statistics operations. For this reason, it is widely

accepted that a course in statistics should be taken at

either the undergraduate level or the graduate level or at

both levels.

The major problem students encounter in a course in

statistics is that they lack the necessary mathematics back-

ground to accomplish the statistical operations required in

the course and to understand the formulae involved. Many

books are available on specific areas of study, and if the

students knew exactly what mathematics was required they

could review by using various books. However, no detailed

study has been made in which the mathematics content of a

course in statistics for the behavioral sciences has been

analyzed from the standpoint of determining a minimum level

of proficiency necessary to complete the course successfully.

Most colleges and universities have a mathematics

requirement for graduation. One might assume that this

course would contain the necessary mathematics for sta-

tistical applications in a specific field of study. If

this is not the case, a source of this mathematical

1
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information should be made available. Also, some schools

have a stronger mathematics requirement than others for

enrollment in a statistics course. From the verbal de-

scription of these courses, many seem equivalent in content.

It would be desirable if some standardization could be

determined for the mathematics requirements.

It is hoped that this study will subsequently become

the basis for a review guide for students enrolled in sta-

tistics for the behavioral sciences. It is also hoped that

this study will form a partial basis for the course outline

of an effective mathematics course for the behavioral

sciences. Perhaps such a course outline could reduce the

anxiety of non-mathematics majors enrolling for a course in

statistics as well as obviate the necessity of mathematics

review in a statistics class.

Statement of the Problem

The central problem of this study is to determine and

develop the specific mathematics necessary for a student

successfully to study a course in statistics for the

behavioral sciences. Subproblems are indicated by the

following questions:

1. What is the content of a typical beginning course

in research statistics for the behavioral sciences?

2. What minimum mathematical background does the

student need in order to pursue a beginning course in

research statistics for the behavioral sciences?
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3. What are the basic mathematical operations and

concepts needed in a course of this nature?

4. In what form could material best be presented as a

review of the mathematics necessary for this course?

Purposes of the Study

The purposes of this study are to

1. Determine the course content of a typical beginning

course in research statistics for the behavioral sciences.

2. Determine the mathematics requirement for a begin-

ning course in research statistics for the behavioral

sciences.

3. Formulate a plan for development and presentation

of the mathematics necessary for an effective review or

prerequisite course.

4. Develop the necessary mathematics and material

necessary for an effective review or prerequisite course.

Background and Significance

It has been said that "figures never lie, (but liars

sometimes figure)" (6, p. 8). This statement points out the

fact that effective use of statistics is very closely

related to the ability to "figure"; that is, the ability

and knowledge to use mathematics effectively in the sta-

tistical process. Ineffective use of mathematics in these

processes can destroy the total effectiveness of the

operation.
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At any point where one is involved with large groups

of quantitative data, the field of statistics is involved.

It is presently difficult to find a field in the behavioral

sciences in which this is not the case.

The need for a study of the nature undertaken here is

expressed indirectly by many people, specifically in

defining the needs for research in the areas of mathematics

education. Long, et. al., mention three needs which are

particularly applicable to the area pursued in this study:

(1) to develop and analyze the heirarchy of learning tasks

involved in grasping some particular mathematical concept,

(2) to replicate those behavioral science experiments which

have implication for mathematics education, and (3) to

determine the implications of recent mathematics research

for curricula at all levels. These topics were among those

presented at a conference in mathematics education held at

Cornell University. The report further states that little

precedent has been set for research in mathematics education

and little literature is available but there is a great need

for research and study in this area (5, pp. 4L6-467).

Textbook authors normally include a statement regarding

the necessary mathematics background for an understanding

of the text. This statement is generally in terms of the

number of years of high school or college mathematics and

makes no mention of specific topics in mathematics necessary

as prerequisite for the text. This statement is adequate,
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possibly, for selection of a text for a course, but it is

not adequate to guide the student in the preparation needed

(2, p. iii).

Other authors indicate the needed background by a much

more general term, such as minimal or basic (l, i). Terms

of this nature are too relative to be meaningful.

In looking at a wide range of courses offered at

American universities and colleges, one finds that,

typically, research statistics courses are offered in many

different departments and are directed toward a great number

of different specializations. This fact might lead one to

believe that the procedures in each area of specialization

are essentially different. In fact, Alder and Roessler

write,

In this respect, statistics seems to occupy aunique position; in almost every other science there
exists one introductory course with a fairly well-defined amount of subject material, and anyone
requiring some background in that science takes
that course (1, p. iv).

The Committee on the Undergraduate Program in Mathematics

(CUPM) also recognizes the wide range of statistics courses

being offered, and the subcommittee on statistics is under-

taking a study of the difficult problem of developing a

model for a single course. The emphasis of this study will,
however, be toward the future, and the study will consider

special approaches such as those stressing decision theory,

non-parametric methods, Bayesian analysis, and data analysis

p. 31). The study under consideration here covers only
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the mathematical content of courses presently being taught.

This study is not involved with recommendations for teaching

statistics but only in preparing students for it. In this

way, the two studies will serve to enhance one another.

Hopefully, an outcome of this study will serve to indicate

a unanimity in the research statistics courses now being

offered and will help emphasize the need for a more general

course in this area.

At the graduate level, most areas of research require

analysis of data. This analysis requires statistical pro-

cedures, and the mathematical concepts need to be known

whether or not a course in statistics is a requirement for

the course of study (9, pp. 71-104).

Statistics at the lower division level is also receiving

recent emphasis through the recommendations of CUPM

(94, p. 32). In the report on two-year college curriculum,

CUPM recommends probability and statistics at the freshman

level. The Committee indicates only a minimal mathematical

preparation, assuming two years of high school algebra, but

makes no indication of specific topics necessary. Although

the content of an undergraduate course in statistics would

differ significantly from a course in research statistics,

there is sufficient overlap so that this study would have

significance in that area.
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Also, in looking at basic statistics textbooks for the

behavioral sciences, one notices various categories. On the

one hand are those books which deal primarily with theory,

and on the other extreme are those which deal only with

computational skills.

There are many textbooks which have a combination of

statistical theory and computational drill in various

degrees. There is no consensus on what should constitute a

compatible combination of the two.

The necessity for various levels of textbooks is

heightened by the two distinct levels of statistics. Mathe-

matical statistics is primarily concerned with statistics as

a subject and deals with mathematical theory, analysis of

statistical distributions and functions, and the derivation

of mathematical formulae used in statistics. Applied

statistics, on the other hand, is concerned with under-

standing the ways in which different areas of statistics

are used, and methods for the effective utilization of

statistics as it applies to various disciplines.

The statistics taken as a beginning course for graduate

students in the behavioral sciences is in the category of

applied statistics. The statistics studied is applied in

natureand the theory involved is the theory behind the

utilization of the procedure rather than the mathematical

derivation of the formulae involved. The course will deal

with a composite of areas of descriptive and inferential
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statistics. This study attempted to determine the combi-

nation of the topics covered in the statistics course and

the mathematics essential for these topics.

Further need for a comprehensive review of basic mathe-

matics for statistics is indicated by CUPM in discussing a

general curriculum in mathematics for colleges (3, p. 9).

The Committee specifies mathematics 1101 (zero) as that which

is below college level and recommends that courses at this

level be eliminated from the curriculum by entrance require-

ments wherever possible. The Committee recognizes that many

colleges must teach some of this material and recommends

that it be taught in the freshman year. Therefore, when a

graduate student is ready to begin research these mathe-

matical concepts need review. This study is designed to

assist such a student.

Definition of Terms

Behavioral Sciences.--For the purposes of this study,

the term behavioral sciences has been extended to include

areas of education, psychology, sociology, social science

(including history, government and economics), general

business and physical education.

Descriptive Statistics.--Descriptive statistics is the

term used for those processes used to describe and organize

quantitative information.

Inferential Statistics.--Inferential statistics is the

term used for those processes used to generalize
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quantitatively from a sample to a population or from a

relatively small group to a large group.

Statistics.--The term statistics is used to describe

the science dealing with the collection, organization,

analysis and interpretation of numerical data. It has been

used collectively in this study to include those procedures,

formulae and operations used in inferential and descriptive

courses.

Limitations

This study is limited to an analysis of beginning

research statistics courses for the behavioral sciences as

they are currently being taught in a random selection of

American colleges and universities. The study is not

involved with content at a level typically contained in a

course in mathematical statistics.

The mathematics is limited to a discussion of those

concepts considered as minimal for the development of

beginning course offeringsas indicated by the above limi-

tations.

The study does not include the development and

discussion of the calculus concepts necessary to derive

some of the more complex statistical equations, such as the

equation of the normal curve. These equations are dealt with

mechanically from a descriptive point of view.
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Basic Assumptions

It is assumed in this study that:

a. Many students entering a course in beginning sta-

tistics for the behavioral sciences lack sufficient back-

ground in mathematics for the successful completion of the

course.

This assumption is based on discussions with various

statistics professors, discussions with students enrolled

for statistics classes, and a survey of the mathematics pre-

requisites necessary to enter these classes. Consideration

here was also given to the time lapse between the last

mathematics course taken by the student, and the first

course in statistics the student must take. In many cases,

the required mathematics is taken as a college freshman and

the statistics course is taken as a senior or graduate

student.

b. There is a need for a presentation of only the

mathematical operations and concepts necessary for a course

in research statistics for the behavioral sciences.

A survey of numerous college catalogs reveals that the

college mathematics courses, if any, required for students

in the behavioral sciences are either survey in nature, with

inadequate depth in specific material necessary for sta-

tistics and with much material not needed for the studentsof

statistics, or are very restrictive in scope and leave out

much of the material necessary for research statistics

students.
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c. There is a need in every area of behavioral science

for students to have at least a minimum background in

statistics.

Again, this assumption is based on discussions with

various professors in the behavioral sciences and is widely

recognized as a problem in understanding certain topics in

statistics. This assumption is also recognized in a study

conducted by the Committee on Undergraduate Programs in

Mathematics (CUPM) of the Mathematical Association of

America and reported in their monograph (3, p. 9).

d. More students would be willing to take a course in

research statistics if they were aware of the specific

mathematics requirements for the course and knew a source for

obtaining a review for the course.

This assumption is based on discussions with various

graduate and undergraduate students required to take a

research statistics course and on discussions with professors

of statistics at various institutions.

e. The level of mathematics required for the sta-

tistics courses for the behavioral sciences is below that of

the calculus.

A survey of university catalogs indicates that the

majority of research statistics courses for the behavioral

sciences require a prerequisite below that of the calculus,

if any prerequisite is required.
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Procedure for Collecting Data

The determination of the content of a typical course in

research statistics for the behavioral sciences was made by

analyzing the content of course offerings at selected

colleges and universities by means of college catalogs,

course outlines,and syllabi where available. A list of the

colleges and universities surveyed is given in Appendix A.

The 40 colleges and universities selected for this survey

were chosen from among the 122 American universities offering

the Doctorate in Education (7, p. 73). This selection was

done by use of a table of random numbers after assigning

each university a number by the order in which they were

listed (8, p. 595).

The catalogs of the universities listed were screened

to determine the number of applicable courses and the

departments in which they were taught. A letter was written

to each applicable department requesting a course Qutline,

a course syllabus, and the name of the textbook being used.

The information thus received was analyzed for contentand

this information was tabulated. Also, course content was

determined by an extensive survey of other textbooks avail-

able. A wide range of publishers and titles was used to

insure a complete listing of both descriptive and inferential

topics. A bibliography of the additional textbooks to be

analyzed is included in Appendix B. There was, of necessity,
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some overlapping between these textbooks and the textbooks

previously discussed.

The statistical operations were categorized by level

and type from each of the previously mentioned sources.

Tabular data of this information is included in the study.

From the tables, a composite was made of all the basic

statistical procedures and the frequency with which they

appear. This was done by source. A table of this composite

is also included in the study.

The mathematics procedures and concepts necessary for

each of the statistical operations were then determined.

This data is organized in tabular form and a composite made.

Again, frequency of occurence was noted.

Current literature was surveyed to determine applicable

research results, the mathematics content of statistics

courses, and the most appropriate method of presentation of

the mathematics. This was done both from the aspect of

review material and formal course material.

Procedure for Treating Data

The data obtained from the universities and from the

textbooks surveyed was used to derive an outline of a

typical beginning course in research statistics for the

behavioral sciences. This was done by analyzing topics from

the composite tables and the frequency with which they occur.

An outline of all the mathematical procedures and

concepts was formulated from the composite table of
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mathematics topics. Again, this was determined by the

frequency with which they appeared. This outline formed the

basis for developing explanatory and review material for the

remainder of this study.

The composite listings of course offerings and their

mathematics requirements were analyzed as to their place in

descriptive or inferential statistics. If the analysis

revealed specific topics of study needed for a specific area

in the behavioral sciences, these topics were noted and

included in the material.

From the mathematics requirements determined in the

analysis, detailed descriptions of the operations were given.

Suggestions for methods of presentation were made in

accordance with recent research studies, with special

emphasis placed on methods of self-study and review. Studies

available on comparison of methods of presentation, such as

programmed materials vs. textbook materials, were given

particular consideration when making recommendations for the

manner of presentation of this material.

From the data collected and analyzed, recommendations

were made for various uses of the information gathered.

Mathematics material was developed to satisfy the require-

ments of this study.
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Chapter Summary

Basically, this study is divided into three parts.

Part one consists of an analysis of statistics courses now

being offered at colleges and universities to determine the

content of a typical course; that is, those topics which are

covered in nearly all courses in statistics for the be-

havioral sciences. This determination is made in Chapter

III.

Secondly, each of the specific statistical areas was

analyzed to determine the mathematics concepts and operations

necessary for the performance and understanding of the

statistical operation. Any specific procedures which apply

to a restricted subject matter area were noted. From this

listing of mathematical ideas, a composite listing was made

of all the mathematics concepts and skills typically required

in a statistics course. Summary tables of each of these

sections are included in the study. Chapter IV contains a

record of this information.

Thirdly, from the information gathered from the

analysis in the first two sections, the material was

organized by level of difficulty and similarity. A detailed

outline of a mathematics program encompassing all the

necessary operations and concepts was outlined, and material

for such a program was developed. Chapter IV contains the

outline of the material as well as the material itself.
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CHAPTER II

REVIEW OF THE LITERATURE

The major purpose of this study was to determine the

content of a typical course in research statistics for the

behavioral sciences, so that the necessary mathematics could

be determined and an adequate method for its presentation

could be ascertained. A review of the literature reveals

that no study of this nature has been attempted previously

on an extensive scale. Some individual classroom studies

which are related have been of much assistance in conducting

this analysis. These studies will be discussed in an attempt

to furnish background for the need and outcome determination

of this study.

Since the result of this analysis will be a road toward

a better understanding of a course in research statistics

for the behavioral sciences, studies and literature which

relate to processes necessary for this understanding are

discussed. In addition, in this chapter, attention is given

to previous studies relating to methods by which review

material such as that developed in this study may best be

presented for student understanding,

17
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General Information

According to a survey conducted among 193 colleges

and universities, the Southern Regional Education Board

Commission on Statistics indicates that in most institutions

the students receive all of their statistics instruction in

courses offered by their major department. The fact that in

many universities courses in statistics are widely scattered

among different departments suggests that statistics has not

been developed as a highly centralized program of instruction

(27, p. 2).

Teachers of statistics are drawn from a wide variety of

academic departments. There is hardly a department that does

not supply them. A considerable variation seems to exist in

the teachers' interests, backgrounds, and training. This

situation indicates a wide diversity of practices both in the

teaching of statistics and in the application of statistics

to many different fields (27, pp. 2-3).

One study which was done on an individual basis in a

basic undergraduate statistics course on the West Coast has

shown a certain amount of success in helping freshman

students gain more confidence in the mathematics required

for the statistics course. Material was developed and

presented in an effort to bridge the gap between algebra

and a first-semester statistics course and, as the author

states, "While it is true that there need logically be no
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such gap, there are many reasons why one may exist" (5, p. v).

Rather than explore the reasons for a gap, suffice it to say

at this point that an even wider gap exists between the

students' last previous mathematics course and the course in

research statistics that graduate students in the be-

havioral sciences must encounter. The material developed in

the previously mentioned study, although helpful, is not

extensive enough for application at the graduate level. The

success with the method of presentation of the mathematics

content is, however, discussed later.

Further discussion of necessary mathematics for

statistics is given by Cornell. In commenting on the

structure and background necessary to study his text written

for statistics for the behavioral sciences, he states:

I dropped this notion [of covering more material]
in favor of giving first attention to a review of the
necessary elements of arithmetic and algebra, and
providing early experience in the manipulation of
data. This decision seems warranted in view of the
students, and the apparent advantages for such students
of an intuitive presentation with concrete numerical
examples. When the student deficient in simple
numerical operations is not given remedial instruction,
he spends his time on computation and not on learning
statistics (7, p. vi).

There is, at the present time, no standardization in

the mathematics requirement for college graduation, much

less a standard course in mathematics as a prerequisite for

a research statistics course for the behavioral sciences.

The problem of a general education mathematics requirement
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is recognized by many as a continuing problem in the develop-

ment of college curriculum.

The Southern Region Education Board Commission on

Statistics says:

The situation with regard to prerequisites is
extremely varied. Many courses have none. Others
require only algebra; a few require a certain
proficiency in analytic geometry and trigonometry;
some require mathematical preparation beyond the
calculus; and a number set a prerequisite in business
mathematics or in other subject matter fields
(27, p. 4).

The Commission further recommend that the course be

offered after the freshman year and that the mathematics

prerequisite be no more than college algebra (27, p. 5).

The fact that there is a need for constant evaluation

of the college mathematics curriculum, particularly with

regard to the mathematics required by various institutions

and the mathematics required by many states for teaching

certificates, is pointed out by Callahan who writes:

The curriculum worker is faced with various
constants, challenges, and concerns when working in the
area of mathematics for general education. A constant
parameter was developed within which the value
decisions can be made regarding what mathematics is
of most value to the general education students. It
was also suggested that the 'spirit of the times'
affects these value decisions and, therefore, there is
a constant change (4, p. 833).

The mathematics discussed by Callahan is that with which

many students enter a course in research statistics. Accord-

ing to Callahan, a continued look must be taken at the utili-

contribution of the mathematics curriculum (4, p. 828) so
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that this mathematics becomes meaningful at a time in which

it is needed; namely, prior to embarking on a study of

graduate-level research statistics.

There have been studies in which different methods have

been used in an attempt to assess the readiness of students

to take a graduate-level course in research statistics. One

of these studies, undertaken on the West Coast, utilizes a

statistics pre-test. The reliability of this test, although

acceptable enough to indicate merit, indicates certain reser-

vations. One of the reservations is the need for refinement

of test items to test more closely the mathematics require-

ment for the course. Another reservation is the lack of

availability of proper review and supplementary material in

those cases where the item analysis of the results of the

test would indicate a need for review in a particular area.

The study discussed in this article was related primarily to

those students taking a first course in statistics, whether

at the graduate level or at the undergraduate level. It is

felt, however, that the outcome is noteworthy for its appli-

cability to this study (19, pp. 915-917).

Another study, related to determining the relative

success of statistics students in relation to the amount of

mathematics they have taken, was undertaken by Professor

Leonard Giambri at Miami University. In this rather limited

study, prior mathematics and prior grade-point averages were

used as possible predictors of success in a first
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undergraduate statistics course. The general conclusion of

this article was that prior mathematics background is of

little use in predicting success in a statistics course, but

rather that a better indication of success is the overall

ability as a student (9, p. 367). The author feels that one

of the reasons for this fact is the non-standardization and

the non-relevancy of the previous mathematics course to the

course in statistics. This non-relevancy is an aspect not

explored in the previously mentioned study. There is a good

possibility that the mathematics required for the statistics

course was not covered in the mathematics courses the

students had taken previously. This non-relevancy also

points toward an evaluation of the college curriculum and a

look at the necessary mathematics for the statistics course

being taken.

In addition to the aforementioned considerations, one

must realize that a constant attempt must be made to make

learning easier in statistics for the graduate students in

the behavioral sciences. Various methods are being developed

to give students confidence in a statistics course. One

such method, in use at Edinboro State College of Education,

Edinboro, Pennsylvania, came out of the necessity for

students in certain behavioral sciences to study statistics

with a minimal mathematics background. In this course, only

the type of statistic to be used need be known. The

remainder of the mathematics is carried out on a remote
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terminal computer. This phase is regarded purely as

technical rather than academic. This, of course, required

the development of a computer guide specifically for the

course. It also required the availability of a remote

terminal or at least a time-sharing computer and, hence, has

some limited application (6, p. 30-31).

Another attempt to make statistics more learnable was

attempted by Henry O'Connor at Northern Illinois University.

In this study, the author attempted to isolate thirteen

practices or methods of teaching that were important to the

understanding of statistics. These procedures were then

submitted to a panel of professors, who responded to the

relative merit of each. Except for pedegogical processes,

two items were selected by eighty-five percent of the

professors questioned as important concepts in the learn-

ability of statistics. These were (1) to provide adequate

time to review thoroughly the basic principles of mathematics

and algebra, and (2) to remove the fear of statistics by

starting and working always with easy numbers (23, p. 218).

O'Connor further states:

If the instructor has sufficient time to carry out
this practice, the students gain confidence and a
feeling of security for the processes which follow.
Too often, it seems, we take much of this basic
information for granted or assume that the student has
better background than is usually the case. Imme-
diately introducing the students to the complexities
of formulas and theory plunges many into a state of
confusion from which they never recover (23, p. 218-220).
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The primary drawback of teaching review material is the

problem of gaining the required time from the course material

to devote to this review. Another problem one would

immediately encounter is that each student would have a

different need in terms of what mathematics review he would

require. It seems a reasonable solution to require students

at the graduate level to seek out this review material on

their own. First, however, detailed material of this kind

must be made available.

Still a further problem that the graduate students in

the behavioral sciences encounter is who their professor in

the statistics course will be. Many times, these professors

are very well prepared in their particular areas and have an

adequate knowledge of statistical tools to perform their own

research. In most cases the professors are not statisticians,

and, therefore, some lack the background and preparation

necessary to adequately teach a graduate course in research

statistics for the behavioral sciences in a way that is

meaningful to the student.

John Broderick has outlined a few suggestions to follow

when a non-statistician is teaching a statistics course. Of

these, ones worth mentioning or having particular application

to this study are (1) to make use of the students' usual

study habits by supplementing the basic text with a reader in

statistics, (2) to teach applied, not mathematical, sta-

tistics, and (3) to require a review of basic mathematics.
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Of the first suggestion, the author indicates that a reader

would give the students a better grasp of the applications

and nomenclature of statistics. Of the second, he comments

that the behavioral sciences do not have as part of the job

turning out qualified mathematicians. Of the third item he

says, "Often much of the toil and tears produced by the first

contact with statistics is the direct result of poor prepa-

ration in mathematics. The best teaching and the most

agreeable student attitude cannot by themselves overcome

this handicap" (3, pp. 127-128). He lists the third

suggestion as the most important.

Mathematics Content

Although the specific mathematics content of a begin-

ning course in research statistics for the behavioral

sciences will be developed in full in Chapter IV, the

literature has been surveyed in an effort to gain insight

into what certain individuals feel should be included. Clark

indicates that the mathematics content of a first course in

statistics must include basic algebra concepts, square root,

and inequalities (5, p. v).

Early recognition of the mathematics content of sta-

tistics was made by Darwin in The Origin of the Species

(1859), where statistics was given as being concerned with

the numerical properties of populations. It was also some-

times conceptualized as the study of variation. The matter

is more clearly stated in an editorial in the first issue of
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the journal "Biometrika"? (1901), probably written by Karl

Pearson.

The starting point of Darwin's theory of evolution
is precisely the existence of those differences between
individual members of a race or species which mor-
phologists for the most part rightly neglect. The
first condition necessary, in order that any process of
natural selection may begin among a race, or species,
is the existence of differences among its members; and
the first step in an inquiry into the possible effect
of a selective process upon any character of a race
must be an estimate of the frequency with which
individuals, exhibiting any given degree of abnormality
with respect to that character, occur. The unit, with
which such an inquiry must deal, is not an individual
but a race; and the result must take the form of a
numerical statement, showing the relative frequency with
which the various kinds of individuals composing the
race occur (18, p. 7).

Leonard (14) indicates that the entire content of a

course in college algebra is a necessary prerequisite, with

the most difficulty being encountered in dealing with the

algebra involving summation signs or expected values.

Williams (30) indicates a need for some algebra but feels

that most books involving the mathematics necessary for sta-

tistics are self-defeating, particularly if it is a course

taught in the mathematics department. He further feels that

the statistics professors are able to cover the necessary

background if time allows. Adkins also recognizes a need

for elementary high-school algebra. The same author

recognizes, however, that this is not an answer to the

mathematics requirement and further states that, if no recent

college-level mathematics has been taken, possibly the
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statistics course should be postponed until such time as

sufficient mathematics has been learned (1, p. 2-3).

At the other extreme of the necessary mathematics back-

ground, Muir (21) feels that the prerequisite must include

finite mathematics, introduction to the principles of

calculus, elementary programming and also successful

completion of an introductory statistics course. Nolan (23)

requires a knowledge of matrix algebra, Peterson (24) feels

that a knowledge of mathematics up to elementary calculus

and at least an acquaintance with algebra; set theory, and

some probability theory is necessary;and Richards (28) feels

that calculus, matrix algebra, set theory, probability

theory, and a first course in statistical theory is

essential.

In a more general note, Mood writes:

The use of statistics tools is not merely a
matter of picking out the wrench that fits the bolt;
it is more a matter of selecting the correct one of
several wrenches which appear to fit the bolt about
equally well, but none of which fit it exactly...
there is nothing magic about the [algebraic] formula;
it is merely a tool, and, moreover, a tool derived from
some simple mathematical model which cannot possibly
represent the actual situation with any great precision.
In using the tool one must make a whole series of
judgements relative to the nature and magnitude of the
various errors engendered by the discrepancy between
the model and the actual experiment (20, pp. 5-6).

Also, McNemar states that:

Statistical methods belongs in the realm of
applied mathematics, and consequently extensive
scholarship in mathematics is required of those who
choose to specialize in statistics. It is possible,
however, to secure a practical working knowledge of
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statistical technique without first becoming a mathe-
matician, provided the deficiency in mathematics is not
accompanied by an emotional reaction to symbols
(17, 104).

Specifically, in relationship to the probability content

required for the course, MacEachern indicates that the usual

type of probability used in statistics is relative-frequency

probability, which has a simple frequency interpretation

arising out of repeated trials of a simple experiment.

Subjective probabilities measures individual opinions about

the truth of some proposition, and in the Bayesian approach,

probabilities can be determined by considering the attrac-

tiveness of simple betting situations (15, p. 27).

As the previous references indicate, there is no

uniform agreement on the mathematics requirements for a

course in research statistics for the behavioral sciences.

What is almost universally accepted by the authors is that

many students enter statistics courses with an inadequate

mathematics background, and need some method for obtaining

a proper background prior to enrolling in the course.

An analysis of the specific mathematics required in a

typical course in research statistics for the behavioral

sciences is presented in Chapter IV of this study. Attention

is now given to the problem of presenting the necessary

mathematics for such a course.
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Method for Presenting the Mathematics

When confronted with the problem of presenting necessary

material for a mathematics review for statistics, one must

face the dilemma of how it should be presented for maximum

effectiveness. In Chapter IV of this study, only the mathe-

matics content is given,but the literature has been reviewed

in an effort to determine which method of presentation would

be most effective in any follow-up to the study.

Ideally, graduate schools would offer a course in the

mathematics necessary for the graduate--level statistics

course, either on a credit or non-credit basis. In most

cases, however, neither the time nor the manpower exists for

such a course. In at least one situation, at Clairmont

Graduate School, graduate assistants are utilized to offer

a review course in mathematics for statistics. The content

of the course is rather loosely structuredand graduate

credit is not given. The course has met with some success

(10).

The alternative to a course in mathematics for

statistics is to present the necessary mathematics in an

effective manner for self-study and to have this material

available. It is to this problem that the conclusions of the

study are directed,and recommendations are made for follow-

up. Various methods of presentation have been explored by

researchers. The literature has been surveyed in an attempt

to study various methods of presentation,with special
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emphasis on methods of self-instruction or at least methods

which utilize a minimum of instructor time.

In relation to how mathematics applications should be

presented most effectively, both in and out of the classroom,

Pollak indicates that the key to success lies in the type of

problems which confront the student, whether they in fact

are representative of the situation, and whether they are

realistic, He states:

Much work remains to be done to make real appli-
cations of mathematics an integral part of the class-
room experience. It is important to realize however,
that formulating the 'right' problem in a situation
outside of mathematics is creative activity much like
discovering mathematics itself. Thus our continuing
efforts to bring the discovery method to the class-
room naturally go hand-in-hand with attempts to bring
genuine applications to the classroom. The two efforts
reinforce each other, and both are essential for a
complete and honest presentation of mathematics in our
schools (25, p. 403).

Rector and Henderson conducted a study to determine the

effectiveness of four instructional strategies. For the

study, they utilized the concepts of probability taught to a

group of 763 students not desiring even a minor in mathe-

matics and enrolled in a general-education mathematics

course. For all four strategies compared, it was determined

that programmed instruction was the best method of presen-

tation. The four strategies were defined as follows:

(1) characterization, (2) characterization-exemplification,

(3) exemplification-characterization, and (4) exemplifi-

cat ion-c haracterization-e xemplification.
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The conclusions reached in the study were that there

was a significant difference at the level of p < .05 when

the awareness of the concept was measured by level I

responses, which emphasized knowledge and comprehension.

No significant differences were found between the four

instructional strategies when the awareness of the concepts

was measured by level II responses, which were concerned with

applications; level III responses, which pertained to

analysis, synthesis and evaluation; or a combination of

level I, level II and level III responses.

Simon and Holmes indicate that probability and sta-

tistics, and hence the mathematics involved, can all be

effectively taught by using Monte Carlo methods, that is, by

experimental mathematics. If a problem is too difficult for

computational solution; it must be simulated. This method

involves teaching Monte Carlo methods by actual use in

simple problems. This method, however, cannot be used in

solving problems involving regression analysis (29, pp. 283-

286).

The Monte Carlo method has other drawbacks, also, because

it requires workable problems, it is time consuming, and it

has builtAin limitationsas indicated above.

A great deal of the literature in methodology leads one

to explore the entire area of programmed instruction. There

is widespread use of programmed instruction throughout the

United States and Canada. In fact, in a survey conducted
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of 175 colleges throughout the United States and Canada,

only 5 schools reported no use of programmed instructional

materials. Although much merit is shown towards all types

of programmed instruction, the study recognizes the need for

further study in specific areas of instruction and using

specific methods, since some schools broke programmed in-

struction down into as many as 29 categories. Those methods

of programmed instruction most often used were computer-

assisted instruction, closed circuit television, teaching

machines, and programmed text material (28, p. 80).

King states:

Programmed instruction, now well into its second
decade of existence, has made a place for itself in the
educational community. There is no longer any doubt
that students can and do learn using programmed
material. Many programs have been written and are
being used at all academic levels from preschool to
graduate school. Programmed instruction has also
been widely used in educational research to investigate
various aspects of learning theory and teaching
practices (13, p. 393).

Zoll reviewed some thirty current research projects

involving programmed instruction. Many questions are being

answered regarding this method by this growing body of

research, but additional areas have been indicated as

necessary for study. Of the studies reviewed by Zoll, three

reported significant gains using programmed instruction,

three reported significant gains in mathematics in favor of

traditional courses, and seven found no statistical signifi-

cant gains using programed instruction (32, p. 103).
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In relationship to computer-assisted instruction in

elementary mathematics, Jerman says:

This type program is highly motivating. Not only
are students actively involved in finding the solutions
rather than being led to it, but also they feel that
they are in control, even though they are following a
planned sequence of exercises. Students are not
penalized if they take too many steps to find a
solution. However, bright students move rapidly
through the strands, since they solve each exercise with
a minimum number of steps. From the curriculum
developers point of view, one nice feature of the
program is that every strategy used to solve each
exercise is recorded in computer memory as it occurs
and is available for use in evaluation of the instruc-
tional sequence. But the active involvement of the
student is the one most important key to the develop-
ment of a good tutorial program (12, p. 16).

Meridith points out some drawbacks of computer-assisted

instruction. Primarily, the computer is unsympathetic toward

uninvited questions, will seldom be understood, and has

absolutely no sense of humor. He points out that, although

self-branching programs have been written, it is difficult

to foresee anything immediately available capable of auto-

matically making the semantic, syntactical and conceptual

interpretations required in the tutorial dialogue envisioned

as necessary for this type instruction to be most highly

effective (18, p. 16).

Although computer-assisted instruction may eventually

be a primary source of dispensing factual information in

the classroom, many educators and researchers feel that the

primary use and benefits of available forms of programmed

instruction are best suited for supplementation, enrichment

and review. Hennemann reports the result of programmed
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instruction in a remedial pre-calculus mathematics course

and points out that most students undertaking the course are

unsure of themselves in the area of mathematics. The study

indicates that there is no significant difference between the

achievement of those who desired to take the course and that

of students who did not, and that certain problems were

inherent in methods of programmed instruction. Henneman

criticizes the length of the program, its interest of

presentation, and its effectiveness as compared to a teacher.

In short, the students were generally satisfied that the

programmed text could teach but felt that it took unnecessary

fortitude and endurance to complete it (10, pp. 27-32).

In general, from the literature, it appears that the

vast majority of professors prefer some sort of programmed

instruction. Although much current research is being done,

the most-often-used method is that of programmed text

material, either professor-developed, as in (2) or (19) or

published material, as in (10) or (20).

McMahon sums up the entire feeling regarding programmed

instruction.

In summing up, the main objective to programmed
instruction is to teach more material in a shorter
length of time. The intelligent use of automated
learning can allow the student to learn at his indi-
vidual speed, whether it takes him one hour or four to
do a given amount of work is really immaterial, just
so long that the degree of proficiency for the slow
learner, or the fast learner may become a constant
and the time element that the individual spends becomes
the variable (16, p.3).
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In Chapter V of this study, recommendations are made

regarding the method of presentation of the mathematics

developed in this study. Recommendations are made, also, for

a follow-up to the study.
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CHAPTER III

THE CONTENT FOR A BEGINNING COURSE

IN STATISTICS

In determining the course content of a typical course

in research statistics for the behavioral sciences, two

methods were used. First, a list of forty American colleges

and universities offering doctoral programs was selected as

offering representative courses at the desired level. The

universities were selected at random. The catalog of each

university was examined to determine which courses in

different schools, divisions or departments would be appli-

cable to this study. Personal letters were then sent to the

professors teaching the applicable courses at each univer-

sity. A sample of a typical letter is included as Appendix

D, The professors at each university were asked to send

copies of their course outlines and the names of the texts

they used for the course. They were also asked to respond

to the question of the necessary mathematics required for

their course. The course outlines were utilized in an

effort to determine whether a particular topic was taught in

the first semester of a graduate-level statistics course or

in a second semester or higher level course if one was

offered. Because the course outlines were often incomplete,

39
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the actual content could not be determined from the course

outlines beyond general topics. Table I contains a listing

of all topics indicated on the course outlines and the

frequency with which they occur.

Of the replies received from the various universities,

only thirty-six contained course outlines with sufficient

detail to be listed. This was considered sufficient,

however, to determine the semester in which general topics

were taught. The analyses of the bibliographies were used

to determine the specific topical content of a course in

research statistics for the behavioral sciences. If the

frequency with which a topic was taught in the first semester

was nearly the same as that in which it was taught the second

semester, the topic was included in both semesters. A great

deal of overlap between semesters does exist. On the other

hand, if the frequencies were much different, the topic was

listed with the semester having the greatest frequency.



TABLE I

TOPIC ANALYSIS FROM COURSE OUTLINES

Frequency distributions
frequency polygons
histograms
ogives

Percentiles
Percentile ranks
Measures of central tendency

mean
median
mode

Variability or dispersion
range
average deviation
standard deviation
variance
quartile deviation
kurtosis and skewness

Standard scores
The normal curve
Area under the curve
Normalizing a distribution
Linear Transformations
Types of scales
Probability
Bayes theorem
Random variables
Binomial distribution
Normal distribution
Sampling
Sampling distributions of the mean
Estimating parameters
Interval estimation
Confidence limits
Central limits _theorem
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*The course outline number corresponds to the number
assigned to the course outline in Appendix E.

**l indicates the topic is covered in the first semester
and 2 indicates the topic is covered in a later semester
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TABLE I --Continued

Course Outline Number
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TABLE I -- Continued

ic Course Outline Number

Testing hypothesis
difference between means
students t
one and two tailed test

Testing differences between prop,
Analysis of variance

two way
randomized block design
Latin squares design
single classification

Analysis of covariance
F - test
Discriminant analysis
Factorial design
Tukey test of additivity (t test)
Chi square distribution

testing sign. of difference
goodness of fit
coefficient of contingency

Distribution - free statistics tests
the sign test
Wilcoxon's signed ranks test
the median test
Mann-Whitney U test
Wald-Wolfowitz runs test
Kruscal-Wallis H test

Correlation
Pearson r

Other correlation methods
point biserial
biserial
fourfold coefficient (phi)
Tetrachioric
correlation ratio (eta)
the partial r
multiple correlation (r)
Spearman rank - order (rho)
Kendall's (tau)
Kendall's coef. of concordance (W)
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TABLE I -- Continued

Course Outline Number
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TABLE I -- Continued

Course Outline Number

Linear Regression
prediction
equation for a straight line
scatter diagram
method of least square
standard error of estimate
the regression effect
mult iple prediction

Experimental design
random sampling

Testing sign. of corr. coef.
Reliability
Validity
Item analysis
Standard error of measurement

II

2 1 '- 1

2 1

Topic
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Course Outline Number
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From the data in Table I, the following was determined

as a basic outline of topics taught in the first semester of

a graduate course in statistics for the behavioral sciences:

I. Descriptive Statistics

A. Frequency distributions

1. graphs

2. frequency polygons

3. histograms

4. ogives

B. Percentiles

C. Measures of central tendency

1. mean

2. median

3. mode

D. Types of scales

E. Measures of variability and dispersion

1. range

2. variance

3. standard deviation

4. quartile deviation

5. kurtosis and skewness

F. The normal curve

1. standard scores

2. normalizing a distribution

II. Inferential Statistics

A. Probability



1. permutation

2. combination

3. independent and dependent events

4. random variables

B. Binomial distribution

C. Normal distribution

D. Sampling

E. Sampling distributions of the mean

F. Confidence limits

G. Testing hypothesis

1. difference between means

2. the t statistic

3. differences between proportions

H. Analysis of variance

I. Analysis of covariance

1. F - test

2. t - test

J. Chi square

K. Non-parametric statistics tests

L. Correlation

M. Linear regression

N. Discriminant analysis

The following is an outline of topics covered in the

second course of a two course sequence in research statistics

for the behavioral sciences:

I. Inferential Statistics

A. Bayes theorem
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B. Sampling

C. Sampling distributions of the mean

D. Differences between proportions

E. Analysis of variance

F. Analysis of covariance

G. F - test

H. Chi square

I. Non-parametric statistics tests

J. Correlation

K. Linear regression

L. Prediction

M. Experimental design

As noted in Table I, many lesser but related topics were

covered in each semester, but insufficient detail was

available from the course outlines to determine how extensive

the coverage was. It appears, however, that the first

semester is devoted to descriptive statistics and the basis

of inferential statisticsand the second semester is devoted

to a more extensive study of correlation methods, analysis

of variance, regression, analysis of covariance, multiple

and partial correlation, and more depth in topics previously

covered.

Of the forty universities surveyed, course outlines

were received representing fifty-one different graduate

level statistics courses from throughout various departments
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in the behavioral sciences, chiefly, departments of education,

psychology and sociology.

In addition to the course outlines, eighteen departments

responded with various background material, reading lists,

personal studies, personal observations and suggestions.

In Appendix A, the number of respondents from responding

schools is indicated by the number in parentheses following

the name of the school. If no number is included, no

response was received from the school.

From the responses to the letters, a list of the text-

books used in the various courses was compiled. A bibli-

ography of the texts and the number of schools using the

text is given as Appendix C. Each of the texts were

analyzed for specific content by correlating the course out-

lines with the particular text and the applicable sections

being studied, Table II contains a topical analysis of the

topics covered and the frequency with which they occur.

Many texts are used at more than one school and by more

than one department. Following the publication date in

Appendix C, the number of surveyed schools using the text is

indicated in parentheses.



TABLE II

TOPIC ANALYSIS OF UNIVERSITY TEXTS

Topic

7,175117a--O f set S

Mathematics review
equation of a straight line
the exponential curve
the logarithmic curve

General introduction
Frequency distributions

graphs
tabular data
histogram
frequency polygons
ogive (cum. frequency)

Percentiles, (relative standing)
Centiles
Percentile ranks
Variables, discrete and continuous
Types of scales
Distribution curves

standard scores
the normal curve
area under the normal curve
linear transformations
comparing x, z and Z scores
normalizing a distribution
central limit theorem

Mean
Median
Mode
Measures of variability or dispersion

skewness and kurtosis
range
average deviation
variance
standard deviation
semi-int erquart ile range
squared deviation from mean
paired difference test
standard error of the mean
difference between the means
interval estimation based on t

51
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TABLE II -- Continued
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TABLE II --Continued

Topic-

Probability
Permutat ion
combination
independent and dependent events
Bayes theorem
random variables

The binomial distribution
The normal distribution
Mean and variance for binomial dist.
The normal approx. to binomial dist.
Sampling theory
Sample size
Random sampling
Cluster sampling
Interval sampling
Confidence intervals
Sampling distributions of the mean
Estimating parameters
Sampling errors
Difference between proportions
Testing hypothesis

level of significance
one tailed and two tailed test
type I and II error
standard error
the power of a statistic
the t - statistic
degrees of freedom
test of a hyp. of the mean
test of a norm. dist. pop.

The Z test
Correlat ion

the scatter diagram
the bivariate frequency dist.
the index of correlation
Pearson's r
curvilinear correlation (eta)
partial & multiple correlation
point biserial
Phi coefficient
biserial
tetrachloric
Spearman's rank correlation coef.
Kendall's tau



TABLE II -- Continued

BibliographyNumber fromAppendixC

N~ T
-L Lt -;s]A-= SZi9o a

x x x_

xk

2
x 2

x- b x 1- x 24

XL- Z 2L x10

:x 2

x X x 1 3

x ~xK
x 2

-Xx

IK 2

-X XXx Lx k 1

xx xk1 2

x16 ___

-- X- x x x 13

x x x x -25

YL _x9Z__________ 1

x
x x x

x x 11

xx x x x 5

r--A6---1__

54



55

TABLE II --Continued

Topic

the correlation ratio eta
non parametric tests
the sign test
Mann - Whitney U test
Kendall's coef. of concordance W
the F test for W
X2 test for W
rank test for diff. between groups
Wilcoxon rank sum test
runs test (Wald-Wolfowitz)
Kolmogorovo-Smirnov T test
Kruskoll-Wallis H test

Chi square test of significance
the median test
contingency coef. (and tables)
goodness of fit

Linear regression
sampling distribution of b and y
confidence intervals
normal bivariate model
Fishers exact probability
Fishers log. trans. of r
testing null hyp. that p = 0
significance between two r's
the regression effect
linear prediction
method of least squares
standard error of estimate
correlation coef. as an index of pred.

Analysis of Variance
randomized block design
Latin squares design
single classification
two way (Friedman)
sum of square & mean squares
the F test
standard error
test of significance

Analysis of covariance
the F test

Factorial design
Tukey test of additivity
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TABLE II -- Continued

Topic

Experimental design
reliability
validity
item analysis
measurement theory
factor analysis
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In order to obtain a comprehensive coverage of the

topics contained in a beginning research statistics course,

a representative list of available statistics textbooks was

compiled. The purpose for which each textbook was written

was determined primarily by the statement of the intention

of the author from the preface. Care was taken to include

authors from various parts of the country as well as those

with backgrounds from various fields within the behavioral

sciences and from different educational institutions. The

texts were then analyzed by topics to determine what the

authors felt should be included in a research statistics

course for the behavioral sciences. Table III contains a

listing of all topics covered in the texts with the frequency

with which they occur.

In considering topics from various textbooks, a topic

was included only if it was discussed completely in the text.

Many books mention a statistic or a procedure but refer the

reader to another source or give little explanation as to

use and procedure. A topic handled in this manner was not

included in the table for that particular text.



TABLE III

TOPIC ANALYSIS OF SELECTED TEXTS

Topic

Algebra of sets
Mathematics review

equation of a straight line
the exponential curve
the logarithmic curve

General introduction
Frequency distributions

graphs
tabular data
histogram
frequency polygons
ogive (cum. frequency)

Percentiles, (relative standing)
Centiles
Percentile ranks
Variables, discrete and continuous
Types of scales
Distribution curves

standard scores
the normal curve
area under the normal curve
linear transformations
comparing x, z and Z scores
normalizing a distribution
central limit theorem

Mean
Median
Mode
Measures of variability or dispersion

skewness and kurtosis
range
average deviation
variance
standard deviation
semi-interquartile range
squared deviation from mean

bliograpny NumUer
from Appendix B

x

x

XX x x x _ x x

x x x Ix x x Ix X-

x x x x x x

x x x X X x x x

X X _X x xx x x x

x x x x x x x

x x x x x Ix I xx x o

A x x Ix

x x x
x XXX

x x x x
xx x x

~~ xXX Xx x x x x

x x x x x
x x x xx

xx x x XIX x x x x
.X X -X-----X X_

X x x x x x

xx __X.XX

x x x x

x xxx X _xX

x x x x x x x

X x x x x x x x x
Sx x x x x

60

i-r ~rr ,

N' L n
r-

TA IVAN% ev"



61

TABLE III -- Continued

Bibliography Number from Ap endix B
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TABLE III -- Continued

Bibliography Number
from Appendix BTopic

paired difference test
standard error of the mean
difference between the means
interval estimation based on t

Probability
permutation
combination
independent and dependent events
Bayes theorem
random variables

The binomial distribtuion
The normal distribtuion
Mean and Variance for binomial dist.
The normal approx. to binomial dist.
Sampling theory
Sample size
Random sampling
Cluster sampling
Interval sampling
Confidence intervals
Sampling distributions of the mean
Estimating parameters
Sampling errors
Difference between proportions
Testing hypothesis

level of significance
one tailed and two tailed test
type I and II error
standard error
the power of a statistic
the t - statistic
degrees of freedom
test of a hyp. of the mean
test of a norm. dist. pop.

The Z test
Correlation

the scatter diagram
the bivariate frequency dist.
the index of correlation
Pearson's r
curvilinear correlation (eta)
partial &_multiple correlation
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TABLE III -- Continued

Bibliography Number from Appendix B
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Bibliography Number
from Appendix B

point biserial
phi coefficient
biserial
tetrachloric
rank correlation coef. (Spearman's) I
Kendall's tau*
the correlation ratio eta
non parametric tests
the sign test
Mann-Whitney U test
Kendall's coef, of concordance W
the F test for W
X2 test for W
rank test for diff, between groups
Wilcoxon rank sum test
runs test (Wald-Wolfowitz)
Kolmogorovo-Smirnov T test
Kruskoll-Wallis H test

Chi square test of significance
the median test
contingency coefficient (and tables)
goodness of fit

Linear regression
normal bivariate model
Fishers exact probability
Fishers log, trans, of r
testing null hyp. that p = 0
significance between two r's
the regression effect
linear prediction
method of least squares
standard error of estimate
correlation coef., as an index of pred.

Analysis of variance
randomized block design
Latin squares design
single classification
two way (Friedman)
sum of square & mean squares
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TABLE III -- Continued

Bibliography Number from Appendix B
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From an analysis of the topics listed in Table II and

Table III, the following topics are those covered in a

typical course in research statistics for the behavioral

sciences.

I. Descriptive Statistics

A. General introduction

B. Frequency distributions

1. tabular data

2. graphs

3. histograms

4. frequency polygons

5. ogives

6. distribution curves

C. Types of scales

D. Percentiles

1. centiles

2. percentile ranks

E. The normal curve

1. standard scores

2. area under the curve

3. transformations of Z scores

F. Measures of central tendency

1. mean

2. median

3. mode

4. geometric and harmonic means
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G. Measures of dispersion or variability

1. range

2. deviation

3. variance

4. standard deviation

5. semi-interquartile range

6. standard error of the mean

7. difference between means

8. skewness and kurtosis

II. Inferential Statistics

A. Probability

B. The binomial distribution

C. The normal distribution

D. Normal approx to binomial distribution

E. Sampling theory

1. random sampling

2. stratafied sampling

3. sampling distribution of the mean

4. estimating parameters

F. Testing hypothesis

1. confidence intervals

2. level of significance

3. type I and II errors

4. the t - statistic

5. degrees of freedom
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G. Correlation

1. linear correlation

2. the scatter diagram

3. the correlation coefficient (r)

4. the bivariate frequency distribution

5. curvilinear correlation

6. multiple and partial correlation

H. Linear regression

1. linear prediction

2. standard error of estimate

3. method of least squares

I. Other correlation methods

1. Phi coefficient

2. biserial

3. tetrachloric

4. Spearman's rho

5. correlation ratio (r)

J. Chi square distribution

1. test of significance

2. goodness of fit

3. contingency coefficient and tables

K. Analysis of variance

1. one way

2. two way

3. the F test

4. sum of squares
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5. mean squares

6. standard error

7. analysis of covariance

L. Experimental design

1. reliability

2. validity



CHAPTER IV

MATHEMATICS CONTENT

In determining the mathematics content of a beginning

graduate course in research statistics for the behavioral

sciences, each topic in the course outline of the previous

chapter was analyzed to determine the mathematics required

to perform the operation. If the operation is one not

previously required, it is so indicated. In certain areas,

particularly with regard to matrix operations, topics are

included which lend themselves to specific statistics even

though the majority of authors do not use that particular

approach. The result is a composite of all the various

mathematics operations necessary for the course as outlined.

This is shown in Table IV.

It might also be noted from the table that the mathe-

matics topics listed have no logical progression as to

content or difficulty. This lack of sequential order

indicates that a student would need to review the mathematics

before beginning the study of statistics, rather than to

review as he was taking the course, if this review was to

be effective.

72



TABLE IV

MATHEMATICS CONTENT BY TOPIC

Statistics Procedure Mathematics Operation

Frequency distributions Constructing and reading tables
Various types of graphs
Rectangular coordinate systems
Curve sketching applied to

graphs
Concepts of a matrix

Percentiles, centiles, Percentage
quartiles and deciles Converting from fractions to

decimals to percents
Applying percentages to curves
Ratios
Subscripts

Standard scores Using and substituting in
formulas

Use of constants and variables
Discussion of area under a
curve

Measures of central Arithmetic operations
tendency Summation notation

Indexing
Uses of Greek letters

own" Simple equations

Measures of dispersion Exponents
Squaring algebraic binomials
Algebraic fractions
Square root
Absolute value
Properties of radicals
Negative numbers
Polynomial products
Basic algebraic properties
Coefficients
Scalar multiplication of a

matrix
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TABLE IV --Continued

Statistics Procedure Mathematics Operation

Probability Counting procedures
Factorial notation
Combinations
Permutation
Set notation and operations
Venn diagrams
Probability laws
Concept of a limit
Inequalities

Correlation Equations of a straight line
Reading solution graphically
Dependent and independent

variables
Slope
Intercepts

Contingny tablesMatrices and matrix operations

Mean squares and sum of Double summation
squares

Chi quare and Phi Special products and factors

Curvilinear correlation Special curves

Prediction Simultaneous solution
.Determinants-
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In this section, the mathematics topics from Table IV

are grouped together as to topic and mathematics area and

placed in a sequential order as to difficulty. These topics

are then placed in outline form to make up a content outline

for the mathematics required for a beginning graduate course

in statistics for the behavioral sciences.

In certain areas in the outline, notably in the section

covering elementary algebra, topics are included which do

not apply specifically to a statistical formula or operation

but which are necessary to accomplish a sequential develop-

ment of subsequent topics.

Content Outline

I. Numerical Concepts

A. The concept of numbers

B. Arithmetic operations

C. Negative numbers

D. Fractions

1. common fractions

2. ratio and proportion

3. decimals

4. percent

E. Graphical representation

1. number line

:2. bar graph

3. circle graph

4. rectangular coordinates
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F. Exponents and radicals

1. irrational numbers

2. squaring and cubing

3. properties of exponents

4. properties of radicals

5. square root

6. reading tables

7. rounding

II. Mathematical Notation

A. Variables and constants

1. using formulas

2. substitution

3. greek letters

B. Summation notation

1. indexing

2. subscripts

3. arrays

4. double summation

C. Factorial notation

1. definitions and uses

2. counting procedures

3. combinations

4. permutations

III. Set Concepts and Theory

A. Set notation

B. Types of sets



77

C. Set operations

1. Cartesian products

2. union

3. intersection

4. Venn diagrams

IV. Probability

A. Sample spaces and events

B. Independent events

C. Dependent events

D. Calculation procedures

V. Algebraic Operations

A. Exponents and radicals

B. Properties of equality

C. Inequalities

D. Polynomial operations

1. addition and subtraction

2. multiplication

3. special products and factors

E. Algebraic fractions

F, Solutions of equations

G. Equations in two variables

1. dependent and independent variables

H. Graphing equations

1. two variables

2. reading solutions graphically
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I. Linear equations

1. slope intercept form

2. point - slope form

3. two - point form

4. other forms

J. Special curves

VI. Matrix Operations

A. Addition and subtraction

B. Multiplication

1. by a scalar

2. conformability

3. of two matrices

C. Transpose

D. Applications

E. Determinants

F. Solution of simultaneous equations

In the following section, the mathematics contents

outlined previously has been expanded in a useable form. It

is hoped that this section, along with previous discussion,

will be of assistance to those students anticipating a

beginning course in research statistics. If sufficient time

is devoted to the topics discussed here, it is felt that

sufficient mathematics will have been mastered for successful

completion of the statistics course.
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Basic Properties of Arithmetic

In any area involving numbers, a knowledge of addition,

subtraction, multiplication and division is essential.

Everyone is basically familiar with the addition facts and

the multiplication tables. In this section, however, certain

properties will be discussed which make arithmetic operations

somewhat easier. The first of these properties is called

the commutative property, both for addition and multipli-

cation. The property states that the order in which two

numbers are added or multiplied does not affect the result

of the operation. The second property is the associative

property of addition and multiplication which says that the

manner in which numbers are grouped, either for addition or

multiplicationdoes not affect the result of the operation.

It needs to be emphasized at this point, however, that these

properties do not hold true for subtraction or division.

The properties of addition just mentioned enables one

to form certain combinations of numbers which are easier to

manipulate, notably, multiples of ten. These combinations

must be developed through constant practice.

When discussing multiplication, one must become familiar

with the various methods for indicating a product. 5 X 6,

for instance, can be designated as 5-6, (5)(6) or 5(6),

all of which are used at various times to indicate a

product. When letters are used to represent numbers, it

is usually advantageous to avoid the X so that the
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multiplication operation symbol is not confused with the

letter x.

As in multiplication, several symbols are used to show

division. a divided by b can be shown as a + b, b)a, bTTa,

or a/b. Of these, the latter is the most common in applied

mathematics. The fraction bar is a division symbol also.

Use of Formulas

For the non-mathematics oriented person attempting a

study of statistics, many of the formulas appear almost

frightening. For the most part, this can be overcome by some

basic properties of numbers and a little practice. The

problem becomes one of substituting the correct value into

the formula in the correct place and then performing the

operations as indicated.

Before discussing the use of formulas, it is necessary

to understand symbols of grouping. When parentheses (),

brackets [],, or braces {} are placed around numbers on which

an operation is being performed, they indicate that the

operation within the symbols is to be done first or that the

entire quantity within the symbols is to be considered as a

single number. For instance, 5.(8+6) means that 5 is multi-

plied by 8 + 6 or 14. 5-14 = 70. If more than one type

symbol is used in the same mathematical statement, the

operation within the innermost parentheses is performed

first. For instance 7[5+3(8-6)] = 7[5+3(2)] = 7[5+6] =

7111] = 77.



If a number is multiplied times a sum enclosed by

parentheses, the distributive law states that one may either

add the numbers within the parentheses and then form the

product or first multiply by each number within the paren-

theses and then form the sum of the products. Symbolically

this can be written a(b+c) = a.b+a-c. This property offers

an alternative in one situation when using symbols of

grouping.

Keep in mind, when more than one operation is indicated

and no symbol of grouping is used, the operations of multi-

plication and division are always done before performing the

additions or subtractions.

Consider the mathematics expression (xy). If one
x2_2x 2-y

wishes to find the value of this expression when x = 5 and

y = 2, substitute these values in the expression. It then

becomes (5-2) = 3 3=1
a a 25-4 Tf 7

5 2-2y 54 --

Notice that the quantity in the parentheses in the

numerator must be combined before the division could be

performed. Also, in the denominator, 52 and 22 are products

which must be performed before the subtraction. mhen both

numerator and denominator have been simplified, then the

final division can be performed.

Fractions

Any work in mathematics, particularly statistics,

requires a working knowledge of fractions. A summary of
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the concepts of numerical fractions will be presented here.

In dealing with numerical fractions, it is advantageous to

restrict the discussion to the rational numbers, that is, to

numbers of the form a/b where both a and b are integers

(b t 0). The operations thus discussed will then be extended

to algebraic fractions.

Equivalent Fractions

Fractions are said to be equivalent if they can be

reduced to the same form. 1/2 and 2/4 are equivalent. The

fundamental property involved with equivalent fractions is:

The numerator (the top number) and the denominator (the

bottom number) of a fraction may be multiplied or divided by

the same non-zero number resulting in an equivalent fraction.

Fractions can be compared only when they have a common

denominator. Their relative size is then determined by com-

paring their numerators. The property mentioned above is

of primary importance to forming fractions with the same

denominator. For instance, which is the larger, 1or ?

19 = l93 57 = 17.4 68
32 32*3 24~2-4 9

It is now clear that 68=17 is larger than 57=19

Fractions are reduced to lowest terms by dividing both

the numerator and denominator by all their common factors.

When the numerator of a fraction is larger than the

denominator of the fraction, the fraction is called an

improper fraction. Otherwise, the fraction is referred to
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as a proper fraction. Sometimes, a number is written as an

integer along with a fraction, such as 3 1/4, meaning 3

+ 1/4, Numbers written in this form are called mixed

numbers or mixed fractions. Mixed fractions are more easily

worked with when they are converted to improper fractions.

This is done by converting the integral part of a mixed

number into an equivalent fraction whose denominator is the

same as the fractional part of the number. The numerators

of the two parts are then added together and placed over

the common denominator, For instance 3 1/4 = 12/4 + 1/4

- 13/4.

A rule for the conversion from mixed number to improper

fraction could be formulated as follows:

To convert a mixed number to an improper fraction,

multiply the integral part of the number by the denominator,

add the numerator of the fractional part and put the sum

over the denominator.

Addition and Subtraction of Fractions

Addition and subtraction of fractions is done by first

changing all fractions into equivalent fractions having a

common denominator. The numerators are then combined, using

the rules for combining integers, with the result being

placed over the common denominator. For simplification, the

common denominator chosen should be the lowest common

denominator. In working with fractions, all results should

be reduced to lowest terms.



1 5 3 10 13
For example, + 12 + MOM g

X _ X2 _y2  Xt+y

or yz+xz iy+xyz =xyz

Multiplicat ion of Fractions

The product of two fractions is found by multiplying

the numerators and the denominators. This operation can be

simplified still further if the results are left in factored

form until they have been reduced as far as possible.

3 16 Z*$-2 2
For example: 21 = _-9 = 2,

or =4 O .V

Division of Fractions

The quotient of two fractions is found by multiplying

the dividend by the reciprocal of the divisor, that is,

inverting the divisor and following the procedure for multi-

plication.
S5 = 1.6 = 1.2*3 2 3 . 2

For example: 3 3 5 35 FO5 5

or 7+2=7.1= 7.
F F 2 1
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Decimal Fractions

When fractions are written having a denominator of some

power of ten, they can be alternately written in decimal

form. Just as the place values of numbers greater than one

are written beginning with the whole number digit on the

right, so are numbers less than one written in place value

form. If a decimal point (a period) is placed after the

right most whole number digit, each place to the right is

given a place value. The first place to the right is the

tenths place, the next is the hundredths, the next the

thousandths and so on. Therefore, .1 = 1/10, .01 = 1/100

and so on.

Addition and subtraction of decimals is accomplished

by lining up the decimal points and then performing the

operations as in operations with integers. The multipli-

cation is performed as in integerswith the decimal being

placed by adding the total number of decimal places in each

factor. This is equivalent to finding the product of two

fractions where the decimal placement becomes the product of

the denominators. Common fractions are converted to decimal

form by dividing the numerator of the fraction by the

denominator.

Percent

The term percent means "by the hundred," using the

symbol %. Therefore, 5% means five parts out of one hundred

or the ratio 5/100 or .05. The process of changing a
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percent is one, then, of replacing the symbol, %, by 1/100

or .01 and carrying out the multiplication. In the same

manner, a decimal may be changed to a percent by multiplying

the number by 100 and placing the % symbol after the number.

Since % means 1/100, this is equivalent to 1/100(100) = 1 so

no change in value takes place, only a change in form.

In statistics, percent is most often used in discussing

percentiles and percentile ranks. The first percentile,

designated as p is such that 1 percent of the data falls

below p,, the second percentile is such that 1 percent of

the data falls between p and p and so on, so that the 50th

percentile is such that 50 percent of the data falls below

P*. When these percentiles are given a rank order, they

are called the percentile ranks.

Mathematical Notations

In studying mathematics, particularly in statistical

formulasmany shorthand notations are used to help shorten

the writing of many mechanical operations. In this section

some of these notations most applicable to students of

statistics will be discussed.

Subsrits

Since letters are used widely in mathematics formulas

to stand for numbers,it is often valuable to let one letter

stand for a certain type number. For instance, in the

formula A = irr2 which is the formula for the area of a
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circle, the r is used to refer to the length of the radius.

If one wished to speak about more than one radius, it would

still be desirable to use the letter r. To avoid confusion

and still maintain the use of the letters, a small number is

placed to the right of the letter and slightly lowered. This

number is referred to as a subscript and is used to differ-

entiate between values or quantities using the same letter.

For instance, r1C (read as r sub one) would designate the

first radius and r could be used to designate a second
a

radius. In this manner one could refer to as many different

radii as necessary without the danger of confusion.

Indexing

When variables or letters are used which must take on a

succession of values in a given order, a small letter or

index is used to indicate which variable is assigned the

specific values. For instance, if n represents a number,

then n1 (read n sub i) would indicate the ith one of these

replacements for n. If i were allowed to take on successive

values such as 1,2,3,4,..., one would be referring to a

sequence n , n2, n3, n , ns,... where replacements for n

would be chosen in the order indicated by the index. As a

further example of indexing, consider a set of 100 different

values in tabular form. These could be assigned numbers

from 1 to 100. Indexing would allow a short notation for

indicating any specific number of the values. If n

represented a tabular value, then n would indicate the
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42nd value in the table. Also, {n., i = 2,4,6..., }100 would
I

indicate the set of values {n , n , n6,..., n }, that is,

every other value.

Summation Notation

The Greek letter 1, (capital sigma) is the mathematical

symbol used for indicating the operation of finding the sum.

The symbolism IX means "find the sum of all the numbers used

as replacements for X." This notation is often used as a

column or row heading in statistics and in writing statis-

tical formulas. Consider the example of finding the mean

(arithmetic average) of a set of test scores. This is done

by finding the sum of all the scores and dividing by the

number of scores.

YX 582X The mean is' 7 = - = 83.14 since there are 7 test
75
86 scores. The general formula for the mean could be
95 jX
83 written as Mn where X stands for the scores and
78n
78n stands for the number of scores used.

68
X= 52

In an expression such as pI the sum of all the

replacements for X must be found, then the sum of all the

replacements for Y. The product of these sums is then foun

before dividing by the number N.

Caution must be exercised in using summation notation

so that the order of operation is preserved. X2 and (yX)2

are often confused. JX 2 indicates that each X is first

d
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squared and then these squares are added. (IX)2 on the

other hand indicates that the sum of all the X values is

found and then the entire sum is squared. These are not the

same numerical value.

Also, an expression such as (- y)2 indicates that

the difference between the replacements for Y and y must

first be found as indicated by the parenthese s, this

difference must be squared and then the sum of all these

successive values must be found.

Further, an expression such as bJX indicates that the

sum of all the X values is found first and then the sum is

multiplied by the number b, where b represents some constant

value. JbX on the other hand would indicate that each X is

multiplied by the constant b, and then the sum of all the

products is found.

Summation Notation with IndexinZ

The notation discussed earlier takes on more

important significance when it is used in conjunction with
n

the concept of indexing. The notation X1 indicates that
i=l

all the X's are added beginning with the first through the

nth, where n is some known tabular quantity. The notation

above could have been written without the index and still

had nearly as much meaning, but usually the use of indexing

adds a great deal of clarity to the meaning of a mathe-
n

matical statement,. The notation (X -X fo),r
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instance, would indicate finding the sum of numbers formed by

first finding the difference between it and the number just

preceding it in a set, and then adding these differences.

Double Summation

As a further consideration of summation notation, it is

often necessary to form a sum from previously formed sums.

A shorthand notation for this would be the use of double

summation. In general, the use of double sumation would

also require the use of a double subscript.

n 10
For instance, i X would be performed as

i=l jml ii
n 10 10 n

X or equivalently as Xi j since the
iml j =1 Jjl

order in which sums are performed does not affect the value.

That is, in the first case, the sums of ten X values would

be found and then the sum of n of these sums would be formed.

As an example of how this might be used, suppose that

a car was being used by four different salesmen as a

demonstrator for five different days. This mileage could

be represented in tabular form by Figure 1.

If i represents the salesman subscript and j represents

the day subscript then the total mileage the car is used
4 5

could be represented as :1 X I 1ij.
i=l j=l



Fig. 1 -- Use of dlouble summation notation

Absolute Value

The absolute value of a number is the numerical value

assigned to the number without regard to the sign (positive

or negative) of the number. The formal definition of

absolute value, written jal is:

lal = a if a > 0 (a is positive or zero).

tal = -a if a < 0 (a is negative)

Notice that the absolute value of a is always non-

negative. If a = -6 the second part of the definition is

involved where a < 0, then al = -(-6) = 6.

Example: 1151 = 15

1-151 = -(-15) = 15.

91

Day_
Sales -2Salesman

__a_n 1 2 3 4 5 total

1 7 9 3 2 15 m =36

2 31 14 6 8 M2 42
____ ___ ____ __ j=1

5
3 5 4 12 7 14 i 3  42

j=1
4 6 5 5 6 9 m = 31

- - 4 444 5 -
Daily M mm m m m I M
total i=1 i i 2  ii14 i 1 5  j i

21 =21 = 34 =21 =146 =151
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Absolute value is often used when only the size of a

quantity is desired.

ja - bi, for instance, indicates that only the size of

the difference between a and b is desired whether positive

or negative. 15 - 21 = 131 = 3 and j2 - 51 = 1-31 = 3.

This example points out that fa - bj = lb - al when a and b

are any real numbers. In addition, the following interesting

properties of absolute value are given without proof.

1. lat.jbj = a.b

2. a

3. Ia + bj <tat + b|

4. ja - bI <tatI + b i .

5. -jal < a < tal .

Negative Numbers

In discussing the properties of arithmetic,the set of

negative numbers must be considered. If one looks at the

number line, it is observed that for every number to the

right of zero (the origin), there is a number the same

distance to the left of zero called its negative. Some

basic properties of the negative numbers will be discussed

here.

If a number is decreased by itself, the result is zero.

That is, a - a = 0. In the same manner, a number added to

the negative of itself also results in zero. Therefore,
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a + (-a) = 0 where -a is used to designate the negative of

a. For this reason, a and -a are called additive inverses

of one another. This inclusion of the negative numbers into

our system necessitates discussion of arithmetic operation

of the signed numbers, those numbers designated as either

positive or negative.

When two signed numbers are added, if the signs are the

same, the numerical values of the numbers are combined and

the sum is given the common sign. If the two numbers differ

in sign, the difference between their numerical values is

found. The result is then given the sign of the number

having the greater numerical value.

When two signed numbers are subtracted, the sign of the

second number (the subtrahend) is changed and the rules for

addition are adhered to. Therefore, to subtract one signed

number from another, add its additive inverse.

The product of two signed numbers is found by taking

the product of the numerical values of the two numbers and

if the signs are alike, the product is given a positive

sign; if the signs are unlike, the product will be negative.

These same rules apply, also, to finding the quotient of

signed numbers.
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Factorial Notation

When a non-negative number is written followed by an

exclamation point such as n! it is known as factorial no-

tation. The factorial of a number is the product of the

number itself by all positive numbers smaller than itself.

That is, n! = n(n-l)(n-2)(n-3)...3-2'l. This notation is

widely used in the study of probability and counting

procedures.

Example 1. 5t = 5-4-3-2-1 = 120

2. 61 65-4-3*2*1 = 6-5-4 = 120
2 31 32*-1

(n-r)!=1 =

3. T(--Tp! = (n-p)(~n-p-1)...(n-r+l) i >

4.=(n-r) = (n-r)(n-r-l)...(n-p+l) if r < p.

If one observes the examples for a moment some of the

work with factorials can be simplified. For instance, n!

- n(n-l)1 = n(n-1)(n-2)1 and so on. Since any number
nI_

divided by itself is 1, n -1 for any n t 0. Therefore,

n! - n(n-1)! = n
(n-1) (n-I)F

6! 6-5-4-3! = 6*5*4 = 120 and so on.
7T. 3t

This allows us to reduce fractions involving factorials

without writing the complete factored form of the factorial.

In order to use theorems involving factorials one needs

two important definitions:

I. 1! = 1 .

II. 01 = 1 .

Also, factorial is not defined for negative integers.
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Properties of Radicals

Certain square roots can be simplified if a few basic

properties of radicals are remembered. First, if a and b

represent positive quantities, (l) 2  a = /i2 from the

definition.

Also l/NT = /aob andS if a and b are positive.

Example 1. /5/3 - fl3 = 5.

2. /77./l=7T =9

27 C
3. = -= = .

3
Also, in Example 2, observe that /27 = /YT/ = 3/T.

I7/7 then becomes V7olT./T = /9(/3)2 = 3*3 = 9.

This process is particularly useful when one wishes to

simplify a radical expression before finding an approximate

root. If, in Example 2, the approximate roots would have

been found first,/27 = 5.196 and /3 = 1.732; (5.196)(1.732)

= 8.999472,which not only involves much more work, but is

merely an approximation for the true answer which is 9.

Since tables are available for the square roots of

some smaller numbers, these properties sometimes help

simplify a problem so the root can be obtained from a table

of square roots.

In general, i', read "the nth root of a," is one of n

equal factors of a. The properties discussed previously

also apply to radicals in general if the number under the

radical (the radicand) is positive.
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aa

That is, /W./U = /.WU, ()n = a, ~b = "b

if b A 0 and 'a = a.

If the radicand is negative, special consideration must

be given to the laws governing signed numbers. If the index

is even, the root is imaginary and cannot be found. If the

index is odd the operation may still be performed.

Square Root

Many operations in statistics involve finding square

roots, that is, one of two equal factors of a number. The

square root of a number is, therefore, a number such that

when it is multiplied by itself will result in the given

number. The square root of n is designated by liT where I

is the radical symbol and n is referred to as the radicand.

By definition, li refers to the principal or positive

square root of nand i*VA = n where n is a positive real

number. From work with signed numbers it is known that

(-T)(-fn) = + (li)(AT) = n. -Vii is called the negative

square root of n. If the negative root is desired, the

negative sign in front of the radical must be used. If

both square roots are desired, the dual symbol , read

"plus or minus," is used.

Attention is called to a very important property of

square roots. Namely, if the radicand is not positive, the

square root does not represent a real number. A number of

this type is called an imaginary number. Since in statistics,
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one is nearly always involved with real quantities, care

must be taken to maintain a positive radicand.

Calculating Square Roots

Various methods of finding square roots are available

but only two will be discussed here. The first method is

a traditional algorithm and is useful where access to a

calculator is not available.

The first mechanical method of finding square root will

be done by the following illustrative example.

Example, Find the square root of 625.

2 5
6U~2~. First, beginning at the decimal point, divide
4

401 725 the number into groups of two digits each. The
40 2 25

0 group furthest left need not have two digits

in it. Then, find the largest number which

when squared will be smaller than or equal to

the given group. In this example that number

is 2. This number is placed above the radical,

then squared, and the square is subtracted

from the group of numbers. Here, 6 - 4 = 2.

Bring down the next pair of numbers. Double

the partial root (2 X 2 = 4), multiply it by

10, and use it as a trial divisor by dividing

it into the new number (40 into 225). Since

40 is contained in 225 five times, the true

divisor is 45. When 45 is multiplied by 5,
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the product is placed under 225 and the

difference is taken again. In this case,

the difference is zero and the desired root

is 25.

A second method that is often more useful to statistics

students when a calculator is available is illustrated by

the following example.

Example. Find 453.

First observe that (25)2 = 625 and (26)2 = 676.

Since (~563)2 = 655, 25 < /65 < 26. If we assume /55

0 25.5, that is, halfway between 25 and 26, it is seen that

(25.5)2 = 650.25. Therefore, 25.5 <v55 < 26.

Next assume /65 7 25.75 (halfway between 25.5 and 26)

and note that (25.75)2 = 663.0625. Therefore, 25.5

< /67 < 25.75. Since it appears closer to 25.5, try /67

= 25.6. (25.6)2 = 655.36 so 25.5 < /67 < 25.6. Next,

try 25.55 and since (25.55)2 = 653.8025, 25.55 < /637

< 25.6. Continued use of this method of approximation can

be carried on until the desired accuracy is reached.

Another method for finding square root is available.

This method closely resembles the one shown previously and

uses the same principles. It is, however, somewhat faster,

particularly,if a calculator is available which performs

division. Again, this method will be illustrated by a

numerical example.
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Example. Find /U225.

First, use as a trial root the largest perfect square

smaller than the number. In this case,

(47)2 = 2209 < 2250 < 2304 = 48'. Divide this root

into the number.

47.65
47)2250 = 47.7 so that (47) < /2250 < 47.7.

The value thus obtained will become the second value

of the trial root. Find the value midway between the two
47.65+47

approximations and continue the process.- 2

= 47.33.

47.53
47.33)2250.0000 so that 47.33 < /2250 < 47.53.

47.33+47.53 = 47.43 as the next trial root.
2

This process is continued until the desired accuracy is

attained.
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Exponents

When a number is placed slightly above and to the right

of another number, as in a
2 , the number is called an

exponent. The exponent indicates the number of 
times the

number it is attached to is used as a factor. 
This number

is referred to as the base. In the expression a2 , read "a

squared, " a is the base and 2 is the exponent. In an

expression such as (X-y) 2 , the entire expression (x-y) is

the base. This notation means (x-y)(x-y).

In general, an means a used as a factor 
n times where

the a represents, for our purposes, an integer. The

following definitions and theorems regarding exponents 
are

given without proof. The reader can verify the properties

with simple numerical examples. It is assumed that no

denominators are zero.

Example 1. an*.am an+m .

2. (an)m an.m .

3. =an-m
am

an (n
4. b n 

.
bn

5. an-bn = (ab)n

6. a1 = a

7. a* = 1, if a A0
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Equations

When two mathematical quantities are set equal to each

other, the resulting mathematical statement is called an

equation. If a letter is used in the equation to represent

a set of possible values, this letter is referred to as a

variable. The set of possible values which the variable

can assume is called the replacement set for the variable,

and the set of elements of the replacement set that result

in a true statement is called the solution set of the

equation.

If the equation is true for all possible replacements,

it is called an identity; otherwiseit is called a condi-

tional equation. The mathematical situation that usually

exists in using equations is that of finding the solution

set of conditional equations.

The solution set of equations can be found by using the

properties of equality. That is; (1) any number can be

added (or subtracted) to both sides of an equation without

changing its value. (2) Both sides of an equation may be

multiplied (or divided) by a non-zero number without

affecting the equality. Both sides could be multiplied by

zero but this would result in the trivial equation 0 = 0.

Proportions

When an equality is formed between two ratios, the

resulting equation is called a proportion. In a proportion

of the form 2= , a and d are called the extremesand b andb Fd
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c are called the means. Proportions can be solved by

combined use of the properties of equality discussed pre-

viously, but a property which is a combination of the

properties of equality is worthwhile to remember, that is,

in any proportion, the product of the means is equal to the

product of the extremes. In the previous proportion,

bc = ad. Other theorems are often presented with reference

to proportions but they are consequents of repeated use of

the properties of equality.

In solving equations, it is necessary, by use of the

properties of equality, to get all terms not containing the

variable on one side of the equation and all terms contain-

ing the variable on the other. The resulting members of the

equation can then be simplified until the value or values

of the variable can be determined.

Inequalities

Just as equations are important in mathematics, so are

mathematical statements involving quantities which are not

equal. These mathematical statements are called ine-

qualities. The basic symbolism is t (does not equal), <

(less than), and > (greater than.) In addition, the symbols

< (less than or equal to) and > (greater than or equal to)

are used in the discussion of inequalities.

The statement x < 3, refers to the set of all numbers

to the left of three, on the number line, not including
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three. (See Figure 2.) On the other hand, the statement

-E -4 -3 %, - i- --- 0 1 z ' 4 5

Fig. 2--Graph of numbers less than three

x > 5 would indicate all numbers to the right of five on the

number line, not including five. (See Figure 3.)

NII I (T) I ) y

-2 -1 0 1 2 3 4 5 6 7 8

Fig. 3--Graph of numbers greater than f ive

In order to include the three or the five, the statements

would be written as x < 3 and x > 5 respectively.

Intervals on the Number Line

The set of all numbers between a and b on the number

line, including both a and bcould be written as [ab],

called the closed interval from a to b. If a was not

included but b was, the notation would be (a,b]. If a was

to be included but b was not, the notation would be [a,b).

Both [a,b) and (a,b] are called half-open intervals. If

neither endpoint is to be included, the open interval from

a to b would be written (a,b). Note: Although this notation

for the open interval is the same as that for an ordered

pair, the context of the material will always make the

meaning clear.

The inequality notation is often used for the discussion

of intervals. The closed interval from a to b would be
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written as {xj a < x < b, read: the set of all numbers x

which are greater than or equal to a and less than or equal

to b. Often the set-builder notation is omitted and the

interval is written simply a < x < b. [a,b) is alternately

written as {xJ a < x < b} or a < x < b, (ab] is written as

{x a < x < b} or a < x < b,and (a,b) is written as

{xj a < x < b} or a < x < b. These intervals are shown

graphically in Figure 4. It is assumed that a < b.

a b

a b

Fig. 4 -- Number line intervals

One often encounters statements which exclude certain

values. In this case, the notation is not so compact. If,

for instance, one wanted to use all values except those

between 9 and 15, the values would be written as

{xj x <_9 or x <15}. Again, the choice of symbols will

determine whether the boundary points are included or not.

(See Figure 5.)

-5 0 5 10 15 20

Fig. 5--Graph of numbers greater than fifteen or less
than nine.

a b
)
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Solution of Algebraic Inequalities

In order to solve algebraic inequalities, recall three

basic properties.

1. Any number may be added to or subtracted from both

sides of an inequality without changing the sense of the

inequality. That is, if a < b, then a + c < b + c for any

number c.

2. Both sides of an inequality can be multiplied (or

divided) by any positive number without changing the sense

of the inequality. That is, if a < b, then a*c < b'c

provided c > 0.

3. If both sides of an inequality are multiplied or

divided by a negative number the sense of the inequality is

reversed.

That is, if a < b and c < 0 then a*c > b'c.

To solve the inequality ax + b > c for x, one must

first subtract b from both sides.

ax + b - b > c - b,so that

ax > c - b .

Dividing both sides by a, the expression becomes

ax > c - bprovided a > 0.
a a

This results in the desired solution set for x, which is:

{xj x a> }
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Quadratic Inequalities

Quadratic inequalities (those involving a variable to

the second power) result as a product of linear factors.

If they are factorable, they are easily solved by considering

the possibilities for the factors. This can be more clearly

understood by the following illustrative example. Consider

the inequality x2 + 5 > 4x. To solve, we first subtract

4x from both sides resulting in x2 4x + 5 > 0. Factoring,

this takes on the form (x-5)(x+l) > 0. Since this product

is positive, that is, greater than zero, two possibilities

exist. Either both factors must be positive or both must be

negative. In the first case, x - 5 > 0 implies x > 5 and

x + 1 > 0 implies x > -1. The second statement is not

necessary, since if x > 5 it is also greater than -1. If

both factors are negative, x - 5 < 0 implies x < 5 and

x + 1 < 0 implies x < -1. Of these, the first is not

necessary since if x < -l it must be less than 5. The

complete solution is therefore {xf x > 5 or x < -l}.

As a further example, consider the solution of

x2 + 7x + 6 < 0. Factoring, this becomes (x+6)(x+l) < 0.

The negative product requires that one factor only must be

negative. The two alternatives are therefore:

x + 6 < 0 and x + 1 > 0

x < -6 and x >-l

or
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x + 6 > 0 and x + 1 < 0

x > -6 and x< -l .

Clearly, the first of these is impossible since no

number is smaller than -6 and at the same time larger than

-1. The desired solution is therefore {x1 -6 < x < -l}.

Inequalities Inyving Absolute Value

Inequalities involving absolute value may be solved

much like quadratic inequalities since fat < 3 indicates

that either a < 3 or -a < 3. This can also be written as

-3 < a < 3. Consider 12x + 51 <7. Either 2x + 5 < 7 or

-(2x+5) 7. If 2x + 5 < 7, 2x < 2 and x < 1. In the

second case, -(2x+5) < 7, 2x + 5 > -7, 2x > -12 and x > -6.

The solution is therefore {xj -6 < x < 1}.

Alternately, 12x + 51 <7 implies that

-7 < 2x + 5 < 7. Subtracting 5,

-12 < 2x < 2 . Dividing by 2,

-6 < x <1 , which is the solution.

In statistics, quadratic expressions are often already

in factored form,such as n(n-1), and are not recognized as

such. The general method for solution presented here works

as well when there are more than two algebraic factors.

Elementary Set Theory

A set is a collection of objects or things. Each of

these objects is called an element of the set. Sets are

designated by the use of braces ( }. When elements of a set



108

are listed or enumerated within the braces, the set is said

to be in roster form. The sets of vowels in the English

alphabet would be designated as {a,ei,o,u} and the whole

numbers between 0 and 10 would be listed as {l,2,3,4,5,6,7,

8, 9} if given in roster form.

It is sometimes inconvenient or impossible for all the

elements of a set to be listed in roster form and the set is

written in rule form, that is, written out in words. For

instance, to write out the whole numbers between one and one

million would be very tedious. This set could be written as

"the set of whole numbers between one and one million" or as

a slightly shorter form {whole numbers between one and one

million}.

If there is some number n so that a set has exactly n

elements, the set is called a finite set. Otherwise, the

set is called an infinite set. All of the sets previously

discussed have been finite, whereasan example of an infinite

set would be the set of real numbers between 5 and 10. In

the extreme case, when a set has no elements it is referred

to as the null set or empty set. The symbol for the null

set is 0 or {}. It must be emphasized here that {0} is not

the empty set, but a set which has the empty set as an

element.



109

Set Notation

In general, the elements of a set are designated by

lower case letters or numerals and the sets themselves are

designated by capital letters.

Note that if a numeral or element appears more than

once in a set, it need be listed only once. For example,

the set of prime factors of 64 is {2} but the prime factored

form of 64 is 2.2.2.2.2.2 = 2 * Care should be taken to

use the correct notation.

The symbol which designates an object as an element of

a set is E . Therefore, if A = {a,e,i,o,u}, we can write

e E A. If, on the other hand, B = {e,i,o}, we cannot write

B E A since B is a set and not an element. When every

element of one set is in turn an element of another set, the

first set is called a subset of the second. The symbol C

means "is a subset of." In our illustration above, we

could write BQC A or A D B.

In common practice and for simplification of notation,
the following set designations will be used for sets of

numbers.

N = {natural numbers}.

W = {whole numbers}.

J = (integers).

Q = {rational numbers).

R = {real numbers).

I = {irrational numbers).
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This convention will be followed in the remaining

discussion where applicable.

Set-Builder Notation

In some cases, when sets are not conveniently given in

roster form, a simplified notation called set-builder no-

tation can be used. As an example of this notation, consider

the set of real numbers between 5 and 10. This set would be

written as {xj 5 < x < 10 and x E RI and is read: the set

of all numbers x, such that x is greater than 5 and less

than 10, and x is a real number. The set A = {l,2,3,4,5,6,

7,8,91 could alternately be written as A = {x[ 0 < x < 10,

x E WI. Other forms of the same set in set-builder notation

would be A = {xl 1 < x < 9, x E N} or {xf 1 < x < 10, x E J}.

Notice that since N C W Q:J and AQC N, every element of A

must be an element of N, W and J. The vertical bar is read,

"such that."

Set Operations

When one begins the discussion of operations between

sets, the set which contains the totality of all elements

under consideration must be defined. This set, designated

as U, is called the universal set or the universe of

discourse. All further sets will be subsets of U. If the

discussion involves various problems involving real numbers,

which is often the case, the universal set U will be R.
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When two sets have identical elements, the sets are

said to be equal. If, on the other hand, the sets do not

contain the same identical elements but have the same number

of elements, the sets are said to be equivalent. In the

discussion above, U = R. If A = {1,2,3,4,5} and B =

{a,e,i,o,u} then A is equivalent to B. Various symbols have

been used for equivalent. -~ and = are two symbols often used

for equivalence between sets. If AQC B and BC A then

A = B.

Set Union

When a set is formed which consists of elements belong-

ing to either one set or to another or to both sets, the

set consisting of all these elements is called the union of

the two sets. This set is designated symbolically as X U Y
or the union of set X and set Y. If X = {l,2,3,4,5} and

Y={3,4,5,6,7,8}, then X U Y = {l,2,3,4,5,6,7,8}.

We can also observe the following additional set unions.

Q U I = R. If A CB then A U B = B.

NU{0} =W. AU0= A.

W U{xf -x E N} = J.

{xj -x E N} designates the set of additive inverses of

the natural numbers or the negative integers, and the set of
whole numbers is merely another designation for the positive

integers.
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The written or English equivalent to the union of two

sets is the word "or.1"

Set Intersection

The intersection of two sets is a set consisting of all

elements belonging to both of two sets at the same time.

This can be thought of as the set of all elements common to

two sets. The symbol for set intersection is 0. The

intersection of set A with set B is written as A A B. If

A = (9,10,lll2,l3} and B = {5,6,7,8,9,10} then A 0 B =

{9,101 or the elements common to both A and B.

When two sets have nothing in common, that is, when the

intersection of the two sets is empty, the sets are said to

be disjoint. For example, I A Q = , so the set of rationals

and the set of irrationals are disjoint sets.

Notice that if A C B, A A B = A. Also, in every case,

A ~0 = 0.

Set Complement

A set which consists of all elements in the universal

set which are not contained in a given set is called the

complement of the given set. That is, A' (read "A prime,"

"A complement," or "not A") is the set of all elements in U
which do not belong to A. It should be noted here that

AU A' = U,so that a set and its complement can be said to be

together mutually exhaustive, meaning that the union of the two

sets contains all possible elements in the universal set.
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Note that A' Q U and A C.U and that if At = L, then

A = U. Conversely, if A' = U, then A = S. Also note that

(A')' = A.

VennDiagrams

It is often convenient to draw a diagram representing

the operation between two or more sets. These diagrams are

referred to as Venn diagrams after the man who developed

them. In these diagrams, the universal set is designated

as a rectangular regionand the subsets of U are designated

by circular or oval regions. The diagrams in Figure 6 illus-

trate some common Venn diagrams. The operation is shown as

a shaded portion.

U
A B

AAB

A'

U

AOB

A UB

U
A

B

BQA

(A UB)'

Fig. 6--Venn diagrams of set operations

A diagram of this type, although not constituting a

solution of a problem by itself, can be a very valuable aid



in arriving at the solution to a problem involving set

operations. Its use can be extended to operations involving

more than two sets. An example of this is indicated in

Figure 7.

1U_

A B

C

(A Q- B) O c

Fig. 7--Venn diagram using three sets

Both union and intersection are commutative operations.

That is, A U B = B U A, and Aqn B =BQA. The order in
which the sets are written does not affect the operations of

union and intersection. Also, both union and intersection

are associative operations. That is, the way three or more

sets are grouped for one operation does not affect the out-

come. (A U B) U C = A U (B U C), and (A n B) nC
=A O (B OaC).

Further Set Properties

For the operations with sets, there are two distributive

laws: one for union over intersection and one for inter-

section over union.

These are illustrated as follows:

A U (Bflc) = (A U B)O (A U C),
[Distributive law for U over 0 i.
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An (B U C) = (An B) U (AD nC),

[Distributive law for 0 over U I.

In addition to the above properties, there are two

additional important relations involving complements. These

are known as De Morgan's laws and are stated as follows:

(A U B)' = A' 2 B' or "the complement of the union of two

sets is equal to the intersection of the complements of the

two sets," and (AD B)' = A'U B' or "the complement of the

intersection of two sets is equal to the union of the comple-

ments of the two sets."

Although no proof of the above laws are given, the

reader should convince himself by means of Venn diagrams

that they are in fact true.

The Cartesian Product

When a set has two elements which always appear in a

certain order the set is called an ordered pair. Ordered

pairs are enclosed in parentheses instead of the braces used

in conventional set notation. One often encounters sit-

uations in which sets of ordered pairs are involved.

Labeling points on a coordinate system and describing a

relationship between two quantities are two examples of this.

The Cartesian (or cross) product between two sets is a

set of ordered pairs in which the first coordinate of the

ordered pairs comes from one set and the second coordinate

of the ordered pairs comes from the other set.



116

The following illustration will more fully describe this

procedure and the notation used.

If A = {2,4,6,8} and B = {1,3,5,71 then the Cartesian

product of A with B, written A X B is the set of ordered

pairs where all first elements come from A and all second

elements come from B.

A X B = {(2,1), (2,3), (2,5), (2,7), (4,1), (4,3),

(4,5), (4,7), (6,1), (6,3), (6,5), (6,7), (8,l), (8,3),

(8,5), (8,7)}.

Notice that the number of ordered pairs in A X B is the

product of the number of elements in A times the number of

elements in B. Notice also that the Cartesian product of

two sets is an example of a non-commutative operation; that

is, A X B # B X A since B X A = {(1,2), (1,4), (1,6),

(1,8), (3,2), (3,4), (3,6), (3,8), (5,2), (5,4), (5,6),

(5,8), (7,2), (7,4), (7,6), (7,8)} where the first elements

of each ordered pair is taken from B and the second element

from A. A X B is equivalent to B X A, however, since they

both have the same number of elements.

The Fundamental Counting Principle

Good use of the idea of a Cartesian product can be made

when one considers the number of ways in which some event can

happen. This idea is very basic to the study of statistics.

If for example, a first choice can be made in A ways and,
after this choice has been made, a second choice can be made

in B ways, then the two choices in the order indicated
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can be made in A X B ways. This fundamental principle of
counting can be extended to any number of choices.

For example, suppose it is necessary to choose two

representative subjects for an experiment, one each from two
different classes,where class A (the control class) will

always be examined first and class B (the experimental class)
will be examined second. If class A has 25 students and

class B has 25 students, then the total number of possible

pairings between the classes will be (25)(25) = 625.

Further, if one wanted to examine the exact pairings

possible, the Cartesian product A X B would describe the

total number of possibilities completely.

Permutations and Combinations

A permutation of a number of items is any single

arrangement of the items in some particular order. The

number of permutations of n things is, therefore, n! since
the first item can be placed in n positions, the second in

n-i positions and so on until the nth item can only be

placed in one position.

If one considers the permutations of n things taken r
at a time, denoted by nPr, the assumption will be that r < n.
This number is found by considering all possibilities, namely
n ways to choose the first item, n-I to choose the second

and so on until the final choice is (n-r+l). That is, we

have filled r spaces. Therefore:
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nPr = n(n-l)(n-2)...(n-r+l), or in factorial notation

nPr = n
(n-r)

A combination, on the other hand, is any subset of r

things chosen from a set of n things. In a combination,

order is not important, and rearranging the elements does

not form a new combination. A notation for the combination

of n things r at a time is nCr or more generally (V)where
nry

n is defined as:
(ro

n,(n-1)(n-2)...(n-r+l) nPr
1-2j_4*35...-,r or -p-.T

This leads directly to the statement:

(n) =-nt )
r rI(n-r

In order to give meaning to all possibilities the

following definitions must be remembered. 01 = 1 and

(n0) n! nI-I

Also note that

(n r) (= )I.[ = nITTn3TRTzrl (n-r r?
The concepts of permutations and combinations are use-

ful when discussing the number of possible outcomes of an

event, which is very much a part of statistics.

Probability

The area of probability involves an attempt to deter-

mine mathematically the outcome of a certain event. That

is, when the chances of a tossed coin coming up heads is
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considered, it simply means that if the coin is tossed

enough times, in the long run, heads would appear one-half

the time and tails would appear one-half the time. Using

this analogy, the event under consideration would be tossing

the coin, The entire sample space would consist of all

possible outcomes, that is, either a head or a tail. We

could list this in set notation as {H,T}.

If, in the previous example, one says that a favorable

outcome is obtaining a head, then the ratio of the favorable

outcomes (f) to the total number of outcomes possible (n)

would be assigned as 1/2. This number is called the

probability of the event.

Notice, that a point or a set of points in a sample

space may be called an event. The sample space under

consideration may be considered as the universal set for the

experiment since it contains the set of all possible out-

comes of the experiment. Each entry in the sample space is

called an element or sample point. If the event can occur

in f ways out of a total sample space of n points, the

probability of the event, written as P(E) is f/n or P(E)

= f/n.

It is often easier to determine the outcome and the

probability of an event if one lists the entire sample space.

This is particularly true if the number of events is rather

large. Consider as an example the probability of rolling a
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pair of dice and obtaining a seven. The sample space could

be drawn as follows:

2 3 4 5 6

(1,) (1,2) (1,3) (,4 ) (1, 5) (1,6)

2 (2,1) (2,2) (2 3) (2,4) (2,5) (2$6)

3 (3,1) (3,2) (3,3) (3,4) (33,5) (3,6)

4 (4,1) (4,2) (4,3) (4,14) (4,5) (4,6)

5 (5,1) (5_2) (5,) (5,4) (5,5) (5,6)

6 (6U6) IL.,2) (6,3) (LL4) (6,5) (6,6)

Fig. 8 --Sample space for toss of dice

Where the possible outcomes of one die are listed

horizontally and the possible outcomes of the other are

listed vertically, the sample space consists of all thirty-

six possible outcomes. E (obtaining a seven) = {(1,6),

2,5),(3,4),(4,3),5,2),(6,1)}. f = 6 and n = 36, so P(E) =

6/36 = 1/6.

Notice that in any sample space, the total probability

is 1. That is, P(S) = n = 1.P n

When two events are represented by disjoint sets, that

is, when the events have no common points, the events are

said to be mutually exclusive. If the events A and B are

mutually exclusive, then P(A) + P(B) = P(A UB).

Also, if one considers an event E, and if E is the

complement of the set E, that is, E' consists of all
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elements of the sample space not belonging to E, then E and

E' are called complementary events. Notice that E and E'

are disjoint, that is, EO ' = $,so complementary events

are mutually exclusive. This leads to the conclusion that

P(E) + P(E') = P(E U E') = P(S) = 1 or,also,that P(E)

= 1 - P(E').

In the discussion previously, as in the discussion to

follow, it is assumed that the sample spaces are finite.

Infinite sample spaces are beyond the scope of this dis-

cussion.

As an illustration of the concepts discussed previously,

suppose a test contains three matching questions which a

student responds to by pure guess, knowing nothing about the

subject. If one was interested in obtaining the probability

of getting less than all the answers correct, the entire

sample space could be considered. There are three possible

outcomes on the first question, two on the second,and one

on the third, so there are 3! = 6 total possible outcomes.

If each outcome is equally likely, then each possibility

would have a probability of happening of 1/6. Since there

is only one way in which all the results can be correct,

the probability of not getting all the answers correct is

P(E') = 1 - 1/6 = 5/6.

If X and Y are any two events, then P(X) + P(Y) may

not be P(X U Y). A look at the Venn diagram of X U Y will

illustrate why.
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U

X U Y

Fig. 9--Venn diagram of X U Y

The portion represented by X n Y is in X and also in Y
so that P(X) + P(Y) will contain P(x n Y) twice. The proba-

bility of (XU Y), that is, P(X UY),will therefore be

P(x) + P(Y) - P(X n Y).

The Binomial Expansion

When a binomial of the form (a+b) is raised to

successive powers, the coefficients take on some very

interesting and useful properties. For instance consider

the coefficients of the following powers.

Powers Coefficients

(a+b)1 1 1

(a+b)2 = a2 + 2ab + b2  1 2 1

(a+b)3 = a3 + 3a2b + 3ab2 + b3  1 3 3 1

(a+b) 4 = a4 + 4a3b + 6a2 b2 + 4abs + b4  1 4 6 4 1

Each coefficient is the sum of the two coefficients

above it in the representation. This is known as Pascal's

triangle. In general, the expansion of (a+b)n = (n) anbO

+ (n) an-lbl + ... + (nn1abn-1 + (n) abn. This is known
1/ n- /n)
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as the binomial expansion. An application of this property

can be made to the study of probability.

If p is the probability that an event will happen in a

single trial and q = 1 - p is the probability of failure

then the probability that the event will happen K times in

N trials is given by:

pKqN-K= N! K N-K
K ~Kt(N-K)I.

Graphing

A graph is the pictorial or visual representation of a

problem. Many times in statistics it is advantageous to

represent data graphically to aid in understanding the

problem.

One graph used in representing a comparison in size of

different quantities when they represent percentage of the

whole is the circle graph. This is a circle with slices

showing the proper percentage or size comparisons. Monetary

representations are often shown in this way.

Another graph more common in statistics is the bar

graph. In this graph, one quantity is represented by

intervals along one line and another quantity by intervals

along another line perpendicular to the first. Bars

representing the proper size comparison are shown on the

graph. In statistics a graph of this type is called a

histogram. Figure 11 is an example of a histogram.
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The Rectangular Coordinate System

When a graph is drawn in two dimensions, the horizontal

distance is called the abscissa and the vertical distance

is called the ordinate. These distances are represented by

two perpendicular lines called the coordinate axes which

intersect at a point called the origin. The distances along

both axes must be labeled to enable us to establish the

value of a point on the graph. Every point on the graph is

represented by an ordered pair, where the first coordinate

represents the horizontal distance and the second coordinate

represents the vertical distance. The axes separate the

plane into four parts, called quadrants. These are labeled

as indicated in Figure 10.

II I

III IV

Fig. 10--Quadrants

In descriptive statistics one is primarily concerned

with quadrant I. Often the other quadrants are not drawn.

In graphing,care must be exercised in labeling the

figures so that they clearly represent what they are

intended to represent. In many books, examples are given of

this type graph which misrepresent the data they are
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supposed to be showing; usually through faulty labeling.

Consider the following set of test scores on an examination.

75 72 55 64 96 83 77 68 79 81 76 92 83 78

62 59 43 67 86 94 73 77 82 75 85 71 70 68

76 58 75 83 79 65 83

If grades are assigned on the following basis, we can

form a frequency distribution as follows:

A 91 - 100 ///

B 81 - 90 /1//

C 71 - 80 /M//YW////

D 61 - 70 /W/I

F 60 - below////

This distribution can be shown graphically on the

following histogram.

15

Frequency 0 -

5

o i 1O1 Score

0 CH

Fig. l--Histogram
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Sometimes a line graph is used to show comparison.

That is, the value at one point or interval is connected

to the value at another point by a straight line, thus

showing the change from one to the other. When discussing

frequency distributions as in the previous example, one

sometimes uses a line graph called a frequency polygon. A

frequency polygon for the previous distribution is shown

below.

15-

Frequency 10

5

0 0 0
0 Score

Fig. 12--Frequency polygon

Also, often it is helpful to represent the cumulative

frequency by use of a line graph. This graphically indi-

cates how many scored below a given score. The cumulative

distribution for the previous example is shown below. (See

Figure 13.)

In many areas of statistics, particularly in linear

correlation and regression, one deals with linear relation-

ships, that is, those relationships whose graph is a

straight line. For instance, if a relationship is written

between an employee's total yearly salary to his weekly
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35

Cumulative 30-
25-

Frequency 20-

15-

10-

5-

0 0 0 k H14

o o 0 0 0 Score

Fig. 13--Cumulative frequency diagram

salary in dollars, the relationship could be written as

y = 52x, where x, the independent variable, represents his

weekly salary and y, the dependent variable, would represent

the yearly earnings. This would be graphed by letting the

abscissa represent the independent variable and the ordinate

represent the dependent variable. Each pair of coordinates

of the relationship can be represented by an ordered pair

(x,y), where the independent variable is always listed first

and the dependent variable is listed second. If the follow-

ing first coordinates represent weekly earnings, the second

coordinate represents yearly earnings. For convenience,

let x and y represent hundreds of dollars. (.3,15.6),

(.5,26),(1,52)l(.5,78),(2,l04) are a few of the values

satisfying the equation y = 52x. If these values are

located on a graph, the relationship is as shown in Figure

14.
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60

0 >(1 5Z)

r0

30

(,5)26)
2o

10-

Fig. 14--Graph of y = 52x

Notice on Figure 14 that the scales need not be the

same on the vertical axis as on the horizontal axis so long

as the scales are clearly labeled. In fact, in many cases,

the graph would be difficult to read if the scales were the

same.

For further discussion, consider the linear equation

y = 3x + 2. A value for y can be found by taking an

appropriate value for x and substituting this value into

the equation. If x = 1, y = 5, and so on. Notice, however,

that if x takes on the value zero, y = 2, and the ordered

pair (0,2) satisfies the equation. This point represents

the point at which the graph crosses the y - axis and is

therefore called the y - intercept.

Also, notice that each time a value is chosen for x

which changes by 1, the y value changes by 3. That is, the

rate of change of y with respect to x is 3 to 1. Therefore,

the slope of the line is 3/1 or 3. This is consistent with

the discussion relating to the slope-intercept form of

the equation of a line. The equation can therefore



be graphed by beginning with the y - intercept and moving up
3 units and to the right one unit to establish the correct
slope and also give a second point on the line, (1,5). Since
two points determine a line, this is sufficient for the graph
of the equation. (See Figure 15.)

36o)

1 
(2)456 X

Fig. 15--Graph of y = 3x + 2

Another easy method for graphing a straight line is the
intercept method. That is, substituting x = 0 into the
equation one obtains the y - intercept. Substituting

y = 0 into the equation the x - intercept is obtained.
These points are then sufficient for the graph of the
equation. One exception to this is the case where the point
(0,0) satisfies the equation, In this case, both intercepts

are at the same point (the line passes through the origin),
and another point must be chosen.

In every case, every point which satisfies the equation

will lie on the line and every point on the line will be
represented by an ordered pair which satisfies the equation.
In statistics, however, since most of the quantities used

129
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are positive, one works only with the first quadrant portion

of the graph.

The Equation of a Line

Since the slope of a line is constant, that is, the

slope calculated between any two points on the line remains

the same, the equation of a straight line can be derived

by considering three points on the line. Suppose, for

instance, that (x ,y ) and (xy ) are two known points on1 22
a line and (x,y) is some general point on the line different

from the other two. It is known that L-=Z1Z. =Y2yj
X a X1 X2- x1since the slope must remain constant. Multiplying by x - xj,

one obtains

Y-Y 2 . y I (x- x)
x2  xI

This equation is called the two point form of the

equation of a straight line since it was derived from two

fixed points. If Y2  y 1 , the slope, is replaced by the
x -x2 1

letter m, the equation

y - y = m(x - x ) is obtained, which is

called the point - slope form of the equation of a straight

line.

One further form of the equation of the straight line
results from solving the above equation for y.

y =mx- mx + y

y = mx + (y - mx).
I
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Notice that the entire quantity (y - mx ) is constant.

If x takes on the value 0, y = (y - mx ) and the point
(0,(yI - mx ))is the point at which the line crosses the

y - axis, or the y - intercept. If this quantity is

replaced by the constant b, the equation becomes

y = mx + b,

which is called the slope intercept form of the equation of

a straight line.

Basic Matrix Algebra

A matrix is a rectangular array of numbers. This array

is normally inclosed in large parentheses or brackets

for convenience. Matrices may appear in many forms, from a
row matrix [a,b,cd] or a column matrix a to a matrix

b
c

-d

having many rows and columns. Entries in the matrix are

called matrix elements and the dimensions of the matrix is

given by rows X columns. That is, a matrix having m rows

and n columns is said to be an m X n matrix. If both

dimensions are the same, the matrix is said to be a square

matrix. The matrix

a a a a11 12 13 14

a a a a
21 2 Z 3 243:: a aJ
31 a32 a33 34J

is a 3 X 4 matrix. Notice, also, the subscripts used on the
elements. The first of these subscripts denotes the row in
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which the element appears and the second subscript denotes

the column in which the entry appears. In a matrix, a
56

would indicate that the element appears in row 5, column 6

and in general, a would appear in row i, column j.

Matrix Operations

Even though a matrix has no real number value but is

merely an array of elements, certain algebraic operations

have been defined on matrices which simplifies and extends

their usefulness.

Addition of matrices is performed by adding correspond-

ing entries in the two matrices and subtractioni of atr ic1s

is performed by subtracting corresponding entries. Matrices

can be added or subtracted only if they have the same

dimensions. (Matrices of this nature are said to be conform-

able for addition.) The property of addition of matrices is

illustrated by the following examples.

Example I.

1 -3 -5 6 4 -2 -1 -1

A 2 4 -5 -1.B 3 3 -2 -4

5 3 2 -31 9 -6 -8 -5-

1+4 -3+(-2) -5+(-l) 6+(-l) 5 -5 -6 5
A + B = 2+3 4+3 -5+(-2) -1+(-4) 5 7 -7 -5

5+9 3+(-6) 2+(-8) -3+(-5) 14 -3 -6 -8



1-4 -3-(-2) -5-C-I) 6-(-

2-3 4-3 -5-(-2) -1-(-4

5-9 3-(-6) 2-(-8) -3-(-5

Example 2.

I 1 12

S a a
21 22

a a
31 32

a
11

a
21

a1
31

11

21

31

a b b
13 1 1 12 131

a I. D = lb b bi
23 121 22 23j

a jb b bj

a12

a
22

a2
32

+ b a
12 13

+ b a
22 23

+ b a
32 33

+

+
23.

+b
33_

Two matrices are said to be equal if the corresponding

entries of one are equal respectively to the corresponding

entries of the other.

A matrix is multiplied by a constant if each entry in

the matrix is multiplied by the constant. That is,

If A OW F 2 3
5 6 7 ,then
4 2 1_

5 10 15

5-A = 25 30 35 or, in general, if

20 10 5

b b kb
B =Lb 12 then keB Lkb11

b21 b221kb21

kb]
b12 where k is constant.

kb
22

A -B =

133

[-3 -5-4 7

ml ow 1 3 3 -

am4 9 10 2

C +D =
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Some special matrices worth noting, other than the

square matrix, the row matrix and the column matrix already

mentioned are the diagonal matrix which has non-zero

elements only along the principle diagonal (the diagonal

from upper left to lower right) and the unit matrix or

identity matrix which has entries of 1 along the principle

diagonal and zeroes elsewhere,

1 0 0

0 0 is a (3x3) identity matrix. Also, a null
0 0 l-

matrix is one which has all zero entries.

It is worth noting at this point that the addition of

matrices is commutative and associative. That is, if A, B

and C are matrices, then A + B = B + A and (A+B) + C

= A + (B+C).

Matrix Multiplication

Two matrices A and B are said to be conformable for

matrix multiplication when the number of columns in matrix

A equals the number of rows in matrix B. A matrix of order

(3X2) is conformable to a matrix of order (2X5) for

multiplication. Also, if Matrix A is of order (aXb) and

matrix B is of order (bXc), hence conformable, the matrix

product of A and B will be a matrix of order (aXc).

The product of two matrices is the matrix formed by

taking the sum of the products of elements in a row by the

corresponding column entries in the other matrix. That is,
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the element in the 3rd row, 4th column of the product of two

matrices is the sum of all the products of the elements from

the 3rd row of the first matrix times the corresponding

elements from the 4th column of the other. In general,

c = a b + a b + ... + a b , where c represents
ij illj 12 2j in nj ij

an element in the product of A*-B.

Matrix multiplication can be more easily seen by using

the following example:

I

A= 4

2

A-B= 4

2

9

= 9

6

3

1I

I

3

I

I

2

3 .

2

2 K 4

2 1 2

S4

B = 2 3

1 2

11+3*2+2-1 1*4+3*3+2-2

4l+1*2+3*1 4*4+1*3+3*2

2*1+1*2+2.1 2.4+1*3+2.2

17

25

15

Matrix multiplication is not commutative. In fact, the

matrices used in the previous example are not even conform-

able if they are shown in reverse order.

Matrix multiplication is, however, associative, and,

if the matrices are conformable, it is also distributive with

respect to matrix addition. That is, A(BC) = (AB)C and

A(B+C) = AB + AC.

j
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Another operation encountered in matrices is that of

transposition. The transpose of a matrix A, denoted by At

is the matrix formed by interchanging the rows and columns

3 1 2t 3 2 1of a matrix. That is, if M = 2 2 4 then Mt = 1 2 7
-1 7 6- 2 4 6-

Determinants

With every square matrix there is associated a real

number called the determinant of the matrix. This number is

designated by placing the array of numbers of the matrix

within vertical lines.

With the matrix [ 2 is associated
a a

21 2 w2e

a a
the determinant 11 12 which has the numerical

a a
21 22

value a *a - a 1*a . Keep in mind that only square

matrices have an associated determinant.

If the matrix is 3X3, the determinant can be evaluated

as follows:

1 1 13 1 12

321 23 22

31 32 3 1

Place the first two columns of the determinant outside

the determinant to the right. The value is then round by

finding the sum of the products of each 3-element diagonal
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from left to right, minus the product of all three-element

diagonals from left to right.

a a a a a
11 12 13 11 12

a a a a a
21 22 23 21 22 = (a *a *a

a a a a a 11 22 33
31 32 33 31 32

+ a -a *a +a *a *a )
12 23 31 13 21 32

+ (-a-a 21 a13 22 31
-a a*a ba

11 23 32
-a *a-a ).

12 21 33

It must be noted here that only 3 X 3 determinants can

be evaluated by using the process discussed. For deter-

minants of larger order a process called evaluating by co-

factors is used.

With each element in a determinant is associated

another determinant called the minor of the element. The

minor is a determinant formed by the remaining elements left

after the row and column containing the element are

eliminated. For instance if

a 21a 12a111 12 13

D a a a the minor of element a is
21 22 23 11

a a a
31 32 33

a
22

a3
32

a
2 ,the minor of element a

a
33

is

a is the

a a
1 1 13 ,and so on. The cofactor of an element

a a
21 23

minor, together with a numerical sign determined
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by (- 1 )i+i0  If the element is a23 the sign is (_l)2+3 _

(-1)s = -1, so the sign of the cofactor of a2 is negative.

This can easily be determined by giving a positive sign to

the element in the first row and first column and alternating

the signs in both directions from this element. The signs

would be assigned to the elements as indicated in the array

- + - and can be done equally well for determinants of any

dimension.

To evaluate any determinant using cofactors, one chooses

any row or column and finds the sum of the product of each

element in that row or column times its resulting cofactor.

The method of cofactors will be illustrated by evaluating

the following determinant by using cofactors.

3 1 5
D = 2 -2 -3 . Choosing the second column, the value is

5 2 -6

2 -3 3 512 3 5
found by-1 5 -6 +(-2) -62 3

-(-12+15) - 2(-18-25) - 2(-9-10) = -3 + 86 + 38 = +121.

If the determinant is of large dimension, it is often

useful to simplify the determinant before it is evaluated.

This can be done using one or more of the following theorems,

given here without proof.

1. If any row or column contains all zeroes, the

determinant is zero.
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2. If two rows or two columns are interchanged the

sign of the determinant is changed.

3. If all elements of a row or column are multiplied

by the same number, the value of the determinant is multi-

plied by that number.

4. The elements (or any multiple of the elements) of

any row or column can be added to the elements of another

row or column with the sums replacing the elements in that

row or column without changing the value of the determinant.

One further example will be used to illustrate how

important this property can become in evaluating deter-

minants.

Example: Evaluate

3 -1 -5 2 1
4 0 -2 -l 2

-3 -2 4 0 1
1 2 -1 -2 0
4 3 2 1 0

Adding (-l) times row 1 to row 3 ;

3 -1 -5 2 1
4 0 -2 -1 2

-6 -l 9 -2 0
1 2 -1 -2 0
4 3 2 1 0

Now adding (-2) times row 1 to row 2 results

in

3 -1 -5 2 1 -2 2 8 -5
-2 2 8 -5 0 -6 -l 9 -2
-6 -1 9 -2 0 =(1) 1 2 -1 -2
1 2 -1 -2 0
4 3 2 1 0 4 3 2 1



Using cofactors in the minor and adding (-) times row

1 to row 3 the determinant becomes

-2 2 8 -5
-6 -1 9 -2 . Adding (+2) times row 4 to row 2

7 3 -10 0
4 3 2 1

and (+5) times row 4 to row 1 we obtain

18 17 18 0 18 17 18 18 172 5 13 0=(1) 2 5 13 25,
7 3 -10 0 7 3 -10 7 3
4 3 2 1

which results in -900 + 1547 + 108 - 630 - 802 + 340=-237.

Systems of Equation

When more than one condition in two or more variables

is placed on a problem, the result is very often a system

of more than one equation in the given variables. If these

equations are solved simultaneously, that is, a solution set

is found, if it exists, that solves all the equations at the

same time, the solution is said to be a simultaneous so-

lution to a system of equations. If the system has two

variables, two equations are necessary for a solution. If

three variables are present, three equations are necessary,

and so on.

First, consider a system of two linear equations

(equations whose variables are all to the first power) in

two variables. It is necessary to consider a single solution



(ordered pair) which works for both equations at the same

t ime.

Consider the equations a x + b y - ci = 0 and a2x +

b2y - c2 = 0. If an ordered pair, say (x0,y0), satisfies

both equations then a 1x0 + b1y0 - c 1 = 0 and a 2x0 + b2YO"
c2 = 0 from which it is seen that

a x0 + bly0 - c 1 = a 2x 0 + b 2 yO -C

or x,(a,-a ) + y,(bI-b 2 )= C1 .2

If either (a -a2) = 0 or (b -b2) = 0, a value for the other

variable could be found. For instance, if aI - a2 = 0 then

ci - C2y = 2 ,and if b1 - b 2 = 0,then x = cI.- c 2
- ) I - -2a

This discussion brings up a method of solution. Recall-

ing the property of equality which states that both sides of

an equation can be multiplied by the same value without

changing the value of the equation, the first equation can

be multiplied by a2 to obtain aga2x0 + b1a2yO - cia2 = 0,

and the second equation can be multiplied by a to obtain

a1a2xO + b2aiy, - c a, = 0. If the second equation is sub-

tracted from the first equation, one obtains x0(a1a2 ~

aga2 ) + y0(bla2 - b2a1) = c a2 - c2a, which implies that

Y = cIa 2  ca 1. Putting this value back into either
bla - b2a

original equation, aIx + b1 c _a_~ _2a, = C so that
b1 a2 - b2a,

a x = c -b
1 0 1 b12 -ba

141l
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c1 (b a2 -b 2a1) - b ((c a2 - c2a )

b a -ba
1b 2 2 1

c ba-cb a -c b a+bca
11 2 1 2 1 112 121

1 a2 b21

bca - b a
1 21 1 21

ba-b a
1 2 2 1

bc - c b
so that x - 1 2 1 2 where the condition

0 ba2 -b2a1
is placed on the equation so that no denominator becomes

zero. This can be more fully understood by using a simple

illustrative example,

Consider the system 3x - 2y = 12 and 2x - 36 = 9.

The first equation can be multiplied by 2 to become 6x -4y

= 24 and the second equation can be multiplied by 3 to

obtain 6x - 9y = 27. If the second equation is subtracted

from the first equation,

6x - 4y = 24

6x - 9y = 27

5y = -3, y = - 3/5.

Putting this value into the first equation, we obtain

3x - 2(-3/5) = 12, 3x = 12 - 6/5, 3x = 54/5, x = 18/5. The

solution is then the ordered pair (18/5, - 3/5).
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Cramer's Rule

a b
Consider the determinants a = a b - a b1 ;

a2 b2
a c c b

=a c - a c and 1 = c b - b c.
a c 1 2 2 1 c b 1 2 1 2

2 2 2 2

One can look at the solution to the general system of

equations in the previous section and observe that

a c
I I

a c -ac a c
y 12 2 1 2 2 and
o a b - ab a b

1 2 2 1 1 1

a b
2 2

c b
I I

c b -cb c b
X 1 2 2 1 2 2

0 ab -ab a b
1 2 2 1 1 1

a b
2 2

Notice the denominator in each case is the determinant

formed from the coefficients of the variables in each

equation. The numerator for the x value is the same

determinant with the x coefficients replaced with the con-

stants,and the numerator for the y value is the same

determinant with the y coefficients replaced by the con-

stants. This process of solving simultaneous linear

systems by using determinants is known as Cramer's rule.
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The method works equally as well for larger systems of

equations.

The Method of Substitution

Since one is interested only in a simultaneous solution

of two or more equations, consider the point at which the

variables for all equations take on the same value. In the

earlier example, if either a x + b y - c = 0 or
1 1' 1

a x + b y - c2 = 0 are solved for x, such as in the first

c - by
case, x = ., this value of x can be used to replace

a
1

x in the second equation obtaining a2ci ;-b 1Y)
2aI

+ b y - c = 0 which is an equation in y alone. Solving for

y, we obtain

a 2 a 2b) + by - c = 0
a a 2 2

ab1 -ab =c-
Y = 2 1 ,which agrees with the earlier

1 2 2 1

solution by the previous method. The process could have

begun by solving one of the equations for y initially and
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substituting in the second equation which would have

resulted in a value for x. The other value can be found in

either case as before, by substituting in either original

equation.

This method of substitution is useful in linear systems

easily solvable for x or y and for many systems where the

variables are to a power higher than one. An example of

substitution will be given for illustrative purposes.

Example: Solve the system 5x + y = -10

7y - 2x = 4

In the first equation, y = -5x - 10. Substituting into

the second equation this becomes

7(-5x-10) - 2x - 4

-35x - 70 - 2x= 4 ;

-37x = 74

x = -2

Putting this value into the first equation, -10 + y = -10

and y = 0. The solution is therefore (-2,0).



CHAPTER V

FINDINGS, CONCLUSIONS AND RECOMMENDATIONS

Findings and Conclusions

In examining the research-statistics courses offered at

the various universities, the majority of the schools offer

more than one course. Most commonly, two courses are

offered. The mathematics prerequisite for the courses

varies considerably from course to coursebut the one common

fact shared by nearly all the professors is that students

enter the statistics course with too little mathematics back-

ground. According to the literature surveyed, this lack of

background seems to cause a great deal of emotional distress

for the students as well as a requirement for review. In

many cases, topics are covered superficially because of this

lack of background.

Although courses in statistics are offered in various

departments throughout the universities, the majority of the

beginning courses in research statistics in any of the be-

havioral sciences have a core of common topics, particularly

in the first semester of a sequence. If any variation

exists between departments, it usually exists in second

courses where the areas of study become more specialized.

As indicated in Chapter III, Table I, even these second

courses have many topics in common.

146
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The basic core of topics covered in the beginning

course is given below. A more extensive breakdown of sub-

topics is given in Chapter III.

Basic Statistical Topics

I. Descriptive Statistics

A. Frequency distributions

B. Types of scales

C. Percentiles

D. Standard scores

E. Measures of central tendency

F. Measures of variability

1. range

2. variance

3. standard deviation

G. Standard error

II. Inferential Statistics

A. Probability

1. the binomial distribution

2. the normal distribution

B. Sampling theory

C. Testing hypothesis

1. t - test

2. large samples

3. errors

D. Correlation

1. linear
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2. curvilinear

3. partial and multiple

E. Other correlation methods

F. Chi square distribution

1. goodness of fit

2. test of significance

G. Non-parametric tests

H. Analysis of variance

1. one way

2. two way

I. Analysis of covariance

J. Experimental design

Becuase of the common set of topics covered in all the

courses and texts surveyed, there is also a basic set of

mathematics topics necessary for discussion of the sta-

tistics topics. None of the courses surveyed dealt with

the mathematical theory or derivation of the formulas

involved in the statistics. The course material was a

balance between calculation methods and discussion of the

research theory requiring the operation. For this reason,

the mathematics required for these courses need not be

presented in an abstract manner. Most of the concepts can be

presented in a straightforward way with theorems and laws

being developed intuitively. If further theory is desired

in any of the mathematics topics, excellent references are

available for further study.
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A basic core of mathematics operations are involved in

all beginning graduate courses in research statistics for

the behavioral sciences. A condensed outline is given here.

A more complete breakdown of subtopics is given in Chapter

IV.

Basic Mathematics Outline

I. Numerical Concepts

A. Arithmetic operations

B. Fractions

C. Graphical representations

D. Exponents and radicals

II. Mathematical Notation

A. Variables and constants

B. Summation notation

C. Factorial notation

III. Set Theory

A. Notation

B. Operations

IV. Probability

A. Counting procedures

B. 'Basic theorems

V. Algebraic Operations

A. Exponents and radicals

B. Equations and inequalities

C. Polynomial operations

D. Algebraic fractions
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E. Graphing

F. Linear equations

G. Special curves

H. Simultaneous solutions

VI. Matrix Operations

A. Arithmetic of matrices

B. Applications

C. Determinants

In the course outlines received from the universities,

eight specified a unit in the outline for review of mathe-

matics fundamentals. In addition, some letters received

indicated review workbooks and programmed materials were

being used in conjunction with the course for a review of

the necessary mathematics. Also, in some instances, graduate

students were being used as tutors. No course outline

indicated any one course satisfied all the mathematics

requirements for their statistics course. Many of the

courses offered required at least college algebra and some

universities required mathematics through calculus.

As a result of this information, it would seem advan-

tageous to make a mathematics course available to graduate

students with material designed specifically for the purpose

of supplying the necessary skills to pursue a course in

research statistics. In many instances, the curriculum is

already full to the point that no such credit course could

be offered. For these students, a source of review material
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should be available, presented in such a way that a method

of self-study could be successfully utilized.

Many of the universities surveyed indicated an in-

creased use in the computer. This trend will undoubtedly

increase and this in itself will require more mathematics

skill on the part of the student, particularly in the area

of formulas and matrix operations. At the same time, it is

likely to decrease the mechanical skill required for a

course in research statistics for the behavioral sciences.

Recommendations

From the results of this study, the following recommen-

dations are made,

1. Professors of beginning graduate-level research

statistics courses in the behavioral sciences and depart-

ments offering these courses should make an even greater

attempt to standardize the content of their courses. This

would enable graduate students to become more aware of the

requirements of such a course.

2. An attempt should be made to devise a mathematics-

diagnostic test available to all students required to take

a course in research statistics. The test items could be

formulated using the mathematics topics developed in this

study. This test could then be utilized by the students

before taking the statistics course to determine what areas

in mathematics need to be strengthened.
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3. A uniform mathematics requirement for all graduate-

level research statistics courses should be made available

to the students. This would help alleviate the frustrations

felt by the graduate student in knowing precisely the mathe-

matics background he needs.

4. A follow-up to this study should be done in which

the mathematics topics presented here are developed more

completely with extensive examples from the field of

statistics. Because of lack of time and facilities in most

graduate programs in the behavioral sciences, this material

should be presented in a manner for self-study. The mathe-

matics content is not extensive enough to require a great

deal of time.

In view of the literature surveyed in Chapter II, it is

recommended that this material be presented in programmed

form. The specific type of presentation would depend

largely on resources, but because of the universal nature of

the problem, it would seem most effective if the mathematics

were presented in book form.
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APPENDIX A

UNIVERSITIES SURVEYED

Institution

Auburn University (I)

University of Alabama (4)

University of Arkansas (1)

Claremont Graduate School (3)

United States International
University

University of the Pacific

University of Southern California(l)

Colorado State College (I)

The George Washington University

University of Miami (3)

Illinois State University (1)

Northwestern University (2)

University of Chicago (1)

Indiana University (3)

University of Notre Dame

University of Iowa (3)

Boston University (I)

Springfield College

University of Michigan (5)

University of Mississippi (3)

State

Alabama

Alabama

Arkansas

California

California

California

California

Colorado

Dist. of Columbia

Florida

Illinois

Illinois

Illinois

Indiana

Indiana

Iowa

Massachusetts

Massachusetts

Michigan

Mississippi
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1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

i.

12.

13.

14.

15.

16.

17.

18.

19.

20.
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APPENDIX A -- Continued

Institution

21. University of Missouri, Columbia (1)

22. University of Missouri of K. C. (1)

23. University of Montana (1)

24. Rutgers University (2)

25. New Mexico State University

26. Cornell University

27. St. John t s University

28. State University of N. Y.
at Buffalo

29. Teachers College,
Columbia University

30. University of North Dakota (1)

31. Miami University (2)

32. University of Cincinnati

33. Pennsylvania State (1)

34. George Peabody College for Teachers

35. Memphis State University (1)

36. University of Tennessee (2)

37. North Texas State University (2)

38. University of Houston

39. University of Virginia (2)

40. Marquette University

State

Missouri

Missouri

Montana

New Jersey

New Mexico

New York

New York

New York

New York

North Dakota

Ohio

Ohio

Pennsylvania

Tennessee

Tennessee

Tennessee

Texas

Texas

Virginia

Wisconsin
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BIBLIOGRAPHY OF BOOKS SURVEYED

1. Adkins, Dorothy C., Statistics: an Introduction for
Students in theKBehaviToral ~iences, Columbus,
Ohio, C. E. Merrill Co., 19T5.

2. Alder, Henry L. and Edward B. Roessler, Introduction
to Pro bilit and Statistics, 4th ed., San
Francisco, Calif., W. H. Freeman and Company, 1968.

3. Allen, Roy B. D., Statistics for Economists, London,
England, Hutchinson University Library, 1949.

4. Anderson, Richard L. and T. A. Bancroft, Statistical
Theory in Research, New York, N. Y., McGraw-ThiTl,
1952.

5. Anderson, Theodore R. and Morris Zelditch, Jr., A Basic
Course in Statistics with Sociological Applications,
New York, N. Y., Holt, Rinehart and Winston,

6. Ardmore, Sidney J., Introduction to Statistical Analysis
and Inference for Psychology and Education, New
York, N. Y., John Wiley and Sons, 1964.

7. Bernstein, Allen L., A Handbook of Statistics Solutions
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N. Y., McGraw-Hill, .19 67 *I._( 7

3. Blormers, Paul J. and E. F. Lindquist, Elementary
Statistical Methods in Psychology and Education,
B0st~on, Mass., HoUghf3n 8"MTiff1in, 1 T F (1

4. Bradley, J. V., Distribution - Free Statistical Tests,
Englewood Cliffs, N. J., Prentice-Hall, Inc.,, 196T7
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Camp Son Luis Obispo Post Office Box J

San Luis Obispo, California 93401 Phone ^c 544-2943

SAN LUIS OBISPO COUNTY COMMUNITY COLLEGE DISTRICT
October 25, 1971

College of Education
Professor of Research Statistics
University of Arkansas
Fayetteville, Arkansas

Dear Sir:

I am attempting a study to determine, as nearly as
possible, the course content of a typical course in graduate
level research statistics for the behavioral sciences. The
catalog description of your courses 5393 Applied Educational
Statistics, 5403 Elementary Statistics and Data Processing
Applied to Education, 5413 Advanced Statistics and Computer
Application to Education seems to meet the preliminary
criteria I have established.

Would you please send me a course outline and/or syllabus
for these courses and the name of the textbook used? This
information will be used to develop materials for a review
of the mathematics necessary for such a course. I feel
that such material will benefit both the graduate student
and the professor.

Please send the material in the enclosed self-addressed
envelope as soon as possible. Your assistance will be
greatly appreciated.

Daniel R. Peterson
Mathematics Department
Cuesta College
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COURSE OUTLINES APPLICABLE FOR TOPIC SURVEY

1. The University of Alabama, University, Alabama,
Department of Educational Psychology, Educational
Psychology 345.

2. The University of Alabama, University, Alabama,
Department of Educational Psychology, Educational
Psychology 346.

3. The University of Alabama, University, Alabama,
Department of Psychology, Psychology 201.

4. The University of Southern California, Los Angeles,
California, Department of Sociology, Sociology 521.

5. The University of Miami, Miami, Florida, School of
Education, Education 663.

6. The University of Miami, Miami, Florida, School of
Education, Education 664.

7. Illinois State University, Normal, Illinois, College
of Education, Education 340.

8. Northwestern University, Evanston, Illinois, Department
of Sociology, Sociology D01.

9. The University of Chicago, Chicago, Illinois, Department
of Psychology, Psychology 337.

10. Indiana University, Bloomington, Indiana, Department of
Psychology, Psychology 553.

11. Indiana University', Bloomington, Indiana, Department of
Psychology, Psychology 554.

12. Indiana University, Bloomington, Indiana, Department of
Sociology, Sociology 3554.

13. Indiana University, Bloomington, Indiana, Department of
Sociology, Sociology S555.

163



164

APPENDIX E--Continued

14. The University of Iowa, Iowa City, Iowa, College of
Education, Education 7P:143.

15. The University of Iowa, Iowa City, Iowa, College of
Education, Education 7P:243.

16. Boston University, Boston, Massachusetts, Department of
Sociology, Sociology 503.

17. The University of Michigan, Ann Arbor, Michigan, School
of Education, Education C655.

18. The University of Michigan, Ann Arbor, Michigan, School
of Education, Education C656.

19. The University of Michigan, Department of Sociology,
Sociology 510.

20. The University of Michigan, Department of Sociology,
Sociology 610.

21. The University of Mississippi, University, Mississippi,
School of Education, Education 605.

22. The University of Mississippi, University, Mississippi,
Department of Psychology, Psychology 510.

23. The University of Missouri, Columbia, Missouri,
Department of Sociology, Sociology 375.

24. University of Montana, Missoula, Montana, Department of
Psychology, Psychology 521, 522, 523.

25. Rutgers University, New Brunswick, New Jersey, Depart-
ment of Mathematics, Statistics 489.

26. The State University of New York at Buffalo, Buffalo,
New York, Department of Educational Psychology,
Education F522.

27. The State University of New York at Buffalo, Buffalo,
New York, Department of Educational Psychology,
Education F523.

28. Miami University, Oxford, Ohio, Department of Education,
Education 667.
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29. Miami University, Oxford, Ohio, Department of Psychology,
Psychology 204A.

30. Pennsylvania State University, State College,
Pennsylvania, Department of Educational Psychology,
Educational Psychology 400.

31. George Peabody College for Teachers, Nashville,
Tennessee, Department of Psychology, Psychology
310.

32. The University of Tennessee, Knoxville, Tennessee,
College of Education, Education 561.

33. The University of Tennessee, Knoxville, Tennessee,
College of Education, Education 671.

34. North Texas State University, Denton, Texas, College of
Education, Education 601.

35. The University of Virginia, Charlottesville, Virginia,
Department of Psychology, Psychology 241.

36. The University of Virginia, Charlottesville, Virginia,
Department of Psychology, Psychology 242.
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