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The problem was to develop a model of thought within the

basic structure provided by general or "point- set" topology.

To do this, it was necessary to make four basic assumptions.

It was assumed that each individual possesses more than the

classical five senses and that for each of these there exists

a category of sensory data. Also, it was assumed that the

Cartesian product of these categories formed a set M of

thought elements for each individual, and that certain sub-

sets of M provide support for cogitation.

The model presents three stages of thought development.

These stages correspond with three components of a topological

space, namely the subbase, base, and topology. The subbase

for an individual thought topology is the collection of sub-

sets of M comprised of the primary thought supportive sets.

These sets are formed from the sensory experiences of the

individual primarily before the age of eight years. The

second stage of thought development is known as the base

stage and is assumed to occur approximately from the age of

seven or eight to the age of twelve. Progression into the

base stage changes from that of creation of thought supportive

sets to that of combination by intersection of pre-existing



sets. It is suggested that progression into the third stage

of thought development occurs around the age of twelve. At

this age, it is assumed that the individual becomes intel-

lectually capable of utilizing the operation of union in the

thought process. This third stage is called the topological

stage; and, within this last stage, one experiences full

potential for thought, as union, as well as intersection,

comes into play concerning combinations of sets. The thought

supportive sets in each stage are called open sets within the

model.

Piaget's four stages of intellectual development are

used to support the stages of development within the topo-

logical model of thought. His first two stages, sensori-

motor and preoperational, correspond to the subbase stage of

the model. Piaget's third stage, concrete operations, cor-

responds with the base stage of the model; and his adult

stage corresponds with the topological stage of the model.

A theory of interference of thought is presented con-

cerning the utilization of boundary elements for open sets

which open up several possibilities concerning dreams and

creative thinking. These ramifications and others are pre-

sented in the last chapter in an effort to relate the possi-

ble effectiveness of the model for education.

It is assumed that after entering into the topological

stage of intellectual development, certain internal influences

exist upon one's thought apart from current sensory input.



The phrase "content of thought" is used to describe such

influence. Since an individual is assumed to think in

various contexts, the specific sets supporting such con-

textual thought are called c-sets. Thought subspaces are

created within an individual thought space from c-sets.

The relation, function, continuous function, and homeo-

morphism, which are used to relate sets in topology, are

discussed as a possible ramification of the model for com-

munication. The global properties of the hcmeomorphism and

continuous function present each as a viable support for

strong and meaningful communication between thought spaces

of individuals .
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CHAPTER I

AN INTRODUCTION TO THE DEVELOPMENT OF THE MODEL

Introduction

There are thousands of books in existence today which

relate to how man thinks. The academic disciplines of

psychology and philosophy have, in different ways, provided

structures in which understanding of how man thinks was

sought in the past. Today brain research for man is also

revealing some interesting facts concerning that organ and

how it affects man's thought processes.

The idea of a spatial concept of thought together with

some basic understanding of general topology formed the

challange to develop this model. Topology is a mathematical

discipline possessing the same exactness and rigor found in

other areas of mathematical study and it offers a structure

within which man can better understand certain things not

readily accepted by his intuition.

Lewin says:

I remember the moment when--more than ten years ago-
it occurred to me that the figures on the blackboard
which were to illustrate some problems for a group in
psychology might after all be not merely illustrations
but representations of real concepts. Much interested
in the theory of science, I had already in 1912 as a
student defended the thesis (against a then fully
accepted philosophical dictum) that psychology, dealing
with manifolds of co-existing facts, would be finally
forced to use not only the concept of time but that of

1
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space too. Knowing something of the general theory of
point sets, I felt vaguely that the young mathematical
discipline "topology" might be of some help in making
psychology a real science. I began studying topology
and making use of its concepts, which soon appeared to
me particularly fitted to the specific problems of
psychology (1, p. iv) .

Statement of the Problem

The problem was to develop a model of thought within the

basic structure provided by general or "point-set" topology.

Basic Assumptions

The basic assumptions for model development were

A. A finite number of senses, yet more than the classical

five, exist for each individual.

B. Each individual possesses a category of sensory data

for each sense.

C. Each individual possesses a unique set of abstract

"thought" elements. This set is a subset of that formed by

the Cartesian product of sensory categories.

D. There exist subsets of the set of "thought" elements

which provide structures supportive to cogitation.

Exploratory Questions

A. What will result from assuming thought to exist in

a topological space?

B. What significance is attributed to the subbase, base,

and topology of a topological space for thought?

C. Of what significance is an open set?
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D. What significance may be attributed to relations

between two topological thought spaces or subspaces?

Procedure

The procedure followed in development of the model

involved initially researching books, articles, and any other

material which related to a study of thought. A sequential

development of topological structure similar to that found in

the early chapters of Willard's (3) text on that subject was

chosen as a format for the sequence of development for this

topological model of thought.

Research of other works relating to the thought of man

was a continuous process throughout development of the model.

Topological considerations guided the direction of emphasis

from one stage of model development to another. It was

necessary to develop a topology on the individual set of

thought elements. To do this a collection of sets called the

subbase was established and this process of development was

carried through the development of the base and finally to

the derivation of the topology. An individual set of thought

elements together with the topology as derived became the

individual thought space.

Theory concerning subspaces within a thought space was

subsequent to development of the theory concerning the thought

topology or "thoughtology." Development of mathematical

relations, functions, continuous functions, and homeomorphisms
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between thought spaces (or subspaces) became a ramification

of the model developed in Chapter IV.

Preliminary Investigation

A preliminary investigation of the research listings on

file with Educational Resources Information Center (ERIC)

produced no listing of research on thought in a topological

context. A computer search through the North Texas State

University Educational Research Center of both ERIC and

Psychological Abstracts also yielded no research titles sig-

nificantly relating to a topological model of thought. The

key words or terms utilized in the computer search were as

follows: mathematical modeling, mathematical psychology,

consciousness states, awareness, thought, models, topology,

topological, and perception.

Investigation into what constitutes a good model or

theory was also a preliminary activity preceding development

of this model. Miller (2) commented on the need of a theory

to mediate rigorous deductions about some of the consequences

of different sets of conditions. He admitted that many

current theories or models in psychology fail to meet this

criterion. His term for such theories or models was pseudo-

theories or pseudo-models. Even a pseudo-theory or pseudo-

model may be useful in motivating and guiding the research of

their proponents.
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CHAPTER II

REVIEW OF LITERATURE

Thousands of books and articles are in print today which

deal with man's ability to think and behave in an organized

manner. The small quantity of such literature reviewed in

this chapter represents a base of support for the model pre-

sented in Chapter IV.

A necessary step to take before developing a model is to

consider what kinds of models are relevant to the theory in

question. Miller's (8) comments on theoretical models not

only provides insight into what a model is but also points

out that many models are really nothing more than pseudo-

models.

The first test of a model or theory is its ability
to mediate rigorous deductions analogous to the proof
of the Pythagorean theorem or the solution of an
algebraic equation. It is obvious that many current
"theories" or "models" in psychology fail to meet this
criterion. They should be classified as points of view,
articles of faith or intuitions--but not as theoretical
models. Such pseudo-theories or pseudo-models may be
useful in motivating or guiding the research of their
proponents. They may eventually lead to the development
of a true theory, or they may obstruct progress by
giving a false sense of problem solution.

A theoretical model can be created as an intel-
lectual game without any reference to specific phe-
nomena in the "real world." In order for a theory to be
useful, the scientist must have some relatively
unambiguous way of relating the terms in the theory to
the phenomena that interest him (8, pp. 82-83).

6
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Murphy (11) gives a rather pessimistic view concerning

the possibility of developing a unifying principle which con-

nects subjective psychology with the physiology of the orga-

nism. He believes that development of Einstein's theory of

relativity was much simpler and more organized than is any

endeavor to present a unified theory between specific psychic

structures such as memories or perceptions and specific

organic processes. Such a theory is expected to occur out of

multiple, long-term steps rather than by a single step.

According to Scher, Penfield said it well:

How it may be that ganglionic activity is transformed
into thinking and how it is that thought is converted
into the neuronal activity of conscious voluntary action
we have no knowledge. Here is the fundamental problem.
Here physiology and psychology come face to face (16,
p. 117).

Pines' book, The Brain Changers (14), discusses current

work in brain research, yet early in Chapter I, it is made

clear that there exists plenty of room for progress.

Even today, despite broad probress, researchers
remain totally ignorant about how the brain performs its
basic job: how it transforms 10 watts of electricity
and some chemicals into our thoughts, feelings, dreams,
memories--our awareness of being ourselves. It is beyond
understanding. But despite their ignorance, scientists
have identified several sensitive triggers or control
points in the brain, largely through trial and error,
and in the past twenty years, they have made astonishing
practical progress in controlling various brain func-
tions. They are now approaching the point, for the first
time, where they will know how to change not only our
moods, but also our abilities and to some extent our
behavior (14, p. 4).

Pines admits that the human being is much more complex

than other animals. While animals operate largely on
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built-in programs, human beings are additionally governed by

a whole world of abstractions that never affect other animals.

. . . We are governed by a whole world of abstrac-
tions that never affect other animals. Our large cor-
tex produces a complex interplay of associations,
memories, and learned programs. Our forebrain, with
its planning areas, allows us to see the possible con-
sequences of our acts. What we will do in any circum-
stance is never simply the result of an electrical
stimulus or a drop of chemical.

This is why some researchers see definite limits
to what can be learned from the brains of animals.
Those who deal with the smallest units of the brain
need not worry about this: a nerve impulse is a nerve
impulse. Neurons, transmitters, blood, and cerebro-
spinal fluid are pretty much alike in rat and man. But
for those who try to understand learning, or the brain
mechanisms which lead to violence, the differences
between the brains of animals and men are far more sig-
nificant. There are major differences in organization,
complexity, and size, all leading to man's capacity for
abstract thought, which is related to language (14,
p. 13).

Pines' third chapter reveals the fact that some of the

current research deals with methods of controlling the brain

from remote stations through implantation of electrodes. At

the present time though, it is pretty well established that

electrodes create as many troubles as they help. Research

utilizing electrodes in the brain is continuing because

knowledge about specific areas of the brain is found by this

method. Yet there are strong reservations about using this

method with so little available knowledge of brain regions.

Pines believes that the next decade will see an even greater

struggle between those standing on either side of the issue.

Much research is being done today on the function of

each of the two hemispheres of the brain. Ornstein (12) is



9

one of the leaders in this field of research. It has been

found that individuals, with few exceptions, are dominated by

one mode or the other. It is believed that culture is an

important factor in determining one's mode of thought. It

has been found that children from poor black neighborhoods

generally learn to use their right hemisphere more than their

left with a later result of doing poorly on verbal tasks.

On the other hand, children who have learned to verbalize

everything find themselves hindered in trying to learn a

dance step or tennis serve (14, pp. 151-152).

Another area of brain research of much interest today is

that dealing with brain waves. By the use of electro-

encephalograms (called EEG's for short), it is possible to

record the minute electrical frequencies emitted by the brain.

These waves and their frequencies are classified as follows:

. . . Beta waves (14 to 30 cycles per second) are
faster and smaller than alpha (8 to 13 cycles per
second). Theta waves (4 to 7 cycles per second) run
slower and bigger than alpha. And the slowest waves of
all, delta . . . , vary between .5 and 3.5 cycles per
second, a rhythm dominant in sleep, in infancy, and in
brain disease (14, p. 70).

Where mental telepathy is believed to reveal a person's

intimate thoughts, modern research with brain waves is pro-

ducing a new form of telepathy that deals with emotions and

subtle degrees of arousal rather than with the content of

thoughts. Persons are also learning to control their brain

rhythms through a method known as "bio-feedback."
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One of the most basic assumptions for the theory

developed in this paper depends upon the human ability to

sense things in his environment. In any given moment an

individual receives an enormous number of sensory signals

from his environment, many more than he is capable of becom-

ing aware. It is critical to one's sanity that sensory

deprivation does not occur. Research in sensory deprivation

has shown that "when a person stops receiving signals from

his senses, his brain starts playing tricks on him" (14,

p. 95). Most individuals can admit to having instant recall

of certain past experiences (called memory) because of some

sensory stimulation. It might be considered that all thought

depends upon sensory input if the scale of possible sensory

experience includes more potential data than that occurring

only from the traditional five senses.

Christman says:

How many senses are there? Your answer is as good
as mine, since it really depends on how you classify and
name them. What about the classical five senses:
vision, audition, touch, olfaction, and taste? Aren't
all the senses included under these five categories?
Hardly. These are merely convenient categories based
on gross observation. Equilibrium and position of the
head as sensed by the organs of the inner ear appear to
be unique senses. The skin is sensitive to warmth, cold,
pain, and touch; are these not separate senses? And
what about color perception? Inasmuch as there are
probably separate receptor cells (cones) in the retina
for each primary color, are these not separate senses?
Experience and gross observation are not satisfactory
bases for classifying the senses (3, p. 9).

In addition to external sensory stimulation of the mind

perhaps one should also consider the possibility for internal
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sensory stimulation such as might occur from inborn mental

structures. This argument hedges on the philosophical "Knower-

Known" debate between the rationalists and the empiricists

(6, p. 216). While the rationalist may argue for the

inherent capacity of human intellect to apprehend the world,

the empiricist will stress the role of experience in the

knower-known relationship. Piaget works from both points of

view by developing an interaction theory. "This theory

stresses the interrelationship between the knower and the

known in the act of discovering reality with each element

making a more or less equal contribution" (6, p. 217). The

assumption that both external and internal sensory support

for thought occurs for an individual helps to form the basic

structure for the model presented in Chapter IV.

The word "thought" is rather elusive to consider in a

very technical way. A very good illustration of the intan-

gibility of thought is given by Bailey.

"Thought" is a name we give to the function-
ing of our thinking machine (cortex) just as "flight"
is a name we give to the functioning of flying machines
(airplanes). The plane is worn out during flight, but
not by flight; it is worn out by friction of the air,
of the crankshafts, by buffeting from wind and weather.
Our cerebral cortex is worn out also by the buffeting
of the environment, both internal and external, that
gives rise to thought and, if too severe, causes it to
knock or chatter in its functioning, which we call "the
mind" ( 1, pp. 7-8).

In his chapter on the stream of thought, James (7) lists

five characters in thought.
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How does it go on? We notice immediately five
important characters in the process, of which it shall
be the duty of the present chapter to treat in a general
way:

1) Every thought tends to be part of a personal

consciousness.
2) Within each personal consciousness thought is

always changing.
3) Within each personal consciousness thought is

sensibly continuous.
4) It always appears to deal with objects inde-

pendent of itself.
5) It is interested in some parts of these objects

to the exclusion of others, and welcomes or rejects--
chooses from among them, in a word--all the while
(7, p. 225).

Several methods to study thought or thinking according

to its content are in use today. Galton (4) started the

development of word association tests as early as the 1880's.

Since that time many similar forms of testing have been used

to some degree of success. Up to the past few years a fre-

quent tool in studying thought content--especially fantasy--

was some variant of the Thematic Apperception Test (TAT)

(8, p. 38).

All of the TAT evidence available points consis-
tently to a single conclusion: that one of the major
determinants of thought content is the person's current
concerns. Some other determinants of TAT stories, such
as picture cues, are specific to TAT stories and have
no bearing on normal thought content. All thought, of

course, is also shaped by cultural factors such as lan-
guage, beliefs about the things that people and objects
can be expected to do, propriety, and so forth. Apart
from these kinds of influences, it seems likely that
current concerns are the most important influence on

the content of thought (8, p. 39).

There is much agreement today concerning the intel-

lectual maturation of the human being, at least during the

first twelve to sixteen years of life. A lot of research in

correllating intellectual development with physical maturation
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has been done especially with small animals such as with

laboratory rats. Some researchers have pushed their experi-

mentation with animals as far back as to involve intrauterine

environments of the unborn. Studies of animals in early

development have pointed out that the time to produce the

most rapid brain changes occurs at the time of greatest brain

growth.

These experiments tend to support psychologist
Benjamin Bloom's theory that the easiest time to make a

profound change in a child's intelligence is while that
intelligence is growing most rapidly, before the age of
four. Bloom, a professor of education at the University
of Chicago, analyzed over a thousand longitudinal
studies of growth and noted that there is a specific
growth curve for each human characteristic. Half of a
child's future height, for instance, is reached by the
age of two-and-a-half. By the age of four, his IQ
becomes so stable that it is a fairly accurate indicator
of his intelligence and maturity. Bloom then formulated
a general rule: the environment will have maximum

impact on a specific trait during that trait's period of
most rapid growth. As time goes by, more and more
powerful forces are required to produce a given amount
of change, if it can be produced at all. This rule now
appears to apply equally well to the structure of the
brain, since brain changes can be brought about most
easily and dramatically shortly after birth, at a time
when the brain is growing at top speed (14, pp. 123-124).

A theory of human development based on invisible forces

has gained recognition in the past few years. In the latter

1960's, Ostrander and Schroeder (13) toured the Soviet Union

and reported some of the findings dealing with these forces.

Ogletree (15, pp. 426-436) presents a theory of bioplasmic

forces dealing with their effect on intellectual maturation.

What is the bioplasmic model? The bioplasmic

forces theory is based on the concept that all living

matter is made up of an energy body and a physical

body, as concluded by Russian scientists and homeo-

pathic and acupuncture physicians. Apart from the
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bioplasmic theory, biologists developed a term--"electro-
metabolic fields"--to explain the relationship between
the electrical phenomenon and the metabolic processes
in the body. The bioplasmic forces theory goes a step
further; it is more comprehensive in its explanation of

human development. Russian psychologists and scientists
have recently discovered energy or "bioplasmic" forces

to be the basis for human growth and development (15,
p. 428).

Ogletree is of the opinion that forced education in the

early years is damaging to development of the child. Moon,

Moore and Moore (10) are in similar agreement. These writers,

along with many others, use Piaget's theory of intellectual

development as a standard for their own theories and beliefs.

Because Piaget used the everyday experiences of his own

children during their period of growing up as the basis of

much of his research, he has surpassed, to some extent, the

research of those using controlled laboratory situations with

both human and animal subjects. Piaget has done as much as

anyone to discover the underlying theoretical structure for

thought or thinking. He is not as interested in studying the

contents of thought as he is in studying the basic processes

underlying it.

Piaget's theory divides intellectual development

into four major periods: sensorimotor (birth to 2

years); preoperational (2 years to 7 years); concrete
operational (7 years to 11 years); and formal operational
(11 years and above) (6, p. 26) .

Piaget uses mathematics to describe structures for thinking

as much as possible. One example of such mathematical usage

is his "Logico-Mathematical Model" (6, pp. 127-131).
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Piaget's stages of intellectual development are used as

support of much of the theory of thought developed in Chapter

IV. The age of sixteen to eighteen is believed to be the

stage where the individual's way of thinking has pretty much

been determined.

It can be said, then, that adolescent thought has
achieved an advanced state of equilibrium. This means,
among other things, that the adolescent's cognitive
structures have now developed to the point where they
can effectively adapt to a great variety of problems.
These structures are sufficiently stable to assimilate
readily a variety of novel situations. Thus, the
adolescent need not drastically accommodate his struc-
tures to new problems. This does not mean, of course,
that the adolescent's growth ceases at age 16. He has
much to learn in many areas, and Piaget does not deny
this. Piaget does maintain however, that, by the end of
adolescence, the individual's ways of thinking, that is,
his cognitive structures, are almost fully formed. While
these structures may be applied to new problems with the
result that significant knowledge is achieved, the
structures themselves undergo little modification after
adolescence. They have reached a high degree of equi-
librium (6, pp. 203-204).

Klinger defines meaning in relation to one's incentives.

He states that, "People are organized around pursuing and

enjoying objects, events and experiences that are emotionally

compelling for them, which I shall call incentives" (8,

p. 4). In chapter two of Meaning and Void, Klinger

discusses the relationship between incentives and thought.

He defines "thought" as follows: "By 'thought' I mean

the constant stream of images that cross the field of

our consciousness and the unconscious processes that organize

them" (8, p. 27). Klinger's belief that meaning is derived

from one's relationship with his incentives and that
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incentives control thoughts (8, p. 27), points to the possible

ramification for the model in Chapter V of this paper con-

cerning the existence of "contexts" of thought and their

effect on meaning.

Dreams have always been a mystery to man. There are

many ways that one may look upon dreams. Various investiga-

tors, including Freud (11), have regarded dreams as the

thinking of the sleeping state where mental imagery plays an

important part. Dreams appear to be affected by one's ability

to sense. The congenitally blind have dreams that are bereft

of visual imagery and the congenitally deaf lack auditory

images in their dreams (16, p. 630). This fact supports the

theory that thought depends upon sensory data.

Pines says:

Man spends the equivalent of twenty years of

his life asleep--a state about which much has been

learned since the mid-1950's, when scientific research

on sleep began. The more one learns, however, the more

curious it seems. Far from being a uniform period of

quiet, sleep turns out to be a most active time for the

brain, a succession of radically different states, each

with its characteristic EEG pattern. Throughout the

night, in cycles, comes the recurrent period of fast

brain waves, quickened heart rate, teeth-grinding,

erections (in males of every age, including infants and

premature babies), irregular breathing, and rapid eye

movements, called REM. This is the time of vivid dream-

ing for all human beings, and perhaps even for animals.
A person who is awakened during REM sleep will

invariably report a dream, or dreamlike thoughts.

Awakened only a few minutes after the rapid eye move-

ments cease, he will remember nothing: the dream will

have evaporated. Regardless of how much one remembers,

however, everyone dreams every night. The REM periods

occur roughly every ninety minutes, or about five times

a night, and take up about 20 percent of one's total

sleep time (14, pp. 104-105).
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Much theory has been developed around the relationship

of dreams with the unconscious.

Jung says:

. . . As in our waking state things and human

beings enter our field of vision, so in the dream,

psychic contents, images of different kinds enter the

field of consciousness of the dream-ego. We do not

feel as if we were producing the dreams, but rather as

if they came to us. They do not submit to our direc-

tion, but obey their own laws. Obviously they are
autonomous complexes, which form themselves by their

own methods. Their motivation is unconscious. We may

therefore say that they come from the unconscious.

Thus, we must admit the existence of independent psychic

complexes, escaping the control of our consciousness and

laws. From our waking experience we are convinced that

we produce our thoughts and that we can produce them

when we wish. We also think we know where our thoughts

come from, and why, and to what end we have them. If

it should happen that a thought takes possession of us

against our will, or if it unexpectedly disappears

against our will, we feel as if something exceptional

or morbid had happened. It seems as if the difference

between the waking and the sleeping states were extra-

ordinary. In the waking state the psyche is apparently

controlled by our conscious motivation, but in the

sleeping state it seems to produce strange and incom-

prehensible ideas, which force themselves on us some-

times quite against our intention (17, p. 97).

Dreams are different from normal thought in the wakeful

state. The uncontrollable aspect of dreams lends the use of

dreams to aid in creative thought. Weisskopf (15) advocates

the use of unconscious thinking processes for students in the

classroom together with the use of logic and reason in the

traditional sense. Weisskopf's ideas correspond well with

Freudian thought concerning the exploration of the unconscious

for possible ramifications for teaching. The methods of the

transpersonal psychologists are similar, yet this newer and
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less organized school of psychology stresses the use of

altered states of consciousness for research into teaching

creativity. Some transpersonal psychologists are considering

both internal and external inputs into one's nervous system.

In the normal sense the external inputs take precedence over

the internal ones, yet these transpersonal psychologists

believe that one can learn to shut out external signals tem-

porarily by the use of relaxation and concentration and let

the internal inputs take control (15, p. 397). Bio-feedback,

which was mentioned earlier in this chapter, is being used

to assist subjects in controlling their mental states. The

process of creativity is sometimes experienced in a very

rapid fashion of completeness. "Great thinkers have vast

premonitory glimpses of schemes of relation between terms,

which hardly even as verbal images enter the mind, so rapid

is the whole process" (7, p. 255). Mozart (7, p. 255),

Kekule (15, p. 402), Faraday (15, p. 403), and Einstein (15,

p. 404) are a few of the great minds to which this phenomenon

is attributed.

Perhaps the most outstanding possible ramification of

the topological model of thought is that concerning communi-

cation, especially as it relates to education. Four elemen-

tary propositions about communication are

1) Everything in our environment has the potential of

becoming symbolic, and thus eliciting meanings among
exposed human beings. . .
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2) Big technologies, such as television, computeriza-
tion, and auto-instruction, are suspect.by students
and teachers alike as dehumanizing because they run
contrary to the emerging social value structure. . . .

3) The content of any communication is, in the words of
my colleague and dean, George Gerbner, "The sum total
of warranted inferences that can be made about
relationships involved in the communication event.".

4) To a greater extent than generally realized or
acknowledged, communication transactions occur in
small increments, cumulatively, implicitly, and at
the unconscious level (17, pp. 12-13).

Westheimer's (15) article on Erhard Seminars Training

(EST) points out the advantages of self awareness in the

communication process between individuals. Certain teachers

who have taken EST comment that the greatest benefit comes

not from improved class performance but rather from the

improved attitude about their teaching (15, p. 535). Tech-

niques using relaxation, communication, confrontation,

fantasy journey, and mental imagery were introduced into the

classes of many of the teachers who had EST (15, p. 529).

The acute sensory awareness produced within communicating

individuals by such techniques seems to stress the importance

of them in any communication process.

The communication bond between the patient and the

analyst in the process of psychoanalysis relies heavily upon

common mental traits possessed by both the analyst and the

patient.

Deutsch says:

. . . the analyst's own process of identification,
is made possible by the fact that the psychic structure
of the analyst is a product of developmental processes
similar to those which the patient himself had also
experienced. Indeed, the unconscious of both the
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analyst and the analysand contains the very same
infantile wishes and impulses. In a sense the
intuitive reception of these wishes therefore repre-
sents a reviving of those memory traces which these
already outgrown tendencies had left behind. The
process whereby one re-experiences the memory traces
present in one's own psychic material is identical with
the process by means of which the analyst's experience
of the patient is transformed into an inner perception.
In this sense, the psychic process of the analyst's
preparatory intuitive work resembles that of the
analysand (18, p. 146).

A good theory of communication seems to be prerequisite

to a good theory of teaching. The effort is made in Chapter

V of this paper to present an underlying mathematical struc-

ture for communication. This mathematical structure is a

ramification of the thought model presented in Chapter IV.

The history of mathematics foregoing the development of

topology came primarily from Eves (5) and Boyer (2).

Willard's General Topology (19) provided insight for the

basic definitions and theorems supporting the model.

A most interesting method used by Piaget is the historico-

critical method of showing a parallel between collective

thought over a period of time with individual growth in

knowledge.

A mathematician, P. Boutroux, has analyzed the
evolution of mathematical thought from the Greek period
to the present day and finds that this can be divided
into three distinct periods. Piaget agrees with this
division and tries to show that there is an analogy
between the development of mathematics and the intel-
lectual development of the child.

The first period in mathematical thought begins
with the Greeks when the major portion of mathematics
was essentially arithmetic and what we now call Euclidian
geometry. The mathematicians of that time tended to
concentrate on the geometric forms, or the spatial
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configurations, rather than on the operations under-
lying these forms. They were interested in the results
of certain mathematical operations, and not in the
operations themselves. . . .

This period of mathematical thought, Piaget feels,
could be compared with the stage of preoperational
thought in the child. During this period the child can
perform certain actions and discover some of the attri-
butes of objects and figures. He recognizes some geo-
metrical shapes and forms. He can establish the spatial
relationships of objects and can find his way in familiar
surroundings, which implies that he can perform certain
actions or transformations on his environment. He is,
nevertheless, largely unaware of the processes which
determine his mental or motor activity. Like the Greek
mathematicians, although he is able to apprehend certain
limited aspects of reality, he is not concerned with the
means by which he interacts with his environment.

The second period in the history of mathematical
thought occurred during the 17th century. Algebra and
analytic geometry were discovered. At this time mathe-
maticians shifted their attention from the result of
mathematical operations (the thing known) to the opera-
tions themselves (how this knowledge is attained). In
its early stages, analytic geometry was used to provide
alternative proofs to the problems which the Greeks had
first studied. The significance of this lay in proofs,
although logical and elegant, were often discovered hap-
hazardly. Analytic geometry, however, by reducing all
the problems of Euclid to algebraic problems, allowed
them to be tackled in an orderly fashion.

The second period in the history of mathematics
corresponds to the moment in individual development when
the child becomes capable of concrete operations. At
this point not only can he classify things, order them,
or perform a series of mental operations on them, he is
also becoming aware of the transformations which he per-
forms on objects. . . . The child no longer centers on
the states (or attributes) of reality, but now also
takes into consideration the transformations or opera-
tions.

The third period in the history of mathematics
began in the late 19th century, although one could argue
that the new insight was implicit in much earlier work.
The Greeks, while interested in mathematical "objects"
(number, angles, triangles, circles, etc.) were highly
selective in their choice of these objects. . .
Abstruse notions, such as the number fr, disturbed the
Greeks. They were unhappy that their ideas of perfec-
tion in geometry and arithmetic seemed to be challenged
by the existence of such a number. To modern eyes the
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Greeks failed to realize that the objects of mathematical

study ought to be quite arbitrary (sets with structures).

For example, modern mathematicians on encountering the

number 'r, ask: why not enlarge the number system to

include 7? The result is the construction of the "real"

numbers. Why not generalize the number system further,
to study abstract groups, fields, etc.? Why not study
different types of geometries, rather than solely
Euclidean geometry? Why not generalize further to study

abstract topological spaces? And so forth.
In the child this may be likened to the period of

formal operations. Here the child, or rather the adoles-

cent, becomes more aware of his power of operating on
things which is now abstract as well as concrete.
Reality becomes secondary to possibility. He is not

interested solely in the actual results of a given

experiment, but in its possibilities and in the generali-

zations it might lead to.
However, there is something more to be said of the

third period in the development of mathematics. While

the modern mathematician feels free to decide what

objects he will study (the real numbers, groups, fields,

abstract geometries, etc.) he is constrained by the basic

laws of logic. . . . Similarly, the adolescent acquires

knowledge of certain constraints in his environment over

which he has no control, as, for instance, gravity.
Despite his increased capacity for hypothetico-deductive
reasoning, there are still features of his environment
which elude his control.

We can see, then, how the collective development

of mathematical thought parallels that of the indi-
vidual (6, pp. 212-215).

As was stated in the introduction to this chapter, only

a small portion of books concerning some facet of thought

have been reviewed. Much more was derived from these books

than portrayed by the short descriptions given, yet the

topological model of thought presented in Chapter IV is quite

independent of any of these ideas alone. The gleanings of

many ideas concerning thought have provided a general founda-

tion of support for this independent theoretical endeavor.
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CHAPTER III

TOPOLOGY

Introduction

Present day mathematics has evolved over many years, with

the greatest development being the most recent. Growth of

mathematical ideas does not necessarily depend on practical

needs. In fact, many of the mathematical structures used so

heavily in today's technological society were created years

before such use was determined. One aspect of this chapter

is to present a sketch of mathematical development leading up

to the present-day mathematical discipline known as topology.

Topology is a general term encompassing two major

branches of mathematical development. One branch of topology

is known as point-set, or general topology. The other branch

is known as algebraic, or combinational topology. The

topological model of thought presented in Chapter IV is

based upon ideas from point-set topology.

Since any mathematical evolvement is marked by the lives

of those men who contributed to it, a logical approach to

presenting a history of such evolvement is to sequence the

presentation according to the chronological history of some

of those men. This is the technique used in sketching

topological development in this chapter. Several dates have

been mentioned as the possible genesis of topology.

25
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Boyer says:

Topology is said by some to have begun with the
analysis situs of Poincare'; others claim that it dates
from the set theory of Cantor, or perhaps from the
development of abstract spaces. Still others regard
Brouwer as the founder of topology, especially for his
topological invariance theorems of 1911 and for his
fusion of the methods of Cantor with those of analysis
situs (2, p. 668).

There is a need to start with mathematical evolvement at

a time before any of these dates occur, thus because calculus

became the cornerstone of present day analysis of which the

development of topology has been imminent, the origin of the

calculus is the point in time selected to begin the history

of mathematical evolvement to include topology.

. . . we may say, with a fair element of truth, that

the eighteenth century was largely spent in exploiting

the new and powerful methods of the calculus, that the
nineteenth century was largely devoted to the effort of

establishing on a firm logical foundation the enormous
but shaky superstructure erected in the preceding cen-

tury, and that the first half of the twentieth century

has, in large part, been spent in generalizing as far
as possible the gains already made, and that at present

many mathematicians are becoming concerned with even

deeper foundational problems (3, p. 351).

A second aspect of this chapter is to present the topo-

logical structure upon which the topological model of thought

is based. This structure is developed in line with almost

any presentation of point-set or general topology found in

American texts today. The development is limited to the most

basic aspects of general topology and follows closely the

presentation of Willard (9).
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Historical Sketch

Sir Isaac Newton (1642-1727) and Gottfried Wilhelm

Leibniz (1646-1716) are both credited with development of the

calculus, although independently of one another. Newton was

fearful of criticism and withheld publication of his creative

ideas in the calculus for many years after their inception.

Both men generalized the ideas of geometry and algebra devel-

oped before their time into similar techniques of the calcu-

lus. Because of the similarity in the work of both men

concerning the calculus and the coincidence of the same

period of time, deep national controversy arose surrounding

the question of authenticity of the work of each, and this

controversy led to a split between the English and Continental

mathematicians for most of a century following the deaths of

Newton and Leibniz.

The significance of the work of both Newton and Leibniz

toward development of mathematics was that their calculus

became the cornerstone of analysis which has helped to lead

to the present-day ideas found within topology. It was not

for some years subsequent to the period of Leibniz and Newton

that true research in foundational mathematical analysis

began to occur. Because of the remarkable applicability of the

calculus, most early research into it revolved around appli-

cations. Most of our present day undergraduate college

calculus had been developed by the year 1700 (3, p. 340).
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In 1872, nearly two centuries later, Eduard Heine (1821-

1881) published the first cold and precise definition of the

limit of a function without the use of flowing entities

generating magnitudes of higher dimension, without dis-

cussion of moving points or lines or the dropping of

infinitely small quantities so much a part of the limiting

process as discussed in the early calculus. This period

marked the birth of "rigor" in mathematics and brought forth

the delta-and-epsilon language (epsilontics) so much a part

of the present-day mathematician's stock in trade (2, p. 609).

Abstract generalization also became a tendency along

with the rigorization of mathematics, and is today an impor-

tant process in mathematical research. "Perhaps the German

mathematician Georg Bernhard Riemann (1826-1866) influenced

this feature of modern mathematics more than any other nine-

teenth-century mathematician" (3, p. 379). It was Riemann's

doctoral dissertation which led to the concept of "Riemann

surfaces" and thus introduced topological considerations into

analysis. He generalized the idea of space which has led in

more recent times to the extensive and important theory of

abstract spaces (3, pp. 379-380).

Riemann saw that geometry should not even necessarily

deal with points or lines or space in the ordinary sense,

but with sets of ordered n-tuples that are combined

according to certain rules (2, p. 589).

Even though Riemann died at the early age of forty, he left

to the mathematical world a singularly rich legacy of ideas

not yet exhausted by mathematicians of subsequent times.
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During this time of abstract generalization and rigoriza-

tion of mathematics, the real numbers began to be viewed as

intellectual structures instead of in the traditional view as

magnitudes of points in Euclid's geometry. Richard Dedekind

(1831-1916) introduced the idea known today as the "Dedekind

cut" which gives a definition for irrational numbers based

on the concept of class or set rather than on the concept of

point or line in geometry. From Dedekind's work, the funda-

mental theorems on limits could be proved rigorously without

recourse to geometry (2, p. 608). "The Dedekind cut in the

rational number system, or an equivalent construction of real

number, now has replaced geometrical magnitude as the back-

bone of analysis" (2, p. 608).

Dedekind withheld publication of his work until he had

seen the works of Heine and another contemporary, Georg

Cantor (1845-1918). Dedekind and Cantor were among the most

capable mathematicians of their time. Cantor's life was

tragic in that he died in a mental institution following a

third of a century of nervous breakdowns (2, p. 616). Much

controversy arose over Cantor's work with infinite sets.

Even since the days of Zeno men had been talking

about infinity, in theology as well as in mathematics,

but no one before 1872 had been able to tell precisely
what he was talking about (2, p. 611).

Not only did Dedekind and Cantor give an explicit definition

of an infinite set, but Cantor showed that there were more

than one, in fact, infinitely many classes of infinite sets

(2, p. 615). Cantor's development of transfinite arithmetic
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stands out as the work of a genius. Today the influence of

Georg Cantor is evidenced in almost every branch 
of mathe-

matics, especially in topology and in the foundations of real

function theory.

Eves says:

Notions of spaces and the geometry of a space, for

example, have been completely revolutionized by the

theory of sets. Also the basic concepts in analysis,

such as those of limit, function, continuity, deriva-

tive, and integral, are now most aptly described in

terms of set-theory ideas. Most important, however, has

been the opportunity for new mathematical developments

undreamed of fifty years ago. Thus in companionship

with the new appreciation of postulational procedures in

mathematics, abstract spaces have been born, general

theories of dimension and measure have been created, and

the branch of mathematics called topology has undergone

a spectacular growth. In short, under the influence of

set theory, a considerable unification of traditional

mathematics has occurred, and new mathematics has been

created at an explosive rate (3, pp. 369-370).

Felix Kline (1849-1929) developed his "Erlanger Programm"

which described geometry as the study of those properties of

figures that remain invariant under a particular group of

transformations (3, p. 258). This became a program for the

codification of geometries, but shortly after the turn of the

twentieth century, after the development of general rela-

tivity, geometries appeared which cannot be fitted into the

codification according to a group of transformations. Klein's

one-sided surface known as the "Klein bottle" remains a topic

of discussion today in a basic course of topology. His work

in geometry codification climaxed many years of research 
in

geometry, and by ending that phase of mathematical research,
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the door was opened to more fruitful endeavors among general

abstract systems of today.

One date for the genesis of topology is born from the

work of Henri Poincare (1854-1912). Poincare dabbled in one

field and then another, never staying in any one of them for

a long time. He lectured usually one year at a time on a

large variety of subjects, ranging from topics in physics and

astronomy to mathematical topics such as probability and

topology.

Boyer says:

Topology was not the invention of any one man.

Some topological problems are found in the work of Euler

(1707-1783), MObius (1790-1860), and Cantor, and even the

word "topology" had been used in 1847 by J. B. Listing

(1808-1882) in the title of a book Vorstudien zur

Topologie (Introductory Studies in Topology); but as a

date for the beginning of the subject none is more

appropriate than 1895, the year in which Poincare'

published his Analysis Situs. This book for the first
time provided a systematic development (2, p. 652).

The title "high priest" of point set topology has been

given to Felix Hausdorff (1868-1942) by Boyer (2, p. 668).

Hausdorff's book Grundzige der Mengelehre (4) (Basic Fea-

tures of Set Theory), published in 1914 marks the emergence

of point set topology as a separate discipline. Within this

publication "is a systematic exposition of the characteristic

features of set theory, where the nature of elements is of

no consequence; only the relations among the elements are

important" (2, p. 668). Although arithmetization of analysis

began the kind of mathematical thought characteristic from
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Cantor to Hausdorff, it seems rather ironic that in the end

the concept of number is overshadowed by a far more general

point of view (2, pp. 669).

Maurice Frechet (1878-1973) did much toward developing

the notions of abstract set and abstract space before Haus-

dorff put them all together as a unified branchof mathematics.

One of Frechet's greatest contributions was generalizing the

notion of distance by introducing the class of metric spaces

(3, p. 397). Because of Frechet's influence, the new concept

of space was developed. "A space, in this new view, was a

set of objects called points and a set of relations among

these points, geometry became simply the theory of such a

space" (7, p. 132).

Friedrich Riesz (1880-1956) and Hermann Weyl (1885-1955)

also contributed to the pool of topological ideas compiled

together by Hausdorff. In 1909, Riesz used a primitive

version of the notion of condensation point to describe

abstract spaces, while in 1913, Weyl proposed studying abstract

spaces in terms of neighborhood systems. Thus Hausdorff's

publication in 1914, previously mentioned above, consisted of

the correct axiom system for Weyl's neighborhoods, and made

them a suitable abstraction upon which is based modern

topology (9, p. 298).

During the early part of the twentieth century topo-

logical development began to flourish, and along with this

development came further generalization. Algebraic or
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combinational topology came into being. Luitzen E. J.

Brouwer (1881-1967) introduced improved terminology to

Poincare's theory of n-dimensional figures and thus opened

up an even greater field for mathematical research which is

very much alive today. Kline (5) gives a good account of

topological developments during the twentieth century and

shows the relationship existing between the two branches of

topology.

Perhaps Boyer summed up the development of mathematics

in recent years best when he wrote,

The fundamental concepts of modern (or abstract)

algebra, topology, and vector spaces were laid down

between 1920 and 1940, but the next score of years saw a

veritable upheaval in methods of algebraic topology that

carried over into algebra and analysis. . . . The

rapidity with which this general and powerful cross

between abstract algebra and algebraic topology has

grown is apparent in the swift increase in the number of

articles on homological algebra listed in mathematical

reviews. Moreover, so widely applicable are results in

the field that the older labels of algebra, analysis,

and geometry scarcely fit the results of recent research.

Never before has mathematics been so thoroughly unified

as in our day. Most of the enormous development during

the twenty years following World War II has had little

to do with the natural sciences, being spurred on by

problems within pure mathematics itself; yet, within the

same period the applications of mathematics to science

have multiplied exceedingly. The explanation for this

anomaly seems to be clear: abstraction and the discern-

ment of patterns have been playing more important roles

in the study of nature, just as they have in mathematics.

Hence, even in our day of hyper-abstract thinking, mathe-

matics continues to be the language of science, just as

it was in antiquity. That there is an intimate connec-

tion between experimental phenomena and mathematical

structures seems to be fully confirmed in the most

unexpected manner by the recent discoveries of contempo-

rary physics, although the underlying reasons for the

agreement remain obscure. "From the axiomatic point of

view, mathematics appears thus as a storehouse of

abstract forms--the mathematical structures; and it so

happens--without our knowing why--that certain aspects



34

of empirical reality fit themselves into these forms, as

if through a kind of preadaptation" (1, p. 231; 2, pp.
673-674) .

Topological Structure for Model Development

The remainder of this chapter provides the basic topo-

logical outline used in development of the topological model

of thought. The topological ideas follow closely to those

found in General Topology, by Willard (9).

Without strict definition the term "set" is assumed to

be an aggregate of things called elements or points of the

set. Brackets are used for set notation and "c" denotes

membership within a set. For example, if A = {a,b,c} then

one could write "as A" meaning that the element a is a member

of the set A.

Definition 1: The Cartesian product A1 x A2 x . . .xAn
of the collection C = {A1, A2, . . . An} is the set of all

ordered n-tuples of the form (a1, a2 , - - . an) where

aiEA for i = 1, 2,..., n.

Definition 2: The empty or null set is denoted by $

and contains no elements.

Many times it is more convenient to represent sets in

another way. Suppose that B is to represent the set of all

North Texas State University students for a particular semes-

ter. Then it may be written B = {p p is an NTSU student}

which may be read as "B is the set of all elements p such

that p is an NTSU student."
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Defintion 3: IfX is a collection of sets then the
union, denoted by U, of all sets from this collection

is the set of all elements which belong to at least one

of the sets in the collection. Symbolically, this may

be written UA={pjpEA for some AX}. When only two sets,

say A and B belong to the collection, the union of A and

B is denoted by AUB = {pIpFA or p EB}.

Definition 4: IfX is a collection of sets, then the

intersection denoted byo., of all sets from this collec-

tion is the set of all elements which belong to each of

the sets in the collection. Symbolically, this may be

written6A = {plpEA for each AEX}. When only two sets,

say A and B belong to the collection, the intersection

of A and B is denoted by A08 = {pIpsA and peB}.

Definition 5: Set A is a subset of set B, denoted ACB,

if each element of A is also an element of B.

Definition 6: A topology of a set X is a collection F.

of subsets of X, called the open sets, satisfying:

i) Any union of elements of FPbelongs to F,

ii) Any finite intersection of elements of Fbelongs to
FI

iii) $and X belong to P.

When a topology P exists for a set X, the set X together

with its topology F, written (X, r), is called a topological

space. There are possibilities of many topologies for a set.

Definition 7: Let (X,P) be a topological space. A

collection B* of open sets from P is a base for F if and

only if every open set in F is the union of open sets in
B*.

Definition 8: If (X, F) is a topological space, a sub-

base for 1 is a collection S*cF such that the collection

of all finite intersections of sets from S* forms a base

for F.

Before stating and proving Theorem 1, it should be

stated that both the empty set $ and the universal set X are

assumed to belong vacuously to any collection of appropriate

intersections and unions of subsets of X in order to form a
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topology on the set X. Suppes (8, pp. 37, 41) also presents

a logical argument from set theory for such an assumption.

It should also be stated that neither X nor $ will be con-

sidered as sets to be supportive of thought in the thought

model in Chapter IV.

Theorem 1: Any collection of subsets of a set X is a

subbase for some topology on X.

Proof:

Let S* be an arbitrary collection of subsets from

X.

Let B* be the collection of all finite inter-

sections of members from S*.

Let 1 be the collection of all possible unions of

sets from B*. Hence Osr if and only if 0 = UB where

QCB*.

Choose A to be an arbitrary collection of sets from

F. Now for each OEA there exists a collection QcB* such

that 0 = UB. Let -n be the union of collections Q which

yield sets in A. Then U0 = UB where UCB*. Therefore,A n
UO belongs to P and part i) of Definition 6 is satisfied.
A

Now choose two arbitrary sets 0 and 0' from F.

Since each set is a member of F there exist two collec-

tions (X and y) of sets from B* such that 0 = UB and
X

0' = VB. Then 0(0' = (UB) /I (L)B) = U(BfnBy). But

(B CBy) c B* since BX and By are each finite intersec-

tions of members of S*. Therefore (0001)EF and thus

any finite intersections of sets in F will belong to F.

Hence part ii) of Definition 6 is satisfied.
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By the earlier assumption concerning the inclusion

of $ and X into this collection of subsets in X, part

iii) of Definition 6 is satisfied.

Therefore, F is a topology for X. Q.E.D.

Definition 9: If A and B are sets then A-B, called the

complement of B relative to A, is the set of all elements

belonging to A but not to B.

Definition 10: If AcX, and B = X-A, then B is called

the complement of A in (X, F). The complement of A may

also be denoted by A'.

Definition 11: If X is a collection of sets, X is said

to span X if and only if for each xcX there is a set BcX

such that xcB.

Theorem 2: If S* is a subbase for the topology F in

(X, r) and S* does not span X, then the complement of an

open set cannot belong to r, except for the sets X and

Proof:

Let 0 and 0' be subsets of X such that 0' = X-0 and

neither 0 or 0' is empty. Suppose 0er and O'EI'. Now

X = OUO'. Since S* does not span X there exists at

least one xeX such that x is not an element of a set

in S*. But by definition of r, x is not a member of a

set in r. But X = OUO' and thus xEO or xEO'. Contra-

diction. Therefore 0 and 0' cannot both be elements of

P. Q.E.D.

When oer in the topological space (X, 1), the complement

X-0 = 0' of the open set 0 is called a closed set. The

following theorem exhibits the almost parallel properties

held by both open and closed sets determined by a given
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topology. In order to prove this theorem, it will be neces-

sary to refer to the DeMorgan Laws (6, p. 24).

DeMorgan Laws:

If A cX for each XEA where A is an index set

i) A AX)'= ()A'X

ii) (a A)' = A'
A X AX

Theorem 3: If F is the collection of closed sets in a

topological space (X, F), then

i) Any intersection of members of F belong to F.

ii) Any finite union of members of F belongs to F,
and

iii) X and j both belong to F.

Proof:

For each AEF, the complement A' is a member of the

topology F of that space and conversely (i.e. AF if and

only if A' E F). Let Q be an arbitrary collection of

sets from F. Then (/ A)' = 1 A'EP by DeMorgan's laws and

part i) of Definition 6. But (1 A)' e F implies that

(n A)c F.

Consider the union of a finite collection of sets

AicF. (nA.)I = 'Ai'EF by DeMorgan's laws and part
i=1 i=1n

ii) of Definition 6. But (V A 1 ) 'E implies that
i=1

(UnA) F. Since X,4EP, P' = X and X' = 4, then X,$EF.
i=l
Q.E.D.

Theorem 3 can be conversely stated to the effect that

the set of complements to any collection of sets satisfying

Theorem 3 is a topology for the given space. Thus any state-

ment concerning only open sets in a topological space may be
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altered into a statement concerning only closed sets by

replacing the word "open" by "closed" and interchanging union

and intersection symbols.

Definition 12: If ACX, then x is an interior element

of A if there exists an open set Or where x E OCA.

Definition 13: If AcX, then x is an exterior element

of A if there exists an open set Or where x0C.(X-A).

The set of all interior elements of a set A is called

the interior of A and denoted by A and the set of all

exterior elements of a set A is called the exterior of A

and is denoted by Ae.

Definition 14: If A is a set in (X, F) , then xcX is said

to be a boundary element for A if x (Al/Ae). The set

of all boundary elements for set A will be denoted by
At.

A very useful topological concept is that concerning

topologies for subsets of a topological space (X,i) relative

to the topology r. Many times, especially concerning the

model presented in Chapter IV, more interest is frequently

generated about these subsets and their respective topologies

than about the original space.

Theorem 4: If (X, F) is a topological space and ACX,

the collection F A = {O(AA10cP} is a topology for A.

Proof:

i) Let A be a collection of sets B in r A* Then

if BcA, B = OfA for some Oe. Hence IB = Ug(O0hA) where

X' is a collection in P such that O8' if and only if

(OA) 6 A. But x(OtA) = ( 0))A.

NowU0 P and thus UB = L(OIA) = (U0)APA
AXA 'TA'A
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Therefore part i) of Definition 6 is satisfied for

A'.

ii) Let Bi, B.EF . Then B/B. = (0.lnA)(0./A) =
I] A 1] 1

(010 )(A. But (O.l0 )EF and thus (0f0O )AAcF A*

Therefore part ii of Definition 6 is satisfied for

F.
A'

iii) Since $eP, then $ = )FA'

Also since XeA7, then A = (XIOA)cE'A*

Therefore part iii) of Definition 6 is satisfied

for FA*

Therefore FA is a topology on A. Q.E.D.

FA is called a relative topology for A. The set A

together with the relative topology FA, written (A, rA), is a

subspace of the topological space (X, F).

Theorem 5: If (A, rA) is a subspace of the topological
space (X, F ), then:

i) HCA is an open set in (A, FA) if and only if H = OaA,

where 0 is an open set in (X, F).
ii) FcA is a closed set in (A,IA) if and only if F = KA,

where K is a closed set in (X, F).
iii) If B* is a base for (X, 1) then {B)ABEB*}is a base

for (A, FA)'

Proof:

Part i) follows directly from the definition of a

subspace.

Now suppose FcA is closed with respect to A. Then

A-F is open with respect to A. Hence A-F = OnA where

OEF. Then F = A- (OAA) = AC0' where 0' = X-0. Hence,

F = KfA where K is a closed set in (X, F).

Suppose now that F = KPA where K is closed in (X, F).
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Then A-F = A- (KfA) = ACK' where K' = X-K. Hence A-F is

open in A by Definition 14, and thus F is closed in

(A, FA)'

Therefore proof of part ii) is concluded.

Let B* be a base for (X, P) and let T* = {BfAIBEB*}.

Now each set in T* is open in (A, r A) .Choose an

arbitrary GE&A. Now G = O/A for some OEI and thus

G = {(LB)flA} where BEACB*. Then G = ((B/)A) where B F- XcB*.

Hence G is the union of sets from T*.

Therefore, by Definition 7, T* is a base for (A, )A.

Q.E.D.

Definition 15: A relation R on a set A is any subset of

A XA.

Definition 16: A function f from a set A to a set B,

written f:A+B, is a subset of AX B with the properties:

i) For each acA, there is some bEB such that

(a,b) Ef.

ii) If (a,b)Ef and (a,c)Ef, then b=c.

Another way of representing a functional relationship

between two sets A and B is to consider A as the domain and

B as the range, with f being the rule of relationship between

the two. In this respect f is seen as a converter which

changes an element from set A into an element in set B,

usually written f(a)=b where aEA and bSB. Many times it is

necessary to examine the inverse relationship between two

sets as well as the relationship itself.

Definition 17: If A and B are sets and f:A+B and if

DcB, then the inverse image of D, denoted f -1(D) , is

defined by f-1 (D) = {a EA I f (a) sD}.



42

Definition 18: If (X,F) is a topological space and xEX,

a neighborhood of x is a set U which contains an open

set V containing x. (i.e., xEVC-U.)

Definition 19: Let (X, P) and(YT) be topological

spaces and let f:X+Y. Then f is continuous at xoEX if

and only if for each neighborhood V of f(x-) in Y, there

is a neighborhood U of x in X such that f (U)c.V. It may

be said that f is continuous on X if and only if f is

continuous at each x 0 X.

Theorem 6: If (X,P) and (Y,T) are topological spaces

and f:X+Y, then the following are all equivalent:

i) f is continuous,
ii) for each open set H in Y, f~'(H) is open in X,

iii) for each closed set K in Y, f~ (K) is closed in
X.

Proof:

i) implies ii)

Let f:X-*Y be continuous. Let HcT and hence f-1(H) =

{xEXIf(x)cH}. Now for each f (x)sH, H is a neighborhood

of f(x). But f is continuous on (X,F) thus, by

Definition 19, there exists a neighborhood (without loss

-l
of generality let it be open), U about each x f (H)

x

such that f (U )cH. Then f- (H) = UU for each xcf~1(H).

Therefore~ (H) is open in (X,r) .

ii) implies iii)

If K is closed in (Y,T) then (Y-K)eT. By part ii),

f 1(Y-K)cF. But f-l(K) = X - f~1 (Y-K) and thus f-(K)

is closed in (X,P).

iii) implies i)

Choose an arbitrary xeX. Let V be a neighborhood

of f(x) in (Y,T). Without loss of generality let V be
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- 1-
open. Now Y-V is closed and by part iii), f1 (Y-V) is

closed. But xc{X-f 1 (Y-V)}Er and f{X-f~ (Y-V)}]cV. Thus

for each neighborhood V about f(x) in (Y,T) there is a

neighborhood U about x in X such that f(U)cV and, by

Definition 19, f must be continuous. Q.E.D.

Definition 20: If A, B, and C are sets and f and g are

functions such that f: A+B and g:B+C, then the composi-

tion g*f is defined so that for xcA, (gif) (x) = g(f(x))

is a function from A to C.

Theorem 7: If (X,F), (Y,T) and(Z, ) are topological

spaces and f:X-+Y and g:Y-*Z are continuous, then g*f:X+Z

is continuous;

Proof:

Choose an arbitrary xEX. Let V be a neighborhood

of (g*f) (x) in Z. Now g:Y+Z is continuous implies that

there exists a neighborhood W about f(x) such that

g(W)CV. Also since f:X+Y is continuous there exists a

neighborhood U about x such that f(U)c.W. Hence for a

neighborhood V about (g*f) (x) in (Z, ) there exists a

neighborhood U about x in (X,P) such that (g*f)(U)e.V.

Therefore g*f is continuous. Q.E.D.

Definition 21: If X and Y are sets f:X+Y and AaX, then

the restriction of f to A (written fA) is a function

from A into Y definied by (fIA) (x) = f(x) for each xsA.

Theorem 8: If (X,r) and (Y,T) are topological spaces,

Ac.X and f:X+Y is continuous, then (flA):A+Y is con-

tinuous.

Proof:

Choose an open set H in (Y,T). Now (f A)-1 (H) =

f_ 1 (H)OA. But by Theorem 5, part ii), f1(H)F. Hence

{f-1(H)A}F&A and thus fIA is continuous by Theorem 5.

Q.E.D.
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Prior to stating the next definition, it should be noted

that if A and B are sets and f is a function such that

f(A) =B, then f is said to be 'onto' B. In addition, if

for each bCB there exists a unique acA such that f(a) =b, f

is said to be a 'one-to-one' function. It will also be

helpful to make a distinction between the inverse image 
of a

function (see Definition 17) and the inverse of a function.

If f:A+B is a function then, by Definition 16, f is a subset

of AxB. Now f~ will indicate a subset of BxA formed by

switching positions with the elements in the ordered pairs

which determine f, (i.e., if (a,b)Ef then (b,a)Ycf~).

Definition 22: If (X,r) and (Y,T) are topological

spaces, a function f:X+Y is a homeomorphism if and only

if f is one-to-one, onto and continuous and f'- is also

continuous.

Theorem 9: If (X,P) and (Y,T) are topological spaces

and f:X+Y is one-to-one and onto function, the following

are all equivalent:

i) f is a homeomorphism
ii) if GCX, then f(G) is open in (Y,T) if and only

if G is open in (X,F)

iii) if FcX, then f(F) is closed in (Y,T) if and only
if F is closed in (X,F).

Proof:

i) implies ii)

Let GEP. Now f-1 is continuous and by Theorem 6

part ii), f(G) = (fl) 1~(G)fE '. Conversely, if f(G)6T

then since f is continuous, f~1 (f(G)) = GT by Theorem 6

part ii).

Therefore, f(G)cT if and only if Ger.
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ii) implies iii)

Let F be closed in (X,F). Now ii) satisfies

Theorem 6, part ii) for f~1. Hence part iii) of

Theorem 6 is also satisfied for f~l. Thus f(F) =

(f-1)~l(F) is closed in (Y,T). Conversely, let f(F) be

closed in (Y,T). By part ii) f (G) is open in (Y,T)

implies that G is open in (X,P). Since f is one-to-one,

G= f~1 (f(G)) and hence the inverse image of an open set

in Y is open in X. Thus by Theorem 6, f is continuous

and because f is one-to-one, F =f~1 (f(F)). Then by

Theorem 6, part iii), f(F) is closed in (Y,T) implies

that F= f-1 (f(F)) is closed in (X,F).

iii) implies i)

Since f(F) is closed in (Y,T) implies F is closed

in (X,F) then by Theorem 6, f is continuous. Also,

since F is closed in (X,F) implies (f~ ) 1(F) = f (F)

is closed in (Y,T) then by Theorem 6, f~ 1 is continuous.

Therefore, according to Definition 22, f is a homeo-

morphism. Q.E.D.

Theorem 9 is significant because if a homeomorphism does

exist between two topological spaces (i.e. the spaces are

homeomorphic), then the two spaces are abstractly the same

concerning their respective open sets. In such a case, the

two homeomorphic spaces have the same topological properties.

The topological ideas thus presented are basic to any

theory of topology. The topological model of thought pre-

sented in Chapter IV rests upon these concepts.
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CHAPTER IV

A TOPOLOGICAL MODEL OF THOUGHT

The genesis of model construction lies within the classi-

fication of sensory data. In addition to Christman's sensory

categories mentioned in Chapter II of this paper, there is

also assumed to be a type of "Auto-sensory" occurrence of

the mind within itself. This is to mean that radar-like

feedback caused by the brain's reaction to incoming stimuli

results in a type of sensory experience from within the mind.

A finite number of sensory categories are considered, yet

many more exist than the classical five usually exemplified

in any discussion of the senses associated with the human

body.

Denote each sensory category by the symbol Ai where i=l,

2, ... , n. Then the Cartesian product of these categories

produces a set of n-tuples on which to consider topological

possibilities. It is not expected that an individual will

experience each sensory datum in a category, but that the

potential for such experience depends upon the sensing capa-

bility of the individual and the individual life experience.

It is logically assumed that each individual can sense only

a finite collection of data. Let M denote the set of all

n-tuples within this Cartesian product of sensory categories.

Each n-tuple in M is called an element of N. M denotes a

47
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universal set of potential n-tuples of sensory data and is

assumed to properly contain any set of n-tuples realized by

an individual.

It is assumed that elements of M are supportive to

thought processes, but only in conjunction with many 
others.

That is, sets of elements are theorized to be structures for

thinking. It is not intended that this be considered a

localized, physical structure in the brain, nor is it pro-

posed as a neurological diagram but purely as a concept. 
The

assumption that thinking occurs within structures is not new.

Piaget (2) speaks of cognitive structures as well as schemes

for thought and behavior. Hart (3) has developed a theory of

brain activity based upon "program structures." He has

chosen to identify his theory by the name "proster theory"

where the word "proster" is a neologism for the statement

"program structure."

Two opposing views concerning the relationship of the

knower to the known exist within philosophy. Each view has

its effect upon the development of any theory concerning

how thinking occurs. One view or philosophical position con-

cerning the knower-known relationship is that human intellect

maintains an inherent capacity to apprehend the world. This

type of reasoning leads to the conclusion that man may adapt

to the world without the necessity of experience. The

epistemological term for such a position is known as 
"ration-

alism." The opposing position, known as "empiricism,"
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explains the knower-known relationship as derived from

experience. The empiricists argue that man gains knowledge

and learns modes of reasoning by sensory experience. In this

position, the knower's effect on what becomes known is mini-

mized because discovery by the senses is what primarily leads

to knowledge. The empirical position has found greater favor

in many psychological theories, especially those of the

behaviorists.

Piaget attempts to provide a synthesis of the two

opposing points of view by proposing what he calls an

interaction theory. This theory stresses the inter-

relationship between the knower and the known in the act

of discovering reality with each element making a more

or less equal contribution. Piaget consequently acknow-

ledges the importance of the environment which undoubtedly

determines the development of thought to a certain

extent. Obviously the type of experience he acquires

and the situation to which he is exposed will channel

the child's mental performance. But they will not

determine development entirely because the child in no

instance comes to a situation with a tabula rasa. He

comes with a mental structure, or accumulation of past

experience in the form of schemes, and these will

influence his apprehension of reality. This means that

for the child reality is not an objective phenomenon

which has its own independent existence. Reality is

determined by the type of structure with which it is

apprehended. The reality of a 4-year-old child is not

the same as that of a 7-year-old, nor the same as that

of a 14-year-old. Yet the different "realities" are

equally legitimate, since the things that a 4-year-old

sees and believes. . . . So Piaget feels that the role

of the knower and the development of his mental or cog-

nitive structures is very important in the dual relat-

ionship between knower and known. As the one changes,

so does the other. With development the child acquires

a less superficial view of reality. Knowledge proceeds

from the periphery to the center of reality, but at each

level there is a constant interaction between the knower

and the external world (2, p. 217).

The "auto-sensory" aspect of sensory acquisition men-

tioned in the first paragraph of this chapter is very possible
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within such an interaction theory as stated above. One may

easily assume that the newborn baby is equiped with certain

mental structures for interacting with its environment. "From

birth to about two years the infant is unable to think; he

can only perform overt action" (2, p. 20). The infant still

begins to develop other structures for behavior from contact

with the external world. Piaget calls such early organized

patterns of behavior "schemes." Hart agrees that an infant

is born with existing mental programs and suggests that these

early structures influence learning for a lifetime.

It follows that a child must be born with some pro-

grams already existing; we can use the accepted term

"schemata" for these built-in and rather vague programs.

Their presence has been well documented experimentally.

The snowball effect may help to explain differences in

the way children learn, and particularly the rate: very

slight differences in the quality of shemata at birth

would have profound influence if all learning must be

built on previous learning. Again, observation suggests

that we are on the right track (3, p. 177).

If it is assumed that programs or structures do exist

for thought and that future programs are built upon existing

ones, it is very important that some system of thought be

explained to account for these programs. Hart's "proster

theory" is one attempt to exhibit such a system. Some work

is being done presently, using theory derived from develop-

ment of the hologram, to describe memory storage within the

brain. This type of theory has potential to be expanded into

a system for thought structures. Piaget has attempted to use

logic and mathematics to explain systems for his theory as

well.
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Structures underlying thought processes are looked upon

within this model as sets within the universal set R of n-

tuples. Of course not just any set will suffice to be con-

sidered as supportive of thought but instead only such

collections of elements as assumed to provide structures or

schemes for cogitation or behavior. A basic assumption at

this point is that there exist such theoretical sets.

A rather natural question arises here as to what dis-

tinguishes one thought-supportive set from another? It could

be that a set consisting of a single element would be a

thought supportive set, yet if one considers the many sensory

inputs from any single experience one is inclined to assume

a thought supportive set as consisting of more than one

element. There may exist many such possibilities for

development of thought supportive sets but one quite plausible

explanation lies in the way elements are composed. The j-th

component of each n-tuple of element consists of data from

the j-th sensory category. Hence stress upon the j-th sense

through a certain experience will tend to relate those ele-

ments drawn into support of the experience according to the

j-th component of each element. Of course the relating

factor is not to be limited to one component but may involve

many simultaneously. In turn when a latter experience draws

attention to the key data in the previous experience, the set

of elements supporting cognitative realization of the pre-

vious experience may be drawn in to influence the individual's

cogitative interaction with the latter experience.
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Each element of M is an n-tuple of sensory data. Because

elements are dependent upon sensory input it is important

that experience or interaction with the environment occur for

each individual. This experience is most critical at early

infancy. Experiments of brain researchers with rats points

to the critical influence of environment on brain development

especially at a very early age. This belief is also sup-

ported by Bloom's (6) longitudinal studies of growth men-

tioned in Chapter II.

Not only is experience important at an early age for

cognitive development, but it is believed that toward the 
end

of adolescence, somewhere around sixteen to eighteen years,

one's way of thinking is almost fully established. Piaget

does not believe that learning ceases with the cessation of

adolescence. "Piaget does maintain however, that, by the end

of adolescence, the individual's ways of thinking, that is,

his cognitive structures, are almost fully formed" (2, p.

204).

The infants of the Hopi Indians were raised on cradle

boards carried on the backs of the mothers. Although it

would seem that such a restricted environment would result in

retardation of such skills as walking, this was not the case

at all. The Hopi infants walked about the same age as other

infants. The fact that the infants were at most times in

position to experience reality, for they were in ideal pos-

ture to see, hear, smell, feel and sense motion and
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change in position, is the explanation given for such suc-

cess.

Hart believes that

. the child requires a huge, varied, and pre-

ferably heavily cross-modal mass of sensory experiences.

Just what it sees, hears, feels, and so on apparently

does not matter too much; quantity and variety count

more than what adults might consider quality. But it is

a safe guess that reality matters, and the reality con-

tent of the overall input should be high. It is good

for a child to hear various sounds, including the sound

of a bell; but itis better for him to see the bell

shaken to produce the sound, or to handle it himself.

Reality assures the cross-modality that facilitates

learning. The adult can listen to an orchestra via

radio and mentally picture the players and instruments

that produced the sound, but the infant only hears

sound. Someone playing a guitar in its presence pro-

vides quite a different set of inputs. The brain, as we

have seen, is a comparative and differential analysis

device, and it cannot compare or note differences when

given a single input (3, pp. 164-165).

Until this time only 4 has been defined. Let M repre-

sent that set of thought elements uniquely realized by an

individual where MCM. It is reasonable to conclude that the

more varied and more numerous the sensory input for an indi-

vidual that greater variety and distinction is possible for

elements of M. If the elements of M are more distinct and

varied then there will exist greater possibility for more

substantial sets supporting behavioral and cognitive develop-

ment resulting in improvement of the individual thought pro-

cess. It should also be understood that with increased

sensory input comes greater radar-like interaction of the

mind thus strengthening the auto-sensory data as well.
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Piaget gives four levels of intellectual development

occurring through adolescence. Rather than having concise

breaks between stages, Piaget recognized that human intel-

lectual development tends to fade from one stage into another.

Such a development of the human capacity for thought is also

recognized within this model.

Primary thought supportive sets are assumed to be in

development from the time of conception of the individual to

the time of the individual's death. It is also assumed that

greatest development occurs before the age of seven with a

tapering off until very little new development is assumed to

occur in adulthood. This assumption that greatest develop-

ment of primary thought supportive sets occurs before the age

of seven is the result of research findings both for brain

research and for behavioral research.

The findings of neurophysiologists, psychologists,

and medical personnel are remarkably similar in their

timing of stages at which children are normally ready to

think abstractly, or organize facts, and to sustain and

retain learningwithout undue damage or strain. Many
neurophysiological studies demonstrate significant

changes in brain patterns which occur between ages seven

and eleven. . . .
A number of studies of the young child's brain . . .

show that appreciable brain changes take place from

birth to adolescence, including the shifting of control

from the emotional centers to the reasoning centers.

They point to ages seven to eleven or twelve as this

important period during which a child eventually
develops the ability to sustain high cortical thought... .

The findings of cognitive psychologist Jean Piaget

coincide remarkably with those of the neurophysiologists
(5, p. 618).

A major assumption within this topological model of

thought is that there exist three broad stages of development
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within the intellect of the individual before full capability

for thought is reached. The first of these stages will be

referred to as the "subbase" stage. The subbase for an

individual thought topology or "thoughtology" is the collec-

tion of subsets of M comprised of the primary thought sup-

portive sets. It is assumed that these sets are formed from

the earliest sensory experiences (auto-sensory). The subbase,

as defined, will by nature be finite. Some topology is

assumed to exist from such a collection as guaranteed by

Theorem I in Chapter III.

Until around the chronological age of seven or eight, it

is assumed that it is only the subbase which is supportive 
of

thought within the normal individual. Thus an individual in

this age range is considered to be in the subbase stage.

Within this stage of intellectual development, thought pro-

cesses are assumed to be isolated to individual sets in the

subbase. Not only is it assumed that simultaneous utiliza-

tion of two or more subbase sets in the thought process is

rare, if at all, but neither does a collection of common

elements within two or more overlapping subbase sets become

independently supportive of thought during the subbase stage

as is assumed to occur in the latter two stages. During the

subbase stage creation or further development of primary

thought supportive sets is expected to be the most rapid 
and

productive.
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Piaget lists two stages of intellectual development

occurring before the age of seven or eight which may jointly

correlate with the subbase stage of this model. He calls

these the sensorimotor stage and the pre-operational stage.

Within these stages, Piaget believes that language begins to

influence thought but not as profoundly perhaps as thought

influences language. Imagery is extremely static and thus

causes the child of this age to produce distorted pictures of

reality. Common properties of two experiences are not dis-

cerned, such as pouring a liquid from one container to

another one with different size or shape causes the indi-

vidual to see a different quantity of liquid in the second

container from that previously observed in the first con-

tainer. It is reasonable to attribute such empirical evi-

dence concerning the thought of a young child to such limited

intellectual capabilities as afforded by a subbase structure

only.

The second stage of intellectual development is known as

the "base" stage. The base stage is assumed to occur approxi-

mately from the age of seven or eight to the age of twelve,

depending on the individual and his past experiences. It may

be helpful to recall Definition 7 from Chapter III concerning

the base for a topology. A review of Definition 4 from

Chapter III will also help to understand the meaning of

intersection. It may be recalled that the intersection of

two or more sets is that set of elements common to the given
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sets. Thus when considering intellectual development from

the subbase to the base, it may be assumed that progression

changes from that of creation of thought supportive 
sets to

that of combination by intersection of pre-existing sets.

This is not to mean that creation of subbase sets ceases to

occur within the intellect of the individual but that the

primary function of set creation yields to be dominated by

the operation of intersection. When an individual is pro-

gressing from the subbase stage to the base stage, he begins

to reason in a most basic way. Common portions of subbase

sets begin to come into play in the cogitative process as

thought supportive sets themselves.

It is in Piaget's third stage of intellectual develop-

ment, the stage of concrete operations, that more efficient

reasoning occurs. Within this stage, considered by Piaget to

occur somewhere between the ages of seven and twelve, reason-

ing becomes more stable but only with concrete origin.

Let us now consider another type of psychological

structure: that of the classifying operations of the

older child from about 7 to 11 years. Suppose an exami-

ner presents him with a collection of red and blue beads

mixed together. Confronted with this situation the

older child first thinks of the objects as being members

of classes. There is the class of red beads and the

class of blue ones. Further, unlike the younger child,

he realizes that the class of red beads is included in

a larger class, that of beads in general. Another way

of putting the matter is to say that he groups the red

beads into one class and conceives of it as being a part

of a hierarchy of classes. The class immediately "above"

the red beads (that is, the more inclusive class) is

that of beads in general. Of course, the class of beads-

in-general may also be located in a classification hier-

archy. The class of solid objects will contain the

class of beads.
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Obviously the older child's operational schemes are

quite different from the infant's behavioral schemes.

The latter involve patterns of behavior because the

infant acts overtly on the world. Although the older

child's schemes also involve acting on the world, this

is done intellectually. He considers, for example, the

relatively abstract problem of whether given classes are

contained in others. Piaget describes this aspect of

the older child's thought in terms of the operations of

classification. What is important for Piaget is not that

the child can answer questions about beads (that, of

course, is trivial), but that his activities reveal the

existence of a basic structure; namely, the operations

of putting things together, of placing them in classes,

of forming hierarchies of classes, and so on. Classifi-

cation, then, is composed of a series of intellectual

activities which constitute a psychological structure.

Of course, the child does not realize that he has such a

structure and may not even know what the word "classifi-

cation" means. The classification structure and "schemes"

both describe an observer's conception of the basic

processes underlying the child's activities; the child

himself is certainly not aware of these structures (2,

pp. 21-22).

Perhaps the ability of the child (age 7 to 12) , to

logically classify concrete objects, results from the

development of new thought supportive sets from the common

portion of two or more pre-existing ones. Classification or

forming hierarchies of classes requires one to be able to

think somewhat simultaneously within two or more contexts.

To consider red beads as a subclass of a mixture of blue and

red beads may require the use of at least two thought suppor-

tive sets; one supporting thought about red beads and another

supporting thought concerning blue and red beads mixed. The

intersection of these two sets quite possibly would be that

set which supports thought concerning the class of red beads

as a subclass of mixed beads. Since thought supportive sets
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are not yet fully matured with respect to time and repeated

experience at this early age, it appears logical that sensory

support from external sources would be necessary to stabilize

thought supportive sets to the extent that they endure the

operation of intersection. Hence the need would exist for

concrete external reinforcement of sensory data.

Ginsburg and Opper say:

We have seen that Piaget attempts to describe the

basic processes underlying the classification of objects

or events. He proposes that the stage 1 child (2 to 4

or 5 years) fails to construct hierarchical arrangements

partly because after a short while he forgets the

defining property (intension) which he has used to form

a collection. The stage 2 child (5 to 7 years) can con-

struct a hierarchy because he can use a defining property

to determine which objects go in a collection; but at

the same time he cannot understand inclusion relations

because of the inability to simultaneously consider

several immediately present collections and the larger

one from which they were derived. The stage 3 child

(7 to 11 years) can correctly answer questions concern-

ing inclusion because of his ability to think of original

classes and their derivatives at the same time.

Thus far, we have described these basic processes

(the ability to think simultaneously of subclasses and

larger classes) in terms of the ordinary language. Many

psychologists believe that this is a proper procedure;

but others, including Piaget, feel that descriptions of

structure should be phrased, as much as possible, in a

formal language like mathematics (2, pp. 127-128).

After the age of twelve Piaget found that significant

progress toward adult intelligence is begun.

. . . At about eleven to twelve years of age we see

great progress, the child becomes capable of reasoning
not only on the basis of objects, but also on the basis

of hypotheses, or of propositions.

. . . Here, compared to the previous stage, are

fundamental changes. It is not simply that these opera-

tions refer to language, and then to operations with

concrete objects, but that these operations have much

richer structures.
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The first novelty is a combination structure; like

mathematical structures, it is a structure of a system

which is superimposed on the structure of simple classi-

fications or seriations which are not themselves sys-

tems, because they do not involve a combinative system.

A combinative system permits the grouping in flexible

combinations of each element of the system with any

other element of that system. If children of different

ages are shown a number of colored disks and asked to

combine each color with each other two by two, or three

by three, we find these combinative operations are not

accessible to the child at the stage of concrete opera-

tions. The child is capable of some combination, but

not of all the possible combinations. After the age of

twelve, the child can find a method to make all the

possible combinations. At the same time he acquires

both the logic of mathematics and logic of propositions,

which also supposes a method of combining (1, p. 452).

It is suggested, primarily because of Piaget's findings,

that progression into the third stage of intellectual develop-

ment in this topological model, namely the topological stage,

occurs somewhere around the age of twelve. At this age it is

assumed that the individual becomes intellectually capable 
of

utilizing the operation of union in the thought process. Per-

haps during the age period of eleven to thirteen, this capa-

bility is more dependent on the use of concrete examples to

reinforce thought supportive sets than is needed at a later

age. The Jewish bar mitzvah ceremony at age thirteen may

also lend significance to the assumption that introduction

into the topological (or adult) stage of thought potential

occurs around this age. It is suggested that one review

Definition 3 in Chapter III concerning the operation of union

to fully understand the significance of the transition into

this stage.
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The progression into the topological stage opens full

potential for thought, as union as well as intersection comes

into play concerning combinations of sets. Maturity and

experience are the greatest factors affecting one's potential

for thought after development of the topological stage is

begun. Possibly until around the age of seventeen or eighteen,

individual intellectual development concerns topological com-

binations of the subbase and base sets developed earlier.

The result of such topological combinations, which involves

the operations of union and intersection, are called "open"

sets. This means that any set within the topology, including

those from the subbase and base are called open sets.

Early in this chapter the letter M was used to symbolize

the universal set of all n-tuples of sensory data while a

little later McM was used to symbolize that set of n-tuples

uniquely realized by an individual. These n-tuples are also

referred to as elements and will be also thought of as

"thought elements." The word "thoughtology" will also be

invoked to represent the phrase "thought topology." Once an

individual's thoughtology (symbolized by r) is in development,

the symbol (M, 1) may be used to represent the set M together

with the thoughtology F. The symbol (M, F) will be referred

to as the thought space for the individual under considera-

tion.

Individual experience through time should result in the

growth of M although the rate of growth of M might be expected
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to decline with age due to the repetitious nature of

experience with the advancement of age. Hence M and thus P

are functions of time. P could logically be expected to

become more substantial with time providing there is no

mental deterioration (brain disorders, etc.). M should

approach a constant content with progression of age for the

individual.

It is assumed that some elements of M, although realized,

are not utilized in support of thought; thus not every ele-

ment in M belongs to an open set. Hence by Theorem 2 of

Chapter III the complement of an open set is not open. This

assumption is based upon two facts: (a) one receives many

sensory perceptions during each moment of his life and for

each uniquely new sensory datum received there are multiple

new n-tuples created in M. Also, (b) it takes no more than

one element in M which does not belong to any open set to

cause each complement of every open set to be non-open.

Since open sets are those which support cognition, non-

open sets are those which do not form such a complete struc-

ture. This leads us to consider the possibilities of sets

which are not open. Definitions 12, 13, and 14 from Chapter

III define what is meant by interior, exterior, and boundary

elements respectively. It is easy to show from the defini-

tion of boundary element that a set which is not open is one

which contains at least one of its boundary elements.
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From Definition 14 of Chapter III, a boundary element x

for a set A is seen to have the property that every open set

to which x belongs contains elements from A as well as from

the complement of A. Thus the presence of one or more

boundary elements in a given set would seem to cause some

sort of interference to any cogitation depending upon that

set as one of its structures. To illustrate this principle,

consider a set A with a non-empty interior which contains at

least one of its boundary points x. Attempted use of set A

in the cognitive process results in interference due to x.

The thought structure dictates that if x is used then it must

be used as an element of some open set. But any such open

set necessarily contains elements in the complement of A as

well as elements in A because x is in the boundary of A.

This causes interference with A and hence set A cannot be

successfully used. The interior of A, an open set and, there-

fore, not containing any boundary elements (in particular,

not containing x), could be used in the process.

Further development of these ideas are left for Chapter

V. The model thus far presented depends upon the key

assumption that thought elements may be explained as non-

physical but theoretical entities composed in a mathematical

way out of sensory data. Each individual is perceived as

intellectually possessing some subset M of the universal set

R of all possible thought elements, relative to his own
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unique life experience. Mental maturity or thought potential

is considered a function of time and experience.

The stages of topological development (subbase, base,

and topology) are correlated with empirical research in

intellectual development, especially with that of Piaget.

The idea that individual thought operates within a space

which is some part of a more expansive universal space is not

new to psychology. In fact William James may have enter-

tained a similar view years ago.

James says:

The mind, in short, works on the data it receives
very much as a sculptor works on his block of stone.

In a sense the statue stood there from eternity. But

there were a thousand different ones beside it, and the
sculptor alone is to thank for having extricated this
one from the rest. Just so is the world of each of us,
howsoever different from our several views of it may be,
all lay embedded in the primordial chaos of sensations,
which gave the mere matter to the thought of us
indifferently (4, p. 288).

If the topological model of thought presented in this

chapter is limited, it is due more to present creative

restrictions in developing an ideal concerning what is called

thinking than to the abstract topological concepts which have

been only superficially presented. Further development thus

depends upon progressive intellection concerning the study of

thought.
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CHAPTER V

EDUCATIONAL RAMIFICATIONS OF THE MODEL

The exploratory questions A, B, and C in Chapter I have

been effective in the development of the model as presented

in Chapter IV. Exploratory question D will be addressed in

this chapter, along with several other topological concepts.

Ramifications of the model exist relating to educational

possibilities within these other topological concepts.

The idea of non-open sets resulting from containment of

boundary elements was presented near the end of Chapter IV.

This idea may be expanded to include certain aspects of the

young branch of psychology called "transpersonal psychology."

Because of its recent formation, transpersonal psychology

does not possess a highly organized theory utilizing a clearly

defined set of concepts and relationships. Transpersonal

psychologists tend to study the unusual in human experiences

which are subjective and transcendent in nature. Research in

transpersonal psychology many times is outside the usual

realms of academic psychology. Such an attitude of openness

to new and unusual experiences generates a willingness not to

close the door on any possible avenue of investigation.

The sudden insight experienced by an individual who has

been perplexed by a particular problem might be explained by

66
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the disappearance of boundary elements from a certain set

whose interior is necessary for support of thought leading to

a solution of the problem. Along this same line of reasoning,

perhaps the imposing of the thought process upon non-open

sets could be what occurs when one dreams. The fragmented

and disoriented aspect of many dreams may be the result of

such uncontrolled attempts at cogitation upon sets with

boundary elements. Dreams may also allow for utilization of

certain sets which are non-open but have interiors which

support cogitation never before realized by the individual.

Use of these sets in the dream state could bring forth their

interiors in the cogitative process and possibly result in

what is considered as special insight or creativity.

Kantor says:

A particular approach to dream life that deserves
mention among the ways of growth . . . is the very syste-
matic handling of these productions among the Senoi, a
remarkable culture in Malaya. They were studied by
Kilton Stewart (4) of the Royal Anthropological Society
(London), and he expressed his astonishment at their
high state of psychological success. . . .

Stewart's data on the dream life of the various
Senoi people indicate to him how dreaming can and does
become the deepest avenue of creative thought. He specu-
lates on the waste that occurs in modern civilization
because people have shed, or failed to encourage, one-
third their power to think--perhaps the most important
third. In the west, Stewart goes on to say, the think-
ing we do while asleep is chaotic, childish, unfocused,
because we do not respond to dreams as socially impor-
tant, nor do we include dreaming in the educative pro-
cess. This social neglect of a significant aspect of
man's reflective side, when his creative channels are
most open, seems poor education to Stewart (3, pp. 411,
412).
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Hayes' article (3, pp. 417-420) about using students'

dreams to study poetry in a high school English class pre-

sents a practical application of the use of dreams in educa-

tion. The relaxation of stressful thought activity many times

may yield productive results outside of the dream state. 
The

individual use of fantasy may just as well be a way of elimi-

nating or circumventing boundary elements from non-open sets.

Faraday's ability to envision stresses surrounding magnets

and electric currents as curves in space gave birth to the

electric motor and the dynamo. Faraday lacked any mathe-

matical education or gift; thus his ability to develop theory

in physics depended mainly upon his ability at intuition 
and

fantasy.

Perhaps transpersonal psychology offers some practical

ways of dealing with non-open sets. The possibility seems

worthy of consideration.

The topological concept of subspace offers an added

possibility to the model as presented in Chapter IV. After

Theorem 4 of Chapter III is a statement defining the concept

of subspace. Together with Theorem 4, this definition

explains that any subset A in M(A4M) may become 
a subspace of

(M, F) provided that open sets in A are relative to those in

M and are formed by intersecting open sets in (M, F) with set

A. Thus the subspace (A, FA) with this relative thought

topology (also called a relative thoughtology), becomes an

important structure within the individual thought space.
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It seems that with accumulation of age and experience

comes a broader sense of understanding or insight from much

of what one thinks. An internal influence is assumed to

exist upon one's thought apart from current sensory input.

The phrase "context of thought" is used to describe such

internal influence derived from one's thought space.

It is assumed that one thinks in various contexts and

that specific sets (called c-sets) support such contextual

thought. These c-sets are generally assumed to be non-open.

They are thought to be more varied in structure than are

open sets in general. All c-sets are theorized to provide

additional cohesiveness among open sets in a general area of

thought. It is this special collection of c-sets which is

the subject of discussion concerning subspaces.

A quite logical assumption seems to be that one does not

think universally, that is, utilizing his entire thought

space at once. Rather one's thought process is more likely

to utilize only a portion of one's thought space at any given

instant. A specific assumption is that thought over a given

instant of time occurs within the bounds of subspaces from c-

sets. It results from this reasoning that one's intellectual

activity is dependent upon one's thoughtology and the col-

lection of subspaces from c-sets within his thought space.

Perhaps after one's thoughtology becomes primarily estab-

lished in the early adult stage, much of one's intellectual

growth centers upon substantial development of c-sets. The
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thoughtology of an individual is pretty well complete by the

end of adolescence, yet it is evident that much learning

occurs in the adult phase of life. It is thought to be

through development and alteration of subspaces that such

learning occurs. Along with the positive influence of sub-

space development on learning there exists the somewhat

negative aspect that the thought process becomes more encased

within these subspaces and may result in detering creative-

ness or freedom of thought. As an individual slows down the

processes of subspace development or alteration, his thought

will be similarly influenced and will become more predictable

within the confines of the subspaces already attained.

If the conjectures made in the last paragraph were in

fact true, then much of what occurs in any form of adult

learning, especially in higher education, could be develop-

ment of c-sets. Once cognitive activity occurs within sub-

spaces, interrelationships between ideas may begin and the

individual should experience a broader sense of meaning from

his thoughts. If A is a c-set and 0 is an open set in (M,IF)

where OcA, 0 may have supported one aspect of thought in the

development of , but later on, 0 as a relative open set in

A will support cogitation within a different context of

thought as influenced by A.

Klinger (2) writes about the use of Thematic Apperception

Tests (TAT) and the results from their use in research from

the 1930's to the 1960's. These tests consist of a series of
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pictures used to elicit a story (past, present, and future)

from the subject being examined.

Most likely, TAT stories have both some resemblances
to and some sharp differences from spontaneous respondent
thought. Subjects writing TAT stories are constrained

by the features of the pictures they must write about,
by their notions of what constitutes an acceptable story,
and by an operant set to do a job-to buckle down mentally
instead of letting their minds go where they will. On
the other hand, they still must dip into their own
mental content to flesh out the story, and it seems
likely that the content they dip into is controlled by
some of the same influences that control ordinary
respondent thought. One must therefore be very cautious
about generalizing from TAT stories to everyday thought
content, but there is no need to dismiss the TAT evi-
dence from consideration.

All of the TAT evidence available points consis-
tentlly to a single conclusion: that one of the major
determinants of thought content is the person's current
concerns (2, p. 39).

It may be that TAT stories, apart from the extraneous

influence presented by the examining situation, illustrate

the influence of c-sets on one's cognitive process. Word

association tests as well as other such response eliciting

tools may just as well provide insight into the study of one's

context of thought.

Exploratory question D from Chapter I probably has the

greatest potential for providing understanding of the intel-

lectual interaction considered to occur in a learning situa-

tion or activity. The present state of the model does not

facilitate this potential to fruition, but several thought

provoking comments may be needed concerning mathematical

relations between thought spaces (or thought subspaces) which

may lead to further inquiry in the future.
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The hierarchy of mathematical relations inherent in the

topological context of the model as presented 
in Chapter IV,

listed in order from weakest to strongest, is. relation,

function, continuous function, and homeomorphism. The prob-

lem concerning these relations involves establishment 
of

existence between thought spaces (or subspaces) rather than

the construction or development of these relations. 
If, in

fact, one or more of these relations exists between two

thought spaces, there remains the impossibility 
of direct

empirical proof, since these relations 
are defined in terms of

elements and open sets which are themselves obscure from

empirical confirmation within this model, due 
to their purely

theoretical nature.

A restatement from Chapter III of the definitions 
for

these four types of mathematical relations is 
given below.

Other definitions and theorems which help to amplify 
these

definitions may be found in Chapter III.

Definition 15: A relation R on a set A is any subset

of AXA. (Note: A relation from set A to set B is a

subset of AxB.)

Definition 16: A function f from a set A to a set B,

written f:A+B, is a subset of AXB with the properties:

i) For each aEA, there is some bEB such that

(a,b) cf.

ii) If (a,b) Ef and (a,c)cf, then b= c.

Definition 19: Let (X,F) and (Y,T) be topological

spaces and let f:X-*Y. Then f is continuous at xo0 X if

and only if for each neighborhood V of f(x ) in Y, there

is a neighborhood U of x in X such that fc(U)CV. It

may be said that f is continuous on X if and only if f

is continuous at each x0EX.
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Definition 22: If (X,F) and (Y,T) are topological

spaces, a function f:X+Y is a homeomorphism if and only

if f is one-to-one, onto and continuous and f-1 is also
continuous.

The fact that elements in an individual thought space

are n-tuples of sensory data leads to the belief that the

existence of any relation will have to be sought through the

broad range of possible human responses. Many techniques

for measuring human response may not as yet have been devel-

oped since some are presently being discovered through brain

research, research in paranormal phenomena, and continuing

research in the more traditional veins of inquiry.

Excerpts from three of Hoban's (5) four elementary propo-

sitions about communication are listed below and numbered in

accordance with the number of the proposition from which each

was extracted.

1) Everything in our environment has the potential of

becoming symbolic, and thus of eliciting meanings
among exposed human beings. . . .

3) . . . we need to note that message content lies in

inferences, and that these inferences concern relation-

ships involved in any informational exchange trans-
action.

4) To a greater extent than generally realized or

acknowledged, communication transactions occur in

small increments, cumulatively, implicitly, and at

the unconscious level (5, pp. 12-13).

Number one allows that thought elements, open sets, and

subspaces from c-sets may be potentially affected by every-

thing in an individual's environment. Number three offers

the possibility that many relationships may exist in any

informational exchange. Together with number three, number
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four allows covert existence of relationships in any communi-

cation transaction. Thus why not the theoretical possibility

of one or more mathematical relations between thought spaces

in any communication transaction? For the purpose of dis-

cussion, the assumption will be made that all communication

depends on mathematical relations between 
thought spaces.

Consider now the person-to-person communication involved

between student and teacher, peer-to-peer or any other such

person-to-person combinations. From this point forward in

the discussion concerning person-to-person communication,

statements about thought spaces will be inclusive of 
sub-

spaces from c-sets as well. Just as an individual is not

expected to think universally (over the entire thought space),

relations are not assumed to exist between entire thought

spaces but rather between particular subspaces 
within the

given thought spaces.

All four mathematical relations are assumed to exist

between the thought space of individual A and that 
of indi-

vidual B. Any communication between individuals A and B will

be classified as either first, second, third, or fourth order

relative to the support for the communication by a relation,

function, continuous function or homeomorphism, respectively.

In the case of either a relation, function, or con-

tinuous function, the direction of the communication is sig-

nificant. That is, in any of these three cases it matters

as to whether the relation exists from thought space A 
to
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thought space B or vice-versa. It is necessary to establish

a convention for designating the direction of a relation. If

a relation R is a subset of the Cartesian product of the

thought space associated with individual A and that 
of indi-

vidual B, written RcAxB, individual A will be called the pri-

mary entity for the relation while individual B will be

called the secondary entity relative to the relation.

Consider a fourth order communication which results from

the existence and utilization of a homeomorphism between two

thought spaces. A homeomorphism supports the strongest and

most effective types of communication between individuals.

This strength is due primarily to the direct relationship

attained between open sets in the two respective thought

spaces. By reviewing Theorem 9 in Chapter III, it is easy

to see this direct relationship between open sets in the pri-

mary entity thought space and open sets in the secondary

entity thought space.

In an effort to illustrate more clearly the meaning of

the last paragraph consider the following possibility. Some-

times close friends or colleagues discover themselves think-

ing alike to an unusual extent. One individual may make a

remark which the other was just about to make or vice-versa.

According to the discussion in the previous paragraph, such

phenomena could well be attributed to the development 
of each

thought space, (the M's for each individual), and a par-

ticular c-set in each, to the extent that these particular
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c-sets are homeomorphic. It is important to note that the

existence of a homeomorphism between spaces does not 
neces-

sarily imply that such phenomena will occur, but rather that

the occurrence of such phenomena is possible. Occurrence of

such communication phenomena is implied by the term "utili-

zation" of the homeomorphism. It is also important to men-

tion here that when a homeomorphism exists between c-sets of

two individuals and is utilized, such utilization has equal

effect on the thought of each of the individuals involved.

This is not true for first, second, and third order communi-

cation.

In moving into a discussion concerning third order com-

munication, it will be helpful to review Theorem 6 from

Chapter III. The major strength of a continuous function

existing and being utilized between two thought spaces 
is

again derived from the global properties attributed to 
it.

Just as open sets are related by a homeomorphism so are they

similarly related by a continuous function except that the

effect is strongest from the primary entity to the secondary

entity.

By part ii) of Theorem 6, an open set in the thought

space of a secondary entity in a situation of third order

communication relates, according to the inverse image of the

continuous function supporting that communication, with an

open set in the thought space of the primary entity. This is

not the same as an open set in the primary space relating to

an open set in the secondary space according to the continuous
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function. Within the influence of third order communication

is a form of- reverse communication resulting from the pro-

perty of the inverse image of the continuous function. 
The

primary entity may gain insight or understanding of the

secondary entity's thought without the reverse being true.

Perhaps third order communication in the unconscious realm

underlies Freud's technique for psychoanalysis.

In his technical "Recommendations" Freud says:

"All conscious exertion is to be withheld from the

capacity for attention, and one's 'unconscious memory'

is to be given full play." [the analyst] "must bend

his own unconscious like a receptive organ toward the

emerging unconscious of the patient; be as the receiver

of the telphone to the disc. As the receiver transmutes

the electric vibrations induced by the sound-waves back

again into sound-waves, so is the physician's unconscious

mind able to reconstruct the patient's unconscious,

which has directed his associations, from the communi-

cations derived from it" (6, p. 144).

Perhaps much of the one-way communication found in the

traditional lecture technique in academics is another example

of third order communication. It may be that the "good"

teacher excels over the "poor" teacher in this situation pri-

marily because of the "good" teacher's ability to efficiently

utilize the reverse communication inherent within his own

third order communication where he (the teacher) is the pri-

mary entity and each of his students is a secondary entity.

The "good" teacher may profit from his insight gained by the

inverse of the third order communication from him to his stu-

dents and in turn alter his own c-sets or open sets to better

correspond with those of his students. This phenomena may be

called "getting on the level with the student" or "thinking
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similarly with the student." Such exercise in thought should

eventually bring about at least a third order communication

from the student to the teacher. On the other hand, maybe

what constitutes teaching is an attempt by the teacher to

alter specific c-sets of his students to the extent that they

correspond more easily with his own.

Both second and first order communication is much less

effective between individuals because open sets are not

directly related by either the function nor the relation. A

second order communication should be a little more influential

to the primary entity than a first order communication because

the set of ordered pairs (called a function) supporting the

second order communication is not as random as the set of

ordered pairs (called a relation) supporting a first order

communication. Perhaps a second order communication has

greater potential for primary entity awareness than does a

first order communication. The fact that a function relates

every element in a set within the primary thought space with

certain elements of a set within the secondary thought space

provides the potential for all of the elements of an open set

from the primary entity thought space to be supportive in the

communication process. The fact that no single element in

the primary thought space relates to more than one element in

the secondary thought space decreases the possibility for

randomness, thus strengthening the meager communication it

supports. Both first and second order communications may be
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illustrated by the effect derived by two strangers passing on

a sidewalk. Sometimes little is communicated other than

recognition that another individual is nearby.

There could also exist varying degrees of effectiveness

within each of first, second, ad third order communication

due to the fact of whether the respective supportive relation

is "onto" or not. Following Theorem 8 in Chapter III, it is

clearly stated what "onto" means. An onto relation between

two c-sets encompasses all of the elements and thus all of

the open sets within the subspaces determined by the c-sets.

This fact enhances the potential of greater utilization of

the relation between the spaces and thus would allow for more

effective communication whatever the order. On the contrary

any relation which is not onto relates all of the elements in

the primary c-set with less than the total number of elements

in the secondary c-set.

Considering all of the above discussion about first,

second, third, and fourth order communication, the main point

to be made is that within this topological model of thought

there does exist the possibility that communication may be

classified and thus possibly the effectiveness of teaching.

The importance of all of this is that the potential for com-

munication is dependent on how (with respect to relations,

functions, continuous functions, and homeomorphisms) the c-

sets are related between individual thought spaces.
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The possibility of four orders of communication have

been discussed with respect to person-to-person encounters

only. Communication is also possible between a person and an

object (called person-to-object) such as a piece of sculpture,

a musical piece, or a textbook. Similar arguments may be

made for the four orders of communication in this person-to-

object context as was made for person-to-person encounters.

Actually person-to-object encounters may be nothing more than

person-to-person encounters using a third "object" source as

the medium and limiting the direction of communication to

one-way only.

The process of communication should be of utmost impor-

tance to educators today. A theory of classification of com-

munication based on topological principles could have strong

implications for education in the future. Teaching may be

the communication of learning. If this is the case, how one

thinks is critical to how one teaches because one must under-

stand his own thinking before he can communicate learning.

Heidegger says:

This is why we are here attempting to learn think-

ing. We are all on the way together, and are not

reproving each other. To learn means to make everything

we do answer to whatever essentials address us, the

answer and with it the kind of learning differs. . . .
True. Teaching is even more difficult than learn-

ing. We know that; but we rarely think about it. And

why is teaching more difficult than learning? Not

because the teacher must have a larger store of infor-

mation, and have it always ready. Teaching is more

difficult than learning because what teaching calls for

is this: to let learn. The real teacher, in fact, lets

nothing else be learned than learning. His conduct,
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therefore, often produces the impression that we pro-
perly learn nothing from him, if by "learning" we now
suddenly understand merely the procurement of useful
information. The teacher is ahead of his apprentices
in this alone, that he has still far more to learn than
they--he has to learn to let them learn. The teacher
must be capable of being more teachable than the appren-
tices. The teacher is far less assured of his ground
than those who learn are of theirs. If the relation
between the teacher and the taught is genuine, there-
fore, there is never a place in it for the authority
of the know-it-all or the authoritative sway of the
official (1, pp. 14-15).

The possible ramifications of the model listed in this

chapter should have extreme value for education. If educa-

tors can be aroused to consider the potential for themselves

within the teaching profession, whatever the reason, maybe

progress will occur. To consider how one thinks certainly

should be a step in the right direction for any educator.



CHAPTER BIBLIOGRAPHY

1. Heidegger, Martin, What is called Thinking? translated by

Fred Weick and J. Gray, New York, Harper and Row,

Publishers, 1968.

2. Klinger, Eric, Meaning & Void, Minneapolis, Minnesota,

University of Minnesota Press, 1977.

3. Roberts, Thomas B., editor, Four Psychologies Applied to

Education: Freudian, Behavioral, Humanistic, Trans-

personal, Cambridge, Massachusetts, Schenkman Publish-

ing Company, Inc., 1975.

4. Stewart, Kilton, "Dream Theory in Malaya," Complex, 1951.

5. Tyler, I., Keith Williams, and Catharine M. Williams,

editors, Educational Communication in A Revolutionary
Age, Worthington, Ohio, Charles A. Jones Publishing

Company, 1973.

6. Van Over, Raymond, editor, Psychology and Extransensory
Perception, New York, The New American Library, Inc.,

1972.

82



BIBLIOGRAPHY

Books

Boyer, Carl B., A History of Mathematics, New York, John

Wiley and Sons, Inc., 1968.

Christman, R. J., Sensory Experience, Scranton, Pennsylvania,

Intext Educational Publishers, 1971.

Crovitz, Herbert F., Galton's Walk, New York, Harper and Row,

1970.

Endler, Norman S., Lawrence R. Boulter, and Harry Osser,

editors, Contemporary Issues in Developmental Psychology,

2nd ed., New York, Holt, Rinehart and Winston, 1976.

Eves, Howard, An Introduction to the History of Mathematics,

Dallas, Texas, Holt, Rinehart and Winston, 1969.

Ginsburg, Herbert and Sylvia Opper, Piaget's Theory of Intel-

lectual Development, An Introduction, Englewood Cliffs,

New Jersey, Prentice-Hall, Inc., 1969.

Hart, Leslie A., How the Brain Works, New York, Basic Books,

Inc., 1975.

Hausdorff, F., Grundzige der Mengenlehre, Leipzig, 1914,
reprinted New York, Chelsea, 1949.

Heidegger, Martin, What is called Thinking? translated by

Fred Weick and J. Gray, New York, Harper and Row, Pub-

lishers, 1968.

James, William, The Principles of Psychology, Vol. 1 (2

volumes), New York, Dover Publications, Inc., 1890.

Kline, Morris, Mathematical Thought From Ancient to Modern

Times, New York, Oxford University Press, 1972.

Klinger, Eric, Meaning & Void, Minneapolis, Minnesota, Uni-

versity of Minnesota Press, 1967.

Krech, David and George S. Klein, Theoretical Models and

Personality Theory, New York, Greenwood Press, Pub-

lishers, 1968.

83



84

Kuratowski, Kazimierz, Introduction to Set Theory and Topology,

2nd ed., translated by Leo F. Baron, New York, Pergamon

Press, Inc., 1972.

Lewin, Kurt, Principles of Topological Psychology, New York,

McGraw-Hill Book Company, Inc., 1936.

Manheim, Jerome H., The Genesis of Point Set Topology, New

York, The Macmillan Company, 1964.

Ornstein, Robert E., editor, The Nature of Human Conscious-

ness, A Book of Readings, San Francisco, California,

W. H. Freeman~and Company, 1973.

Ostrander, Sheila and Lynn Schroeder, Psychic Discoveries

Behind the Iron Curtain, Englewood Cliffs, New Jersey,

Prentice-Hall, Inc., 1970.

Pines, Maya, The Brain Changers, New York, Harcourt, Brace

Jovanovich, Inc., 1973.

Roberts, Thomas B., editor, Four Psychologies Applied to

Education: Freudian, Behavioral, Humanistic, Trans-

personal, Cambridge, Massachusetts, Schenkman Pub-

lishing Company, Inc., 1975.

Scher, Jordan M., editor, Theories of the Mind, New York,

The Free Press, 1962.

Suppes, Patrick, Axiomatic Set Theory, New York, Dover Pub-

lications, Inc., 1972.

Tyler, I., Keith Williams, and Catharine M. Williams, editors,

Educational Communication In A Revolutionary Age,

Worthington, Ohio, Charles A. Jones Publishing Company,

1973.

Van Over, Raymond, editor, Psychology and Extransensory Per-

ception, New York, The New American Library, Inc., 1972.

Willard, Stephen, General Topology, Reading, Massachusetts,

Addison-Wesley Publishing Company, Inc., 1970.

Articles

Bailey, Percival, "Cortex and Mind," in Jordan M. Scher,

editor, Theories of the Mind, New York, The Free Press,

1962, pp. 3-14.

Bourbaki, N., "The Architecture of Mathematics," American

Mathematical Monthly, LVII (1950), 221-232.



85

Miller, Neal E., "Comments on Theoretical Models Illustrated

by the Development of a Theory of Conflict Behavior,"
in David Krech and George S. Klein, editors, Theoretical

Models and Personality Theory, New York, Greenwood Press,

Publishers, 1968, pp. 82-100.

Moon, Robert D., Raymond S. Moore, and Dennis R. Moore, "The

California Report: Early Schooling for All?" Phi Delta

Kappan, LIII (June, 1972), 615-621.

Murphy, Gardner, "The Problem of Repeatability in Psychical

Research," in Raymond N. Van Over, editor, Psychology and

Extrasensory Perception, New York, The New American

Library, Inc., 1972, pp. 280-295.

Penfield, W., "Studies of the Cerebral Cortex of Man," Brain

Mechanisms and Consciousness, Springfield, Illinois,

Charles C. Thomas, 1954.

Stewart, Kilton, "Dream Theory in Malaya," Complex, 1951.


