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Many mathematical programming models of the selection

of investment portfolios assume that the best portfolio at

any given level of risk is the portfolio having the highest

level of return. The expected level of return is defined as

a linear combination of the expected returns of the

individual investments contained within the portfolio,and

risk is defined in terms of variance of return.

This study uses Monte Carlo simulation to establish

that if the estimates of the future returns on potential

investments are unbiased, the steady-state return on the

portfolio is overestimated by the procedure used in the

standard models. Under reasonable assumptions concerning

the parameters of the estimates of the various returns, this

bias is quite sizeable, with the steady-state predicted

return often overestimating the steady-state actual return

by more than ten percentage points. In addition, it is

shown that when the variances of the alternative potential

investments are not all equal,a limitation on the variance

of the portfolio will reduce the magnitude of the bias.



In many reasonable cases, constraining the portfolio

variance reduces the bias by a magnitude greater than the

amount by which it reduces the predicted portfolio return,

causing the steady-state actual return to rise. This

implies that return cannot automatically be assumed to be

a monotonic function of risk.

Chapter I discusses the traditional techniques used by

the professional in making decisions related to the portfolio

selection problem. Chapter II is an examination of the

approach and the assumptions used in the mathematical

programming approach to the portfolio problem. Chapter III

is a description of the structure of the simulation model

used to evaluate the behavior of portfolio returns under

various assumptions concerning the estimates on the returns

on stocks and the selection criteria used for stock purchase.

Chapter IV contains the simulation results when potential

investments have unequal magnitude of risk and when returns

are correlated. Chapter VI summarizes the findings,

discusses the various ways that the behavior of practitioners

can be explained by the bias, evaluates behavior patterns

and theories that are not consistent with the presence of

the bias, and shows other decision problems that could be

expected to suffer from the same type of bias. An appendix

contains the listing of the FORTRAN program used to execute

the simulations.



The large magnitude of the bias severely limits the

usefulness of the mathematical models in practical problems,

and also must be considered in decisions using traditional

technique. The behavior of actual portfolio return cannot

be evaluated without considering the magnitude of the

prediction biasbecause the bias is functionally related

to such a large number of variables used in the decision

making process. Any change in the pattern of risks or the

pattern of returns, or the number of securities held, or

even the number of securities available for investment,will

affect the bias and hence the level of actual return

received.



PREFACE

The investment of capital in profitable enterprises

has been a matter of concern since at least the beginnings

of capitalism. Since the development of the modern

corporation, this interest by individuals has tended to

concentrate to an ever-increasing degree upon the intel-

ligent investment of assets in corporate securities. As

the possibility of purchasing common stock or corporate

bonds increased, the need for professional management of

this investment function became more apparent. This need

was originally satisfied by the development of the trust

function in commercial banks and by private financial

counselors who executed investment decisions within the

context of a broader fiduciary responsibility.

The investment function,.which was originally

undifferentiated from the trust officer's or financial

manager's other duties,therefore gradually emerged as a

separate and distinct specialty within the growing number

of financial institutions involved in the management of

the assets of individuals. The trust departments of the

larger commercial banks now have distinct investment

divisions, as do insurance companies, closed-end investment

companies, and mutual funds.
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The function of the investment division in any

institution is to provide the knowledge necessary for the

rational commitment of capital to investment. At a minimum,

the execution of this function requires a knowledge of the

current status of securities in any portfolio under

consideration, the investment objectives which must be

considered in the decision process, the desirability of

the current holdings,and the relative attractiveness of

various alternative investment possibilities available

from the investment universe. It can be seen from these

basics that the investment function can be divided into

two fundamental elements. Portfolio management is necessary

in order to provide a knowledge of existing conditions

unique to a given portfolio,and to choose the most appro-

priate of the potential alternatives. Research analysis,

on the other hand, is needed in order to provide information

concerning the estimated investment characteristics of the

securities and the companies which they represent.

Although these two functions may be the responsibility of

only one individual, in actual fact they are almost always

divided into separate sections in the larger institutions.

The portfolio manager receives estimates from the

research section in order to maintain an awareness of the

status of investment alternatives. He also receives from

the accounting system a statement of the portfolio holdings

and objectives. His essential function in the investment

.



system is to merge these two inputs into a revised portfolio

in which the holdings are consistent with the objectives.

In actual investment divisions, the particular manner in

which this function is executed may vary considerably from

this stylized description. Actual decisions may be made

by committee. One man may hand down guideline decisions to

the various portfolio managers. The portfolio and research

functions may be handled by the same man. The accounting

system may only be a file in a desk drawer. Nevertheless,

the portfolio function can be found consistently in these

organizations, regardless of whether or not it is found to

be the responsibility of the organizationally designated

portfolio manager.

The research analysis function is responsible for the

generation of reasonably accurate information on securities

and their associated companies. This output is then used

by the portfolio manager as an input. In order to satis-

factorily perform this function, the research section must

use a diverse set of inputs which will provide a basis for

sound estimation, and it must also have a set of procedures

by which this information from the world can be converted

into a set of estimated parameters which can be directly

used in portfolio work as investment information. Inputs

to the research evaluation process include economic data,

industry trends, news or financial data relating to various
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companies, and information relating to political or socio-

logical developments.

The effectiveness of any such investment structure is

subject to evaluation on the same basis as any other

economic commodity or service. It must be judged by its

success in fulfilling its task of selecting investments

which match objectives. In a capitalist economy, the

economic consequences of failure to meet an economic need

are well known; and in order to avoid these consequences,

investment specialists have developed a large body of

traditional information which is designed to increase the

probability of meeting stated investment objectives. This

body of knowledge has received criticism from a number of

sources but remains in active use and so cannot be ignored.

One of the most influential attacks upon the

traditional methods of investments assaulted standard

portfolio theory and advocated a mathematical programming

approach to the problem. This movement originated with

Markowitz, and has been continued by numerous academicians

despite a nearly universal lack of usage by investment

professionals. The Markowitz type of formulation basically

maintains that the objective of a rational investor should

be maximum return subject to some constraining level of

risk. An optimization scheme is then proposed to provide

a portfolio meeting these objectives.
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The purpose of this paper is to examine the value of

this type of portfolio optimization by using the results

of a monte carlo simulation. The findings have an impact

upon a broad variety of investment problems, such as

security selection, size of portfolio, and impact of risk

on return. In particular, however, three hypotheses that

are not in agreement with current theory are examined

and very substantial evidence for their validity is

presented.

1. That the use of portfolio optimization models

such as linear programming or quadratic programming cannot

give an unbiased estimate of future portfolio performance

unless either of two unrealistic conditions is met:

a. An equal quantity of all members of the

investment universe is purchased. This is

equivalent to not performing an optimi-

zation of the portfolio managers' decision-

making under uncertainty.

b. The distribution of the estimated returns of

each security in the universe has a zero

standard deviation. This is equivalent to

optimization when certain knowledge of the

future is present.'

2. That an optimistic bias in estimated future

portfolio return remains and is substantial in size even

under the assumption that the estimation of the returns of
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each individual security is unbiased (that all estimates by

each analyst are correct on average for all securities

considered in the decision-making process associated with

any one given portfolio.

3. That the reasonable assumption of unequal variance

between estimates of stocks of different degrees of

predictability implies that the optimal set of securities

is indeterminate. This is due to the possibility that an

increased constraint upon the level of risk may so reduce

the estimation bias that the actual expected return of the

portfolio may rise even though the model indicates a decline.

These hypotheses are verified through the use of a

computer simulation model built to provide information

concerning the investment decision-making process under a

variety of conditions. This model used 'Monte Carlo technique

to simulate a research staff of five analysts covering a

universe of 105 securities. An estimated return for each

security was generated according to a normal distribution.

A procedure then selected a portfolio using these returns.

The actual returns of the members of the stock universe

were then generated and the results of the portfolio

evaluated. A comparison of the anticipated versus the

actual returns of the portfolios provided the evidence for

the hypotheses.

A certain amount of background material is needed in

order to place the significance of the simulation into
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perspective. Chapter I therefore treats briefly the

traditional approach to portfolio management and research

analysis while Chapter II touches upon the nature of the

mathematical programming approach to portfolios. The

simulation model is discussed in detail in Chapter III, and

Chapters IV and V are devoted to a discussion of the results

of various simulated investment conditions. A summary and

evaluation of the significance of the findings is provided

in Chapter VI.
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CHAPTER I

A BRIEF SURVEY OF THE TRADITIONAL INVESTMENT APPROACH

TOWARD THE PORTFOLIO MANAGEMENT FUNCTION

Techniques of Traditional Portfolio Management

Traditional portfolio analysis is based upon the

subjective evaluation of the extent to which securities

match certain types of portfolio objectives or certain

types of investors. The more frequently encountered

investment objectives are, quite naturally, a high return

on assets, a low level of risk, and a high level of

dividend income. Those requirements may be encountered in

various combinations of importance in different particular

portfolios and may in some cases be accompanied by additional

constraints such as legal considerations, liquidity

requirements, and tax problems.

The objective of maximum attainable return on assets

has always been clearly defined, being simply the sum of

dividend income and capital appreciation divided by the

total market value of the portfolio. A current income

requirement, if present, is also easily defined as a

stated level of expected dividends on the securities in

the portfolio. Unfortunately, the problem of risk is not

easily treated. In its most general formulation, it is
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the possibility of incurring a reduced purchasing power on

the portfolio as a result of a poor investment strategy or

unfortunate events. Moving from this non-operational

definition to a precise treatment of the level of risk

implied by any given portfolio policy, however, has proven

to be quite difficult.

The usual approach toward limiting risk has been to

determine the relative proportion of the portfolio committed

to equities which would limit the exposure of the portfolio

to sizeable fluctuations in market value. The assets

committed to bonds would then be invested in bonds having

various maturities and companies in various industries and

having different quality ratings (14). The equity section

of the portfolio would then be diversified by investing

only a limited amount in any given industry or economic

sector. This allows only a fraction of the total portfolio

to be exposed to any particular unforeseen problem short

of a total collapse and still leaves the manager the

flexibility to arrange diversification weights to fit the

particular portfolio objectives.

Specific areas of common stock emphasis can be
determined, given the investment environment and
percentages already established. Account focus
can be set between consumer durable goods,
consumer nondurables, capital goods, natural
resources, utilities, and services. A long-term
industry diversification pattern can be developed,
with implementation of this pattern to be
coordinated with the desired account posture
over the short term (17 p. 572).
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The nature of risk is often treated from the standpoint

of its sources. As a result, a number of distinctions in

this area have been drawn, such as financial risk, interest

rate risk and purchasing power risk, as well as moral,

legal, political,and social change considered as risks in

their economic impact (15). The importance of each of

these risk-sources to any given type of portfolio owner

can then be evaluated and the account can be structured

so that the securities do not exceed acceptable risk levels.

Various frequently encountered types of investment objectives

have produced matching "types" of portfolios which have

become "archetypes" in the industry. Past experience

relating to these account types has gradually been accu-

mulated and is now used as "models" by which particular

actual accounts having similar characteristics can be

judged. As a result, portfolio theory tends to be presented

from the standpoint of the Growth Portfolio, the Capital

Gains Portfolio, the Retirement Portfolio, or some similar

arrangement of archetypical forms (3). A practicing

investment man can then classify a particular account as

one of these types and proceed by using the established

principles associated with the chosen archetype.

Within the context of these considerations of

objectives and risk-avoidance, the portfolio manager

attempts to acquire the securities having the.most
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attractive future return, using diversification to reduce

the risk inherent in any single investment.

If diversification is carried out successfully,
the "risk" of a portfolio will turn out to be
substantially less than the weighted average risk
of the individual securities in it. The result is
that there is a clear difference between portfolio
risk and the risk of the portfolio's individual
securities. The risk of a security is reduced by
the fact that it will be part of a "diversified"
portfolio. How much it is reduced depends on how
the security is used (1, p. 125).

In order to be able to execute decisions related to

these investment objectives, the portfolio manager must

use information related to the anticipated returns and risk

characteristics for the various alternatives available for

purchase. This information will, of course, be estimated

directly by the portfolio manager and is usually provided

by a group of security analysts.

Techniques of Security Analysis

The function of traditional security analysis is to

locate companies whose securities are unusually desirable

at existing market prices. Under normal conditions, this

is almost invariably interpreted to mean securities

offering an unusually high expected return given the level

of risk involved. In attempting to locate situations of

this type, the analyst must convert numerous types of

information into estimates of the future performance

characteristics of each company.
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The conversion process by which estimates are created

is heuristic in nature. In fact, a large number of

professionals in the field maintain that it is essentially

subjective in nature and can never be reduced to even a

complex algorithm. This intuitive approach is grounded

in the belief that an intensive analysis of available

data will, by largely unconscious processes, produce a

reasonably accurate estimate of future behavior.

Nevertheless, a number of heuristic principles of data

reduction and evaluation technique have become pronounced

in professional behavior, and a brief discussion of a few

characteristics of these principles provides background

necessary for a later evaluation of mathematical portfolio

theory.

The two fundamental aspects of security analysis are

clearly described in Graham, Dodd, and Cottle's classic

text:

It is convenient at times to classify the
elements entering into an analysis under two
headings: the quantitative and the qualitative.
The former might be called the company's statis-
tical exhibit. Included in it would be all the
useful items in the income account and balance
sheet, together with such additional specific data
as may be provided with respect to production,
unit prices, costs, capacity, unfilled orders,
etc. The various items may be subclassified
under the headings: (1) capitalization, (2)
earnings and dividends, (3) assets and liabilities,
and (4) operating statistics.

The qualitative factors, on the other hand,
deal with such matters as the nature of the
business: the relative position of the individual
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company in the industry. . . .; its physical,
geographical, and operating characteristics; the
character of the management; and, finally, the
longer-term outlook for the unit, for the industry,
and for business in general (6, p. 86).

Each of the sub-classifications within these two major

categories is treated thoroughly in the financial literature,

but no major stress on macroeconomic factors has been

included. The fundamental approach found in this quotation

is very decisively company-oriented and refers to external

variables only from the standpoint of a basically company-

minded point of view. This does not imply that security

analysis disregards macroeconomic considerations. The

following quotation clearly shows that the professionals

are aware that corporate results do not occur in a vacuum.

"The five economic problems which concern the investor

most immediately are: (1) the general price level, (2)

business profits, (3) dividends, (4) interest rates, and

(5) security price movements" (6, p. 4). Nevertheless, the

thrust of the approach appears to be toward company consid-

erations modified by an evaluation of the economic

environment. A macroeconomic approach, on the other hand,

would tend to regard companies as epiphenomena of the

changes in economic variables and as entities subject to

only the most limited control by management.

One example of the extent of the identification of the

role of security analyst with that of a company-centered

information processor is the relative emphasis on company
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and economic factors in two representative texts widely

accepted by investment professionals. Of those chapters

covering these two areas, one text (6) had eighteen

chapters specifically treating company analysis,while

no chapter specifically covered economic issues. Another

text offers six company chapters to one economic (3).

This emphasis is to some extent offset by a marked

tendency to classify companies by industry and to consider

industry factors in company evaluations.

A competent researcher will try to determine the
proportion of total sales and earnings accounted
for by each of the industries in which such a
company operates. This will enable him to give
appropriate weights to his separate appraisals of
the prospects for each major product line (3,
pp. 259-260).

Although this approach tends to more firmly engage the

company within an operating environment, the apparent lack

of emphasis upon inter-industry interaction and factors

affecting aggregate levels of output implies that the

estimates made by security analysts must be established

on the basis of a set of economic assumptions. That is,

since the analytic function as defined by the profession

does not include the process of economic estimation, it

follows that the analysts' estimates must use economic

assumptions as input. In this case, all analysts' views

must be regarded as conditional upon the accuracy of the

assumed economy.
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In addition to estimating company performance, the

analytic function includes the problem of determining the

price at which the security of this company can be regarded

as attractive. The valuation problem has received

substantial attention and little agreement has been

reached in practical applications. Practitioners typically

use the P/E ratio as a useful measure in studying investment

desirability, with high multiples assigned to more

attractive securities. The valuation problem then resolves

itself into determining whether a given multiple is justified

by the investment characteristics of the company.

This problem is most severe in the case of high

multiple stocks having good future prospects, for in this

case the investor finds it difficult to assign any parti-

cular intrinsic value.

With encouragement from the past and a rosy
prospect in the future, the buyers of "growth
stocks" were certain to lose their sense of
proportion and to pay excessive prices. For
no clear-cut arithmetic sets a limit to the
present value of a constantly increasing earning
power. Such issues could become "worth" any
value set upon them by an optimistic market
(6, p. 409).

One approach to the valuation problem has been the use

of relative-value analysis. This approach expresses each

company's multiple relative to the market's multiple and

then evaluates the premium or discount as a trade-off for

the company's superiority or inferiority to an average
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company (11). Another similar approach has been the use of

multiple regression to determine a most likely P/E given

the company's situation. The actual multiple can then be

related to the regression's, estimate. Unusually low

multiples can then be viewed as unusually attractive

investment opportunities (8).

An alternative approach, apparently favored by financial

theorists, views the value of a security as the present

value of the future stream of payments which will be

received by the investor. The discount rate is assumed

to be the riskless interest rate prevailing in the economy

plus some reward for the acceptance of risk (18). This

approach can become the basis for major systems of financial

management (13). A number of present value approaches use

earnings instead of dividend payments, under the assumption

that in equilibrium conditions the investor will regard

retained earnings as equivalent to dividend payments (9).

This approach has not been widely accepted in practice

because of a number of difficulties in implementing the

theory on a particular set of equities. This problem

stems from the difficulties of practically estimating the

future earnings or income stream and determining the

effective discount rate appropriate to each of the partic-

ular companies. One approach toward practical

implementation assumes for each company a number of years

of constant earnings growth followed by a number of years
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of declining growth, at the end of which the company enters

an infinite period of constant earnings (12). Tables have

been prepared to provide the implied P/E ratio for each

combination of constant and declining growth, with one

table for each discount rate that might be chosen. In

addition, a number of valuation models relating price to

such factors as earnings, growth, dividends, etc. have

been developed and depend to a greater or lesser extent

upon the mathematical underpinning of present value theory

(19).

The growing use of quantitative method and the

computer in investment research has caused some modifi-

cations to occur in the traditional patterns of thought.

The development of regression theory and econometrics have

produced a number of attempts at the construction of

industry models which use relationships traditionally

considered on a subjective basis to develop formal

estimates which are objectively verifiable. This approach,

however, can be regarded as a growing quantification of

the analyst's function, not as a major modification in

patterns of approach.

The development of decision theory, with its emphasis

upon subjective probabilitieshas also been applied in

investment research in an attempt to develop precise

measures of the analysts' personal opinions about the

nature of future performance.
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Decision analysis techniques permit investment
specialists to focus statistical techniques on
the analysis of expectations rather than on
historical data alone. This involves parallel
abilities: first, the structuring of a decision
to consider nearly all possible outcomes, and,
second, the quantification of verbal or implicit
judgments about investment uncertainties through
the assignment of probabilities. This contrasts
with the temptation to base a decision on a set
of most likely occurrences. The use of these
techniques should increase rather than decrease
the demands upon the investment man's judgment
(2, p. 123).

Another frequently encountered approach is the use of

the computer to scan past financial data in order to locate

attractive historical patterns in a subset of the investment

universe. This subset is then either purchased directly or

sent to the research analyst as a candidate for purchase.

The central assumption underlying the filter
approach to earnings selection is that in the
light of public information reported in
financial statements, it is possible to observe
patterns in the data which can be used to
forecast stock price changes (5, p. 61).

This listing of various approaches that are possible

in research analysis is hardly exhaustive and has not

explored the value or nature of any technique. It has

only provided a basic survey that may be used to some

advantage in relating mathematical portfolio theory to the

actual investment decision process in effect at the present

time.
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Academic Criticism

The traditional approach toward the investment problem

has come under sustained academic criticism in recent years.

Vague complaints that the body of knowledge was too loosely

organized or lacking in the academic content required for

professional status have been supplemented by well-defined

theoretical considerations and a great deal of empirical

evidence of the absence of benefits from professional

management. These criticisms can be divided into the three

general areas of equilibrium theory, the random walk hypoth-

esis, and the practical evaluation of actual investment

performance.

Equilibrium theory asserts that competitive pressures

will automatically force the expected rates of return from

securities in equivalent risk classes toward equality (4;

16). This equilibrium condition will be made unavoidable

by arbitrage activity unless the securities market is an

imperfect market. For practical purposes, an imperfect

market can arise in the American exchange system only if

all information is not available to all investors. This

theory therefore asserts that an abnormal rate of return

is possible only if inside information is possessed.

The random walk hypothesis asserts that no evidence

exists to refute the hypothesis that changes in security

values exhibit anything other than a random pattern of

movement. This position has been supported by a sizeable
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amount of statistical testing. The random walk results

have also been used to provide support for the perfect

market argument, since the instantaneous adjustment of

stock prices to new information as it becomes available

provides a possible explanation of the random behavior.

The random walk hypothesis states that the stock
market is not oligopolistic; but rather that it
is effectively competitive, that there are enough
well--informed analysts operating within a free
market to result in instantaneous adjustment of
price to value. If price does adjust instantaneously
to value, then successive security price changes
would be statistically independent (10,p. 69).

The examination of past performance of managed

portfolios has provided substantial evidence that profes-

sional management is at best only equivalent to a random

management. Studies have been performed on actual portfolios

relative to random portfolios or relative to the movement

of the market as measured by one of the popular averages

(16). The results apparently establish at the least that

no clear--cut advantage to the use of professional manage-

ment is obvious after the cost of that management has been

subtracted from the historical portfolio results.

The response to these criticisms by the professional

community has taken several directions. Positions based

upon perfect market theory have been attacked on the

grounds that any economic construct is never in equilibrium

but rather always tending toward an equilibrium which is

constantly moving as economic realities change. The
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argument of perfect information has been attacked because

information concerning investments may not reach all

investors immediately and also because the interpretation

of the meaning of events is felt to be the motivation for

purchase or sale of securities. This interpretation of

information as unique to the investor does not imply that

all of the information content of those events as rationally

interpreted by highly capable investors has been reflected

in the security's market value. This position has two

aspects. First, it may imply that objective data has no

economic meaning until it is converted into a decision-

maker's information by some implicit or explicit model. This

could also be explained as the contention that world, events

cannot directly impact stock prices. They must rather be

subjected to an interpretation of their economic meaning

before they can motivate investor activity. Second, it may

imply that the mass of available information at least on

occasion must exceed the channel capacity of the information-

processing investor. This occasional occurrence may create

a lag in the market adjustment--a temporarily imperfect

market in the security.

We believe that lags exist in the markets'
processing of new information and that, with
the computer,, we can exploit these lags. We
argue that it is possible to produce private
knowledge from the public record. With a
financial library in machine-readable form and
with a highly flexible computer program, we canaccomplish a man-month of work in a minute of
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machine-time--and, in so doing, can create the
"inside" information required to outperform
the general market (8, p. 109).

The random walk hypothesis has not been given a

substantial amount of criticism by fundamental analysts,

probably because it relates to the predictability of

stock prices given past prices--a predictor not used by

the fundamental analysts in the profession. When the

statistical results are used to justify the perfect market

argument, objections are often raised, but these are

essentially arguments against the perfect market rather

than the statistical results or proponents of the random

walk.

Criticism of the analysis of actual portfolio results is

obviously difficult and could more easily be classified as

explanations than criticisms. These explanations usually

center around the idea that risk is inadequately measured in

the studies,and that although the portfolio returns were not

significantly superior, the portfolio risk was substantially

lower than in the market. Since risk is a non-mathematical

concept and can only be tested through the use of a

quantitative proxy, this disagreement remains unresolved.

One point might be mentioned, however, before passing to

the subject of mathematical portfolio theory. Since the

percentage of assets under institutional control is now

very large and professional research is now available to

even the individual investor through brokerage houses, it
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is difficult to see how the performance of professionally

managed assets can be expected to significantly outperform

the market for the simple reason that to a large degree they

constitute the market. There is at least the possibility

that academicians are asking a profession to outperform

itself--not to do better than in the past, but rather to

do better today than it did today. The only alternative

to this internally inconsistent request would be to have

the institutions crush the individual investor, for only

in this way could they outperform the market. A substantially

above-average performance for all professionally managed

portfolios implies a correspondingly below-average perform-

ance for individual investors.
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CHAPTER II

A SUMMARY OF THE QUANTITATIVE APPROACH TOWARD

THE PORTFOLIO MANAGEMENT FUNCTION

The Markowitz Formulation

Harry Markowitz, in his mathematical formulation of

the portfolio problem, takes a definite viewpoint concerning

the nature of the investment problem. This viewpoint then

provides the underlying assumptions in his model and is

correspondingly important in the interpretation of his

results. His primary assumption corresponds to the

traditional distinction between the research and the

portfolio functions.

The process of selecting a portfolio may be
divided into two stages. The first stage starts
with observation and experience and ends with
beliefs about the future performances of available

securities. The second stage starts with the
relevant beliefs about future performances and
ends with the choice of portfolio (7, p. 77).

This division of the investment function permits an

intensive analysis of the portfolio phase to be undertaken

with the implied assumption that "beliefs about future

performances" can be produced independently of the portfolio

modeling technique. These beliefs would then provide input

to the model when constructed. The remaining problem, of

course, is to determine which beliefs are important and use

19
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these as the beginning of the portfolio analysis. The most

conspicuous possibility is the expected return on each

security in the investment universe, discounted to its

present value. This simple solution, however, is quickly

discarded.

The hypothesis (or maxim) that the investor
does (or should) maximize discounted return must
be rejected. If we ignore market imperfections
the foregoing rule never implies that there is a
diversified portfolio which is preferable to all
non-diversified portfolios. Diversification is
both observed and sensible; a rule of behavior
which does not imply the superiority of diver-
sification must be rejected both as a hypothesis
and as a maxim (7, p. 77).

The single-mindedness of merely maximizing return is

obvious, for the security with the highest return would

always be purchased. Since this strategy is seldom followed

by investors, other objectives must be modifying the

implications of the goal of maximum return. Traditional

analysis has maintained that the other objective is the

risk level, and Markowitz agrees. He goes further, however,

by affirming that variance of return is a good mathematical

characterization of risk.

The adequacy of diversification is not thought
by investors to depend solely on the number of
different securities held. A portfolio with
sixty different railway securities, for example,
would not be as well diversified as the same
size portfolio with some railroad, some public
utility, mining, various sorts of manufacturing,
etc. . . . We should diversify across industries
because firms in different industries, especially
industries with different economic characteristics,
have lower covariances than firms within an
industry (7, p. 89).
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Using variance of return as a goal in portfolio theory

is in this view believed to quantify without significant

distortion the investor's apprehension over the possible

loss of capital. At the same time, it is felt to provide

a solid correspondence to the previously heuristic rules

advocating diversification as a method by which risk could

be reduced. In the new formulation, effective diver-

sification (investment in fairly uncorrelated companies)

provides a reduction in the variance in the returns of the

portfolio. Such a move, of course, would tend to reduce

the expected portfolio return because it has constrained

the basic goal of maximizing return. The portfolio

problem has therefore been reduced to what amounts to a

trade-off between expected return (E) and variance of

return (V)--the "E-V rule."

The inputs to any model which would find optimal E-V

combinations must be provided by some type of estimation

procedure. These estimates fall outside of the range of

the portfolio framework which has been established.

Traditionally, estimates of future returns have been

provided by the research analysts, but no historical

precedent has been established for the variance and

covariances of those returns. Markowitz says,

My feeling is that the statistical computations
should be used to arrive at a tentative set of
pi and ai. Judgment should then be used in
increasing or decreasing some of these pi and
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ai-on the basis of the factors or nuances not
taIen into account by the formal computations
(7, p. 91).

Using this conceptual framework, the portfolio problem

is divorced from the estimation problem and is presented

as an exercise in optimization theory. From a set of

potential investments, optimal combinations of E-V are

to be determined, with a maximum return portfolio for

every level of variance and a minimum variance portfolio

for every level of expected return. These portfolios then

constitute the set of portfolios which provide the optimum

goal-satisfaction for some specific trade-off between return

and risk. This result is obviously conditional upon the

validity of the expected return as a proxy for actual return

and variance as a proxy for risk.

Very little can be said about the use of expected

return as a substitute for actual future return, since no

treatment of future behavior is possible beyond the

attempt to estimate the turn of events. The use of

variance as a substitute for risk, however, has been the

subject of some discussion. The traditional portfolio

manager feels that risk is the possibility that one or

more members of the essentially amorphous class of events

disadvantageous to his assets may become a reality. This

is a subjective concept because the probability that at

least one event will occur when an unlimited number of

such poorly defined events are possible cannot be calculated.
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As early as 1921,, a distinction was drawn between insurable

"risk" and the concept of "uncertainty" where probabilities

could not be applied (5). This would imply that although

"variability of return" loosely fits the concept of risk,

since disastrous loss of assets requires that the return

has varied, no precise quantitative measure of such a

contingency is possible. In this view, it is not the

correlation between minor deviations from expectations that

causes the investor not to concentrate in sixty railway

securities, but rather the feeling that their economic

commonality makes them commonly subject to the same broad

classes of disasters. There is some possibility that the

traditional portfolio manager is less concerned about the

variance of the value of his portfolio assets over time

than about the possibility of some single disastrous event

affecting a broad cross-section of his portfolio.

Another problem in the use of variance stems from

preliminary evidence that the returns on securities have

historically not been normally distributed but conform

rather to the class of stable Paretian distributions. If

this is in fact the case, the second moment cannot be used

to describe the variability of either the securities or

the portfolio (2). In this event, risk could no longer be

defined in terms of variance and mathematical programming

techniques would need to be altered.



24

Another problem, which has received much less attention,

stems from a re-examination of the distribution being

described by the variance. Later modifications or tests

of the portfolio model treated historical variances from

trend in return as the variable in question (10). Markowitz,

however, maintained that the relevant random variable was

the projected return, implying, of course, that the variance

of the projected return is the relevant input. This makes

a logical distinction crucial--the variance may relate to

the dispersion of the returns projected for the security,

or it may relate to the dispersion of the projection of

the returns on the security.

This is not merely a matter of playing with words. The

former alternative asserts that there is a projected return

attainable by the security but that the security is a random

variable and may therefore deviate from that most likely

return. The second alternative asserts that the ability

of the analyst to project security returns is limited,and

hence that any projection is a random variable. This

implies that deviations of the projections from the actual

return achieved by the security will therefore occur.

These are definitely two different positions. The

first implies a variance which is describing variability in

the returns of stocks, while the second is describing the

variability in the distribution of the estimates made by

the analyst. Several interesting implications of this
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distinction will be drawn later, but at this point it is

possible to say that if the relevant random variable is the

projection of the analyst, then the distribution of the

returns of securities is not a matter of interest in

portfolio theory. The portfolio problem would instead

refer to the distribution of the estimated returns. The

portfolio manager would in this view regard a variation

as being described by the amount by which the projected

return could be expected to deviate from the actual return,

with the extent of this possible deviation being a function

of the ability of the analyst. This would imply that the

distributions of the analysts' projections is the relevant

measure of the portfolio variance. Markowitz appears to

have recognized this, for when he gives recommendations on

how to generate input to the portfolio model, he states:

The relationship between portfolio analysis
and security analysis may be illustrated by a
particular portfolio analysis based on the
probability beliefs of security analysts. These
beliefs were recorded on forms such as those in
Figures 6 and 7. The information recorded was
the output of security analyses and the input
to a portfolio analysis. The information required
for the portfolio analysis depended on

(1) the objectives of the investor and
(2) the need of the portfolio analysis

for estimates of the most likely return
on each security, the uncertainty of
return associated with each security,
and the correlation between each pair
of securities (6, p. 28).

The forms referenced in the above passage required

input concerning the projected variability of the security
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under various market conditions. For each market condition,

a projected high, likely, and low return were requested.

The quotation makes it obvious that Markowitz is requesting

information concerning the distribution of the analysts'

projection as the basis for his model's analysis of the

portfolio. This distribution may differ from the distri-

bution of the security treated as a random variable that

assumes a new value in each new time period. In fact, it

would be difficult to argue that security analysis is a

valuable endeavor if the distribution of the projection

is identical to the distribution of the security. This

stems from the widely held view that the function of the

security analyst is to provide better than random projec-

tions. If this function is fulfilled, the distribution of

the projected returns would necessarily differ from the

distribution of the security when viewed as a random

variable having a set of realizations over time.

As a practical illustration of the difference between

the two distributions, consider Widgets, Inc., which is a

company in a cyclical industry. Its common stock has

historically provided an average annual return of 10 per

cent, with a standard deviation of 15 per cent. If the

return on the market value of Widget's common stock is

treated as a random variable having a normal distribution,

these values for its mean and standard deviation completely

describe its distribution.
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Assume now that a particular analyst is so highly

informed in the widgets industry that he has projected

the actual returns on Widgets, Inc. very accurately in

the past and can be relied upon to continue to do so in

the future. He has, in fact, provided predictions having

a deviation from the actual returns which have never been

in excess of 3 per cent. The standard deviation of his

errors is only 1 per cent. As a result, management has

come to accept his point estimate of the future return on

Widgets, Inc. as in fact being a random variable having a

normal distribution with a mean equal to the point estimate

and a standard deviation equal to 1 per cent.

Given the information provided by hypothetical analysis

described in the above paragraph, is the level of risk in

Widgets, Inc. measured by 15 per cent or by 1 per cent? If

the estimates of the analysts are used as inputs, the

obvious answer is 1 per cent. This answer seems to agree

with the practical feelings of portfolio managers, for few

portfolio men would have qualms about buying Widgets if

this analyst estimated a high return on the stock. The

stock's historical (and expected future variability) is

not relevant to the purchase decision because of the

analyst's consistency.

This distinction does not appear to have been emphasized

in the literature, where the terms "variance" and "standard

deviation" are very often used without reference to the
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particular distribution which they describe. Nevertheless,

failure to draw this distinction can be very important,

not only because irrelevant input may therefore be used in

the model, but also because it fosters clouded thinking

in the investment modeling process and may contribute to

the opinion that the two distributions are identical.

This sould automatically imply that security analysis is

not a valuable function, and such a view is better placed

at the end of a thorough analysis than at the assumption

stage of an investment model.

The problem of failing to distinguish between these

two distributions appears to occur even with Markowitz,

for although he advocates projected returns as portfolio

inputs, he uses charts frequently (6, pp. 8-12) depicting

the variation of securities over time, with the possible

implication that minimizing such variation in a portfolio

containing these series is an investment objective. It

is not possible, however, to assert with certainty that

he identifies portfolio variation over time with risk,

partly because of his references to standard deviation

without specifying the relevant distribution. For example,

when discussing the relationship between the variance of

the portfolio and the variance of the securities in the

portfolio, he fails to indicate whether historical

volatility or predicted variability is the dimension along

which dispersion is being measured.
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The standard deviation of return on a portfoliois not determined solely by the standard deviationsof its individual securities. It also depends onthe correlations between securities. The corre-lation coefficient measures the extent to whichtwo series of numbers tend to move up and downtogether. . . . Other things being equal, thehigher the correlations among security returns,the greater is the standard deviation of theportfolio as a whole (6, p. 19).

If this "standard deviation" refers to the distribution

of projected returns on the securities in the portfolio

and not to the inherent variability in the securities, then

it is not reasonable to discuss either security or portfolio

variation over time as a measure of risk. This can easily

be seen by the use of a hypothetical example. Assume that

a portfolio manager has a "perfect" analyst who inevitably

estimates the correct value for every security in the

investment universe. Legal, political, and trading limita-

tions nevertheless have forced the portfolio manager to

diversify somewhat. Obviously, the return on his portfolio

will be quite high, and equally obvious is the fact that

the portfolio carries no risk. Nevertheless, the portfolio

return will vary over time because the return available

from the various securities in the investment universe will

vary. The presence of a (possibly large) standard deviation

over time would not imply risk in this case.

Even if our example portfolio were permitted to contain

risk as a result of incorrect estimates, its variation over
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time would still be largely the result of fluctuations in

the available returns on investment. A portfolio returning

5 per cent, 25 per cent, 5 per cent and 25 per cent in four

consecutive years would not be risky if those returns were

guaranteed, and it would have low-risk if they were almost

guaranteed--if the standard deviation of the projections were

quite low. It is unclear whether Markowitz maintained that

variation over time is an indication of risk. The same

cannot be said for a number of later writers, especially

those who have engaged in the empirical analysis of actual

portfolios using expected value and variance categories (1).

The Mathematics of the Markowitz Formulation

The assumptions of the mathematical approach to the

portfolio problem are necessary as an intellectual under-

pinning of the precise quantitative formulation. This

section discusses in an elementary manner the mathematical

model which parallels the verbal assumptions already

covered but which permits precise manipulations to

determine actual portfolios which are optimal in the

sense described by the theory.

The assumption of a normal distribution for the

projected returns on the securities is certainly open to

objections, several of which have already been mentioned.

Nevertheless , the normal distribution is assumed to be

adequate in this approach, and as a result it is possible
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to relate an extensive body of mathematical knowledge to

the portfolio problem. The findings of probability theory

can be applied to this simple distribution with ease, and

since the normal distribution is completely defined by its

mean and variance, quadratic programming can be used to

solve the maximization problem.

In order to maximize the portfolio return at some

level of risk or alternatively to minimize the risk assumed

while attaining some stated level of return, it is necessary

to relate the probability distribution of the portfolio to

the distributions describing the behavior of the various

securities in the investment universe. For the normal

distribution, this problem is quite simple, for the

convolution of a set of random variables normally

distributed must itself be normally distributed (3, pp.

228-233).

The distribution of the projected return on the

portfolio is assumed to be normal and therefore completely

described by its mean and variance. The mean of this

distribution is simply the weighted sum of the means of

the distributions of the projected returns of the various

securities in the portfolio. The weights used in the

addition represent, of course, the relative importance of

each security to the total market value of the portfolio.

If an individual believes that the value (V)of some future event must inevitably equal a
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particular weighted sum of the values of N other
future events, then, if his probability beliefs
are internally consistent, the expected value ofV must be the weighted average of the expected
values of the N events (6, p. 71).

A simple illustration of this principle can be found in

the game of roulette. In this game, as played in America,

the expected value of a one-dollar wager on a number is

36/38. The expected value of one dollar on each of two

numbers is 36/38 plus 36/38. If two dollars is wagered

on one number and one dollar on another, then the expected

value is 2(36/38) + 36/38. In each case, the expected

value is a weighted total of the expected values of the

events.

The variance of the normal distribution describing the

portfolio's projected returns is a slightly more complicated

problem. If the distributions of the securities were

independent, the portfolio variance would simply be the

weighted sum of the variances of the securities. Unfor-

tunately, since the projected returns of the various

securities will in practice tend to have a high positive

correlation, this formula is too simple. The presence of

this correlation increases the variance of the portfolio

because a high return on one security would produce a

tendency toward a high return on the other securities while

a low return on one produces a tendency to have a low return

on all. This concentration of the various securities toward
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similar results naturally increases the variance of the

portfolio's distribution. The actual formula relating the

variance of the portfolio to the variance of N securities

allowing for the presence of covariance is stated as a

theorem by Markowitz.

Theorem: Suppose that rl, r2 ' r3 *.-, rnare any N variables generated by some wheel,nthat
A1 , A2 , A3 ... , An are any N numbers, that w is therandom variable Alrl+A2 r2 +A 3 r3 +.. .+Anrn. The
variance of w is equal to

var ( A) = A Aj 1 1 +A 2A 2G 12+A 1A3 a13+. ..+A1AnOaln
+ A2 Al G 2 l+A2 A2 & 2 2 +A 2 A3a23+ .. +A2A

+ A 3A 1 &'3 1 +A 3 A 2 03 2 +A 3 A 3 a3 3 +.. .+A3An"3n

+ AnAl' nl+AnA2cn2+FAnA 3cn3+. ..+AnA nn'

or equivalently,

var(W) = A2V +A 2V2 +A2V 3+...+A2V

+2A1 A2c 1 2 +2A1A3a13 +. .. +2A 1Aln

+2A2A 3c'23 +. ..+2A2 Ano 2n?

etc. (6, p. 94).

The preceding rectangular array of numbers describes

the variance of any linear combination of N random

variables. The mathematical programming portfolio

problem is to find the portfolio having minimum variance

for any given level of return desired. The algorithmic

solution of the problem can be based upon Lagrange
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multipliers (8, pp. 173-180), parametric quadratic program-

ming (4), or simpler techniques under certain simplifying

assumptions (9). The important characteristics of the

solution algorithms from the standpoint of the simulation

presented in the remaining chapters, however, are three-

fold.

1. It is assumed that expected portfolio return

is a linear combination of the expected

returns of securities in the portfolio.

2. It is assumed that the goal of portfolio

analysis is two dimensional, relating to

minimizing risk given the desired return,

with risk and return inversely and monotonically

related.

3. A portfolio is therefore optimal if it possesses

an optimal risk-return trade-off. There are an

infinite number of such portfolios, one for

each level of available return. Any portfolio

having this "optimal" characteristic is said

to lie on the "efficient frontier."
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CHAPTER III

STRUCTURE OF THE SIMULATION MODEL

An Additional Problem in the Mathematical Approach

A common characteristic in any of the approaches

mentioned in the preceding chapter is that they (explicitly

or implicitly) search the set of estimated returns on

securities and select a subset which can be regarded as

the "best" in a well-defined sense. Since the projected

returns for each security are subject to error in any

realistic application, they are obviously subject to the

possibility of overestimation. This raises at least the

possibility that the technique will tend to concentrate

investments in such overestimated securities in some

systematic way. If this does in fact occur, the model

would produce an incorrect estimate of the portfolio's

future performance. Such a bias would, in fact, also

result in major disruption to the more traditional approach

to the portfolio problem, since it would cause overesti-

mated portfolio returns whether the portfolio was selected

by either traditional or by mathematical methods.

The presence of a systematic selection bias is strongly

indicated by the fact that the model will select securities

having high expected returns and one explanation for a high

36
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expectation is that the security has been overestimated.

Quite naturally, other securities may have been under-

estimated, but this implies a tendency toward a lower

expected return and the model will therefore tend to

avoid such issues. This implies that even if the extent

of overestimation is equal to the magnitude of the under-

estimated securities, the model may tend to concentrate

investment in the former and avoid the latter. In other

words, the model may have an overestimated expected return

because it is composed of a concentration of overestimated

securities whose estimation error is not offset by the

underestimated issues which the model has avoided. If this

is true, then an overestimated return on the portfolio

would occur even when the estimates on the set of securities

in the investment universe were correct on average.

In order to evaluate the possibility of such a bias

in the mathematical approach to the portfolio problem

and also to explore its behavior if present, a simulation

model of the investment process was built. The results

of the simulation study provide strong support for the

belief that such a bias does exist unless either of two

unrealistic conditions is met. First, if a predetermined

quantity of the members of the investment universe is

purchased, then no bias is found. This, however, is

equivalent to stating that the search process of the

portfolio model is not used for investment decisions at
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all. Second, if the distribution of the estimated returns

of each security in the investment universe has a zero

standard deviation, then no bias is present. This,

however, is equivalent to optimizing when no uncertainty

is present in security returns, in which case the issue

with the highest return could be purchased without the

use of a mathematical formulation.

In realistic cases, neither of these two conditions

can occur, and when these conditions were not assumed, the

presence of a bias in the portfolio's estimated return was

strongly indicated by the simulation results. This

implies that the bias is inevitable in all realistic cases.

The bias appeared to be substantial in size even when the

estimation of the returns of each individual security

was unbiased. That is, the bias was sizeable even though

all estimates by each simulated security analyst were

correct on average for all securities considered in the

decision-making process associated with any one given

portfolio. Also of interest is the evidence indicating

that (given the reasonable assumption of unequal variance

for the various distributions describing the projected

security returns) the portfolio model is unable to select

the set of securities which will have the highest perform-

ance even when each security is estimated correctly on

average. This would imply that the optimal set of securities

is indeterminate unless an adjustment for the bias is
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included in the problem formulation. Imposing a constraint

upon the variance of the portfolio may in some cases raise

the return instead of lowering it. This may occur because

the magnitude of the bias appears to be a function of

variance, and a reduction of the variance may reduce the

estimation bias by an amount greater than the reduction

in expected return, causing actual return to rise.

These results are at odds with current academic thought

on the subject of portfolio selection, and a thorough

description of the nature of the simulation and its results

is imperative before these concepts can be accepted. This

chapter is a discussion of the simulation model, the lines

of reasoning behind its construction, and its relationship

to the arguments presented in earlier chapters. Chapters

IV through VI present the results of the simulation under

various conditions and discuss their significance and

implications.

Introduction to the Simulation Structure

Any attempt to evaluate the adequacy of the mathe-

matical formulation of the portfolio problem must consider

either data from actual portfolios or data artifically

generated in an experimental environment. The use of

actual portfolio results has a number of disadvantages.

First, the distribution of the returns which were expected

on each security in the portfolio would not be known.
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This problem could be met by substituting a distribution

based upon historical realizations of security returns,

but it is not clear a priori that these two distributions

would be identical. Second, the distribution of the

expected return on the portfolio would be unknown unless

it would be assumed that this value could be calculated

as a linear combination of the securities' estimated

returns, and this calculation would be valid only if there

is no bias. Alternatively, the portfolio's distribution

could be approximated. by the distribution of the actual

returns achieved by the portfolio over time, but this is

not the concept of risk used in the profession and does

not appear to have been the concept maintained by

Markowitz, as shown in earlier chapters. Deviations over

time, in other words, are not conceptually equivalent

to unpredictability in return. As an example, if all such

deviation over time had been precisely predicted, there

would have been no risk.

If data which.has been artifically generated from

known distributions is used for testing, these problems

are easily avoided. The distribution of the returns

which are anticipated for the set of securities can be

directly used in the analysis because it has been clearly

defined at the beginning of the experiment. The expected

return of the portfolio can be directly calculated because

all parameters related to the distributions of the
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securities are known. By using a simulation, the impact

of changing the values of the system parameters can be

studied in a controlled environment. An additional

advantage is that all of the assumptions concerning the

structure of the investment process are made obvious by

the design of the model, eliminating any ambiguity

concerning the role of each decision process and each

distribution. Even though the results are generated by

defined distributions in the simulation, the results can

relate to 'the real world if the distributions have been

defined in such a way that they reflect reality. The

advantage to the simulation approach is that it allows

investment experience to be generated by a process having

completely known characteristics.

In order to perform the large number of calculations

required for the study of a problem of this magnitude, it

was necessary to use the computer to perform the simulation.

The model was written in FORTRAN and constructed in such

a way that all of the decisions and results produced by

the resulting investment system could be evaluated

periodically. Each evaluation of the system then consti-

tuted one trial, or iteration, in the simulation. Within

each iteration, a random number generator was used to

provide a particular realization of each distribution in

the system and a set of decisions were executed to simulate
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the investment decision-maker's reaction to the available

information.

One possible interpretation of the model is to regard

the set of all realizations occurring in one iteration,

together with the associated decisions, as being a repre-

sentative of the activity and results of a hypothetical

investment division during one particular year. These

results, of course, will be consistent with the random

distributions governing the system. By recording the

results achieved for each year and performing a sufficient

number of iterations, the steady-state behavior of the

system over a one-year period can be developed. Since

the one-year period is only an arbitrary interpretation

of the meaning of the periodic evaluations performed by

the model, it is just as reasonable to regard the results

as being descriptive of the system's steady-state behavior

over any single time period of arbitrary duration.

In order to provide the framework for the distributions

involved in the system, a simplified version of an investment

division was simulated. This division has five analysts,

each responsible for twenty-one securities. The analysts

are responsible for estimating, for each of their securities,

the return which would be achieved during the next time

period if the security would be purchased. Only one

portfolio manager and only one portfolio is recorded in

the study. The manager observes the set of estimated
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returns provided by the analysts and then purchases an equal

dollar amount of, say, the ten securities having the highest

expected return. At the end of the year, the actual

results of the securities purchased are recorded and the

actual performance of the portfolio is then related to the

anticipated, or target, performance. The details of the

simulation model can therefore be broken into three cate-

gories--the analytic function, the pricing mechanism which

generates expected and actual returns, and the portfolio

function.

The Analytic Function

Practical experience in the investment industry has

indicated that the projected returns on securities do not

inevitably equal the actual return achieved by the security.

In actual practice, the success of an analyst in projecting

the return on any particular stock contains an element of

uncertainty. Assuming that this uncertainty will result

in a certain pattern of error if the analyst estimates the

same situation a number of times, the stochastic element

in the estimation process can be modeled as a probability

distribution without seriously distorting reality. This

could be called the distribution of target return and

describes the error which is involved in the estimation

process. That is, it describes the extent to which the
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estimated or "target" return will differ from mean of the

distribution describing the actual return on the security.

The actual return achieved on a security can also be

considered to be a random variable. The return on a

security, in other words, is subject to uncertainties

stemming from a very large number of sources and can

therefore be characterized by a probability distribution

more realistically than by any single number. Since the

analyst in a practical situation can hardly be held

responsible for correctly estimating all of the sources

which produce the uncertainty in a stock's return, his

projection could reasonably be viewed as an attempt to

estimate the mean of the distribution of the stock's actual

return.

This formulation can be seen to involve two distri-

butions which are logically distinct. One distribution

refers to the inherent unpredictability in the actual return

of a stock around some mean return. The other distribution

refers to the analyst's attempt to estimate the expectation

of the security's actual return. This distribution

therefore describes the analyst's ability to predict the

mean of the actual return and has a dispersion which

relates to the adequacy of that prediction. If the mean

of the analyst's distribution does not equal the mean of

the actual distribution, then the analyst will systematically

overestimate or underestimate the security's return. If the
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two means are equal, then there will not be any systematic

bias, but the accuracy of any particular single estimate

in any one year will depend upon the size of the dispersion

of both distributions.

Both of these distributions can be used without any

significant distortion of the investment process, since

it is reasonable to maintain that the return on a stock is

to some extent unpredictable and also that the attempt of

the analyst to estimate the predictable portion of that

stock's return is subject to at least some stochastic

error. It would certainly be unreasonable to maintain that

the return on a stock is a random variable but that the

mean of the distribution of that return can be estimated

without error, for any estimation process includes the

possibility of error. A denial of the presence of both

distributions implies perfect predictability of returns,

a position which is not consistent with investor results.

Denying that the actual return on a stock is a random

variable implies that all influences on the actual return

are deterministic. In this case, all deviation between

the actual and the estimated return would stem from

stochastic properties of the analyst's distribution, which

in the remaining discussion will be called the "target"

distribution. Although it appears to be highly unrealistic

to maintain that actual returns on stocks do not contain

stochastic characteristics, one test of the model was made
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with a zero standard deviation for the actual returns in

order to explore the implications of this position.

Since the purpose of this simulation was to explore

the possibility of systematic bias in the expected return

of a portfolio, the model was constructed in such a way

that the individual components of the investment system

functioned in a manner most detrimental to that hypothesis.

In the case of the analyst's target distributions, this

implied that each distribution must be free from bias.

Each distribution of the estimated returns on the stock,

in other words, had a mean equal to the mean of the

distribution of that stock's actual return. This repre-

sented a situation where each analyst was right on average

in his estimates for all stocks which he covered. No

analyst was overly optimistic or overly pessimistic in

any systematic way. On any particular estimate (xo) of

one stock's return in one year the estimated return could

deviate from the mean of the actual return, although it

was equally probable that the analyst would overestimate

by x0 - p as that he would underestimate ,by p - x0 for any

value of xo.

There is no a priori reason to believe that the

distribution of the estimates of practicing analysts to

in fact display this kind of symmetry. In this study,

however, it was important to avoid introducing any type

of bias into the individual components of the investment
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process in order to be able to observe more clearly the

bias which might develop solely as a result of the operation

of the interrelationships among the components. The

assumption of symmetry of the distribution about the mean

therefore stems from the goals of the simulation. The

choice of a particular symmetrical distribution is a more

difficult problem. From the practical standpoint of

simplicity in the construction of computer' simulation

models, the rectangular or the normal distribution is the

logical choice whenever the simulation results are not

highly sensitive to the choice of the type of density

function involved.

Upon examination of the decision process being

simulated, it can be seen that it is necessary to assume

that the analysts' must have at least some power to

estimate the returns of the securities or the portfolio

model would have insufficient input. Under the assumption

that an analyst can in fact estimate the mean of distri-

bution describing a stock's actual return (although with

some error) and that an extremely large number of random

factors will tend to cause inaccuracies in this estimation

process whenever these factors do not have certain

precisely defined systematic relationships, then the law

of large numbers can be used to assert that the analysts'

distribution will be normal. In other words, the

assumptions of the simulation imply that even though
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analysts are correct on average in their estimates, certain

problems remain. This requires the assumption that analysts

can project actual returns. The study also attempts to

avoid biases in the components of the investment system,

and this implies that it is necessary to assume the absence

of systematic relationships among the factors which produce

errors in the analyst's estimates. The combination of

these two assumptions strongly indicate that the use of

the normal distribution is at least a reasonable charac-

terization of the analysts' estimates in the simulation.

Nevertheless, it will be important to evaluate the signif-

icance of the choice of distributions when the results of

the simulation are presented, for such results may be

questionable if they appear to be highly dependent upon

the choice of a distribution supported only by this type

of argument instead of by empirical verification.

As a result of the preceding arguments, the normal

distribution was used to generate the target returns on

each stock in an investment universe of 105 companies.

The model contained five analysts, each analyst being

responsible for twenty-one securities. On each iteration,

a target return was drawn from a normal distribution having

a mean equal to the mean of the distribution of the actual

return of each stock. The standard deviation of the target

returns was treated as an input variable, but was in all

cases held constant for all of the iterations associated
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with any particular simulation run. This modeling procedure

implies that the target return on any given security would

be correct on average given a sufficiently large number

of iterations. The overestimated projections, in other

words, would be cancelled by the underestimates.

The Pricing Mechanism

The actual returns assigned to the set of 105 stocks

present a difficult modeling problem. The law of large

numbers argument implies that these returns on any given

security would tend to be normally distributed. It may be

possible to develop empirical evidence related to the

distribution of the returns on common stocks and then test

to establish whether deviations from normality are statis-

tically significant. Although such an approach may provide

insight into real world conditions, it would not invalidate

the simulation results so long as the normal distribution

is not an extremely inaccurate approximation of reality.

The normal distribution has been used in this simulation

as a simplification which appears to deviate only slightly

from the evidence. As in the case of the target distri-

bution, it will be important to examine the sensitivity

of the model's results to this probably simplified model

of the behavior of common stock 'prices.

In order to explore the nature of any bias in the

decision process which might be revealed by the simulation,
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a method for assigning different means to distributions of

the actual returns of different stocks was built into the

model by two input variables. This was accomplished by

taking the set of twenty-one stocks covered by any given

analyst and setting the mean of the "middle" or eleventh

stock in each such set equal to the value of an input

parameter. Another input parameter provides an increment

number which is used to determine the means of each of the

remaining twenty stocks covered by each analyst. This is

accomplished by adding the increment number successively

to each of the ten stocks higher than the "middle" security,

and reducing the mean successively for each of the remaining

ten issues. As an example of this procedure, if the input

mean was zero and the increment number was one, the middle

security would have a mean actual return of zero, the ten

"above average" stocks would each have a mean actual return

ranging from 1 per cent to 10 per cent at equispaced

intervals, and the ten "below average" securities would

each have a mean actual return ranging from -1 per cent to

-10 per cent at equispaced intervals.

As a result of the procedure for setting the means

of the distributions of the actual returns, a broad range

of expectations in the investment universe could be used

in the study if needed, or the implications of equal mean

returns could be examined if necessary by setting the

increment parameter at different levels. In addition,
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the model was constructed in such a way that each analyst

received a set of securities having expectations which had

exactly the same performance characteristics as the

stocks covered by each of the other analysts. The standard

deviation of the actual returns on the stocks was treated

as another input parameter and was the same value for

every security in the investment universe.

The means and standard deviations of the distributions

of the actual returns for every member of the investment

universe were calculated at the beginning of each simulation

run and remained constant throughout all iterations of any

given simulation. Then for each iteration the analysts'

target returns for all of the stocks were generated in the

manner discussed in the preceding section, and the actual

returns for the iteration were generated using the

parameters established at the beginning of the run. The

set of target and actual returns then become the basic

data in one observation of the stochastic system being

modeled. Repeated iterations then generate additional

observations until general tendencies in the system

become apparent.

The Portfolio Function

If the purpose of the simulation was to consider

possible bias in the projection of portfolio return or

in the selection of securities, it obviously was necessary
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to model some type of portfolio selection procedure. This

procedure could then be used in each iteration to select a

set of advantageous investments which could then be regarded

as the portfolio resulting from the operation of the

investment process.

It is unlikely that any simple portfolio selection

procedure could ever be expected to truly represent the

actual decision processes of the modern professional

portfolio manager. However, certain assumptions in the

mathematical approach to portfolio theory simplify the

modeling problem. The mathematical programming models

have never been considered to be an accurate description

of the portfolio manager's psychological processes. They

are oriented instead toward providing a portfolio that is

consistent with the manager's goals and the general

information framework within which he makes his decisions.

In the case of the Markowitz model, this means that it is

assumed that the manager utilizes expected returns and

relationships between these returns as input and the

maximization of return subject to some limit on risk as

a goal. It does not mean that the manager's psychological

processes approximate the behavior of a quadratic

programming algorithm.

Since the goal of this simulation was an analysis of

certain aspects of portfolio behavior given the approach

of mathematical programming, it was possible to model a
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simplified portfolio manager who behaved in accordance with

the assumptions of the Markowitz portfolio manager and to

ignore those characteristics of a practicing manager that

did not directly relate to these assumptions. As a result

of this approach, the output from the simulation study can

be directly related to the characteristics of mathematical

portfolio models, but can be applied to actual realities

in the professional investment community only insofar as

practicing money managers behave in accordance with the

assumptions of return maximization, risk aversion, and the

use of estimated returns as well as their relations as

input variables.

The portfolio manager in the simulation must attempt

to maximize return (subject to risk) if he is to represent

the "mathematical manager." The portfolio manager in

basic simulation simply selected the N securities which had

the highest target return for the iteration, investing an

equal dollar amount in each stock purchased. N was an

input parameter which was held constant for all iterations

in any given run. This very crude decision rule is possible

in the basic simulation and results in this basis are

presented in Chapter IV, but it will be necessary later

in the study to consider the behavior of the model if the

portfolio manager was permitted to purchase unequal amounts

of the securities added to the portfolio. Chapter V

expands the basic model in order to examine the results



54

when the portfolio manager gives consideration to the amount

of risk accepted in the construction of the portfolio.

The model proceeded during any one iteration by first

generating the set of target prices. It would then scan

the target returns and select the N highest returns for the

portfolio. The actual returns on the stocks could then be

evaluated and the actual performance of the portfolio could

be calculated using the actual returns on the securities

which had been purchased. This value could then be

compared to the target returns on the securities in the

portfolio in order to determine the extent to which the

actual portfolio return deviated from the return that would

have been expected by the portfolio manager if he had used

the analysts' estimates to predict the portfolio's actual

performance. The target and actual returns are retained

through a large number of iterations in order to develop

information concerning system characteristics.

Description of the Computer Program

The structure of the simulation as discussed in the

preceding sections was implemented by means of a FORTRAN

computer program. This section discusses the nature of

that program and is intended to serve as documentation

for the listing presented in the Appendix.
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Before a discussion of the various aspects of the

coding is begun, it is convenient to introduce notation

for the most significant system variables.

Let:

Tm
U = the target, or projected, return on the

stock exhibiting average performance.

This parameter serves as the mean of the

distribution describing the target return

of the "middle" stock, and the mean of the

target return on all other securities is

computed as a positive or negative deviation

from this value.

= the standard deviation of the analyst's

target return from the mean of the distribution

describing the target return to be achieved

by the stock and equal the mean of the actual

returns.

= the mean of the distribution of the actual

return of the "middle" stock in the investment

universe. The mean of the actual return of

all other securities is computed as a positive

or negative deviation from this value.

= the standard deviation of the actual return.

= the number of securities to be purchased for

the investment portfolio.

GA

N
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T = the number of iterations to be performed.

6 = the increment by which the mean of the actual

and the target distributions is increased or

decreased to provide a variety of returns in

the investment universe.

T
x T = the estimated target return in a given iteration
ij

on security i under analyst j. It is one

particular observation of the analyst's

estimated return for a security.

A the actual return attained by stock i under

analyst j on one particular iteration.

b = the lowest mean used for the probability

distribution of the target or actual returns

for any security. It is calculated as

P-(6 times 10).

Tr = the target return on security i.

rA = the actual return on security i.
i

At this point, it is possible to present a functional

flowchart of the simulation model.
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FLOW OF PROCEDURES IN THE SIMULATION PROGRAM

t Read PT' aT, A , A, N, t, 

Calculate the value

of b

For analyst j, do the following

For stock i do the following

I-
AC sCalculate Iajjasb

Calculate -T as b +

Draw a random number for x.-and xjj

iore Stocks. Yes i i 1 AA

ore AnalysZ>sYes +l AB

BAJ
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------ 1
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.

I
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Select the N stocks having
the highest target return

Evaluate the expected performance
of the selected portfolio

Evaluate the actual performance

of the selected portfolio

Calculate the number of times that each analyst
was used and average results for this iteration

Accumulate the average results
for the iteration

More iteration yes AB

no

Normalize the accumulated results to
produce answers for an average iteration

Print results of the simulation

End,
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Model Flexibility and Expansion

The basic computer simulation program described in

the preceding section is able to explore the target and

actual returns on a portfolio under a number of varying

conditions. The number of securities chosen for the

portfolio can vary from one to the entire universe of 105

stocks. The intrinsic bias of the analysts, measured by

the difference between 11A and pT, can be set equal to zero

or can be allowed to be any real number. The accuracy of

the analysts' estimates can be perfect with a zero aA, or

can be set at any level desired. The variability of the

returns on stocks can be controlled by cA. In addition,

the pattern of returns attainable from the various stocks

in the investment universe can be changed sharply by

adjusting pA and 6. In the event that a bias is shown in

the investment process, its behavior characteristics could

be examined rather thoroughly by varying the values of

these parameters and observing the resulting steady-state

behavior of the returns of the portfolio.

Unfortunately, however, the structure of the basic

simulation model is inadequate if several more advanced

questions are raised. For example, no consideration of

the behavior of the bias is made when different securities

have different variances. In addition, the model does not

explore the impact of covariance between securities on the

bias. Unequal variance for different analysts is not
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considered even though it is possible that some analysts'

are more capable at projecting returns than others,

Systematic bias of unequal magnitude among different

analysts is not permitted in the basic model. The

possibility that analysts may systematically underestimate

attractive stocks and overestimate the return on issues

having extremely low future actual returns is not covered

in the present formulation. Last, no thought is given

to the impact upon the portfolio bias if the distribution

of target returns has a mean equal to a particular

realization of a security's actual return instead of being

equal to the mean of the distribution generating those

returns.

Chapter IV attempts to explore the nature of the

portfolio behavior under the conditions defined by the

basic model. Chapter V then generalizes the analysis and

the applicability of the conclusions to include the

modifications of the basic model listed in the preceding

paragraph. After the simulation results have been presented

in detail, Chapter VI is included as an evaluation of a few

of the more obvious implications of the findings.



CHAPTER IV

BASIC SIMULATION RESULTS

Chapter IV presents the results of the simulation

studies run using the program described in Chapter III

and examines the significance of the findings for the

investment decision-making process. In Chapter V, several

of the assumptions in the simulation model will be relaxed

in order to examine such conditions as the presence of

covariance of unequal standard deviations in the analysts'

estimates. The results presented in these two chapters

will show that there is a bias in the portfolio's expected

return even though the return on each stock is estimated

correctly on average. This implies, among other things,

that the return that can reasonably be expected on a

portfolio is not the linear combination of the expected

returns on the stocks in the portfolio, as is commonly

assumed in both mathematical and traditional portfolio

theory.

In the most basic simulation run, both the target and

the actual returns on the average stock were set equal to

zero, and 6 was set equal to two. This caused the means

of the distributions of actual returns to range from -20.0

per cent to +20.0 per cent, with each stock's actual mean

estimated correctly on average. Both cxT and oA were set

61
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at ten percentage points, and the simulation was executed

over thirty iterations. The average return for all stocks

in the investment universe over all iterations was -0.31

per cent. The average of the estimated returns on all stocks

over all iterations was 0.39 per cent. The number of

securities included in the portfolio in each iteration

was set at ten, and the expected return on the purchased

portfolios averaged 23.26 per cent over the set of thirty

iterations. The average actual return on the portfolio

over all iterations, however, was only 12.83 per cent. This

result establishes that even though the analysts are able

to estimate the mean of the distribution of actual returns

correctly on average, the estimated return on a portfolio

of purchased securities is biased and will be overestimated

when the analysts' estimates are not perfectly accurate

on every stock in every time period. This becomes obvious

when an average of many iterations is used to portray the

portfolio's behavior, reducing the randomness of the results

and showing the basic characteristics of the process. As

the random characteristics of the process are reduced, the

return on the portfolio more closely approximates the

return that might reasonably be expected. This approxi-

mation to the portfolio expectation is called the "steady-

state" result.

This result is somewhat unusual and therefore deserves

further explanation. The presence of some systematic
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problem in the portfolio estimate can be clearly seen in
the 23.26 per cent estimated return for the portfolio under
steady-state conditions. Since monte carlo techniques were
used to generate this number, the characteristics of the
investment universe were completely known before the results
are generated. In this particular run, it has already been
stated that the highest mean for the distributions of the
actual return on any stock was 20.0 per cent. This, of

course, means that the highest steady-state portfolio return
available would be 20.0 per cent if only the finest

securities were invariably chosen by the portfolio manager.
The 23.26 per cent estimate therefore exceeds the potential

of the investment universe even under conditions of perfect

information. The only possible conclusion is that it is
not an unbiased estimate of the portfolio's return.

In order to more easily explain the nature of the bias,
Table I shows the target returns for all stocks in the

universe in one particular iteration of the model. An

asterisk is placed beside each of the ten issues purchased

for the portfolio in this particular iteration. It is
interesting to note that every stock purchased in this

particular case had a target return greater than the 20.0
per cent maximum steady-state actual return available from
any security. Each of these securities must therefore be
overestimated. Another interesting feature of this data
is that the stocks having the highest mean actual return
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TABLE I

TARGET RETURNS FOR THE INVESTMENT UNIVERSE
DRAWN IN ONE ITERATION OF THE SIMULATION

(GA = 10.0, aT = 10.0, 6 = 2.0, PA and IT = 0.0)

- -
-- -15 -18.78 -35.83 - 8.50 -35.04 -20.41-12 I4A

-21.99
10.75

- 1.18
2.52

--12.37
- 7.83
- 9.00

0.23
14.03

-12.19
7.67

- 4.52
- 4.73

5.83
6.68

16.02
25. 89*
16.75
20. 57*

-4U*7
-21.05
- 6.83
- 6.85
-22.34

3.52
-17.50

0.22
- 9.10
16.32

- 3.67
- 1.68

5.72
- 7.73
18.51
24. 06*
21. 02*
36. 42*
21. 67*
29. 40*

-16.08
-15.83
-16.50
-18.84
19 .89

- 3.67

5.79
- 0.27
10.23

1.11
3.76
4.46
0.23

19.82
16.39
27. 48*
19.25
18.45
19.54
8.31
8.31 18.87 17.80

- 2 98
-19.13
-17.53
-14.16
-16.74
- 4.49
-14.03

2.81
11.61
5.49

18.80
0.83

11.55
- 1.05

7.25
37.40*
16.55
29. 38*
15.48
l8.87

-31.87
- 9. 85
-16.18
-13.18

-29. 48
3.95

- 2.28
5.75

- 1.66
- 9.88

3.27
-14.56

4.42
- 6.54
16.53
15.67
10.98
10.13
15.70
17.8O

*Pur chased stocks .

Issue
Number

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
10L0

19
20
21

M I .9m
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were not invariably chosen. This stems from the presence
Tof a positive a which causes some good issues to be under-

estimated and some less valuable issues to be overestimated.

Since the portfolio manager sees only the estimated numbers,

his selection of the ten largest of these numbers will

therefore not necessarily produce the ten securities having

the best steady-state return. Investment was, however,

concentrated in the more attractive portion of the investment

universe.

Table II shows the actual returns achieved by each

stock in the same iteration discussed in the preceding

paragraph. In only one case did the actual return exceed

the target return, and the portfolio chosen can be seen to

differ considerably from the ten securities having the

highest actual return in the iteration. Table III summarizes

the relationship between target and actual returns in the

single iteration portrayed by the first two tables.

These results provide conclusive evidence that the

steady-state return on a portfolio will not equal the

returns expected on the stocks purchased weighted by their

proportion of the portfolio even if the analysts' estimates

of the mean of the actual distribution of the stocks are

correct on average for all stocks over all iterations. It

also establishes that the portfolio return can be signif-

icantly overestimated under fairly realistic assumptions

for the input parameters of the simulation. The bias is
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TABLE II

ACTUAL RETURNS FOR THE INVESTMENT UNIVERSE
DRAWN IN THE SAME ITERATION AS TABLE I

((A = 10.0, aT = 10.0, 6 = 2.0, yA and yT = 0.0)

2 Analyst

- 7.09
- 0.21
-21.34
-13.07
-32.74
- 1.28
- 4.94
- 2.45
-11.29

- 7.73
10.06

5.15
-11.87

4.52

1.09
8.98

20. 57*
3.17*

14.77*
5.15*

14.78*

- 6 11
-13.73
- 3.54
.0- 5.36
-16.76
-19.43

7.98
8.02

-12.35
- 4.94
- 3.50

2.63
2.19

28.29
12.14
26.s16
17. 99*
9.90

27.41
21.48
13.18

4

- 8.20
13.77

- 8.10
- 9.99
-12.15
-13.28
-14.02
15.72

- 5.37
12.07

- 7.63
7.38
3.87

- 7.00
7.17
0.o02*
2.56

- 3.90*
30.09
9.45

5

-19.08
-16.37

1.76
-20.95

2.16
-10.49
- 9.78
- 5.35
-28.29
-25.25
- 0.98
-11.11

5.48
22.87
10.33

17.84
8.76
4.76

22.23
38.18
13.26

*Purchased stocks.

Issue
Number

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21

-20.50
-25.77
13.77

-20.56
- 9.97
-20.65

4.15
-28.48
- 0.15
- 1.98

3.50
7.34

- 6.68
1.49
0.87

- 1.82
21.37
13.28
24. 34*
29.33
34. 81*

11. Of

I



67

TABLE III

SUMMARY OF PURCHASES ON A SINGLE ITERATION

SecuriEies in
Order Purchased

3

4

5'

6

7

8

9

10

Target Actual Aslt
Return Return Error

37.40 0.02 37.38

36.42 14.77 21.65

29.40 14.78 14.62

29.38 - 3.90 33.28

27.48 17.99 9.49

25.89 24.34 1.55

24.06 20.57 3.49

21.67 5.15 16.52

21.02 3.17 17.85

20.57 34.81 14.24

NNW. W -
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not present in the initial estimates of the return on the

stocks, but rather is induced by the act of selecting the

most attractive estimates. This bias stemming from the

selection or decision-making process causes the selected

stocks to have a biased estimate even when the set of all

stocks in the investment universe was not based. This

implies that an issue such as stock A has an unbiased

estimate when regarded as a member of the investment

universe, but a biased estimate when regarded as a member

of a portfolio. This act of decision-making, in other

words, changes the distribution that describes the relation-

ship between the actually estimated return on a stock and

the actual return that the stock will receive.

This bias of rational selection has an analogy in

statistical testing. If an "independent testing laboratory"

conducts one hundred independent and unbiased tests comparing

a toothpaste to "brand X" and then reports only the results

of the ten tests having results more favorable to its client,

these results obviously would overestimate the attractiveness

of the toothpaste relative to "brand X". Notice that the

laboratory engaged in a rational selection based upon the

results of the tests. This "decision-making" induced a

bias in the reported results that was not present in any

of the original tests. Comparing this situation to the

portfolio manager's decision-making in the simulation, the

independent tests are the target returns and the selection
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of the ten most favorable results is completely analogous

to the portfolio manager's process of examining the actual

estimates of the target returns in any given iteration and

selecting the ten highest numbers. Under these circum-

stances, it is hardly surprising that the simulation results

have shown that the target returns on the selected stocks

present the portfolio in a more favorable light than is

justified by its eventual performance. Since the simulation

models the decision pattern of the portfolio manager, the

results show that real portfolios will also be overestimated

even when the analysts are unbiased.

The discovery of a bias in the estimated future return

of a portfolio would probably be a matter of only minor

interest if results could not be presented to describe

the nature of the bias' behavior and its impact upon the

practical problem of investment decision-making. The fact

that systematic portfolio estimation error exists raises

a large number of interesting and previously completely

unexplored questions. How does the bias behave as aT

increases, as the size of the portfolio is increased, or as

the dispersion of the actual returns available in the invest-

ment universe is changed? What changes in investment theory

are needed to allow for the presence of the bias? Can the

bias explain any of the professional's "conventional

wisdom" that currently appears useless when related to the

academic theory? The balance of the current chapter is
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intended to answer the most basic of these questions, while

Chapters V and VI consider several more advanced questions

concerning the bias.

Exploring the Bias

The preceding sections established the presence of

estimation error in the standard method of calculating

expected portfolio return. The remainder of this chapter

will attempt to explore the magnitude of this bias under

various conditions and to evaluate the significance of the

bias in both the academic and professional spheres.

One significant result of the simulations performed

under various input parameter levels was the conclusion

that aA does not affect the level of the estimation error

in any systematic way. That is to say, the difference

between steady-state target return and steady-state actual

return for the portfolio appears to be invariant to the

Alevel of aA. Table IV shows the average level of error

over ten iterations for portfolio sizes varying from

three to thirty and aT varying from 0.0 to 15.0. These

results were generated from an investment universe having

a 6 equal to zero and a aA equal to ten. Table V indicates

the results of ten iterations executed under the same

conditions except that aA was set equal to zero, in effect

forcing actual returns to be treated as a non-random

variable. The great similarity between corresponding
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TABLE IV

LEVELS OF ERROR FOR LEVELS OF GT AND N,
WHERE GA = 10.0

(PA and pT = 0.0, 6 = 0.0)

NUMBER OF
SECURITIES
PURCHASED T 00. 0 T=5. 0  =T10.0 aT =15.0

3 0.84 14.41 25.31 41.99

6 1.13 12.94 22.27 33.74

9 2.04 12.31 19.03 29.84

12 -0.18 9.39 18.29 28.11

15 -0.75 8.57 18.10 25.21

18 1.00 6.39 13.75 22.62

21 0.38 6.31 15.53 20.78

24 0.03 5.10 13.27 20.45

27 -0.41 6.59 12.95 19.57

30 -0.07 6.90 12.50 18.18
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TABLE V

LEVELS OF ERROR FOR LEVELS OF T AND N,
WHERE aA = 0.0

(pA and yT = .0, 6 = 0.0)

NUMBER OF
SECURITIES
PURCHASED T 00 0 T 5.T = 10.0 U = 15.0

3 0.0 12.39 23.32 35.86

6 0.0 10.58 23.12 33.33

9 0.0 9.16 20.34 29.83

12 0.0 8.84 18.57 26.75

15 0.0 8.93 16.10 25.17

18 0.0 7.61 14.87 21.69

21 0.0 7.52 14.45 22.45

24 0.0 7.27 13.79 21.24

27 0.0 6.66 13.23 19.35

30 0.0 6.04 11.92 18.46
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values in the two tables coupled with the absence of any

conspicuous pattern in their differences indicates that the

magnitude of the error is not a function of the size of aA.

These findings appear to be consistent with intuition,

for although a high level of aA will cause any given

security to be overestimated or underestimated more or less

on any given iteration than would have been the case if

aA = 0.0, the overestimates and underestimates cancel out

over numerous iterations., This cancelling of errors is

possible because no decisions are made on the basis of

particular realizations of xijA and hence there is no

capitalization on the chance involved in the distributions

of actual returns. An implication of these results is that

it is irrelevant whether the actual returns on securities

are a random variable when considering steady-state

portfolio return. The expected return of the portfolio,

after allowing for the bias, would be the same whether

aA was 0.0 or 20.0 per cent.

On the other hand, there is substantial evidence that

the bias is highly sensitive to the level of aT. This

might have been expected, since it has already been shown

that aT and the steady-state actual return of the portfolio

are inversely related and a larger aT would obviously imply

a greater proportion of high xiT and hence a higher target

return for the portfolio. In one run, where yA and yT

equalled zero, aA = 10.0, aT = 10.0, 6 = 2, N = 10 and 30
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iterations were performed, the target portfolio return was

28.25 per cent while the actual return was 14.60 per cent.

This indicates a bias of 13.55 per cent. Holding all other

conditions constant, aT was set equal to zero. As a result,

the target portfolio return declined 8.48 per cent to 19.77

per cent. The actual portfolio return increased 4.26 per

cent to 18.86 per cent. The bias was reduced from 13.55 per

cent to 0.91 per cent, and this, coupled with the results

presented in Table IV, indicate that whenever aT = 0.0 the

bias deviates from zero only by very small amounts caused by

Athe random impact of a positive a

Table V can be used to illustrate the sensitivity of

the estimation error to the level of aT. In this table,

A Aa , yi and 6 are set equal to zero, in effect forcing every

stock in the investment universe to have a zero return on

every iteration. Since all portfolios therefore have a

steady-state actual return of zero, and non-zero target

return must be an error, and the table entries are both

the error and the target returns for the portfolios. This

means that a three-stock portfolio would have a target

return of 12.39 per cent if a = 5.0 but would actually

produce a zero return. If aT = 10.0, the target return

increases rather sharply to 23.32 per cent, all of which

is an error. The table strongly indicates that changes in

aT impact upon the error more significantly than do changes

in the level of N, and also that the magnitude of the error



for any a that is large enough to realistically reflect
the difficulties in estimating security returns is much too
large to be disregarded by either the academician or the

professional.

Table VI shows that under the conditions considered

in Table V, a 5 per cent increase in aT will produce about
a 10 per cent increase in error in a small portfolio and

an increase in error greater than 5 per cent in the larger

portfolio sizes. This means, for example, that if a

small portfolio is expected to have a return of 40 per

cent, its steady-state actual return of about 15 per

cent with aT = 10 would drop about 10 per cent if UT

in fact equalled 15, and the actual return would then

approximate 5 per cent. Further examination of Table VI

shows that the increase in bias caused by an increased

UT decreases as the size of the portfolio increases. This

implies that an increase in risk as measured by aT will not
produce as large an estimation error increase in a large

portfolio as in a small one. Increasing the risk in a

small portfolio, however, will automatically increase its

"expected" or target return because this is equal to actual
return plus bias, and the bias would have been increased

by 10 per cent. The "apparent" return on the riskier

portfolio would be about 10 per cent above that of the

account having the lower aT whenever the actual returns on

the two portfolios were equal. The table indicates that,

75
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TABLE VI

CHANGE IN ERROR AS a INCREASES

and pT =0.0, = ., 0 A =0.0)

Number of
Securities From aT = 0.0 From UT = 5.0 From aT-100Purchased to aT - 5.0 to T - 10.0 to = 15.0

3 12.39 10.93 12.54

6 10.58 12.54 10.21

9 9.16 11.18 9.49

12 8.84 9.73 8.18

15 8.93 7.17 9.07
18 7.61 7.26 7.18

21 7.52 6.93 8.00

24 7.27 6.52 7.45

27 6.66 6.57 6.12

30 6.04 5.88 6.54
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for larger accounts, the same argument holds but that the
difference in target returns would be only slightly greater

than 5 per cent.

These general tendencies are further supported by

the results presented in Table VII, which show the level of

error when 6 is set equal to two in order to cause the

actual returns in the investment universe to range from

-20.0 per cent to + 20.0 per cent. Once again the error is

shown to increase as 0T increases and to decline as the

size of the portfolio increases. In this case, the increase

in error as aT increases from zero to five is somewhat

lower than in Table VI, but are nevertheless substantially

greater than zero. The level of error is less than in

Table V under all conditions, but the pattern of the

results in the two tables is quite similar.

The average target returns over ten iterations on

portfolios of various sizes when 6 = 2.0 are. presented in

Table VIII for several levels of a. These results show

that the target return on portfolios declines as the size

of the portfolio increases. As the level of UT increases,

however, the target returns of the portfolios rises

substantially. Since the target return is the portfolio

manager's anticipated portfolio return under the standrad
portfolio theory, this means that the return on a portfolio

will appear to be more attractive as the number of securities

in the portfolio is reduced and as the estimation error of
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TABLE VIII

LEVELS OF TARGET RETURN FOR VARIOUS LEVELS
OF aT AND N WHERE 6 = 2.0

Number of
Securities
Purchased a 00 a 50 00 a 1'

3 20. 0 25-e96 34.16 45.20
6 19.67 23.07 32.18 39.20
9 19.11 21.97 27.43 35.48

12 18.50 20.47 27.13 32.54
15 18.00 20.42 25.90 32.36
18 17.33 19.43 22.80 31.28
21 16.76 18.53 22.65 28.o1
24 16.16 18.05 22.20 27.94
27 15.56 16.42 19.87 25.07
30 15.00 16.63 19.57 22.92
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the returns for the holdings is increased. This implies

that "concentrated," or small, portfolios will appear most
attractive to the performance oriented manager in the real

world, and also that investment in a "riskier," or higher

aT, universe will appear to provide a higher return than

would be achieved if the portfolio were selected from a

set of more predictable issues.

The actual steady-state returns on the portfolios

discussed in the above paragraph are shown in Table IX.

It is obvious that the actual returns over the ten iterations

had a substantially lower average value than the corres-

ponding average target return for every level of N and a T

This, of course, stems from the presence of the estimation

bias induced by the selection of the most attractive stocks.

The table provides information on other characteristics of

the system, however, that is more informative than just

another verification of the reality of a bias. As the

size of the portfolio increases, the steady-state actual

return declines, but not as sharply as did the target

return. For example, with GT = 5.0, the actual return for a

thirty-stock portfolio was 3.82 lower than for the smallest

portfolio, a percentage decline of 21.3 per cent. The

target return under the same conditions dropped 9.33, a

percentage decline of 35.9 per cent. When UT = 15.0, the

disparity becomes even greater, with the actual return

on a thirty-stock portfolio 4.41 lower than for the smallest
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TABLE IX

LEVELS OF ACTUAL PORTFOLIO RETURN FOR
VARIOUS LEVELS OF UT AND N,

WHERE 0A =-0.0

(pA and pT = ., 56 = 2.0)

SECURITIES
PURCHASED T =00.0 GT 5- 0 T 10 T 150

3 20.s00 17.*93 14.60 13.*20

6 19.67 17.80 14.97 12.97

9 19.11 16.76 14.11 12.02

12 18.50 16.47 13.85 10.67

15 18.00 16.13 13.93 10.72
18 17.33 15.79 12.50 10.69

21 16.76 15.18 13.03 9.51
24 16.16 14.77 12.12 10.25
27 15.56 14.30 11.80 9.39

30 15.00 14.11 ll.37 8.79
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TABLE X

ERROR AS A PER CENT OF TARGET PORTFOLIO RETURN
WHERE cyA = 0.0 AND 6 = 2.0

NUMBER OF
SECURITIES
PURCHASED

3

6

9

12

15

18

21

24

27

30

jwaf

. 0I cT -10 0O0 T -1.

LU~~ T F MM.
30.9

22.8

23.7

19.5

21.0

18.7

18.1

18.1

12.9

15.2
15.2

57.3

53.5

48.5

48.9

46.2

45.1

42.5

45.4

40.6

41.9

70.8

66.9

66.1

67.2

66.9

63.5

65.6

63.3

62.5 27.7

61.6 26.7

Increase,

From $
To 10

26.4

30.7

24.8

29.4

25.2

26.4

24.4

27.3

Increase

From 10
To 15

13.5

13.4

17.6

18.3

20.7

18.4

23.1

17.9

21.9

19.7
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portfolio, a 33.4 per cent decline. The corresponding drop

in the target return was 22.28, or 49.3 per cent lower.

This establishes that the actual loss of return suffered

from increasing the number of securities in a portfolio

is less than the portfolio manager would expect on the

basis of the analysts set of estimated returns for the

stocks involved in the decision.

The most unusual result shown in Table IX, however,

is the behavior of actual return as UT is increased. In

all cases, the actual return is reduced as the level of

aT is increased. This behavior is exactly the reverse of

the changes in target return. That is, although the

portfolio manager would be motivated to select his portfolio

from a riskier investment universe if he used target returns

as a decision criterion, he would receive a lower actual

return as a result of his decision. Given the information

already presented concerning the nature of the bias, this

result is easily understood. An increase in the level of

OT, other things being equal, increases the amount by which

any given stock's return can be misestimated and hence

increases the numerical value of the target returns of the

most overestimated stocks. Since the portfolio concentrates

on overestimated stocks, the higher level of aT increases

the numerical value of the target return of the portfolio.

This, of course, is displayed in Table VIII as a higher

target return for portfolios having a higher aT. The
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behavior of the actual return, however, is due to a different

set of factors. As aT increases, the estimation error for

any given security is obviously increased. This increased

amount of error in the system will tend to increase the

possibility of a security with a low actual return being

estimated with a target return sufficiently high to cause

the stock to be purchased. Over many iterations, this

possibility is converted into a definite proportion of

purchased lower return securities. This proportion can

be seen to be greater when UT is greater, and as a result

the actual return on the portfolio over many iterations

becomes lower as aT becomes larger. This behavior is

displayed in Table IX.

Although the behavior of both target and actual return

as aT is increased can be easily explained in terms of the

behavior of the investment system, the implications of

these results are significantly at odds with existing theory.

T.Since a is a measure of risk, a high level of aT must be

interpreted as a high level of risk. This is compatible

with intuition, for a stock that can be estimated accurately

is considered safe and has a low aT, while a stock that

can be estimated only in the broadest terms is considered

to have high risk and has a high aT. But this interpre-

tation implies that Table IX shows a decrease in actual

return when risk is increased. A portfolio manager selecting

stocks from a high risk universe is not rewarded for his
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behavior but instead receives a lower actual return. As

the risk in the investment universe is reduced, the actual

return rises. In this situation, there can be no risk-return

trade-off and no "efficient frontier," for the reduction

of risk does not reduce return, it increases it. Table

VIII shows that the target return behaves in accordance with

the "efficient frontier" concept. This means that there

will appear to be a risk-return tradeoff to the portfolio

manager if he relies only on the analysts' estimates to

calculate portfolio return. Table IX, however, shows that

this relation stems from the behavior pattern of the bias

and does not actually hold for the returns that will in

fact be achieved by portfolios on the average. It is

important to note that this behavior relates to the choice

of investment universe where alternative universes have

different aT but where all issues within any given universe

have the same aT and also have independent target estimates.

The behavior of target and actual return where one invest-

ment universe contains issues having different aT

will be considered in Chapter V.

At this point, the most fundamental results concerning

the nature of the bias have been presented,and a summary

and evaluation of basic results may be in order. Strong

evidence has been presented that the return on a portfolio

as calculated by a linear combination of the expected

returns on the stocks in the portfolio is substantially
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overestimated. This error stems from the fact that the

purchase decision emphasizes stocks having a high target

return and hence capitalizes on overestimated issues. The

dispersion of the distribution of the actual return of any

given stock has no impact on the error because no decision

is made on the basis of any particular realization of

this distribution. The magnitude of the error is greater

when the actual returns on stocks are all equal than when

the actual returns vary from -20 per cent to +20 per cent

because the reason for a high target return is then a

combination of either a high actual return or an over-

estimate instead of an overestimate alone. The error is

Tsmaller for larger portfolios and for smaller a . As the

portfolio size increases, the target return falls more

rapidly than the actual return. If a portfolio manager

contemplates selecting his portfolio from a set of high

risk stocks instead of stocks with a low aT, he will expect

an increased return because the target return is higher,

but he will receive a lower reward if he chooses higher

risk because the actual return is lower.

The portfolio behavior at various levels of N has

been discussed in passing, but a more detailed consideration

may provide further insight into the operation of the

system. The tables already presented have shown that the

error decreases as the portfolio size increases, but that

the actual return achieved on a portfolio declines with
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increasing portfolio size. The loss of return caused by
an increased N is, however, overstated if the reduction in

target return is used to estimate the reduction in actual

return. Intuitively, it is not difficult to understand

why actual return and N are inversely related. The stocks

included in a portfolio tend to be overestimated, but they

also tend to be stocks which will have a good actual

performance. The ten stocks having the highest target return

will therefore tend to have a higher actual return than

would any other set of ten stocks chosen on the basis of

target return. This implies that a twenty-stock portfolio

would have a lower actual return than would a ten-stock

portfolio. Since the first ten target return stocks also

tend to be the most overestimated, a portfolio of twenty

stocks would naturally tend to have a lower level of error.

The reduction in actual return as N increases can be seen

to stem from the tendency of the first stocks in the

portfolio to have the highest actual returns, leaving only

less attractive investments for later additions. As a

result, a three-stock portfolio will tend to contain the

best issues, leaving slightly inferior issues available

for purchase if the portfolio size is increased to six. It

is therefore not surprising that the six-stock portfolio

would have a lower return than its three-stock counterpart.

If 6 = 2.0, the best possible return on a six-stock

portfolio is 19.67 per cent since only five stocks having
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a 20 per cent actual return are available in the investment
universe. With a lower maximum return, a lower actual
return is to be expected.

In order to determine whether the reduction in actual
return as N increases stems only from the reduction in
maximum possible return as the most attractive investment

vehicles are successively purchased, it is advantageous to
express the actual portfolio returns as a percentage of
the maximum actual return available. Table XI shows these
values based on average actual returns generated by ten
iterations of the model. When aT = 0.0, the actual return
is 100.0 per cent of the maximum possible return because the
returns are known with certainty. For any level of aT, the
entries have approximately the same value regardless of the
size of the portfolio, indicating that the reduction in
actual return as N increases is apparently caused only by
the reduced maximum available return. Although the

percentage of the maximum return that is actually achieved

is roughly constant in each column, or for any level of N,
it is not constant for any level of aT. The percentage of
the maximum available return that can be "actualized" in a
portfolio is shown to decline as the estimation accuracy

decreases. This is not an unreasonable development, for an
increased randomness in the estimation process has already
been shown to reduce actual return, and Table XI simply shows
this fact as well as the tendency for any given level of
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TABLE XI

LEVEL OF ACTUAL PORTFOLIO RETURN AS A PERCENTAGE
OF MAXIMUM POSSIBLE PORTFOLIO RETURN GIVEN THE

NUMBER OF SECURITIES PURCHASED

(FA = 0.0 and 6 = 2.0)

SECURITIES
PURCHASED

3

6

9

12

15

18

21

24

27

30

5.0T 100

89.7

90.4

87.7

89.0

89.6

91.1

90.6

91.4

91.9

94.1

73.0

76.1

73.8

74.9

77.4

72.1

77.7

75.0

75.8

75.8

= 15.0

66.0

65.9

62.9

57.7

59.6

61.7

56.7

63.4

60.3

58.6
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aT to reduce the return on any portfolio regardless of size
by some roughly constant percentage of the available

optimum. In other words, the adverse impact of risk on the
level of return relative to riskless return is apparently

not a function of portfolio size. In a practical investment

situation, this means that a portfolio manager must expect
an increase in T to cause the same percentage reduction

in the actual return of his small account as in his large

account. By the same token, however, he must expect a

greater absolute loss of return in his small account than
in his large portfolio, since the portfolio having fewer

stocks has a higher actual return. This observation stems

from the simple arithmetic fact that an equal percentage

decline will produce a greater absolute decline in the
larger of the two initial returns.

A number of tables have already indicated that the

estimation bias is reduced as the number of securities in

the portfolio is increased. Table XII contains simulation

results which indicate that the amount by which the

bias declines as each successively larger portfolio is

reached and the investment universe contain only

securities with a zero actual return. The high proportion

of negative entries indicates the high probability of a

monotonic relation. Table XIII shows the results where

the actual returns in the investment universe range from

-20 per cent to +20 per cent. Table XIV shows the reduction
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TABLE XII

CHANGE IN ERROR AS NUMBER OF SECURITIES
PURCHASED INCREASES, WHERE 5 = 0.0

From 3 From 6 From 9

To 6

0.0

-1.81

-0.20

-2.53

From 18
To 21

0.0

-0.09

-0.42

0.76

To 9

0.0

-1.42

-2.78

3.50

To 12

0.0

-0.32

-1.77

-2.88

From 21
To 24

0.0

-0.25

-0.66

-1.21

From 12

To 15

0.0

0.09

-2.47

-1.58

From 24
To 27

0.0

-0.61

-0.56

-1.89

From 15
To 18

0.0

-1.32

-1.23

-3.48

From 27
To 30

0.0

-0.62

-1.31

-0.89

Level
of caT

0.0

5.0

10.0

15.0

Level
of UT

0.0

5.0

10.0

15.0

III
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TABLE XIII

CHANGE IN ERROR AS NUMBER OF SECURITIES
PURCHASED INCREASES, WHERE 6 = 20

From.03 FrO=

To 9

0.0

-0.06

-3.89

-2.77

From 9
To 12

0.0

-1.21

-0.04

-1.59

From 21
To 24

0.0

-0.07

0.46

-0.82

From 12
To 15

0.0

0.29

-1.31

-0.23

From 24
To 27

0.0

-1.16

-2.01

-2.01

From 15
To 18

0.0

-0.65

-1.67

-3.05

From 27
To 30

0.0

0.40

0.13

-1.55

Level
of 0FT

0.0

5.0

10.0

15.0

Level
of CrT

0.0

0.5

10.00

15.0

To 6,

0.0

-2.76

-2.35

-5.77

From 18
To 21

0.0

-0.29

-0.68

-0.08

IIITI
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TABLE XIV

IMPACT OF INCREASING PORTFOLIO SIZE TO .30 WHERE 6 = 0.0ENTRIES SHOW RESULTING CHANGE IN ERROR
FOR SEVERAL LEVELS OF UT

From ~

To 30

0.0

6.35

-11. 40

-17 .40

From 18
To 30

0.0

-1.57

-2.95

-3.23

From

To 30

0.0

- 4.54

-11.20

-14.87

From 9
To 30

0.0

- 3.12

- 8.42

-11 .37

From 21
To 30

0.0

-1.48

-2.53

-3.99

From 1
To 30

0.0

-2.80

-66.65

-8.29

From 24.

0.0

-1. 23

-1.87

-2.78

From 15
To 30

0.0

-2.89

-4.18

-6.71

From 27
To 30

0.0

-0.62

-1.31

-0.89

Level
of cyT

0.0

5.0

10:60

15 . 0

Level
of crT

0.0

5.0

10.0

15.0

-700

IIII
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in error that would occur if a portfolio of size N would be

increased to include thirty stocks, where 6= 0. Table

XV indicates the results where 6 = 2. These tables indicate

that the magnitude of the error reduction is substantially

greater when N is larger and somewhat greater when 6 is

smaller. This implies that a large portfolio provides

better prortection from estimation error when securities

are relatively unpredictable and when there is relatively

little difference between their actual returns.

Changing the level of the input parameter 6 causes

the actual returns of the securities in the investment

universe to become either more disperate or more equal.

For example, when 6 equals three, the stocks range in actual

return from +30 per cent to -30 per cent with five stocks

occurring at each level of return and the levels incre-

menting by three. The behavior of the system under various

levels of 6 therefore shows the reaction of the portfolio

results to alternative levels of diversity in the performance

characteristics of the investment alternatives available.

Table XVI shows the average magnitude of the bias in the

estimated portfolio return over ten iterations for a number

of portfolio sizes and levels of 6. In general, the error

increases as 6 declines. This is consistent with the

description of the behavior of the bias in earlier tables

and can be intuitively explained because when the similarity

between actual returns becomes greater, it becomes more
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TABLE XV

IMPACT OF INCREASING PORTFOLIO SIZE TO 30 WHERE 6 = 2.0ENTRIES SHOW RESULTING CHANGE IN ERROR
FOR SEVERAL LEVELS OF UT

of UT

0.0

5.0

10.0

15.0

tz ]v t::l-L I irom .5 A I -- n Q

To 30

0.0

- 5.51

-11.36

-17.87

0 m I

0.0

- 2.75

- 9.01

-12.10

L.ALL lr 90

0.0

-2.69

-5.12

-9.33

From 12
To 30

0.0

-1.48

-5.08

-7.74

From 15ww atMUOfTo 30

0.0

-1.77

-3.77

-7.51

From 18
To 30

0.0

-l.12

-2.10

-4.46

A 9 WI-" omm

Level
of aT

0.0

5.0

10.0

15.0

From 21
1 Tn 30 )

N - - 4 , Iw

0.0

-0.83

-1.42

-4.38

From 24

0.0

-0.76

-1.88

-3.56

From 27
To 30

0.0

0.40

0.13

-1. 55
-1. 5

U

I

To 30
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TABLE XVI

LEVEL OF ERROR FOR LEVELS OF 6
FOR VARIOUS LEVELS OF N

(aA = 0.0 and uT = 10.0)

WI

Securities
Purchased 6 = 3.0 = 2.0 =1 6 = 00m low

3

6

9

12

15

18

21

24

27

30

17.89

12.28

12.25

9.01

9.57

8.92

7,95

7.98

5.86

6.27

17.87

16.59

12.95

13.20

12.22

11.83

10.49

9.28

7.93

7.43

22.10

19.98

18.08

16.02

15.02

12.56

12.95

12.29

11.31

10.52

23.32

23.12

20.34

18.57

16.10

14.87

14.45

13.79

13.23

11.92

I I
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likely that a high target return is simply the result of an
overestimate. The table also shows that the error declines

as N increases, although this result has become very

familiar.

The average actual portfolio returns over ten

iterations are given in Table XVII. Actual returns can

be seen to decline as 6 declines and as N increases. A

decline in 6 constitutes a decline in the dispersion of

actual returns available and hence a reduction in the

maximum return available. This fact indicates that the

reduction in actual return as 6 declines is an almost

necessary phenomenon. In order to determine whether the

change in actual return is solely due to the reduction of

the maximum return available, however, some further analysis

is necessary. Table XVIII shows the maximum possible return

under each of the conditions tabulated in Table XVII, and

Table XIX presents the actual returns as a percentage of

the maximum possible return for various levels of 6. As

6 approaches zero, the percentage of maximum return actually

achieved appears to steadily decline. This indicates that

a reduction in the dispersion of the investment universe

produced a disproportionately large reduction in actual

return, probably because the constant level of aT forces a

disproportionate increase in the mix of randomness to the

true difference in the actual returns of the stocks as 6
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TABLE XVII

LEVEL OF ACTUAL PORTFOLIO RETURN
FOR -LEVELS OF 6 AND N

(CA = 0.0 and aT = 10.0)

Number of
Securities
Purchased 6=3.0 6=2.0 6=1.0 6-0.0

3 25.30 15.67 5.97 0.00

6 25.25 14.30 4.45 0.00

9 23.57 14.49 4.41 0.00

12 23.82 13.20 3.76 0.00

15 23.36 13.01 5.37 0.00

18 22.27 13.29 5.07 0.00

21 21.70 12.65 4.30 0 .00

24 20.95 12.01 3.94 0.00

27 20.02 12.19 3.94 0.00

30 20.07 11.79 3.87 0.00
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TABLE XVIII

MAXIMUM RETURN ATTAINABLE GIVEN THE NUMBER
OF SECURITIES PURCHASED

Number of
Securities
Purchased

3

6

9

12

15

18

21

24

27

30

= 3.0

30.00

29.50

28.67

27.75

27.00

26.00

25.14

24.25

23. 33

22.50

S =2.0

20.07

19.67

19.11

18..50

18.00

17.33

16.76

16.1.6

15. 56

15.00

= 1.0

10.00

9.83

9.55

9.25

9.00

8.67

8.38

8.08

7.78

7.50

7--

0.0

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0 . 0 0

0.00

0.000

0.000

;m m
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TABLE XIX

LEVEL OF ACTUAL PORTFOLIO RETURN AS A PERCENTAGE
OF MAXIMUM POSSIBLE PORTFOLIO RETURN GIVEN

THE NUMBER OF SECURITIES PURCHASED

(GA = 0.0 and aT = 10.0)

Number of
Securities
Purchased 6-=30

3 84.33

6 85.59

9 82.21

12 85.84

15 86.52

18 85.65

21 86.32

24 86.39

27 86.81

30 89.20

6 _= 2. 0

78.35

72.70

75.82

71.35

72.28

76.69

75.48

74.32

78.34

78.60

= 1.00

59.70

45.27

46.18

40.65

59.67

58.48

51.31

48.76

50.64

51.60
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declines . Within each column of the table, however, the
values appear to fluctuate randomly around a constant

level. This provides further confirmation for the hypothesis

that the reduction in return as N increases stems only

from a reduction in the maximum return available given the

level of N.

Table XX shows the direct impact of a change in 6 on

the level of bias. The entries are average values over

ten iterations. The values are alsmot universally positive

and show a sizeable sensitivity of the bias to changes in

the dispersion of actual returns in the investment universe.

No clear pattern is present in the table, however, and it

appears that the only clear indications provided by these

data are that the rate of change in bias is positive as

6 declines and is not affected by the size of N in any

obvious way. Table XXI indicates the amount by which bias

is reduced as the portfolio size is increased. The high

proportion of negative entries indicates that error is

reduced as N increases, but there is no clear indication

that the magnitude of this reduction is different at

different levels of N or that it is a function of the level

of 6.

Table XXII presents the bias as a percentage of the

target return. In effect, these entries show the percentage

of the estimated portfolio return that is due to
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TABLE XXI

CHANGE IN ERROR SHOWN IN EACH COLUMN OF TABLE
NUMBER OF SECURITIES PURCHASED INCREASES

(p A and T =T0.0, T =10.0, aA = 0.0)

Change TIn'
Number of
Securities
Purchased

From 3 to 6

6 to 9

9 to 12

12 to 15

15 to 18

18 to 21

21 to 24

24 to 27

27 to 30

( = 3.0

5.61

0.03

3.24

-7.56

7.65

7.97

-7.03

2.12

-0.41

( 2.0

1.28

3.64

-1.25

0.98

0.39

1.34

1.21

1.35

0.50

( = 1.0 = 0.0

2.12 0.20

1.90 2.78

2.06 1.77

1.00 2.47

2.46 1.23

0.39 0.42

0.66 0.66

0.98 0.56

0*79 0. 31
0.790.3

-~ T -~--.---~-~ I __________ -~ -

M, m I mom

W. ww"Boom
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overestimation. The magnitude of the entries is the most
impressive aspect of this table, for no portfolio achieved

an actual return within 20 per cent of its expected

performance even though the analysts were right on average

in their estimates for every stock in the investment

universe. As might be expected on the basis of results

already presented, the percentages rise as 6T declines and

decline as N rises. The reduction in the percentage seems

to be greatest when 6 changes from two to one, indicating

that the improvement in the estimates may occur at a

diminishing rate as the dispersion in the actual returns

in the investment universe is increased greatly.

Table XXIII explores the relationship between 6 and

aT by presenting for several levels of aT the amount by
which the bias is increased when 6 is changed from two to

zero.

Limitations of the Results

The results of the simulation establish that the bias

exists for any positive value of OT but that the bias is

not a function of the level of aA. This point is important

because it establishes that the mathematical programming

approach is satisfactory even when randomness is present

in the problem formulation, so long as that randomness

takes the aA form--so long as it is randomness in the

variables and not in the estimates of the parameters of the

distributions describing the variables. The introduction
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of the ability to estimate the mean of the distributions of
the actual returns of stocks did not introduce a bias but

when coupled with a selection process emphasizing the

larger target returns, overestimated portfolio returns

resulted.

The flaw in mathematical programming theory is that

it does not treat cases involving a positive aT, and the

most fundamental limitation on the results of the simulation

is that they are a useful contribution to theory only if

there is some error involved in estimating PA. This,

however, cannot be a major problem, since there is no way

that yA could be known with certainty, for even if aA

was a constant for any given stock over time, its value would

have to be estimated by statistical technique and would be

subject to some error. In the real world, where the value

of the parameter probably changes over time, estimates of

its value can reasonably be expected to be subject to a

great deal of error, whether the estimation technique is

statistical or based upon analytic judgement. It is there-

fore not possible to treat the actual returns on stocks as

a random variable and fail to regard target returns as

random variables in any model of a realistic investment

decision-making process.

It is conceivable, however, that a model could regard

the target returns as random while viewing actual returns as

deterministic. In this approach, intrinsic randomness in
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the actual returns of stocks is denied, perhaps on the basis

that the actual return on a stock is assumed to be a firm and

empirically verifiable event at some given point in time and

the randomness stems from an inability to predict this event.

In this case, the prediction, of course, would be the random

variable and the actual return would be a fixed but unknown

value. The majority of the results of the simulation can be

interpreted in terms of this theory, since the distribution

of the target return is the prediction and c was set at zero

for all runs reported after Table IV. The actual returns, in

other words, can be regarded as fixed values reported at the

end of the year, while the steady-state target returns

accurately estimate the actual return reported.

This alternative interpretation of the results raises an

interesting statistical question. It is reasonable to believe

that, when the actual return achieved by a security is

regarded as a random variable having a fairly sizeable 0A,

the mean of this distribution could be more accurately pre-

dicted than would be the case if the fixed value of the return

actually achieved had to be estimated directly. This condition

would imply that the magnitude of aT used by any given

portfolio manager would depend upon whether he regarded the

actual returns as intrinsically random or whether only the

estimate of the actual return is a random variable. Since

the magnitude of the bias is highly sensitive to the magnitude

of a , the return that a portfolio manager should expect net
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of the bias is a function of the manner in which random variables

are to be interpreted. This, of course, raises the question of

which interpretation produces valid predictions of actual

portfolio returns. Unfortunately, the resolution of this

question falls outside of the scope of the simulation since

the solution presupposes a knowledge of the magnitude of aT

under each of the two interpretations and the simulation

model starts with T as an introductory parameter to be

examined at a number of arbitrarily selected levels.

Another limitation of the simulation is its use of the

normal distribution. If target returns are, in fact, not

approximately normally distributed, the results presented in

the tables will be inaccurate. In spite of this, however,

the basic findings would not be affected, since the bias

capitalizes on overestimated target returns and overestimates

can occur given any type of distribution that might reasonably

be applied. The type of distribution chosen for the actual

returns is even less critical since the bias is not a function

of the randomness in actual returns.

A more severe problem is encountered in the "right on

average" assumption. If the returns of stocks are not

estimated correctly on average, then another bias is introduced

into the model. Although the impact of this bias, if left

uncorrected, would have an uncertain affect on the behavior

patterns described in the tables, it would be unlikely that it

would negate the bias of rational selection by reducing the
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portfolio's target return to the point where it equalled

steady-state actual return. This would require that analysts

underestimate on average, that the magnitude of the under-

estimate is greater when aT is greater and when 6 is smaller.

It would also require the magnitude of the underestimate to

be a function of portfolio size, a highly unlikely situation.

Systematic bias would therefore not invalidate the most

important findings. The idea of total unpredictability in

stock returns is the serious problem, for this attacks both

the "right on average" concept and the idea of a systematic

bias in the analysts. Nevertheless, the results still appear

to hold, since the assumption of complete randomness in

estimation implies the inevitability of overestimates in

some target prices, and this is the necessary condition for

the bias of rational selection.

The assumption of the analyst-portfolio manager dualism

in the simulation is not absolutely necessary even though it

does in fact agree fairly closely with the structure of many

institutions. The simulation would be valid even if the

entire decision process was located in one individual sequen-

tially performing the analytic and the managerial functions.

The separation of these elements is not a fundamental

assumption on the institutional level, but it is basic on

the conceptual level. It is assumed that the decision

process flows logically from the generation of estimated

returns to the selection of a portfolio attempted to
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maximize actual return using estimated return, possibly

with outside constraints. This assumption is standard in

the mathematical programming approach and is well

established in the actual practice of professionals in

the investment field, but if another decision sequence such

as dollar cost averaging would be used, the results of the

simulation study would not necessarily apply.

The use of an equal amount of each security included in

the portfolio is an arbitrary simplifying assumption, as is

the range of N selected for study. Equal weights for

holdings do not impair the significance of the findings,

however, since the use of a more complicated linear

combination of stocks would be based upon the criterion of

increasing expected return. This would increase the

weighting of issues having higher target returns, such issues

have been shown to have higher bias , and hence the use of

unequal weights would accentuate the magnitude of the bias

even though both target and actual portfolio return would

rise.



CHAPTER V

SIMULATION RESULTS FOR STOCKS OF UNEQUAL VARIANCE AND

WITH THE PRESENCE OF CORRELATION

This chapter continues the presentation of the simu-

lation results by generalizing the basic simulation

discussed in the preceding chapter to cover two important

additional conditions. First, it is probably unreasonable

to assume that the level of a Tis equal for all stocks in

the investment universe. Unequal levels of aA are less

important since the bias is not directly a function of GA.

The magnitude of aT, however, may be correlated to aA in

practical situations. In this case, aA would affect' the

bias indirectly through its relationship with a . Second,

it is possible that the estimates of target returns are

not independent. As a result, simulations with correlated

target returns may provide useful information concerning the

behavior of the portfolio's actual return when the inter-

correlation of the purchased stocks is constrained. This is

important to the theory of mathematical portfolio selection,

where a risk constraint is frequently used.

Unequal Error in Target Returns

In practical security analysis, it is possible that the

returns are not equally predictable for all stocks. For

112
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example, the return on a public utility holding may be more

predictable than the return on the stock of a company in the

electronics industry. This unequal level of uncertainty for

various stocks can reflect itself in several ways in the

variables under consideration. In the mathematical

programming approach, this phenomenon is represented by

unequal variances of return among the various issues. In

the formulation used in this work, however, such a simple

approach is not possible because of the number of

distinctions drawn between the probabilistic processes

involved. In the simplest case, the unequal predictability

may manifest itself only in unequal values of cA for various

stocks. This condition indicates that the essential random-

ness of the actual returns is unequal for various issues

but that the means of the distributions of actual returns

can nevertheless be predicted with exactly the same accuracy

for all stocks. This situation closely parallels the tradi-

tional formulation, since the inequality occurs in the

distribution recognized in that approach. The bias is not

a function of aA, and as a result is not affected by unequal

CA. This means that the variance of the return of the

portfolio could be reduced by the selection of lower aA

without regard to the bias. Return, of course, would be

reduced while the variance of the portfolio declined,

producing the familiar attempt to achieve the "efficient

frontier" of the risk-return tradeoff.
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Unfortunately, it is unlikely that the means of the

actual returns of all stocks can be predicted with equal

accuracy. This means that it is quite possible to have

unequal aT. This condition is not treated in the standard

mathematical programming approach, but could easily occur

if analysts' estimates of target returns would be used and

is likely even when statistical estimates are employed,

since an unequal number of observations or an unequal degree

of stability in the parameters over time is not unlikely.

In fact, if standard estimation procedures were used, the

estimated value of a would be calculated by a formula using

the magnitude of aA. It, therefore, would be almost

impossible to have equal aT when the aA were not equal. In

addition, it has been mentioned that it is possible to

regard the actual returns as deterministic, with the target

returns being the only random variable. In this approach,

unequal a are inevitable given the assumption that all

stocks are not equally predictable.

The problem is complicated when an attempt is made to

relate the measures of unpredictability aA and a to the

intuitive concept of "risk." In the traditional mathe-

matical formulation, aT is not considered and risk is

associated with the variance of the actual return achieved

by the portfolio. Unfortunately, such a simple equivalence

is not possible when both forms of uncertainty are

permitted. It is true that in the approach denying aA and
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identifying all randomness with aT, risk can be easily

associated with the uncertainty involved in estimating the

actual return to be received since that is the only type of

uncertainty remaining. When both the actual and target

returns are permitted to be random variables, however, two

risks are present--the risk stemming from uncertainty in

the particular realization generated from the distribution

of the actual return of the stock, and the risk of incorrectly

estimating the mean of the distribution of the stock's actual

return. The former type of risk has an effect upon the

volatility of the portfolio over successive realizations but

does not affect the expected value of the portfolio return

in any given iteration, since crA and the bias are not

related and the mean and variance of a normal distribution

are independent. The level of aT, however, is known to be

related to the bias and hence to influence the level of the

portfolio's steady-state actual return. The behavior of the

portfolio as this type of risk is altered has not been

treated and is the subject of the balance of this section.

In order to examine the impact on the actual and target

return of unequal a, the simulation program was altered in

three ways. First, certain analysts were assigned stocks

having a lower standard deviation of target return, forcing

a given percentage, either 40 per cent or 60 per cent of the

stocks in the investment universe to have a lower risk of

incorrect estimation. Second, the standard deviation of



116

target returns for the "normal" stocks was designated "a TI"

and arbitrarily set at 15 per cent while a new input

parameter was introduced for the standard deviation of the

target returns of the more accurately estimated companies.

This variable was designated "rL" and arbitrarily set at

either 9 per cent or 3 per cent. Third, an additional input

parameter was introduced in order to be able to limit the

purchase of high risk (high J) issues to N, N/2, or N/4

of the total portfolio.

Using this revised formulation of the model, the

behavior of the portfolio could be examined in a predom-

inantly low risk environment. In each of these environments,

the difference between the two types of stocks could be

either small or large. Given any of these four investment

situations, the portfolio manager has, in addition to the

usual variables, the ability to disregard the risk of stocks

in his portfolio, to limit high risk issues to one-half of

his holdings, or to limit them to one-fourth of his

belongings. "Risk" in this sense relates only to the risk

of error in the target return distribution and not to any

intrinsic randomness present in the stock itself. High risk

securities in this sense could be regarded either as issues

which are difficult to estimate or as issues assigned to

analysts that are poor estimators.

Table XXIV indicates the results of the simulation for

one of the four investment situations mentioned in the
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preceding paragraph. In this table, low risk issues are

40 per cent of the investment universe and a L equals 9 per

cent. The simulation was executed over twenty-five

iterations for each value of the various input parameters.

Various levels of 6 and N are shown and for each combination

of these two variables the results are presented for each

of the three risk preferences which the portfolio manager

might choose (N, N/2, N/4).

When 6 = 0, the actual return of the portfolio is zero

under all conditions. The table shows that as the portfolio

size is increased from ten to thirty stocks, the target

return declines sharply. This, of course, agrees with the

findings in Chapter IV. When the percentage invested in

high risk issues is constrained, the target return and hence

the bias declines. For example, in the small portfolio,

the error drops from 26.04 per cent when no constraint is

used to 17.75 per cent when a 25 per cent limit on high

risk holdings is applied. In the large portfolio, the error

drops from 17.70 per cent to 13.08 per cent.

When 6 = 1, the relationship between the target return

of the portfolio and N remains the same and the target

return continues to decline as risk becomes more constrained.

In this case, however, the steady-state actual return on the

portfolio can be non-zero. The actual portfolio returns and

the error decline as N increases, as would be expected given

previous results. Also predictable is the tendency for
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target returns to rise and errors to decline as 6 is

increased from zero to one. Less predictable, however, are

the results related to the behavior of the portfolio's

actual return as risk is constrained. For the small port-

folio, the return rises from 3.98 per cent to 4.38 per cent

when the risk limit is tightened to N/2. It then declines

to 4.29 per cent when the limit is increased to N/4. The

large portfolio saw return rise from 3.03 per cent to 3.05

per cent and then decline to 2.56 per cent under the

tightest constraint.

When 6 = 2, all of the relationships continued to hold.

The actual return in the small portfolio was at 12.46 per

cent, 13.06 per cent, and 13.06 per cent for the three

levels of risk. The twenty-stock portfolio had the same

pattern of actual return, but the N/4 return was lower than

the N return, which was not the case when was set at one.

The large portfolio exhibited this pattern of actual return

when was at one and at two. When 6 = 3, all of the patterns

continued, except that the actual portfolio return declined

steadily as the risk constraint was increased.

These results for the actual portfolio return are quite

unexpected, for they show that as risk in the target returns

(UT) is reduced, the steady-state portfolio return rises in

many cases. Only when riskier issues are limited to 25 per

cent of the portfolio does the return decline (with a single

exception of a decline at 50 per cent of one portfolio). In
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most cases, this decreased return remains higher than the

return achieved when risk is completely unconstrained.

The reason for these results could have been anti-

cipated from an examination of the findings presented in

Chapter IV, which established that a portfolio manager

choosing between selecting his entire portfolio exclusively

from either a high risk or a low risk universe would be

expected to lower his actual return if he chose the high

risk universe even though the high risk universe had a higher

target return for his portfolio. The results currently being

considered parallel these results, for Table XXIV presents a

situation where the portfolio manager is selecting each

issue from either of two subsets of the universe, with each

subset differing only by the risk involved. The only

difference between the two sets of results is that the

former permits a decision between high and low risk only

for the portfolio as a whole, while the latter permits the

decision on a stock-by-stock basis. It is, therefore,

reasonable that tightening the constraing on risk and hence

forcing the manager to select from the low risk group of

stocks could raise the actual returns on portfolios even

though it would necessarily lower the target return.

The results in the case covered in the last chapter

were found to be reasonable on the following grounds. An

increased randomness in the estimates of return caused the

purchased issues to be more severely overestimated, raising
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the portfolio's target return. At the same time, this

increased randomness increased the probability that stocks

having lower actual returns would be purchased, and this

reduced the portfolio's steady-state actual return. The

same line of argument can be used for Table XXIV. Constrain-

ing risk, or the randomness of the issues in the portfolio,

reduced the extent by which the stocks purchased would be

overestimated. This, quite naturally, reduced the port-

folio's steady-state target return. By so reducing the

randomness in the system, the probability of purchasing a

stock having a lower actual return was reduced, and this

increased the portfolio's steady-state actual return. This

description makes all of the characteristics of the results

plausible with one exception. Why did the actual return

decline as the risk constraint was raised still higher?

Obviously, the answer must lie in the difference between

the situations in Chapter IV and Table XXIV. In the current

case, the manager has the option of selecting either type

of stock each time he chooses a particular stock. This

implies that raising the risk constraint closes off an

investment possibility in the high risk group for a portion

of his portfolio. The situation in the last chapter

differed from this because the manager then had exactly the

same set of actual returns available regardless of his

choice concerning risk. In the present case, however, a

marginal increase in the risk constraint in effect eliminates
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from possible purchase a marginal number of high risk issues.

If the stocks eliminated had a higher actual return than the

low risk stocks purchased in their place, the actual return

of the portfolio would decline. As the constraint is

gradually tightened, more and more low risk issues are being

purchased. Since the expected actual return is highest for

the first low risk stock purchased and declines monotonically

with each additional acquisition, gradually increasing the

risk constraint produces a monotonic decline in the steady-

state actual return earned on the low risk component of the

portfolio. At the same time, the gradual tightening of the

risk constraint causes high risk issues to be sold. Since

the expected actual return of the first high risk stock is

lowest and the return increases monotonically as additional

issues are sold, gradually increasing the risk constraint

produces a monotonic increase in the steady-state actual

return provided by the high risk component of the portfolio.

Tightening the risk constraint will, therefore, increase the

portfolio's actual return until the constraint causes the

actual return gained on the remaining high risk issues

equals the steady-state actual return lost from the purchase

of low risk stocks. Further increases in the severity of the

constraint would lower the steady-state actual return on the

portfolio. This explains the tendency of the actual returns

reported in Table XXIV to rise and then fall as the risk

constraint is made more severe.
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Table XXV presents the same type of results as Table

XXIV, except that the standard deviation of the low risk

stocks is set at three percentage points. When 6 = 0, the

target returns are lower than in the preceding table because

at least some low risk issues were included in the various

portfolios and a reduction in the error in the target

returns of the stocks which might be included in the port-

folio reduces the target return of the portfolio, as has

already been shown. Since 6 is set at zero, all stocks have

a zero actual return, producing a portfolio actual return of

zero in all cases. As risk is constrained, the target

return declines, a result already discussed with respect to

Table XXIV. In this case, however, the reduction in target

return was greater since the constraint forced the purchase

of issues having a 3 per cent rather than a 9 per cent

error. As usual, the target return declines as the portfolio

size increases.

When 6 = 1, the target returns are higher than when 6

was set at zero, a non-zero actual return is achieved, the

target return declines as the portfolio size increases, and

also as the risk constraint is tightened, and error is

reduced by selecting larger portfolios and tighter risk

limits. Although all of this is consistent with earlier

findings, one additional feature of the data has not been

encountered before. As the portfolio size is increased, the
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actual return on the portfolio rises in the unconstrained

case. Previous results have established that the bias is a

function of portfolio size and hence that an increase in N

would not lower actual return as sharply as a portfolio

manager might expect based on the change in target return.

In all earlier cases, however, the actual return of the

portfolio was not improved by an increase in N. A plausible

explanation of this new result can be built upon the fact

that unequal standard deviations of target returns have been

introduced into the model. The purchased high risk stocks

will be more severely overestimated than the low risk

issues. When risk is not constrained, a concentration of

high risk and hence overestimated stocks naturally occurs.

When the portfolio size is increased, more securities will

be purchased, and these issues will be less overestimated on

average. This means that the proportion of target return

that is due to the actual return increases monotonically as

N rises. As a result, gradually increasing the portfolio

size causes stocks to be purchased more and more on the

basis of their actual return instead of on the basis of

estimation error. If all stocks had an equal aT, this could

not increase the steady-state actual return on the portfolio.

However, when a subset of issues have a lower target return

risk than another set of stocks, the reduction of error or

the elimination of the best high risk investments as N rises

may reduce the target return on the highly overestimated aT
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stocks available for addition to the portfolio to a point

below some oL stocks' target returns. In this case, some

UL stocks would be included in the portfolio. By increasing

N, therefore, overestimation is less of a factor in the

purchase of a stock and hence the proportion of aL stocks

purchased must rise since they have lower estimation error

and equal actual returns.

Increasing the portfolio size can now be seen to

increase the percentage of the steady-state portfolio

invested in low risk stocks. As this percentage rises, at

least for a time, the actual return of the portfolio rises.

This stems from the fact that low risk portfolios have

higher actual returns than high risk portfolios when all

stocks are selected from a universe of securities which all

have the same actual return, a result established in Chapter

IV. The aL stocks have the same structure of actual returns

as the aT issues but have a lower error. Increasing their

proportion to motivate their purchase is, therefore, a

factor tending to improve actual return. The act of

increasing N without regard to the proportion of aL

securities in the portfolio tends to reduce actual return.

The interplay of these two forces explains the non-monotonic

behavior of actual return as a function of N.

Since the increase in actual return in larger portfolios

is heavily dependent upon the presence of a great difference

in the risk stemming from high and low risk issues, the fact
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that such an increased return did not occur in Table XXIV can

be explained by the level of cLat nine percentage points in

that study. The failure to have a rise in actual return in

Table XXV when risk was constrained is probably due to the

constraint destroying the concentration in high risk issues

which is needed for low levels of N if increasing N would

prove beneficial to the portfolio's actual return.

In Table XXV, the actual return gained by increasing the

risk constraint is generally greater than in Table XXIV. In

a number of cases, the return at the N/4 level is higher than

either N or N/2. The importance of the risk constraint on

the level of actual return decreases as aT increases and as

N increases, with portfolios having very high 6 and N

suffering reduced return from increased limits on risk. In

almost all portfolios, the actual return in the &L = 3 case

exceeds the actual return for the corresponding portfolio

having a= 9. This result stems from the increased accuracy

in the selection of stocks having a superior actual return

made possible by a reduced target return error. The phenomenon

of improved actual return as target error is reduced has

already been enountered several times and has always been

associated with a reduction in target return -- a result that

is confirmed once again in these two tables. The reduction

of error in the target returns simultaneously improves port-

folio performance and reduces the portfolio manager's
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expectations of that performance if the target returns are

used to estimate the portfolio's results.

Table XXVI presents the results for portfolios selected

from an investment universe where aT = 15, aL = 9. Analysts

I, II, and III were assigned low risk stocks, forcing these

issues to constitute 60 per cent of the issues in the

investment universe. This table is, therefore, identical to

Table XXIV except that the proportion of low risk issues

available has been increased from 40 per cent to 60 per cent.

In Table XXVI, target returns decline as the risk constraint

is increased and as portfolio size is increased. Target

returns rise as a increases. Actual return declines as N

rises and rises as 6 is increased. The behavior of actual

return as the risk constraint is increased follows the same

pattern as in the previous tables except that the tightest

level of the risk limit is not sufficiently severe to cause

actual return to decline. The limit on risk must, therefore,

be more advantageous when portfolios are selected from a

universe having a higher percentage of more predictable

stocks. More severe limits on risk in a less risky universe,

in other words, will improve the portfolio's actual return.

This is an important result, for it implies that if an

investment division decides to permit stocks to be purchased

from a riskier investment universe, then the constraint on

the percentage of risky stocks purchased should be relaxed

assuming that the maximum actual return available is desired.
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Alternatively, the results could be interpreted in terms

of the percentage of stocks covered by the more accurate

analysts in an investment division. If 60 per cent of

the issues are covered by the more adept analysts, then

a strong risk constraint can be expected to produce an

increase in the steady-state actual return of the portfolio.

An improvement in the quality of research, in other words,

increases the value of limitations on risk.

At first glance, these findings are counter-intuitive

because more accurate predictions would seem to imply a

reduction in the importance of risk limitation. It is not

obvious that a reduction in risk increases the need for a

constraint to limit the level of the remaining risk.

Actually, however, this conclusion is quite consistent

with the interpretations that have been given to the

simulation results. It has been shown that the high risk

segment of the universe is more subject to overestimation

than the aL stocks. It has been demonstrated that the risk

constraint can in some cases raise return by squeezing

overestimated issues out of the portfolio and forcing the

purchase of the low risk stocks. In addition, it is obvious

that a reduction in the proportion of high risk stocks in

the universe implies an increase in the number of attractive

low risk issues available for purchase. Given this infor-

mation, it is logical that the constraint in the 60 per cent

case could force the purchase of a more attractive set of
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low risk stocks than in the 40 per cent case and so provide

a more significant benefit to the portfolio's steady-state

actual return. At the same time, the reduced number of

high risk issues available for purchase implies that the

actual return on the least attractive stocks in this

component of the portfolio would be lower. The avoidance

of some of these issues precipitated by the presence of the

risk constraint is therefore less harmful in the 60 per

cent case. The benefit from avoiding a high risk issue

is therefore increased, as is the benefit from acquiring

a low risk issue. Since the risk constraint forces this

type of behavior, it is natural that the benefit from the

risk constraint can be greater in the 60 per cent case.

Table XXVII presents the results for the 60 per cent

case where aL = 3. The relationships retain the same

pattern as in the preceding table, although the actual

return is in almost all cases higher since the prediction

error for the portfolio has been reduced. In addition,

the sensitivity of the actual portfolio return to changes

in the level of the risk constraint is greater.

The behavior .of portfolio results when the variances

of the target returns are not equal can be examined in

terms of the percentage of the maximum return available in

the investment universe that is actually achieved by the

steady-state portfolio. Table XXVIII shows this percentage

given each of the four investment universes discussed in
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TABLE XXVIII

ACTUAL RETURN AS A PERCENTAGE OF THE BEST
POSSIBLE RETURN GIVEN THE LEVEL OF N

WHERE THE NUMBER OF HIGH RISK
SECURITIES IS NOT LIMITED

L SE0 6% O U = 2 = =.3

LOW RISK SECURITIES 60% OF UNIVERSE AND L 9.o

N=

N-

N =

10

20

30

LOW RISK

10

20

30

LOW

N = 10

N = 20

N = 30

LOW F

10

20

30

RISK

ISK

100.0

100.0

100.0

SECURITIES

100.0

100.0

100.0

SECURITIE

100.0

100.0

100.0

SECURITIES

100.0

100.0

100.0

S

41.1

41.6

43.9

60

40

% OF UNIVERSE

39.4

53.1

60.7

% OF UNIVERSE

41.9

39.3

40.4

3 40% OF UNIVI

31.6

41.4

47.2

68.8

70.9

70.1

AND L

70.8

78.4

81.5

AND L=

65.6

67.3

66.3

RSE AND L

60.7

68.9

74.7

81.5

84.0

83.5

. U

82.4

89.8

90.0

9 .0

80.5

81.1

82.4

3.O

79.2

84.0

84.7

,,, ml

.=, Ir .. mm.mm
W" A

=3 0
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the preceding four tables. Within each universe, the

percentage of possible return actually achieved is presented

for three portfolio sizes and four levels of 6. The entire

table assumes that no risk constraint is applied in the

portfolio selection process. Previous findings have indi-

cated that the percentages increase as 6 increases except

for the special case where 6 is changed from zero to one,

and the table reconfirms this relation. A rather unexpected

result, however, appears in the tendency of the percentage

to rise as the size of the portfolio is increased. In the

equal variance case, it was found that the tendency of actual

return to fall as N increases stemmed from a lower maximum

available return for larger portfolios. The actual return

as a percentage of the maximum available return was found to

be approximately the same for various levels of N. Table

XXVIII indicates that unequal error in the target returns

causes larger portfolios to realize a higher percentage of

the available return. This may stem from the fact that

larger portfolios have been forces to purchase additional

stocks, where these additional stocks are less overestimated

on average, causing a tendency to increase the steady-state

portfolio's proportion of low risk stocks. Since low risk

stocks have a lower error in target return, the more

attractive stocks can be more easily located, raising the

actual return of the total portfolio slightly. In effect,

increasing N under these conditions forces a slight
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reduction in the error in the target returns of the total

portfolio. Since the percentage of maximum available return

actually achieved increases as aL decreases, the percentage

increases as N increases whenever unequal predictability of

target returns is present. This explanation of the rela-

tionship implies that the percentage should be more

sensitive to changes in N when the difference between the

errors in target return are greater. The table entries

confirm this tendency, where the entries for the various

portfolio sizes exhibit wide changes in the a = 3.0 cases

but only suggest a relationship when aL = 9.0.

The study also indicates that the importance of N

diminishes as 6 increases. This could be expected, since

increases in 6 increase the differences in the actual

returns of stocks and hence increase the ability of the

system to select issues on the basis of true superiority

instead of using overestimation as a cause of purchase.

This implies a decline in the importance of anything which

controls overestimation. The tendency of larger N to lower

prediction error impacts on the percentage of maximum return

achieved precisely because it controls overestimation,

hence the impact of N on the percentage achieved declines

in importance as 6 increases.

The effect of moving from a 9.0 per cent to a 3.0 per

cent prediction error does not appear to produce consistent

patterns. The impact of N on the table entries as 6
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increases appears to be a function of the extent to which

the prediction errors of the various stocks differ, and

the changes in this relation as 6 changes make a direct

comparison of the table entries at different levels of 6

have dubious value.

Table XXIX continues the analysis of the percentage

of possible return achieved in the steady-state portfolio

by examining its behavior in the 40 per cent universe with

CL = 9.0. The entries are presented for each of the three

levels of he risk constraint. As can be seen, for any

given level of risk, the percentage rises as 6 rises. As

the constraint is increased while other variables are held

constant, the percentage tends to rise and then decline,

indicating that the percentage of potential return realized

can be improved by moderate limitation of risk but reduced

by imposing too severe a risk constraint. This result

could be expected, since the maximum available return is a

function of N and 6 and both of these are held constant as

the constraint is increased.

Another approach to the behavior of the simulation

results is to examine the magnitude of the bias relative to

the predicted portfolio return. This can be measured by

expressing the prediction error as a percentage of the

target return. Table XXX presents this percentage for all

four types of investment universe included in the study of

unequal ar where the risk constraint is not applied.



137

TABLE XXIX

ACTUAL RETURN AS A PERCENTAGE OF THE BEST
POSSIBLE RETURN GIVEN THE LEVEL OF N

(aT = 15.0, aL = 9.0)
(Low Risk at 40%)

max imum
Number of High

N Risk Securities 6= 0 6=1 6=2 6=3

10 N 100.0 41.9 65.6 80.5

N/2 100.0 46.1 68.7 81.3

N/4 100.0 45.1 68.7 80.7

20 N 100.0 39.3 67.3 81.1

N/2 100.0 42.4 69.8 82.2

N/4 100.0 40.0 65.0 75.5

30 N JLOO.0 40.4 66.3 82.4

N/2 100.0 40.7 67.9 80.8

N/4 100.0 34.1 56.2 65.8
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TABLE XXIX (Continued)

ACTUAL RETURN AS A PERCENTAGE OF THE BEST
POSSIBLE RETURN GIVEN THE LEVEL OF N

(UT =-15.0, cL = 3.0)
(Low Risk at 40%)

Maximum
Number of High

N Risk Securities 6=0 6=1 6=2 6=3

10 N 100.0 31.6 60.7 79.2

N/2 100.0 59.6 75.5 85.3

N/4 100.0 69.4 82.4 86.3

20 N 100.0 41.4 68. 9 84.0

N/2 100.0 58.1 76 5 84.5

N/4 100.0 66.8 76.0 80.2

30 N 100.0 47.2 74.7 84.7

N/2 100.0 57.7 76.1 84.0

N/4 100.0 55.6 67.1 69.9

---- ~ I
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TABLE XXIX (Continued)

ACTUAL RETURN AS A PERCENTAGE OF THE BEST
POSSIBLE RETURN GIVEN THE LEVEL OF N

(T = 15.0, all = 9.0)
(Low Risk at 60%)

Maximum
Number of High

N Risk Securities 6=0 6=2 62 6=3

10 N 100.0 41.1 68.8 81.5

N/2 100.0 39.2 68.6 80.0

N/4 100.0 34.2 61.6 71.3

20 N 100.0 41.6 70.9 84.0

N/2 100.0 40.1 67.7 81.3

N/4 100.0 35.5 60.8 69.1

30 N 100.0 43.9 70.1 83.5

N/2 100.0 41.7 69.5 82.0

N/4 100.0 32.3 52.2 62.8
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TABLE XXIX (Continued)

ACTUAL RETURN AS A PERCENTAGE OF THE BEST
POSSIBLE RETURN GIVEN THE LEVEL OF N

(rT = 15.0, La = 3.0)
(Low Risk at 60%)

Maximum
Number of High

N Risk Securities =0 =1 =2 __=_3

10 N 100.0 39.4 70.8 82.4

N/2 100.0 39.4 70.3 81.4

N/4 100 .0 37.4 63.0 74.4

20 N 100.0 53.1 78.4 89.8

N/2 100.0 53.1 77.4 87.9

N/4 100.0 46.5 63.2 73.4

30 N 100.0 60.7 81.5 90.0

N/2 100.0 58.8 78.5 86.6

N/4 100,.0 42.0 55.3 66.3
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TABLE XXX

ERROR AS A PERCENTAGE OF TARGET RETURN WHERE THE NUMBER
OF HIGH RISK SECURITIES IS NOT LIMITED

N 6=0 j 6= 1 6=2 6=3

Low Risk Securities

100.0

100.0

100.0

Low Risk Securities

100.0

100.0

100.0

Low Risk Securities

100.0

100.0

100.0

10

20

30

10

20

30

10

20

30

10

20

30

100.0

100.0

100.0

60% of Universe and aL

83.9

81.3

79.7

58.1

50.4

48.7

= 9.0

37.2

31.5

30.1

60% of Universe and L 3.0

82.9

72.9

65.2

50.2

40.1

36.2

33.1

19.2

17.4

40% of Universe and cL = 9.0

85.1

83.8

82.9

62.3

55.6

53.7

39.5

36.0

33.4

40% of Universe and cLd --3.0

88.3

82.4

77.1

61.7

52.0

46.1

39.9

28.3

26.6

Low Risk Securities

I

a9

9.00
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The table shows that the percentage of the predicted

portfolio return that is due to the bias decreases as 6

increases and decreases as N increases. These results are,

of course, completely consistent with the findings presented

in Chapter IV for the equal standard deviation case. Table

XXX does, however, present additional information when the

entries for the various investment universes are compared.

In the 60 per cent universe, the percentages are larger in

the L= 9.0 case than when UL = 3.0. This is not. surprising,

since the presence of issues having a lower prediction error

could be expected to reduce the percentage of error in the

predicted return of the optimum portfolio. The amount by

which the percentage is reduced, however, increases as the

portfolio size is increased. In other words, in terms of

prediction accuracy, a aL = 3.0 type portfolio's advantage

over a large UL = 9.0 type portfolio is greater than a small

-L = 3.0 portfolio's advantage over a small aL = 9.0 account.

The table entries, however, do not appear to be as sensitive

to portfolio size as to either aL or 6. An examination of

the entries for the 40 per cent universe verifies all of

these relationships.

A comparison of the results when 60 per cent of the

issues were low risk to the results when 40 per cent of the

stocks were included shows that the error percentage is

greater when there is a smaller proportion of low risk

securities in the investment universe. In addition, the
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amount by which the error percentage is reduced when the

low risk proportion is raised to 60 per cent is substantially

greater when aL = 3.0 than when aL = 9.0. This indicates,

of course, that the improvement in predicting portfolio

return that occurs when a higher percentage of low risk

issues is present in the investment universe is greater

when the magnitude of risk in the safer issues is smaller.

It may also be worth mentioning that the reduction in the

table entries when the universe is changed from 40 per cent

to 60 per cent low risk is greater when the portfolio size

is larger. This indicates that the prediction accuracy

advantage that a portfolio containing a large number of

stocks has over a smaller portfolio is greater when the

universe has a higher proportion of low risk issues.

Table XXXI shows error as a percentage of target return

for the 40 per cent low risk universe where aL = 9.0,

exploring various levels of the risk constraint. The

entries where the risk constraint is set at N are, of

course, equal to the corresponding entries in Table XXX.

The table indicates that an increase in the risk constraint

reduces the percentage of the predicted portfolio return

that is due to the optimistic bias. The magnitude of that

reduction is greater when 6 is smaller and when the port-

folio size is smaller. Table XXXII shows the results for

the 40 per cent universe where aL = 3.0 and verifies this

pattern of behavior. The risk constraint has a much
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TABLE XXXI

ERROR AS PER CENT OF TARGET RETURN

((YT= 15.0, L = 9.0)
(Low Risk at 40%)

Maximum
Number of High

N Risk Securities 6=0 6=1 6=2 6=3

10 N 100.0 85.1 62.3 39.5

N/2 100.0 82.3 59.1 37.6

N/4 100.0 78.5 52.5 31.2

20 N 100.0 83.8 55.6 36.0

N/2 100.0 81.7 51.9 33.9

N/4 100.0 79.3 46.7 31.6

30 N 100.0 82.9 53.7 33.4

N/2 100.0 82.0 51.0 33.2

N/4 100.0 80.4 48.0 31.9
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TABLE XXXII

ERROR AS PER CENT OF TARGET RETURN

(CT = 15.0, r = 3.0)
(Low Risk at 40%)

Maximum
Number of High

N Risk Securities 6=0 6= 6=2 6=3

10 N 100.0 88.3 61.7 39.9

N/2 100.0 73.4 48.0 31.9

N/4 100.0 57.2 30.1 19.3

20 N 100.0 82.4 52.0 28.3

N/2 100.0 71.4 44.2 26.5

N/4 100.0 57.1 33.5 20.2

30 N 100.0 77.1 46.1 26.6

N/2 100.0 70.2 43.4 26.0

N/4 100.0 61.0 35.2 22.0
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larger impact on the error percentage when aL = 3.0 for all

portfolio sizes. Table XXXIII presents the 60 per cent and

aL = 9.0 results. The usual behavior pattern is exhibited

within the universe, with the importance of the risk

constraint almost identical to the corresponding 40 per cent

universe. Table XXXIV shows the results for the 60 per cent

and aL = 3.0 universe. Within the universe, the usual

behavior is again displayed. In this case, however, the

risk constraint is substantially less important than in the

corresponding 40 per cent universe. This result appears to

be due to the substantially lower error percentage in the

60 per cent universe when risk is not constrained. The risk

limit does not appear to operate as effectively when the

error percentage has already been reduced by a high propor-

tion of low risk issues. When these results are compared

to the findings in Table XXXIII, however, the risk limit is

seen to be more important when aL = 3.0 than when uL = 9.0.

These two considerations combined imply that the limitation

of risk enhances portfolio prediction at a decreasing rate

as the proportion of low risk securities rises and at an

increasing rate as the level of aL declines.

In summary, the tables presented in this section have

indicated that when various securities have different

variances of target returns, imposing a risk constraint

can raise the actual steady-state return on the portfolio.

The portfolio's target return, however, declines
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TABLE XXXIII

ERROR AS PER CENT OF TARGET RETURN

T( = 15.0, aL = 9-0)

(Low Risk at 60%)

Maximum
Number of High

N Risk Securities 6=0 6 1 6=2 6=3

10 N 100.0 83.9 58.1 37.2

N/2 100.0 81.6 57.1 36.6

N/4 100.0 77.9 52.6 31.5

20 N 100.0 81.3 50.4 31.5

N/2 100.0 80.7 50.2 31.6

N/4 100.0 77.2 45.5 29.3

30 N 100.0 79.7 48.7 30.1

N/2 100.0 79.5 48.7 30.1

N/4 100.0 77.5 44.3 27.4
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TABLE XXXIV

ERROR AS PER CENT OF TARGET RETURN

(aT = 15.0, aL = 3.0)
(Low Risk at 60%)

Maximum
Number of High

N RiskSe curities 6=0 62 6=3

10 N 100.0 82.9 50.2 33.1

N/2 100.0 72.3 43.4 29.4

N/4 100.0 55.9 28.7 18.6

20 N 100.0 72.9 40.1 19.2

N/2 100.0 67.8 38.4 19.3

/4 100.0 55.7 30.8 15.9

30 N 100.0 65.2 36.2 17.4

N/2 100.0 63.7 36.0 17.4

N/4 100.0 52.8 29.4 15.1
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monotonically as the level of the risk constraint is

increased. The magnitude of the bias relative to the

predicted return declines monotonically as the constraint

is increased, but does so at a lower rate for higher

percentages of low risk issues in the universe and at a

higher rate for lower levels of o L. In addition, the

importance of portfolio size has been shown to vary under

various conditions when the securities do not have equal

target return variances.

Results When Covariance Is Present

The results discussed in the previous section establish

that the actual return of a portfolio can in many cases be

increased by reducing the number of high variance stocks in

the portfolio. When the return distributions are inde-

pendent, limiting the portfolio variance is one method by

which the purchase of low variance stocks could be forced.

When the security returns are correlated, however,

constraining the variance of the portfolio's target return

can result either in switch from high variance to low

variance stocks or in switches into stocks having a lower

correlation to the stocks currently held. Since a

constraint on portfolio variance does not determine which

of these two actions is taken, it is important to examine

the behavior of the bias when securities in the investment

universe have correlated distributions.
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In order to examine this question, the target and

actual returns of each of the stocks under analyst one

was given a correlation of 1.0 with the analyst two stock

having the same mean return. An identical correlation was

induced between analysts four and five. The amount of

correlation in the purchased portfolio was then limited by

restricting the number of stocks purchased that had a

positive covariance with any other portfolio holdings.

The data in Table XXXV shows that increasing the constraint

on covariance does not significantly increase the target

return, and it can be seen in Table XXVI that the results

are the same for actual returns. Table XXXVII presents

results indicating that the relationship between actual

return and 6 is not altered by the presence of a covariance

limit. The contents of Table XXXVIII show that the bias

as a percentage of target return displays the same behavior

pattern regardless of the level of the constraint. Table

XXXIX shows the error's behavior in absolute terms where

6 = 0.0 and Table XL shows the same data where 6 = 2.0.

The conclusion that must be drawn from these results

is that although actual portfolio return can be improved

by purchasing low variance issues, it cannot be improved

by reducing the intercorrelation of the securities

purchased. Constraining portfolio variance may or may not

improve return, depending upon the method by which the

constraint is satisfied.
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TABLE XXXV

LEVEL OF TARGET RETURN FOR VARIOUS LEVELS OF N, T
AND MAXIMUM NUMBER OF COVARYING SECURITIES,

WHERE =3.0

Number of
Securities T T-T 15.0
PurchasedT = 5.0 T =10.0 _ T_=_15._

Maximum Number ofCovarying Securities=6

21.50 27.35
18.72 22.43
14.98 18.18

Maximum Number ofCovarying Securities5

21.59 27.64
18.50 21.71
14.51 17.86

Maximum Number of Covaryi4ng Securities =4

21.72 27.19
18.12 22.22
14.34 16.88

Maximum Number of Covarying Securities=3

21.49 26.38
17.41 20.75
13.65 16.70

Maximum Number of Covarying =Securities=2

21.40 26.35
16.99 20.12
12.87 15.10

Maximum Number of Covarying Securitiesi1

10
20
30

10
20
30

10
20
30

10
20
30

10
20
30

10
20
30

25.12
19.14
14.76

35.07
26.49
22.35

33.97
28.91
22.18

33.66
26.26
20.99

32.77
26.22
19.95

34.68
24.57
19.35

33.17
24.12
17.50

.. lll"m & o . iffim - MI-

20.78
16.17
12.52
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TABLE XXXVI

LEVEL OF ACTUAL PORTFOLIO RETURN FOR VARIOUS LEVELS
OF N, 6, AND MAXIMUM NUMBER OF COVARYING

SECURITIES, WHERE UT = 10.0

____ ____ ____ __ ____ ___ Nn__ ____ ____ ___W. I ___Ism__ __a

Number of
Securities
Purchased =0.0 6 = 1.0 6 = 2.0

Maximum Number of-

17.70
14.53
10.92

6 = 3.0

Covarying Securities = 6

4.86
4.06
3.47

27.35
22.43
18.18

24.28
21.82
18.42

Maximum Number of

19.2114.*8 0
11.34

Maximum Number of

Covarying Securities = 5

4.95
4.38
3. 41

27.64
21.71
17.86

23.39
21.37
17.86

Covarying Securities = 4

18.52
14.50
11.20

4.74
4.10
3.22

27.19
22.22
16.88

24.73
20.83
17.26

Maximum Number of

18.98
13.76
10.41

Maximum Number of-

18.69
13.11
9.66

Covarying Securities 3

4.83
3.88
3.25

26.38
20.75
16.70

Covarying Securities.= 2

4.62
3.71
3.01

26.35
20.12
15.10

Maximum Number of

17.25
12.43
9.73

Covarying Securities =

5.08
3.59
2.79

25.12
19.14
14.76

22.94
19.24
15.53

10
20
30

10
20
30

10
20
30

10
20
30

10
20
30

23.45
20.63
16.89

10
20
30

23.99
20.16
16.17
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TABLE XXXVII

LEVEL OF ACTUAL PORTFOLIO RETURN FOR VARIOUS LEVELS
OF N, aT, AND MAXIMUM NUMBER OF COVARYING

SECURITIES, WHERE 6 = 2.0

Number of
Securities
Purchased _aT = 5.0 1 cT=jG0.0 = 15.0

Maximum Number of Cov6rying Securities=6

17.02 14.34
15.39 13.16
13.12 10.65

Maximum Number of Covarying-Securities= 5

16.78 14.05

15.13 13.18
12.962 10e.37

Maximum Number of Covarying Securities = 4

17.28 14.41
15.02 12.47
12.13 9*.77

Maximum Number ofCovarying Securities 3

17.10 13.60
14.76 12.68
11.78 10.000

Maximum Number of Covarying Securities = 2

16.58 14.26
14.24 11.84
11.33 9.73

Maximum Number ofCovarying Securities = 1
F.__ I__r

16.61
13.78
10.81

13.17
11.60
8.91

I 5

12.45
10.31

8.40

11.89
10.22
8.38

12.15
10.14
8.55

11.66
9.76
7.38

11.65
8.84
7.34

10.42
8.62
6.93

10
20
30

10
20
30

10
20
30

10
20
30

10
20
30

10
20
30

I
a
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TABLE XXXVIII

PERCENTAGE OF TARGET PORTFOLIO RETURN WHICH IS
OVERESTIMATED (ENTRIES ARE ERROR

DIVIDED BY TARGET RETURN)

Number of
SecuritiesTT 100r 5.Purchased T=5.0T = 15.0

Maximum Number of Covaying Securities = 6

20.9 J 47.6
17.8 41.3
12.4 41A4

Maximum Number of Covarying Securities = 5

22.3 49.2
18.3 39.3
13.0 "I 41.9

Maximum Number of Covaryin Securities = 4

20.4 47.0
17.1 43.9
15.4 42.1

Maximum Number of Cova rying Securities = 3

20.4 48.4
15.2 38.9
13.6 40.2

Maximum Number of Covj rying Securities = 2

22.5 45.8
16.2 41.2
12.0 35.6

Maximpm Number of Covryinc Securities. =1

20.1
14.8
13. 6

47.6
39.4
39.6

64.5
61.0
62.4

65.0
64.6
62.2

63.9
61.3
59.3

64.4
62.8
63.0

66.4
64.0
62.1

68.6
64.3
60.4

10
20
30

10
20
30

10
20
30

10
20
30

10
20
30

10
20
30
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TABLE XXXIX

LEVELS OF PORTFOLIO ERROR FOR VARIOUS
yT and N, WHERE 6 = 0.0

(PA and yT = 0.0, and CA = 0.0)

Number of -II

Securities 50 I TI
Purchased I T = 5.0 IT = 10.0 o = 15.0

Maximum Number of Purchased Covarying Securities = 6

10
20
30

Maximum Number

1
2
3

10

Maximum Ni

9.91
7.09
5.49

10.92
14.53
17.70

of Purchased Covarying Securities 5

9.57
6.94
5.92

19.21
14.80
11.34

mber of Purchased Covarying Securities = 4

10
20
30

Maximum Ntmber

10
20
30

Maximum

1
2
3

9.67
7.05
5.65

18.52
14.50
11.20

of Purchased Covarying Securities = 3

9.22
6.80
5.04

Number

.0

Maximum Number

18.98
13.76
10.41

of Purchased Covarying Securities---2
yig ecrite

8.94
6.65
5.19

18.69
13.11
9.66

of Purchased Covarying Securities = 1

10
20
30

8.74
6.28
4.93

17.25
12.43
9.73

30.42
22.09
17.43

25.42
21.84
16.10

26.39
20.19
16.26

26.87
21.45
15.27

27.52
18.74
14.55

25.46
19.18
14.54
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TABLE XL

LEVELS OF PORTFOLIO ERROR FOR VARIOUS
a AND N, WHERE 6 = 2.0

(1A and yT = 0.0, and uA - 0.0)

Number of
Securities
Purchased I

Maximum

10
20
30

10
20
30

10
20
30

10
20
30

10
20
30

T - 5.0 NON I., T - .
T =

Number of Purchased C in i__ __ _ CA. L.J. ,74 4 4 --%e-

---~ ~ ~ ~ g-cu tW&4 # joN& wVG .- .1% O~. .-J ies = 6

4.49 13.02 22.62
3.33 9 .27 16.17
1.86 7.53 f 13.95

Maximum _Numberof Purchased Covarying Securities-5

4.81 13.59 22.09
3.38 8.53 18.69
1.89 7.49 13.80

Maximum Number of Purchased Covarying Securities_= 4

4.44 12.78 21.50
3.10 9.75 16.11
2.21 7.11 12.44

Maximum Number of Purchased Covarying Securities=3

4.39 12.78 21.12
2'65 8.07 16.46
1.86 6.71 12.57

Maximum Number of Purchased Covarying Securities=2

4.8212.08 1 23.03
2.76 8.29 15.73
1.54 5.38 12.01

MaximumNumber of Purchasng CovaryinSecurties=1

10
20
30

4.17
2.39
1.70

11.96
7.54
5 8 5

22.75
15.50
10.57

I ~ _

I I T5



CHAPTER VI

SUMMARY OF THE FINDINGS

After the extensive explanation of the tabulated

characteristics of the bias' behavior, a summary of the

findings as well as a few comments on their significance

seem to be in order. This final chapter will, therefore,

attempt to show a number of practical ways in which the

bias can distort the decision-maker's information,

evaluate the impact of the bias on current mathematical

portfolio theory, and indicate some potential consequences

of the bias in fields other than portfolio theory.

Turning first to the area of practical investment

decision-making, the bias can be examined from either of

two standpoints. First, certain of the current beliefs

and behavior patterns of practicing professionals are not

explainable in terms of current academic theory and in

some cases are even inconsistent with theoretical findings.

Some of these discontinuities between theory and practice

may stem from the professional's awareness of the reality

of events stemming from the presence of the bias even

though he is not aware of the bias itself. In this case,

the professional's emphasis on decisions based upon

practical experience as opposed to the academician's

157
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emphasis upon decisions based upon consistency with

theoretical formulations could produce different behavior

caused by the presence of the bias even though neither

group would be directly aware of the bias' existence.

The second standpoint from which the bias could be examined

is based upon studying typical decision processes in order

to determine their validity given the findings in Chapters

III and IV. The following section treats that portion of

the practitioner's behavior which appears to be made more

consistent with theory given an understanding of the

behavior of the bias. Decisions brought into question by

the presence of the bias are discussed in a later section.

Behavior Consistent With the Bias

It is possible to maintain that portfolios containing

a high degree of risk are less profitable over the long

term than investments in well established and stable

companies. This position, of course, is inconsistent with

the view that greater risk is offset by a greater return on

the investment. The simulation studies of the bias indicate

that portfolios containing a high risk of error in estimating

the mean of the actual return on an investment produce a

lower steady-state return. This finding tends to substan-

tiate the former position but is subject to qualifications.

Of primary importance is the meaning of the work "risk".

If risk is taken to mean the variance of the actual return
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on a stock, the question of whether stocks having a higher

risk also have a higher return is empirical in nature. It

can be resolved only by examining the relation between risk

and return in stocks in the real world and does not need to

be related to any decision-making processes. If, however,

the term "risk" is related at least in part to the variance

of the estimate of the investment's mean return, then the

relationship between risk and return must involve not only

empirical considerations but also the impact of the accuracy

of the estimation process. Since the mean actual return of

any investment can only be estimated, the latter approach

toward risk and return is more realistic. The simulation

has shown that an increase in estimation error reduces

return, and it follows that the portion of portfolio "risk"

which stems from this type of error reduces the portfolio

return.

The simulation was conducted under the assumptions

that the variance of actual return was not a function of

the level of the mean actual return and that the variance

of target return was not a function of the level of the

mean target return. As a result of these assumptions, the

bias was studied without any consideration of the possibility

of an empirical relation between risk and return. This

approach does not damage the conclusion that risk in the

form of high variance of target returns reduces the

portfolio's steady-state return. It does, however, leave
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open the possibility that an empirical tendency of high

actual variance to be associated with a high level of the

actual mean return would cause riskier portfolios to have

higher returns. It is possible that this empirical

relationship could be so pronounced that it could overpower

the negative impact of target return variance on the actual

return achieved in a portfolio. This result, however, is

less likely when there is a significant difference in the

predictability of investments--when there is a broad

dispersion among the various levels of the target variances

of the members of the investment universe. When this

variation in the dispersion of stocks is present, the

results of the simulation show that it is possible to

very significantly improve steady-state return by

concentrating on low-risk issues. This would appear to

imply that the academic community, by disregarding the

impact of the bias on the relation between risk and return,

has implicitly been assuming that a broad variation between

the predictability of alternative investments is not present.

The current theory of risk and return, in other words, can

avoid serious conflict with the simulation's findings on

the nature of the bias' behavior only if there is not a

pronounced difference in the relative predictability of

investments. In the simulation's terminology, this means

that the target variances would need to be approximately

equal while the actual variances showed broad variation
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in magnitude from stock to stock and high actual variances

were associated with high actual mean returns.

The implicit assumption of approximately equal UT

for all companies would probably be questioned by the

practicing analyst. Since it is the function of the analyst

to estimate VT, equal aT for all companies implies that the

analyst's function can be performed equally well for all

securities and also equally well by all analysts. Viewed

from this perspective, the assumption of equal afTis very

close to the random walk hypothesis, because it maintains

that there is no relative advantage between investments or

investors when predictions are made. As a result, it is

possible to at least entertain the notion that current

portfolio theory posits a relation between risk and return

that is valid if the random walk hypothesis is at least

substantially correct.

Practicing portfolio managers frequently develop a

skeptical attitude toward the estimates of research analysts.

This may, of course, simply stem from inadequate estimates

of the returns attainable by various stocks. On the other

hand, it may be due at least in part to the operation of the

bias. If the research analyst is correct on average in his

estimates of return, the simulation has shown that the

actual return achieved by a portfolio selected from his

investment universe would be substantially lower than the

portfolio's target return. This means that the portfolio
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manager would consistently experience actual portfolio

returns that were lower than would be expected from the

analyst's estimates. Without any knowledge of the nature

of the statistical bias generating these results, a port-

folio manager would tend to believe that the apparently

poor portfolio performance was due to faulty research

estimates. As the number of years of such experience

accumulate, a skeptical view of research estimates would

naturally develop and appear to be "verified" by actual

portfolio results in the majority of the new time periods.

The research analyst in the above situation would be

presented with a different, but equally distorted picture

of the events if he were unaware of the presence of the

bias. When confronted by the portfolio manager with the

results of the portfolio and his apparently badly over-

estimated returns, he can present his estimates for the

entire investment universe and prove that he was correct

on average for all of the issues in any given time period

and also for any given issue over a number of time periods.

He could not be expected to feel responsible for the

portfolio results if the portfolio manager year after year

picked from these unbiased estimates those stocks that

were overestimated. From his standpoint, the fault would

clearly lie with the portfolio manager. As can easily be

seen, the usual friction between two job functions having a

work interface is in this case greatly compounded by the
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presence of the statistical bias. Even if both parties

perform as well as could possibly be expected, each will,

on average, appear to the other to have failed to properly

execute his portion of the decision-making process.

Another practical investment situation frequently

seen arises when two analysts of unequal ability present

their favorite investment possibility to the portfolio

manager. Assume that both analysts are correct on average

but that the more experienced analyst has a OT of 5.0 per

cent while the less experienced analyst has a aT of 15.0

per cent. If either analyst consistently overestimates,

the estimated return could easily be adjusted by the port-

folio manager to reflect this fact and produce estimates

that are correct on average.

Assume that the aT = 5.0 per cent analyst estimates of

20 per cent return while the aT = 15 per cent analyst

estimates a return of 22 per cent. Which issues should the

portfolio manager choose if he is only interested in a

maximum return and has no concern over risk of any kind?

Even though current theory clearly indicates the purchase

of the stock having the 22 per cent return, many practicing

managers would choose the 20 per cent issue because the

better analyst's recommendations have usually seemed to

"work out better." In standard portfolio theory, this is

not rational, since any systematic bias can be removed from

either estimated return and the highest return (adjusted
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for the analyst's bias, if any) should then be purchased if

the goal is to maximize wealth. No adjustment for the

level of estimation risk is considered necessary in this

view, since any variance is assumed to affect only the

variance of the portfolio return, not the portfolio's

steady-state return.

The simulation results, however, show that a high aT

for a stock implies that (if the stock is purchased) the

expected return is seriously overestimated. This is true

even when the analyst is right on average for all of the

securities for which he is responsible. Since the bias is

a function of a number of variables having an unknown

magnitude, it is impossible to estimate precisely the

amount of bias present in each of the two estimates. It

is known, however, that the 22 per cent estimate has a

significantly greater level of aT than the 20 per cent

estimate and that it, therefore, contains a significantly

greater bias. Assume in this example that the 22 per cent

estimate has an associated steady-state actual return of

11 per cent while the 20 per cent estimate has a 16 per

cent steady-state actual return. Clearly, the steady-state

return on the portfolio would be maximized by purchasing

the 20 per cent return issue having a a of 5.0 per cent

even though the return estimated by the analyst was lower

and both analysts were "right on average." The experienced

portfolio manager is merely displaying his acquaintance
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with past results of this type when he chooses the 20

per cent issue because it has a tendency to "work out

better" even though it is not in accordance with current

theory. A knowledge of the statistical bias would provide

the practicing analyst with the reason why his behavior is

consistent with wealth maximization under a risk constraint.

Another example of apparently inconsistent behavior on

the part of the practitioner has to do with portfolio size.

Large portfolios may provide very little advantage in terms

of reduced portfolio variance, and yet the number of issues

in such portfolios is not necessarily reduced by investment

men. The simulation results have shown that the bias is

greater in small portfolios than in portfolios containing

a larger number of issues. This means that the marginal

return that can be achieved by the portfolio manager who

reduces the number of issues held in an account is signif-

icantly smaller than would be expected using current theory.

A reduction in the number of issues held in any given

account can reasonably be expected to increase risk since

alternative investments do not exhibit negative covariance.

It follows that the professional's reluctance to accept

this marginal risk is obviously more reasonable when it is

known that the presence of the bias causes the indicated

marginal return from such an action to be overestimated.

The investment professional's emphasis on industry

and economic categories when considering diversification
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constraints instead of relying upon the joint probability

distribution of security returns becomes more logical when

the bias is included in the analysis, for the inaccuracies

in the estimates produced by current theory may have forced

individuals actually engaged in the investment decision-

making process to retain traditional techniques in the

absence of newer techniques having solid predictive content.

In addition, the distinction between target and actual

return, together with the results showing a significant

impact on portfolio performance as the accuracy of the

target returns decreases indicates that the portfolio

manager may typically give a great deal more attention to

the distribution of target returns. It seems reasonable to

reject neither of these approaches toward risk and to

accept the reality of both the actual and target return

distributions as measures of risk in the investment decision-

making process.

Behavior Inconsistent With the Bias

The preceding paragraphs have emphasized the points at

which the discovery of the bias has tended to substantiate

certain frequently used heuristics in practical investment

decision-making. There are a number of findings related to

the bias, however, which indicate that erroneous decisions

can easily be made if the bias' behavior is disregarded.

These will not be considered at length in this chapter
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since they are implicit in the discussion of the simulation

results in Chapters IV and V. Examples of conclusions which

could be invalidated by the bias could easily be called to

mind as a result of the simulation findings presented in

those chapters. The decision to reduce the number of

securities in a portfolio in the expectation of thereby

gaining a significant improvement in the portfolio's

actual return is a case in point. The decision to reduce

the portfolio's commitment to an investment universe having

a low target return variance (such as bonds) in order to

slightly improve the portfolio's expected target return is

another decision which could prove incorrect if the target

variance of the common stock segment of the portfolio was

sufficiently high.

One of the simplest incorrect decisions that could be

made by a portfolio manager, of course, is to expect to be

able to achieve the return on a portfolio which is implied

by the appropriately weighted target returns on the

securities in the portfolio. A more subtle error, however,

would be to use an improvement in the portfolio's target

return as an indication that investment return will neces-

sarily improve when investments are more heavily

concentrated in riskier stocks.
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Impact of the Bias on Mathematical Portfolio Theory

The presence of the bias seriously impairs the

usefulness of portfolio optimization models. The funda-

mental assumption of these techniques is that the expected

return of a portfolio will be a linear combination of the

expected returns of the securities in the portfolio. The

simulation study has shown that this is only true when the

means of the distributions of the actual returns are known

with certainty. Since this is not a realistic condition,

the models will inaccurately predict the portfolio returns

even when the analysts' estimates are right on average.

An incorrect prediction of portfolio return would not

be a severe problem if the portfolio model nevertheless

selected the optimal amount of the correct securities.

Unfortunately, the results of the simulation have definitely

shown that this is not the case whenever the stocks in the

investment universe have unequal variances of target

returns. The mathematical approach has been shown to

seriously underestimate the adverse economic consequences

of accepting additional risk.

Broader Implications of the Bias

The simulation was constructed specifically to examine

decision-making in the field of investments. The bias

discovered in this decision-making process, however, can

easily be generalized to other decision situations. The
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necessary condition for the presence of the bias is

rational selection of superior alternatives from a broader

set of possibilities where the value of the selected

alternatives must be estimated. This type of selection

is fundamental to all managerial decision-making, and it

follows that such selecting will tend to be optimistically

biased.

An example of such a bias in selection can be taken

from the field of capital budgeting. If all possible

projects are evaluated by analysts and their estimates of

the projects' present values are right on average, then the

present value of the projects selected will be over-

estimated because of the bias. From this, it can be seen

that any firm using analysts who are capable of unbiased

predictions on potential projects will have biased

predictions on the selected projects. This is because the

projects can be regarded as "stocks" and the set of selected

projects can be regarded as a "portfolio", making the

simulation's results relevant to the problem of capital

budgeting. Assume that a firm follows the standard approach

of accepting all projects estimated to have a positive net

present value discounted at the firm's cost of capital.

Then the simulation results have shown that the actual

results will be below the estimate on average. It follows

that the steady-state net present value on the accepted

projects could be negative even when all estimated present
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values are positive. Since the bias can be quite large,

especially when the portfolio size is small (as would be

the case when only a few large projects are undertaken),

an estimated net present value would need to be very large

for the actual net present value of a selected project to

be positive.

Another example of the bias can be found in personnel

selection. Assume that a vice president has five candidates

for an assistant vice president from which one must be

selected for the position. In effect, the executive is

selecting a "portfolio" of one man from a universe of five

according to some estimate of each man's ability. Since

the "best" man is selected, the estimate of his ability

will be biased upward and (assuming that the original

estimates of the ability of the five men were unbiased)

the performance of the chosen man will tend to be below

expectations.

The bias can also affect time estimates. Assume that

a complicated multi-stage project is undertaken and that the

fastest technique at each stage is chosen in order to

minimize total project duration. Since this is the

selection of a "portfolio" of available alternatives, the

techniques having the "best" time duration will tend to

perform below expectations. This, of course, means that

the overall project will tend to be delayed beyond its

estimated completion date.
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These, of course, are only a few examples of a field

where some reevaluation is necessary in order to allow

for the action of the bias. Any time a selection of the

best group from an estimated set of alternatives is made,

the bias will be present in the selected group even though

the alternatives from which the selection has been made are

unbiased. The practical implications of this mechanism

are so broad that it could be called the "bias of rational

selection."

Additional research on the bias is needed in at least

two areas. First, the existing theory in areas affected by

the bias must be modified to allow for its behavior

patterns. This is especially true in investment theory and

in the theory of capital budgeting. Second, the precise

formulation of the functional relationships between the bias

and the various input parameters may be attacked, possibly

by the methods of rank order statistics. Since the bias

is a function of several input variables having magnitudes

unknown to the decision-maker, it appears to be impossible

to develop formulas that will permit the bias to be removed

from estimates, but it may be possible to develop useful

approximations that can serve to guide practitioners in

real-world situations.



APPENDIX

INTEGER PI
DIMENSION TARGET (21,5) ,RESULT(21,5) ,PORT(105, 5),
1 WORK(21,5) ,AMAN(5) ,ATARC (21) ,ATARM(5) ,CATARM(5),
1 CACTM(5) ,ARESM(5) ,CATARC (21) ,ARESC (21) ,CARESC (21),
1 DIS(101,2)
DO 9898 MITC=1,6
DUMMY = 0.0
DO 1 1-1,138

1 X=RNORM(DUMMY)
READ 2, MNTARA, SITAR ,MNACA, SIGAC , IPURNO , ITNO , ICNO

2 FORMAT (5XI5,F5.0,I5,F5.0,3I5)
MNTARB = MNTARA - ll*INCNO
MNACB = MNACA - ll*INCNO
DO 2000 ITER = 1,ITNO
DO 10 IM=1,5
DO 10 IS-1,21
MNTAR = MNTARB + INCNO*IS
X=RNORM (DUMMY)
X= X * SIGTAR
X= X + MNTAR

10 TARGET(ISIM) = X
DO 20 IM-1,5
DO 20 IS-1,21
MNAC - MNACB + INCNO*IS
X=RNORM (DUMMY)
X= X * SIGAC
X= X + MNAC

20 RESULTS (ISIM) = X
C
C------------------------------------------------------...........
C
C
C TARGET PRICES AND ACTUAL RESULTS HAVE NOW BEEN GENERATED
C NOW SELECT A SET OF STOCKS FROM EXP. GAIN (TARGET)

VALUES
DO 30 J-1,5
DO 30 I=1,21

30 WORK (I,J) = TARGET (I,J)
C
C
C SELECT THE BEST UNSELECTED STOCK

DO 200 PI-1,IPURNO
BIG = -9999999.
DO 40 J=1,5
DO 40 I=1,21

172
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IF (WORK(IJ) .EQ. -88888.) GO TO 40
IF (WORK(IJ) .GT. BIG) GO TO 100
GO TO 40

100 BIG = WORK(I,J)
ISSUE = I
MAN = J

40 CONTINUE
WORK(ISSUEMAN) = -88888.

C
C LARGEST EST. RETURN LOCATED. NOW PURCHASE THE STOCK

PORT(PI,1) = BIG
PORT(PI,2) = ISSUE
PORT(PI,3) = MAN
PORT(PI,4) = 1.0

200 CONTINUE
C
C------------------------------------------.....----...--...
C
C
C PORTFOLIO HAS NOW BEEN SELECTED. EVALUATE PERFORMANCE
C
C FIRST EVALUATE EXPECTED RETURN.

HOLD = 0.0
EXPRET = 0.0
DO 300 I=1,IPURNO
HOLD = HOLD + PORT (I,4)

300 EXPRET = PORT(I,1)*PORT(I,4) + EXPRET
EXPRET = EXPRET / HOLD

C
C NEXT EVALUATE ACTUAL RETURN.

TGAIN = 0.0
DO 310 I-1,IPURNO
MANAC = PORT (I,3)
ISSUAC = PORT(I,2)
PERF = RESULT (ISSUACMANAC)
CAPGN = PERF * PORT(I,4)
TGAIN = TGAIN + CAPGN

310 CONTINUE
TGAIN = TGAIN / HOLD

C
C NEXT COUNT NUMBER OF TIMES MANAGER USED.

DO 320 I=1,IPURNO
IF ( PORT(I, 3) .EQ. 1.0 ) AMAN(l)-AMAN(1)+1.0
IF ( PORT(I,3) .EQ. 2.0 ) AMAN(2)=AMAN(2)+1.0
IF ( PORT(I,4) .EQ. 3.0 ) AMAN(3),AMAN(3)+1.0
IF ( PORT(I,3) .EQ. 4.0 ) AMAN(4)=AMAN(4)+1.0

320 IF ( PORT(I,3) .EQ. 5.0 ) AMAN(5)=AMAN(5)+1.0
FORMAT (7F15.5)

C
C NEXT CALCULATE AVERAGE RESULTS
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DO 1003 J=1,5
ATARR = 0.0
DO 1000 I=1,21
ATARR = ATARR + TARGET (I ,J)

1000 AVERES = AVERES + RESULT(I,J)
ATARM(J) = ATARR / 21.0

1003 CONTINUE
C NEXT, INSERT ACTUAL PRICES INTO THE PORTFOLIO AND LOOP
C TO ADD THEM INTO THE DISTRIBUTION OF RESULTS

DO 4805 I=1,IPURNO
ISSUE = PORT (I,2)
MAN = PORT (I,3)

4805 PORT(I,1) = RESULT (ISSUEMAN)
C
C
C RESULTS FOR ONE YEAR TABULATED, PREPARE FOR ITERATIONS.
C
C ACCUMULATE THE AVERAGES FOR STOCKS AND PORTFOLIO

ETAR = ETAR + AVETAR
ERES = ERES + AVERES
CEXPR = CEXPR + EXPRET
CACTR = CACTR + TGAIN

C
C ACCUMULATE THE AVERAGE RESULTS OF EACH ANALYST

DO 2001 J=1,5
CATARM(J) = CATARM(J) + ATARM(J)

2001 CACTM (J) = CACTM (J) + ARESM (J)
C
C ACCUMULATE THE RESULTS BY TYPE OF STOCK

DO 1505 I=1,21
CATARC (I) = CATARC (I) + ATARC (I)

1505 CARESC(I) = CARESC(I) + ARESC (I)
C
2000 CONTINUE
C
C -----------------------------------------------------------

C
C
C ITERATIONS ARE COMPLETED, NOW NORMALIZE TABULATIONS

REP = ITNO
C CALCULATE AVERAGE OF TARGET PRICES AND RESULT PRICES

ETAR = ETAR / REP
ERES = ERES / REP

C CALCULATE EXPECTED RETURN AND ACTUAL RETURN
CEXPR = CEXPR / REP

4 CACTR = CACTR / REP
C CALCULATE SCORES FOR ANALYSTS

DO 3000 J=1,5
3000 TAMAN = TAMAN + AMAN(J)

DO 3001 J=1,5
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3001 AMAN(J) = AMAN(J) / TAMAN
DO 4000 J=1,5
CATARM(J) = CATARM(J) / REP

4000 CACTM (J) = CACTM (J) / REP
C CALCULATE SCORES FOR TYPE OF STOCK

DO 1506 I=1,21
CATARC (I) = CATARC (I) / REP

1506 CARESC(I) = CARESC(I) / REP
C
C
C
C
C PRINT RESULTS

PRINT 5100, MNTARA ,SIGTARMNACA ,SIGAC, INCNO , ITNO
5100 FO:RMAT (2X,9HTARGET **113,lXF4.1,12H** ACTUAL **13,lX,

1 F5.1,3H 88
1 :20H ** INCREMENTING BY ,I2,6H, WITH ,14,11H ITERATIONS)
PRINT 3002, ETAR

3002 FORMAT (2X,28HAVERAGE PROJECTED PRICE GAIN ,F15.2)
PRINT 3003, ERES

3003 FORMAT (2X,28HAVERAGE ACTUAL PRICE GAIN ,F15.2)
PRINT 3004, CEXPR

3004 FORMAT (2X,28HEXPECTED RETURN ON PORTFOLIO ,F15.2)
PRINT 3005, CACTR

3005 FORMAT (2X,28HACTUAL RETURN ON PORTFOLIO ,F15.2)
PRINT 3006, (AMAN(J), J=1,5)

3006 FORMAT (2X,26HANALYST FOLLOWED ,5F15.5)
PRINT 3007, (CATARM(J),J=1,5)

3007 FORMAT (2X,26HEXPECTED RETURN BY ANALYST ,5F15.5)
PRINT 30 08 , (CACTM (J) , J=1,5)

3008 FORMAT (2X,26HACTUAL RETURN BY ANALYST ,5F15.5)
PRINT 3009,
PRINT 1010, (CATARC(I),I=l,21)

3009 FORMAT (/,2X,42HAVERAGE ESTIMATED RESULTS BY TYPE OF
STOCK )

PRINT 3011,
PRINT 1010, (CARESC(I),I=l,21)

3011 FORMAT (/,2X,39HAVERAGE ACTUAL RESULTS BY TYPE OF STOCK)
PRINT 8999

8999 FORMAT (lHl)
9898 CONTINUE

END
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