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This study investigated the item parameter recovery of two methods of factor 

analysis. The methods researched were a traditional factor analysis of tetrachoric 

correlation coefficients and an IRT approach to factor analysis which utilizes marginal 

maximum likelihood estimation using an EM algorithm (MMLE-EM). Dichotomous item 

response data was generated under the 2-parameter normal ogive model (2PNOM) 

using PARDSIM software. Examinee abilities were sampled from both the standard 

normal and uniform distributions. True item discrimination, a, was normal with a mean of 

.75 and a standard deviation of .10. True b, item difficulty, was specified as uniform       

[-2,2]. The two distributions of abilities were completely crossed with three test lengths 

(n = 30, 60, and 100) and three sample sizes (N = 50, 500, and 1000). Each of the 18 

conditions was replicated 5 times, resulting in 90 datasets. PRELIS software was used 

to conduct a traditional factor analysis on the tetrachoric correlations. The IRT approach 

to factor analysis was conducted using BILOG 3 software. Parameter recovery was 

evaluated in terms of root mean square error, average signed bias, and Pearson 

correlations between estimated and true item parameters. ANOVAs were conducted to 

identify systematic differences in error indices. Based on many of the indices, it appears 

the IRT approach to factor analysis recovers item parameters better than the traditional 

approach studied. Future research should compare other methods of factor analysis to 

MMLE-EM under various non-normal distributions of abilities. 
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CHAPTER 1  

INTRODUCTION 

Overview 

 Over recent decades, research in the item response theory (IRT; e.g., Lord, 

1980) method of test construction has created a renewed interest in the use of 

confirmatory factor analysis (CFA) with dichotomous data (Takane & de Leeuw, 1987; 

Wise & Tatsuoka, 1986). IRT proves interesting because it is believed to expand upon 

the limitations of classical test theory (CTT; e.g., Lord & Novick, 1968). These limitations 

(Finger, 2001, p.1) include “(1) the estimates of item and person parameters are specific 

to the persons and items sampled, respectively; and (2) the reliability coefficient and 

standard error of measurement are unconditional to a person’s true standing on 

whatever construct or trait is being measured.” In the past, underlying constructs were 

determined using factor-analytic techniques that often overlooked the variable scale of 

measurement (Gorsuch, 1983). The controversy over scales of measurement is not 

new.  Stevens (1968) argued that psychological tests yielded scores that were ordinal, 

not interval, in nature; hence, violating the assumptions of parametric statistics. 

Dichotomous data is commonly used in today’s tests, and it is important that it be 

properly analyzed. Previous attempts to solve the estimation problem (Schumacker & 

Beyerlein, 2000) in the factor analysis of such dichotomous data have focused on the 

selection of an appropriate measure of correlation: Pearson, phi, or tetrachoric, as 

estimates of unobservable correlations in the population. Pearson product-moment 

correlations (r) are intended for use with continuous, interval-level data; phi coefficients 
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(φ) with dichotomous data; and tetrachoric coefficients (rtet) with dichotomous data that 

are assumed to have underlying continuity (Hinkle, Wiersma, & Jurs, 1988). 

 

Problems with Correlation Coefficients 

 Schumacker and Fluke (1991) summarized many of the known problems 

associated with correlation coefficients. Among those well documented shortcomings, 

Mislevy (1986, pp. 9-10) contends that the use of phi coefficients with dichotomous data 

in factor analysis is problematic on several counts: 

• Values of phi are dependent not only upon the strength of the relationship 

between variables, but also upon the difference between their mean values. 

The phi coefficient can attain extreme values of -1 or +1 only when the two 

correlated variables have equal means. 

• The expression for phi is generally augmented by terms that depend on the 

skewness of the discrete variables, which in the dichotomous case is a 

function of their mean values. 

• When binary variables are the result of dichotomizing continuous variables, 

the placement of the cutting point directly affects the value of the expected phi 

coefficients. 

 The Pearson correlation coefficient computed with dichotomous data has also 

been unfavorably reviewed. Ethington (1987) reviewed the literature on the use of 

dichotomous data in LISREL analyses and determined that the Pearson correlation 

coefficient underestimates the factor loadings of the categorical variables and 

overestimates the chi-square goodness-of-fit values, and therefore is not recommended 
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for use with dichotomous data. Jöreskog and Sörbom (1988), in two different Monte 

Carlo studies, investigated the various types of correlation coefficients to determine 

which is better.  The phi, Spearman rank, and Kendall tau-b correlations performed 

poorly, whereas the tetrachoric correlation with ordinal data produced robust parameter 

estimates and better fitting models. For this reason, they recommend the use of the 

tetrachoric correlation with dichotomous data. 

 Several authors, including Bock and Lieberman (1970), Crocker and Algina 

(1986, p. 320) and Jöreskog and Sörbom (1986, p. IV.3) have recommended rtet rather 

than φ for factor analyzing dichotomous data. Muthén (1984, 1989) examined the 

advantages and disadvantages of tetrachoric correlations in the context of the 

assumption of symmetrical normal distributions for underlying latent variables when 

using dichotomous variables. Muthén noted that: 

(1) rtet matrices are sometimes not positive definite, which may indicate a 

violation of the underlying normality assumption, or which may reflect 

sampling variability. 

(2) rtet matrices generally yield extremely inflated chi-square values and 

underestimate standard errors of estimate, as compared with Pearson r 

matrices. 

(3) The assumption of underlying normality is questionable when the mean value 

of a dichotomous variable departs appreciably from 0.5. 

 Kim and Mueller offered the following general proscriptions against the factor 

analysis of dichotomous variables: 

Nothing can justify the use of factor analysis on dichotomous data except a 
purely heuristic set of criteria…Even in dichotomies, the use of phi’s can be 
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justified if factor analysis is used as a means of finding general clusterings of 
variables and if the underlying correlations among variables are believed to be 
moderate—say less than .6 or .7… If the researcher’s goal is to search for 
clustering patterns, the use of factor analysis may be appropriate… One way of 
doing this is to use tetrachoric correlations instead of phi correlations.  This 
approach is only heuristic because calculation of tetrachorics can often break 
down and the correlation matrix may not be Gramian. (1978, pp. 74-75) 
 

 While there is certainly no consensus, it appears that for dichotomous data, 

many experts suggest conducting a familiar factor analysis on the matrix of tetrachoric 

inter-item correlations rather than on a matrix of Pearson correlations. For this reason, 

tetrachoric correlations were the correlations of choice used to conduct a traditional 

factor analysis for this study. Tetrachoric correlations have an assumption that the 

response categories are actually proxies for unobserved, normally distributed variables.  

Factor analysis of tetrachoric correlation matrices are essentially factor analyses of the 

relations among latent response variables that are assumed to underlie the data and 

that are assumed to be continuous and normally distributed (Panter, Swygert, 

Dahlstrom, & Tanaka, 1997, p. 570-571). However, Schumacker and Beyerlein (2000) 

and McLeod, Swygert, and Thissen (2001) both suggested an even better approach to 

the problem of analyzing dichotomous data. They recommend conducting a full 

information factor analysis, which is a factor analytic technique based on item response 

theory. This approach bypasses the problems associated with correlation matrices 

entirely and uses all of the information contained in the response patterns. 

 

Latent Trait Analysis/Item Response Theory 

 A rigorous investigation of dichotomous test data was pursued by researchers 

who were interested in more than a purely heuristic search for a general clustering of 
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variables.  Statistical techniques that enabled simultaneous investigations of three or 

more variables were used, of which at least one was often unobserved or latent 

(Loehlin, 1987). These techniques were collectively labeled by Bentler (1980) as latent 

variable analysis.  Latent trait analysis (LTA), a form of latent structure analysis 

(Lazarfeld & Henry, 1968) is used for the analysis of categorical data. The simplest way 

to understand LTA is that it is a form of factor analysis for binary (dichotomous) or 

ordered-category data. In the area of educational testing and psychological 

measurement, latent trait analysis is termed item response theory (IRT). There is so 

much overlap between LTA and IRT that these terms are basically interchangeable. 

 The relationship between factor analysis (FA) models and item response theory 

(IRT) models is well documented (e.g., De Champlain, 1995; McDonald, 1967, 1982; 

Takane & de Leeuw, 1987).  More importantly, in terms of modern measurement theory, 

the use of FA models to describe item-trait relationships is currently becoming more 

popular and may be advantageous in the analysis of item response data. The increased 

recognition of the basic unity between, more specifically, nonlinear FA models and IRT 

is a significant development and provides several interesting areas for research in 

measurement and testing. For example, even though there are numerous studies in 

which attempts have been made to evaluate competing estimation strategies based on 

traditional IRT methods (see, Baker, 1987), there has been little research aimed at 

establishing the appropriateness of parameter estimates derived from competing FA 

models. This is sometimes referred to as comparing a full-information versus limited-

information approach for factor analysis. A quantification of the relative accuracy and 

 5



 

stability of the estimates produced under these two specifications will be of great 

interest to testing specialists. 

 Both traditional factor analysis of correlation matrices (limited-information) and 

the latent trait/IRT approach to factor analysis can be used to derive the familiar IRT 

parameter estimates. The essential difference between limited-information (LI) and full-

information (FI) models can be defined by what McDonald (1981) calls the strong and 

weak principles of local independence. The strong principle states that given θ1,…θk, 

the conditional probability of any set of n variables (items) is the product of the n 

conditional probabilities of those values. Under this specification, responses to some 

items can be dependent on responses to two or more other items. The latent trait not 

only explains item covariances but also higher order joint moments. Estimation 

strategies, such as marginal maximum likelihood estimation (MMLE-EM) implemented 

in BILOG (Mislevy & Bock, 1984) and TESTFACT (Wilson, Wood, & Gibbons, 1991) 

which use all of the information in the response patterns, employ the strong principle. 

The weak principle, which is probably more tenable in practice, states that the 

conditional covariances of the items are zero. From a testing perspective, one assumes 

the existence of one or more latent traits characterizing each examinee such that, for 

any fixed value of these, the responses of the examinees to the binary items are 

mutually statistically independent. For the traditional FA of correlation matrices, the 

weak principle is implied. In general, the two models (LI and FI) are distinguished simply 

by the extent to which they use information in the data matrix. However, within the LI 

and FI frameworks, there are a number of estimation procedures and options that can 

be employed.  
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 Fewer assumptions are necessary when conducting a full-information factor 

analysis over a traditional factor analysis. First, one must assume that the subjects are 

randomly sampled from a normal ability distribution. Also, it is assumed that the 

measurement errors are normally distributed in the population. The data must conform 

to the model assumption about dimensionality. And finally, one is working under the 

assumption that underlying each dichotomous manifest variable is a corresponding 

latent continuous variable and the examinees’ responses are functions of the threshold 

values. When conducting a traditional factor analysis of correlation coefficients, one 

assumes the postulate of factorial causation. This postulate states that the observed 

variables are linear combinations of some underlying causal variables. In other words, 

the observed correlations are due to some underlying common factors. Second, one 

assumes the independence of measurement errors. This means the unique factors 

(residuals) are assumed to be orthogonal to each other; hence, they do not contribute to 

the covariation between the variables. Also, it is assumed that the data follow a 

multivariate normal distribution and the assumed latent traits have a mean of zero. 

 

Statement of the Problem 

 The focus of this study was to compare the accuracy and stability of parameter 

estimates using both the traditional factor analysis of tetrachoric correlations (limited-

information) and the IRT approach to factor analysis using MMLE-EM (full-information) 

which uses the entire set of response data instead of a correlation matrix, under both 

normal and non-normal ability distributions. While there are numerous IRT or FA 

representations, the emphasis in this investigation was on parameter recovery between 
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the FA of tetrachoric correlations and IRT FA using MMLE-EM, for unidimensional, 

dichotomous datasets. In the second chapter a review of the common factor model and 

its potential application with dichotomous data is introduced along with a review of the 

relevant research pertaining to this problem. The methods and Monte Carlo design are 

outlined in chapter 3. The results are presented in chapter 4. Chapter 5 is dedicated to 

relating the methods, scope and educational implications of the results to future 

research studies. 

 

Research Questions 

1) Is the IRT approach to factor analysis which bypasses correlation coefficients 

and uses all of the information in the response matrix better at recovering item 

parameters than the traditional approach to factor analysis of tetrachoric 

correlations? 

2) Does the underlying distribution of abilities effect the item parameter estimates in 

FA-tet and MMLE-EM? 

3) Does test length effect item parameter estimation in FA-tet and MMLE-EM? 

4) Does sample size effect item parameter estimation in FA-tet and MMLE-EM? 

 

 



 

CHAPTER 2  

REVIEW OF RELATED LITERATURE 

Item Parameter Estimation Methods 

This chapter outlines the various models studied and a description of some of the 

possible parameter estimation methods. Next, a comprehensive review of parameter 

recover studies relevant to the current study are presented. Finally, a specific 

explanation and rationalization of the research problem is provided. 

 

Factor Analysis Models 

Factor analysis (FA) can be used to reveal relationships between observed and 

unobserved (latent) variables. If a large number of (observed) variables show 

substantial correlation, it is reasonable to suppose that this arises from their common 

dependence on a smaller set of unobserved or latent variables. The purpose of FA is to 

describe a set of multivariate data in terms of one or more of these underlying variables 

or traits. Interrelationships among the variables can be expressed by a number of 

coefficients (e.g., Pearson product moment correlations, polychoric correlations, 

tetrachoric correlations, phi, biserial, point biserial, etc.), depending on the 

measurement scale of the items (e.g., interval, ordinal, or dichotomous). There are also 

a number of estimation strategies that can be incorporated in FA models. These include 

unweighted least squares (ULS), generalized (or weighted) least squares (GLS), 

maximum likelihood (ML), principal components (PC), and many other variants. 

The most common FA strategy, in the past, has been to use Pearson product 

moment correlations (r) and ML estimation. However, this requires that the observed 
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variables (test items) be measured on at least an interval scale and that the data follow 

a multivariate normal distribution. In addition, it is assumed that the regressions 

between the observed variables and latent factors (traits) are linear. Furthermore, it is 

assumed that the latent traits have a mean of zero.  

The Spearman common factor model can be described as follows. Assume that 

the responses to n variables (items) for N subjects can be explained by k factors. The 

general factor model is  

                                                Y = θΛ' + ε,                                                             (1) 

Where 

 Y represents the N x n matrix of observed scores, 
 θ  represents the N x k matrix of latent variables (common factors) 
 Λ' represents the k x n matrix of coefficients describing the regression of  
  items on the latent variables (factors), and 
 ε  represents the N x n matrix of residuals (errors in measuring Y). 
 
 The variance-covariance matrix of the observed variables, denoted as Σ, can  
 
be expressed as: 
 
                                                           Σ = ΛΦΛ’ + Ψ                                               (2) 

 
where  
 
 Φ  is the k x k covariance matrix of θ, and 
 Ψ is the n x n covariance matrix of the residuals. 
 

 
 

Item Response Theory Models 

There are several different analysis models categorized within the scope of item 

response theory (IRT). All of these models include a measure of person ability (theta) 

and attention to other measurement-related item parameters. The one, two and three-
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parameter logistic models (1PL, 2PL, 3PL) are commonly used to analyze dichotomous 

item responses within the IRT framework. These models are named after the number of 

parameters that have the freedom to vary in the analysis. These parameters include the 

discrimination index (a), the item difficulty parameter (b), and the guessing parameter 

(c). 

There are several assumptions related to the IRT models that must be evaluated 

against the data prior to applying the procedures.  Compared to the assumptions of 

classical test theory (CTT), the assumptions of IRT are markedly stronger. The level to 

which these assumptions are met by the data can help determine which model is best 

fitting and to what degree of accuracy the results may be interpreted. The four general 

assumptions are related to the areas of dimensionality, speededness, guessing and 

discrimination.  

The first assumption that must be met prior to applying an IRT technique is that a 

data set must be unidimensional.  This means that the items constructed to build the 

assessment must define one main construct or dimension.  If there are many items that 

do not align with the main construct, it could imply that the assessment is in fact 

multidimensional and that more than one latent trait appears to be reflected in the 

assessment responses.  For instance, if on a particular mathematics assessment the 

vocabulary used to construct the items was at too difficult of a reading level for the 

students to understand the items, this could cause the examinees to respond incorrectly 

to many items based on the latent trait of language ability rather than their math ability. 

Failure to pre-assess the responses for unidimensionality could cause inaccurate 

interpretation of the response data with regard to the math ability of the students. Also, 
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all item response models make the assumption of local independence. Conditional on 

the complete set of latent variables (θ’s), the joint probability of a set of item responses 

is equal to the product of the marginal probabilities of each item response.  When a 

single latent trait is present, the assumption of local independence and 

unidimensionality are equal (Finger, 2001). 

The second assumption required of a data set for IRT analysis is the absence of 

“speededness” or a time limit for administration of the assessment. If an assessment is 

conducted under a limited administration time, one factor that may cause an examinee 

to incorrectly respond to items is their ability to respond to items quickly.  This is a latent 

ability and could cause interference when interpreting the desired measurement results 

of the assessment. If two latent abilities are measured on an assessment, with one of 

them being speed of response, the unidimensionality assumption is violated. 

The third assumption is related to the data containing responses that are the 

result of successful guessing that examinees may have demonstrated.  It is desirable 

for this quality to be minimal in any set of response data, but various IRT models differ 

on how they address it. Some are set up to assume no successful guessing occurred. 

Others set the guessing constant across all items based on odds, such as .25 

probability for multiple-choice items with four response choices. Another possibility is 

that some models allow the guessing parameter to vary reflecting the amount of 

successful guessing that has occurred for that item. This estimated calculation is 

determined through the use of ability estimates. 

The fourth assumption involves the role played by discrimination across 

response categories. Various IRT models approach the topic of item discrimination from 
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different perspectives. Determining if constant or variant discrimination might be more 

appropriate to assume for a data set is an important decision and impacts the model 

selection for each analysis. How various models handle this item parameter should be 

carefully evaluated when choosing the appropriate model for an analysis.  

Fredric M. Lord is credited with introducing the two-parameter normal ogive 

model (2PNOM) in 1952 (Hambleton and Swaminathan, 1985). The item response 

function (IRF), which describes the assumed relationship between trait level (θ) and the 

probability of an observable response, for the 2PNOM is 

                              P(u=1| θ, a, b) = dzzba

)
2

exp(
2
1 )( 2

∫
−

∞−

−
∏

θ

                                  (3) 

Where P(u=1| θ, a, b) is the probability of a correct response to an item, 

 θ is the latent trait level, 
 a is the item discrimination parameter, and 
 b is the item difficultly parameter. 
 
For clarity and comparison purposes, all mathematical models and their corresponding 

variables will be stated as they were presented in Finger’s (2001) dissertation. Note, 

these equations are mathematic facts, and therefore will be unaltered here. Because 

the IRF for the 2PNOM has no closed form, the logistic approximation was later 

developed by Birnbaum (1968) as the 2 parameter logistic model (2PLM).  The equation 

for the 2PLM model is:  

                              ≅= )1( θuP {1 + exp{-Da(θ-b)]}-1                                                         (4) 

where the scaling constant D in this formula is equal to 1.702 and is known for its use in 

item response theory as minimizing the difference between the normal and logistic 
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distribution functions (Camilli, 1994).  The deviation between 2PLM and 2PNOM 

probabilities are known not to exceed .01 for any value of θ (Baker, 1992). 

 Item parameters must be estimated prior to an attempt to estimate θ. Recent 

research has addressed the similarities between item factor analysis (IFA) and IRT 

(Bartholomew & Knott, 1999; Mislevy, 1986; Takane & de Leeuw, 1987). Consequently, 

IFA estimation methods are being applied in IRT item parameter estimation research 

(e.g., McDonald & Mok, 1995). Marginal maximum likelihood estimation (MMLE-EM) 

uses the total response pattern as the unit of observation, while IFA methods employ 

only item pairs as the units of observation. For this reason, MMLE-EM is referred to as a 

full-information estimation method and IFA techniques are considered limited-

information methods (e.g., Bock, Gibbons, & Muraki, 1988), as also stated in Finger 

(2001). 

 As presented in Finger (2001, p.3), “the most basic connection between the IFA 

model and the mathematically equivalent 2PNOM shows that parameters from the IRT 

model are nonlinear transformations of the IRF parameters (Lord & Novick, 1968).  a is 

a function of the item factor loading (λ), 

                                                                 
21 λ

λ

−
=a ,                                                (5) 

and b is a function of both λ and the item threshold (τ), 

                                                                 
λ
τ

=b .  “                                                       (6) 

A simple substitution then transforms the normal ogive in Equation 3 to 

                                              
22 11

)(
)(

λ

τλθ

λ
λ
τθλ

θ
−

−
=

−

−
=−= baz .                               (7) 
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Factor Analysis of Dichotomous Data 

 It has been shown that the general factor analysis model described previously is 

not appropriate when the observed scores are dichotomously scored (i.e., 0/1). The 

underlying problem is that when the dichotomous variables are bounded by 0/1, the 

assumption of linearity of regression between the latent factor and the observed 

dichotomous variable(s) will rarely be met (McDonald, 1967; McDonald & Ahlawat, 

1974). Olsson (1979) showed that the application of FA to discrete data could lead to 

biased estimates of the factor loading, incorrect conclusions regarding the number of 

factors, and incorrect standard errors and χ2 tests of model fit. From a testing 

perspective, a linear model would be expected to perform poorly in accounting for item-

ability relationships. While raw Pearson product moment correlations are easily 

obtained from current statistical packages, their use in the FA of dichotomously scored 

responses does not appear to be appropriate. 

 It has been suggested that ULS estimation of the sample matrix of tetrachoric 

correlation coefficients should be employed. This technique may be superior to the FA 

of phi coefficients and generally requires far less computation than other alternative 

methods designed for categorical data. Rigdon and Ferguson (1991) suggest that, if 

one simply needs parameter estimates such as factor loading and uniquenesses, one 

can use tetrachoric correlations and binary data as a substitute for the sample 

covariances and multivariate normal data. Unfortunately, the calculation of the 

tetrachoric correlation matrix can be problematic, especially when the proportions of the 

2x2 table of item responses are extreme or when the number of observations is low. 

Collins, Cliff, McCormick, and Zatkin (1986) in a comparison of the performance of phi 
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coefficients and tetrachorics in the factor analysis of binary data, found that the 

solutions based on tetrachorics contained many Heywood cases (communalities equal 

to or greater than unity). Also, the matrix of tetrachoric correlations is not necessarily 

positive definite, which makes some estimation strategies like maximum likelihood 

inappropriate. Finally, Bock and Lieberman (1970) state that the ordinary FA of the 

tetrachoric correlation matrix does not give correct standard errors or a valid χ2 test of 

model fit. 

 

ULS Estimation 

 ULS for the confirmatory factor model corresponds to the method of iterated 

principal factors or MINRES in exploratory factor analysis (see Harmon, 1976). The ULS 

estimators of Λ, Φ, and Θ are those values that minimize the fitting function: 

                                                   FULS(S;Σ*) = tr[(S - Σ*)2]                                           (8) 

where tr is the trace operator indicating the sum of the diagonal elements of a matrix. 

The fitting function for ULS is an intuitively reasonable way of assessing the difference 

between two matrices. The fitting function computes the sum of squares of 

corresponding elements of S and Σ. Estimation involves minimizing this sum of squares, 

in much the same way that ordinary or unweighted least squares for regression analysis 

minimizes the sum of the squared residuals. 

 The ULS estimator can be shown to be consistent without making any 

assumptions about the distribution of the x-variables (Bentler and Weeks, 1980). This 

means that for large samples, ULS is approximately unbiased. Not having to make 

distributional assumptions about the observed variables is an advantage, but it is offset 
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by two limitations. First, there are no statistical tests associated with ULS estimation of 

the confirmatory factor model. Second, ULS estimators are scale dependent. This 

means the results obtained may differ when different units of measurement are used.  

 

Principal Components 

 Principal components analysis is a method of transforming a given set of 

observed variables into another set of variables. The analysis summarizes the data by 

means of a linear combination of the observed data. The principal factors are extracted 

from the correlation matrix with unities as diagonal elements. The factors then give the 

best least-squares fit to the entire correlation matrix, and each succeeding factor 

accounts for the maximum amount of the total correlation matrix obtainable. Since the 

main diagonal is unaltered, the procedure attempts to account for all the variance of 

each variable and it is thus assumed that all the variance is relevant (Gorsuch, 1974). 

 

GLS Estimation 

 Christofferson (1975) and Muthén (1978) propose similar, and asymptotically 

equivalent, solutions for the FA of dichotomous data. These approaches employ 

tetrachoric correlations as the index of association for factoring binary data. From an 

IRT perspective, these solutions result in models that express the probability of correctly 

responding to dichotomously scored items as nonlinear functions of some ability, θ. The 

reparameterization of the normal ogive model to a common factor analysis model is 

straightforward. For simplicity, assume that the set of observed response variables 

measure a single factor or trait (e.g., math ability). The y* variable, depicted below, can 
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then be thought of as the tendency to respond correctly to a certain item related to math 

ability. When this tendency exceeds a specific threshold (t), the respondent will provide 

a correct response, otherwise not. This relationship can be expressed as follows: 

 

                                                          y  =       1 if y* > t                                        (9) 
                     0 otherwise, 

 
where  
     

t = Φ-1(p) (p=observed proportion of positive responses) and  Φ-1 is the inverse of 
the cumulative normal distribution function.  

   
This recognizes that all respondents who respond correctly to a particular math item  

(y = 1) will not have the same level of math ability. As a result, the relationship between 

y and y* leads to a nonlinear relationship between y and the latent trait (θ). This 

nonlinear relationship can be expressed as  

                                                P(y=1|θ) = P(Y* > t) = N(t – λθ),                         (10) 

where 

 N is the standard normal density function. 

This leads to the common factor analysis model described earlier 

                                                      Y*j = Λjθ + εj,                                                 (11) 

which can be estimated using tetrachoric correlations and the limited-information 

generalized least squares (GLS) estimator (Muthén, 1984). The GLS, or weighted, 

estimator is similar to the unweighted least-squares (ULS) estimator in that there is an 

attempt to minimize residual sum of squares. However, under GLS estimation, these 

residuals are weighted by their sampling variability and usually provide more stables 

estimates. 
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 The solutions provided by Christoffersson (1975) and Muthén (1978) are known 

as limited-information techniques and utilize sample information up to and including 

fourth-order moments. They result in an efficient use of the data because when 

categorical response variables are involved, other estimation strategies (e.g., those 

based on full-information) may lead to heavy computation (Muthén, 1983). Although the 

GLS techniques are computationally heavier than ULS and still involve some loss of 

information, they provide statistical tests of model fit as well as standard errors of 

estimation. Nevertheless, the GLS estimator requires the creation of a weight matrix 

that grows rapidly with the number of items. Mislevy (1986) comments that the 

computational demands of GLS increase linearly with the number of factors but with the 

fourth power of the number of items. Therefore, there may be limitations on the number 

of items that can be employed. Muthén (1978) proposes that, due to the largeness of 

the weight matrix, GLS limits the number of variables (items) to 20-25. Unfortunately, 

most tests have considerably more items. The limited-information GLS solution is 

currently available in the LISCOMP computer program (Muthén, 1985). 

 

Marginal Maximum Likelihood Estimation 

 Full-information approaches, based on maximum-likelihood (ML) estimation, 

have been developed for the analysis of factor models incorporating dichotomous items 

(see Bock, Gibbons, & Muraki, 1988). However, utilizing full-information maximum 

likelihood (FIML) estimation of item parameters is computationally difficult in that for n 

items it requires the generation and inversion of a 2n x 2n information matrix (Bock & 

Lieberman, 1970). Also, the entire 2n table of response counts is usually unwieldy, 
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difficult to interpret, and full of small expected values (Thissen, 1982). Unlike the limited-

information approaches discussed earlier, full-information item factor analysis analyzes 

response vectors instead of item pairs. Bock and Lieberman (1970) utilized FIML with a 

single latent trait and estimated that given their ML estimation algorithm and the 

computer resources of the day, the upper limit on the number of items that could be 

analyzed was 10-12. Full information item FA based on marginal maximum likelihood 

(MML) estimation and the EM algorithm (see Rubin, 1991) was introduced by Bock and 

Aitken (1981). The incorporation of the EM algorithm for ML allows for the estimation of 

item parameters in the marginal distribution, integrating over the distribution of ability 

(see Bock & Aitken, 1981; Bock & Lieberman, 1970). As a result, the calculation of an 

inter-item correlation matrix is not required, and the computations are minimized. This 

allows for the incorporation of many more items and more than one factor and should 

provide tremendous computational advantages for long tests (Thissen, 1982). 

Nevertheless, the computations involved in MMLE-EM still increase exponentially with 

the number of factors and linearly with the number of items (Bock, Gibbons, & Muraki, 

1988; Mislevy, 1986). MMLE-EM is implemented in both BILOG (Mislevy & Bock, 1984) 

and TESTFACT (Wilson, Wood, & Gibbons, 1991) computer programs. 

 

Review of Related Parameter Recovery Studies 

 The purpose of this study was to determine if an IRT (latent trait) approach to FA 

is better at recovering item parameters than the traditional correlation approach to FA. 

While there are various FA techniques and estimation strategies that can be used to 

summarize item-trait relationships, eight parameter recovery studies were of particular 
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interest to the present study. These were studies in which the parameter recovery of the 

2PNOM or 2PLM was evaluated and in which one of the methods that were used for 

parameter estimation were part of the present study. 

  

Comparison of Factor Analysis Methods of Dichotomous Data 

 Parry and McArdle (1991). The authors used simulation methods to compare four 

least-squares (LS) methods of FA of dichotomous variables. Input matrices were phi 

correlations, tetrachoric correlations estimated from bivariate tables of the observed 

variables, tetrachoric correlations estimated on the basis of the latent continuous normal 

response variables underlying the observed variables (using LISCOMP with GLS factor 

extraction), and correlations based on a sample raw product-moment matrix (NOHARM 

II; Fraser & McDonald, 1988). Under varying sample sizes (N=50, 100, 200), threshold 

values, and population loadings of a factor model, the more sophisticated third and 

fourth methods were not found to be markedly superior to the first two methods. 

However, the calculation of the matrix of tetrachoric correlations followed by a weighted 

LS method of factor extraction did not work well for data sets having small sample sizes. 

This was due to the fact that the weight matrix is not always positive definite and thus 

this method often fails to converge. The authors suggested that samples of less than 

200 not be used with weighted LS. The estimates of population factor loadings using 

McDonald’s NOHARM procedure were not superior to those produced by the usual ULS 

estimation of the tetrachoric correlation matrix. Unfortunately, the simulations in this 

study were limited to eight dichotomous variables (items) and one factor in all cases. As 

a result, the authors recommended that further simulation studies be performed in order 
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to study the effect of changing the number of variables (items) in the model and having 

a broader range of sample sizes. Furthermore, they also suggested that the utility of 

MML factor analysis procedures be investigated. 

     Collins et al. (1986). A simulation study investigated factor recovery of binary 

data sets. Artificial data were generated using the 2PLM. The authors specifically 

compared the performance of phi and tetrachoric coefficients in factor structure 

recovery in various types of binary data sets. Four data sets (normal, low frequency, 

rectangular, bimodal) were produced by varying the shape of the subject ability 

distribution and the shape, mean and standard deviation of the item difficulty 

distribution. They found that both indices performed best on the normal data sets. In the 

low frequency data sets the use of tetrachoric coefficients resulted in poor nontrivial 

factor identification, which was likely the result of large numbers of Heywood cases 

(communalities greater than one) in this condition. Over all conditions 11% of the 

variables in each data set had communalities greater than or equal to one. The authors 

concluded that, in general, phi coefficients rather than tetrachorics should be factored. It 

should be noted that no analyses of variances (ANOVAs) were conducted nor effect 

sizes computed. 

 

Item Recovery Studies Utilizing MMLE-EM 

 Baker (1991). The parameter recovery of MMLE-EM and a second, unrelated 

method, was studied in the context of the two-parameter logistic model. To obtain true 

values of a and b, Baker randomly sampled from the uniform and normal distributions, 

respectively. A lognormal distribution was utilized as the item prior for a, with no item 
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prior for b specified. Population size (N) varied over four levels, ranging anywhere from 

30 to 240, with number of items sampled being either n = 15, 30, or 60 items. 

 His study revealed that as either population size or number of items increased, 

both r(a) and r(b) tended to increased. Under similar conditions, both root mean square 

error (RMSE) in a and RMSE in b decreased as well. He chose not to conduct an 

ANOVA nor compute or report effect sizes. 

 Harwell and Janosky (1991). Their study looked at the effect of varying the 

specification for the variance in the prior distribution of a in the context of MMLE-EM. 

Only the portions of the results dealing with no prior a distribution pertain to the present 

study and will be summarized here. As N was increased anywhere from 75 to 1,000, 

r(a)  and r(b) increased. Their research also revealed that as N increased, RMSE(a) and 

RMSE(b) decreased. As in Baker’s study, ANOVA was not conducted nor were effect 

sizes computed. 

 Stone (1992). Stone evaluated MML estimation of item parameters and ML 

estimation of ability in a 2PLM for varying test lengths, sample sizes, and assumed 

ability distributions. One hundred data sets for each combination of factors were 

simulated. Three possible test lengths, n = 10, 20, and 40 items, and three sample 

sizes, N = 250, 500, and 1000 examinees, were incorporated in the Monte Carlo 

experiment. In addition, three ability distributions were used (normal, positively skewed, 

and symmetric but platykurtic). These data sets were analyzed via MML produced by 

the EM-algorithm, which was implemented in the MULTILOG computer program 

(Thissen, 1982). Recovery of item parameter values was assessed by averaging 

information across the 100 replications. Bias in the item parameters was assessed by 
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calculating the difference between the mean of each parameter and the population 

value across 100 replications. This is known as the average signed bias (ASB). The root 

mean square error (RMSE) was also used to examine the accuracy of the estimates. In 

general, Stone found that the effects of sample size, test length, and assumed ability 

distribution depend on the individual item parameters. More extreme item discrimination 

estimates were produced with small sample sizes and short tests. However, for poorly 

discriminating items the difference in the accuracy of estimation were negligible, 

regardless of the number of items, the sample size, or the true distribution of ability. 

When the underlying distribution of abilities was normal, the marginal maximum 

likelihood estimate (MMLE) of item discrimination was generally precise and stable. In 

addition, as sample size increased, the variability of the point estimates decreased. 

Somewhat more extreme estimates of item difficulty were produced when the ability 

distribution was skewed or platykurtic. The MMLEs of item difficulty were, however, 

generally precise and stable in small samples, short tests, and varying distributions of 

ability.  In terms of both difficulty and discrimination, greater RMSE values were 

associated with items that were highly discriminating and extremely easy.  

 

Full- and Limited-Information Method Comparison Studies 

 Knol and Berger (1991). The authors compared various factor analytic and 

multidimensional item response theory (MIRT) models in the estimation of item 

parameters for dichotomous variables. These comparisons included item factor analysis 

of tetrachoric correlations under various estimation strategies, factor analysis of joint 

proportions correct (FA-JPC, e.g., McDonald’s harmonic analysis as implemented in 
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NOHARM) and MMLE-EM estimation as implemented in TESTFACT. It should be noted 

that the authors chose not to utilize GLS (LISCOMP; Muthen, 1985) due to the fact that 

it yields similar estimates as TESTFACT (Bock, Gibbons, & Muraki, 1988). Two 

simulations were conducted: one for unidimensional datasets and one for 

multidimensional datasets. Only the results from the unidimensional study are pertinent 

to the present study. The 2PLM was used to simulate item responses.  

 Three levels on N were used: 250, 500, and 1,000. The number of items was 

held constant at 15. The authors fixed five items to have true b values of either -2, -1, 0, 

1, and 2, and true a values of either 1.00, 1.25, or 1.50. A standard normal distribution 

was used for θ across all levels of N. Ten replications were conducted for each level of 

N. 

 The results from the factor analysis of tetrachoric correlations (FA-tet) and 

MMLE-EM methods are the only ones of comparable interest to this study. For 

comparison purposes, it should be noted that the item intercept (d) was used for item 

location rather than b. Rewriting the normal deviate from Equation 3 as  

                                                         a(θ-b) = aθ-ab=aθ+d                                     (12) 

d can be seen to be a function of both a and b (Bock & Lieberman, 1970), with the 

equation 

                                                                     d=-ab.                                                (13) 

 The authors stated, “The most striking result of the simulation study was that 

common factor analysis programs outperformed the more complex programs 

TESTFACT, MAXLOG, and NOHARM” (Knol & Berger, 1991, p. 457).  MMLE-EM was 

found to perform slightly better when considering RMSW.  As with much of the 
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previously reviewed research, an ANOVA was not conducted nor were effect sizes 

computed. 

 Boulet (1996). Boulet conducted two simulation studies in which he compared 

the item parameter recovery of FA-JPC and MMLE-EM. In his studies, dichotomous 

datasets were generated to fit the 2PLM. Four level of n = 15, 30, 45, and 60 were 

crossed with four levels of N = 250, 500, 1000, and 10,000. Ratios of N to N/n and n to 

N/n dictated which conditions were incorporated in the studies. Each condition was 

replicated 100 times. The distribution of θ was varied across experimental conditions to 

investigate parameter recovery under normal, mildly skewed, and moderately skewed 

distributions. A standard normal prior was specified for θ under MMLE-EM. 

 Three values of true a (.5, 1, and 1.5) were crossed with five values of true b (-2, 

-1, 0, 1, 2). This produced fifteen pairs of true a and b combinations for a 15 item test. 

When n = 30, 45, and 60, each pair was repeated two, three, and four times 

respectively. 

 One ANOVA per recovery index was conducted for each simulation study. Boulet 

used a five-way between and one-way within design with n, N/n, a, b  and θ as between 

sources of variation and estimation method as the within source of variation. No main or 

interaction effects involving n, N/n, or N  had effect sizes greater than .15.  The 

important main effects and interactions involved estimation method and either a or b. 

Boulet found that MMLE-EM, as implemented in TESTFACT, underestimated a at each 

level of true b. FA-JPC both underestimated and overestimated true a depending on the 

item discrimination/difficulty combination. Overall, Boulet concluded that when true θ 

was standard normally distributed, FA-JPC was preferred to MMLE-EM.  
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 Finger (2001). Finger’s study compared the parameter recovery among three IFA 

methods and MMLE-EM as implemented in the computer program TESTFACT (Wilson, 

Wood, & Gibbons, 1991). The IFA methods included FA-phi, FA-tet, and FA-JPC which 

was based on McDonald’s harmonic analysis of the normal ogive model (McDonald, 

1967) and was implemented in the computer program NOHARM (Fraser & McDonald, 

1988). 

 Conditions varied included N, n, and the true distribution of a (item 

discrimination). Finger utilized samples of size N= 250, 500, 750, 1000, 1500, and 2000. 

Test length (number of items) included n=10, 15, 25, and 50. True a and b were both 

sampled from continuous distributions. Two distributions of a were investigated in order 

to simulate higher discriminating items as well as lower discriminating items. First 

distribution of a (aDist1) was normal with a mean of .75 and a SD of .10; aDist2 was  

also normal, but with a mean of 1.5 and a SD of .20. Item difficulty was specified to 

follow a uniform [-2,2] distribution. The true distribution of θ set to a standard normal 

distribution. Responses were generated from the 2PNOM. 

 To evaluate his research, seven parameter recovery indices were used: RMSE 

for both a and b; ASB for both a and b;  Pearson correlations between true and 

estimated item parameters; and a mean square error, MSE(irf) index. One ANOVA per 

recovery index along with effect sizes were computed. 

 Results showed that FA-phi recovered true item parameters least accurately and 

is not recommended for use with item parameter estimation. For lower discriminating 

tests, RMSE(a) and ASB(a) showed the parameter recovery of a was approximately 

equivalent for MMLE-EM, FA-tet, and FA-JPC. However, based on r(a), FA-JPC was 
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superior. All three methods recovered b equally well for lower discriminating tests. For 

higher discriminating item sets, these three methods recovered a about equally well, 

based on RMSE(a). However, based on ASB(a) and r(a) , FA-JPC was preferred. 

Variable b was recovered best by FA-JPC for such item sets, based on RMSE(b) and 

r(b). However, in terms of ASB(b), FA-JPC and FA-tet were nearly equivalent, and both 

methods were better than MMLE-EM. Overall, for the current studies’ purpose, based 

on some indices, FA-tet performed better than MMLE-EM and based on other indices, 

FA-tet did not do much worse than MMLE-EM. 

 

Evaluation of Prior Research 

 Many of these parameter recovery studies contain some major weaknesses. 

When Finger (2001, p. 9) reviewed many of these studies, he noted, some major 

weaknesses are: “(1) only two compared a traditional FA-tet to the IRT approach to FA;  

(2) unrealistic, fixed, sets of true parameter values were used; (3) in most studies, a 

limited sets of the possible parameter recovery indices were utilized; and (4) few 

experimental factors were varied and even fewer conducted an ANOVA or (5) computed 

effect sizes.” 

 Only two of the review studies, (Knol & Berger, 1991) and Finger (2001), 

compared a traditional factor analysis of tetrachoric correlations to the MMLE-EM (IRT) 

approach. However, Knol & Berger’s study was based on a fixed set of item 

characteristics instead of sampling from appropriate distributions. Also, test length was 

limited to just fifteen items. Both of these studies only evaluated parameter recovery 

using a standard normal distribution for abilities. Only Baker (1991) and Finger (2001) 
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simulated the true item parameters values by randomly sampling from probability 

distributions. 

 Each of the reviewed studies, with the exception of Finger, used a limited number 

of parameter recovery indices. Most studies assessed parameter recovery with only one 

index. For example, Knol & Berger (1991) used only RMSE. Baker (1991) and Harwell 

& Janosky (1991) did use both RMSE and r, but none of the studies computed ASB for 

either parameter, except Finger (2001) and Stone (1992). And even more importantly, 

only by conducting an ANOVA and computing effect sizes can systematic effects of 

experimental factors be adequately assessed. Detection of systematic effects or 

interactions is often impossible through visual inspection alone. 

 

Purpose of the Present Study 

 The purpose of the present study was to determine if the IRT method of MMLE-

EM which uses all of the information in the response matrices is better at recovering 

item parameters than the traditional (correlation) approach to factor analysis. Because 

the traditional factor analysis of tetrachoric correlation coefficients does not allow for 

item priors, no item priors were used in MMLE-EM to assure comparability. The factors 

varied include N, n, and the true distribution of θ. Dichotomous data from 

unidimensional datasets were generated of analyzed. True item parameter values were 

randomly sampled from distributions in an attempt to model more realistic testing 

conditions. Six parameter recovery indices were used, and for each index, an ANOVA 

was conducted and effect sizes computed. Such additions and improvements to past 
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recovery studies will hopefully address whether the full-information approach to factor 

analysis is better than the traditional factor analysis of tetrachoric correlations. 

 

 



 

CHAPTER 3  

MATERIALS AND PROCEDURES 

A Monte Carlo study was performed to compare item parameter recovery of the 

traditional factor analysis of tetrachoric correlations (FA-tet) against the parameter 

recovery of the item response theory (IRT)-based, full-information approach to factor 

analysis which utilizes marginal maximum likelihood estimation. This chapter includes a 

description of the modeled ability distributions as well as the distributions of item 

parameters that were used. A brief rationale for the study design as well as specific 

details on both data generation and program implementation are presented. Finally, the 

indices used to evaluate parameter recovery, and the statistical analyses used to 

summarize the results from the parameter recovery are discussed. 

 

Data Generation 

Unidimensional, dichotomous item response data was generated with the aid of 

the PARDSIM (Yoes, 1997) computer program. PARDSIM stands for Parameter and 

Response Data Simulation Program. The program is configurable to simulate item 

responses based on the 1-, 2-, and 3-parameter IRT models. It works with either the 

logistic or normal ogive model and allows the user to determine whether to use the 

scaling factor (D=1.702) when using a logistic IRT model. The user also specifies the 

specific distributional characteristics from which to generate the item and person 

statistics. 

Item response data was generated in PARDSIM by means of a popular Monte 

Carlo technique. For each simulated examinee (j), the probability of a correct response 
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to each item (i) was computed by using the 2 parameter normal ogive model (2PNOM, 

Equation 3) and substituting the examinee’s “known” (i.e., given) trait parameter (θj) and 

the “known” item parameters a and b for i.  The probability of a correct response Pi(θj) 

was then compared to a random number that was generated from a [0,1] uniform 

distribution using a random number generation procedure developed by Wichmann and 

Hill (1982). If the probability of a correct response was less than the generated random 

number, the item response was coded as correct (i.e., a value of 1), otherwise the item 

response was coded as incorrect (value of 0). 

 

Simulation Conditions 

 Sample size and number of items. A handful of parameter recovery studies have 

investigated the effects of N (sample size) and n (number of items) on the accuracy of 

parameter estimates. Finger (2001) and Boulet (1996) found no significant effects 

involving n (number of items) for recovering either the difficulty or discrimination 

parameters. However, Finger (2001) suggested further research be conducted to detect 

if a large number of items would have an effect on parameter recovery because this 

was not investigated in his study. Baker (1991), on the other hand, reported that some 

effects appeared to have been found, but no analyses of variances (ANOVAs) were 

conducted. Seong (1990) stated that the number of items common to most 

psychological and educational applications is from n=15 to n=60. None of the parameter 

recovery studies reviewed evaluated the accuracy of estimates for longer tests. For 

instance, Knol and Berger (1991) only evaluated factor analysis methods for n=15 items 

and Finger’s (2001) study let items range from n=10 to n=50.  In order to synthesize as 

 32



 

well as expand on previous research, this study investigated the accuracy of parameter 

estimation for n=30, 60, and 100 items. 

 In addition to varying the number of items (n) in the current study, N (sample 

size) was also varied. Three levels of N were studied: 50, 500, and 2000. This selection 

allowed for small, moderate, and large sample sizes in an attempt to synthesize 

conflicting results from previous studies.  

 Item discrimination (a). The distribution of a was a normal distribution with a 

mean of .75 and a standard deviation (SD) of .10. This also happens to be the default a 

distribution specified in the item response generating program PARDSIM (Yoes, 1997). 

The same level of aDist was used in Yoes (1990) parameter recovery simulation study 

that examined estimation methods for the three-parameter IRT model. Yoes states that 

aDist1 is representative of a typical distribution from achievement tests, such as exams 

from introductory courses. 

 Item difficulty (b). The true distribution of b was held constant across all 

conditions, and was constrained to follow a uniform [-2,2] distribution. Knol and Berger 

(1991) and Boulet (1996) both set fixed levels of b at -2, -1, 0, 1, and 2. The upper and 

lower bounds of 2 and -2 allowed b to vary across a wide interval over the θ continuum 

while at the same time allowing for some control over item parameter estimation 

problems associated with extremely easy or extremely difficult items. Similar to Finger 

(2001), this control over the observed item base rates stemmed from the desire to focus 

on item parameter recovery from optimal datasets. 

 Ability distributions. Practically all of the previous parameter recovery studies 

have implemented normal trait (ability) distributions. Only a few studies have 
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investigated the effect on parameter estimates from non-normal trait distributions (e.g., 

Yen, 1987; Boulet, 1996). However, no studies were found that compared the 

traditional/correlation approach to factor analysis (FA) versus the IRT approach utilizing 

marginal maximum likelihood estimation (MMLE-EM) under non-normal ability 

conditions. For the purpose of this study, the standard normal trait distribution, θDist1, is 

used for comparative purposes against the parameter recovery results for conditions 

involving non-normal trait distributions, θDist2. To model a non-normal ability 

distribution, true θ was generated from a uniform  [-3 ,3 ] distribution. 

 

Programs Implemented 

 Traditional factor analyses of all conditions were conducted using LISREL 8.5 

(Jöreskog & Sörbom, 1996). Based on a review of the literature, while there is certainly 

no consensus, it was decided that the most appropriate method of factor analysis for 

dichotomous data under a traditional approach was a factor analysis on the matrix of 

tetrachoric correlations. The main focus of this study was to assess whether the IRT 

(full-information) approach to FA is better at recovering item parameters than the 

traditional FA of tetrachoric correlations (FA-tet) under these varying conditions. FA-tet 

uses a two stage estimation process. In the first stage, the thresholds (τ) are estimated 

using the normal inverse of the sample marginal proportions correct 

                                                                   τ = N-1[p].                                              (14) 

In the second stage, the tetrachoric correlations are estimated. Then, conditional on the 

estimated threshold, the sum of the squared deviations between estimated and model 

expected tetrachoric correlations is minimized with respect to λ, the factor loading. Upon 
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convergence, the  and λ̂ τ̂ are back transformed into  and b using Equations (5) and 

(6). 

â ˆ

 BILOG 3(Mislevy & Bock, 1990) was used to conduct the IRT factor analyses 

using the MMLE-EM algorithm. Based on previous research by Finger (2001), the 

default number of quadrature points and EM cycles was increased to ensure 

convergence. The number of quadrature points was increased from a default of ten to 

fifteen. The number of EM cycles was increased to 25, and the convergence criterion 

was reduced to .001. 

 

Parameter Recovery Indices 

 Finger’s (2001) previous research was used as a model for this investigation. For 

ease of comparison, variables and notation will remain consistent with his research on 

the topic. Finger used three quantitative indices to compare the degree to which the 

estimated item parameters (â and ) differed from their corresponding true values:  b̂

Mean square error (MSE) is the average squared deviation between the 
estimated and true values of an item parameter across the n items. For either the 
discrimination or difficulty parameter, MSE is given by 

                                                 
n

MSE

n

j
jj∑

=

−
= 1

2)ˆ( γγ
,                                 (15) 

where jγ̂  is the estimated values of the given item parameter from item j and jγ is 
the true value of the given item parameter from item j. 
Root mean square error (RMSE) is equal to the square root of the mean square 
error (MSE), 

                                                     RMSE = 
n

n

j
jj∑

=

−
1

2)ˆ( γγ
.                                   (16) 
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Both MSE and RMSE indicate the aggregate estimation error because each 
deviation is squared before summing. The metric of MSE is in units squared, 
while the metric of RMSE is equal to the original units of the item parameters. For 
the current purposes, MSE was used in statistical analyses, whereas RMSE was 
used to interpret the results of the analyses. 
Average signed bias (ASB) is the mean deviation between the estimated and 
true parameter values,  

                                                       ASB = 
n

n

j
jj∑

=

−
1

)ˆ( γγ
.                                           (17) 

ASB indicates general overestimation or underestimation when equal to a 
nonzero positive or negative value, respectively. The metric of ASB is the same 
as the metric of the item parameter. 
The Pearson correlation (r) between estimated and true item parameter values, 
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,                                      (18) 

estimates the degree of linear relationship between the estimated and actual item 
parameters, where γ̂  is the mean estimated item parameter and γ is the mean 
true item parameter. For the purposes of statistical analyses in ANOVA, Fisher’s 
z transformation from Equation 19 was applied to the obtained values for r(a) and 
r(b). 

                                                        ⎥⎦
⎤

⎢⎣
⎡
−
+

=′
r
rz

1
1ln5. ,                                                (19) 

where is the Fisher’s z transformed r. z′

The unmodified values of r(a) and r(b) were used to interpret the analysis results. 
(2001, p. 29-30) 

 

Analysis of Variance 

 For each of the 90 datasets and for each of the two estimation methods, six 

parameter recovery indices were calculated: MSE, ASB, and r  for both a and b. To 

identify systematic patterns in the distribution of each parameter recovery index as a 

function of the experimental factors [i.e., n, N, θ distribution, and estimation method 

(METH)], six separate ANOVAs were conducted, one ANOVA per recovery index. Each 

 36



 

ANOVA was conducted using SPSS ® statistical software (SPSS Inc., Chicago, Il, 

www.spss.com) implementing a repeated measures design with between factors of n, 

N, and θDist and a within factor of estimation method (METH). Cell replication acted as 

the cell N in the formulae for degrees of freedom (df). Table 1 shows a generic ANOVA 

source table for these analyses. 

 
Table 1  
 
Generic ANOVA Source Table with the Between Factors of N, n, and θDist and the 
Within Factor of Estimation Method 
 

Effect  df Partial η2 
Between Intercept 1  
 N 2  
 n 2  
 θDist 1  
 N x n 4  
 N x θDist 2  
 n x θDist  2  
 N x n x θDist  4  
 Subjects/(N, n, Dist) 72  
    
Within METH 1  
 METH x N 2  
 METH x n 2  
 METH x θDist 1  
 METH x N x n 4  
 METH x N x θDist 2  
 METH x n x θDist 2  
 METH x N x n x θDist 4  

 
Subjects/(N, n, θDist) x 
METH 72  

    
Total   180   

 
 Finger notes (2001, p. 32-34): 

To some extent, p values associated with F statistics are dependent upon 
meeting the F-distribution assumptions, the sample size, and the amount of 
“noise” or nonsystematic variation in the data (Cohen, 1988; Kirk, 1995). Rather 
than relying upon statistical significance, main effects and interactions from the 
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six factorial ANOVAs were evaluated based on partial η2, an effect size of 
treatment magnitude (Cohen, 1988). 
The partial η2 for a main effect or interaction is comparable to a squared partial 
multiple correlation between a given main effect or interaction and the dependent 
measure, controlling for the remaining main effects and interactions. The partial 
η2  for a given main effect or interaction is estimated by the ratio of the between-
groups sum of squares (SS) and the total sum of squares which is the SS for the 
effect and the proper SS error associated with the effect. In each ANOVA, the 
error term used for completely between-groups effects was the   Subjects/(N , n, 
θDist) term. The error term used for the within-groups factor of METH was the 
Subjects/( N, n, θDist) x METH interaction. 
For between effect, the partial η2 was computed as 

                                       partial η2  = 
),,/( distnNSubjectsbetween

between

SSSS
SS

θ+
,                                    (20) 

and for within effects, the partial η2 was computed as 

                                      partial η2 = 
xMETHdistnNSubjectswithin

within

SSSS
SS

),,/( θ+
.                                (21) 

All main effects or interactions with partial η2 values greater than or equal to .138 
were deemed important. Cohen (1988) considers a partial η2 of .138 to reflect a 
“large effect.” Cohen’s recommendation for interpreting the size of an effect is 
oriented toward empirical datasets. Only such “large effects” were considered 
important because the data were simulated to fit the 2PNOM. An intercept term 
meeting the criterion for importance was not interpreted if a main effect or 
interaction met the criterion. A main effect meeting the criterion was not 
interpreted if there were any interactions also involving that factor that met the 
criterion (Kirk, 1995).  



 

CHAPTER 4  

RESULTS 

Estimation Convergence 

 No singular, or Hessian, matrices occurred and estimation always terminated 

before reaching the maximum number of iterations during this study. This may be due to 

the fact that the default number of EM cycles used while conducting marginal maximum 

likelihood estimation (MMLE-EM) was increased to 25 based on a suggestion by Finger 

(2001). It is believed that singular matrices were not encountered because the specified 

distribution of difficulties, b, was uniform [-2,2]. This helped to restrict the creation of 

extreme values in estimation. 

 The only problem in estimation that did occur during this study was, on a few 

occasions, the communalities or squared correlations between the principal component 

and a variable (item) exceeded unity, also known as a Heywood case. This meant the 

factor loading produced under the factor analysis of tetrachoric correlations (FA-tet) 

using PRELIS (Jöreskog & Sörbom, 1988) exceeded a maximum value of one. In this 

case, the factor loading was restricted to one, hence yielding a discrimination index 

estimate of zero. Heywood cases only occurred under a sample size of N=50. Eleven 

Heywood cases occurred under the normal ability distribution and nine cases under the 

uniform ability distribution. The test length did not appear to be a factor. It should be 

noted that most tables and results are summarized in a manner similar to Finger’s 

(2001) research for ease of comparison. 
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Error Indices 

 All error index results are found in the Appendix Tables A1 through A12. The 

MMLE-EM error index results are presented in Tables A1-A6 and the FA-tet results in 

Tables A7-A12. The error index values are presented in each table as a function of N, n, 

θDist, and cell replication. 

Table 2  

List of Associated Tables, as a Function of Estimation Method (METH) and Error Index 

  Method 
Error Index   MMLE-EM FA-tet 
RMSE(a)  Table A1 Table A7 
ASB(a)  Table A2 Table A8 

r(a)  Table A3 Table A9 
RMSE(b)  Table A4 Table A10 
ASB(b)  Table A5 Table A11 

r(b)   Table A6 Table A12 
 
 

Item Discrimination 

 Mean square error (MSE) and root mean square error (RMSE). The analysis of 

variance (ANOVA) summary table for MSE of item discrimination [MSE(a)] is shown in 

Table 3. The intercept and the N, θDist, and METH main effects each met the criterion 

for an important effect. Because the N x θDist, METH x N, METH x θDist, and METH x 

N x θDist also met this criterion, the intercept and the N, θDist, and METH main effects 

were not interpreted. The marginal RMSE(a) means [i.e., the square root of the 

marginal MSE(a) means], marginal RMSE(a) standard deviations [i.e., the square root 

of the marginal MSE(a) SDs], and marginal sample sizes are shown in appendix Table 

B1 as a function of N and θDist. The N x θDist interaction is shown in Figure 1. 
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Table 3  
 
ANOVA Summary Table for MSE(a) with the Between Factors of N, n, and θDist, and 
the Within Factor of Method (METH) 
 
Effect   SS df MS F p Partial η2 
Between Intercept 63.819 1 63.819 30.275 0.000 0.296 
 N 45.181 2 22.590 10.717 0.000 0.229 
 n 0.864 2 0.432 0.205 0.815 0.006 
 θDist 45.316 1 45.316 21.497 0.000 0.230 
 N x n 0.669 4 0.167 0.079 0.988 0.004 
 N x θDist 27.809 2 13.905 6.596 0.002 0.155 
 n x θDist  0.819 2 0.409 0.194 0.824 0.005 
 N x n x θDist 0.823 4 0.206 0.098 0.983 0.005 
 Subjects/(N, n, dist) 151.774 72 2.108    
        
Within METH 29.307 1 29.307 14.567 0.000 0.168 
 METH x N 33.431 2 16.716 8.309 0.001 0.188 
 METH x n 0.697 2 0.348 0.173 0.841 0.005 
 METH x θDist 24.455 1 24.455 12.156 0.001 0.144 
 METH x N x n 2.462 4 0.616 0.306 0.873 0.017 
 METH x N x θDist 24.633 2 12.317 6.122 0.004 0.145 
 METH x n x θDist 0.914 2 0.457 0.227 0.797 0.006 
 METH x N x n x θDist 2.568 4 0.642 0.319 0.864 0.017 
 Subjects/(N, n, θDist) 144.853 72 2.012    
  x METH       
Total   600.392          
Note: Partial η2 values greater than or equal to .138 are shown in boldface.  

 

 Similar to Finger’s results and others, mean RMSE(a) decreased as N increased 

under both θDist levels. The rate of decrease was fairly consistent between the two 

methods. However, the mean RMSE(a) values from θDist2 consistently exceeded those 

from θDist1. On average across sample sizes, the mean difference in RMSE(a) 

between θDist1 and θDist2 was .6269. 
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Figure 1.  Mean RMSE(a), as a function of N and θDist. 
 

 The marginal means, standard deviations (SDs), and sample sizes for RMSE(a) 

are shown in Table B2 as a function of estimation method and sample size. The METH 

x N ordinal interaction is shown in Figure 2. Consistently across sample sizes, the 

RMSE(a) for MMLE-EM estimation was smaller than the RMSE(a) for FA-tet. The most 

extreme difference in error indices occurred under the small sample size of N=50, 

where the RMSE(a)  index was 1.2229 for FA-tet and only .4743 for MMLE-EM. For 

larger sample sizes, the error indices were much closer. For N=500, RMSE(a) for FA-tet 

was .4748 and .323 for MMLE-EM. Indices for both methods reduced as the sample 

size increased. 

 The marginal means, SDs, and sample sizes for RMSE(a) are shown in Table B3 

as a function of estimation method and θDist. The METH x θDist ordinal interaction is 

shown in Figure 3. The mean RMSE(a) were very close for the two estimation 

 42



 

procedures under θDist1. However, under θDist2, the error indices were much higher 

for FA-tet. Under both methods, the RMSE(a) was much larger under θDist2 than under 

θDist1. 
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Figure 2.  Mean RMSE(a) as a function of estimation method and N. 
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Figure 3. Mean RMSE(a) as a function of estimation method and θDist. 
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 Average signed bias (ASB). Based on the ANOVA summary table for ASB(a) 

presented in Table 4, the intercept, N, θDist, and METH main effects, and the 

corresponding METH x N  and METH x θDist ordinal interactions had effect sizes 

greater than .138. In the presence of these two-way interactions, the intercept and main 

effects were not interpreted. The marginal means, SDs, and sample sizes of ASB(a) are 

presented in Table B4 as a function of estimation method and N. This ordinal interaction 

is illustrated in Figure 4. 

Table 4  
 
ANOVA Summary Table for ASB(a) with the Between Factors of N, n, and θDist, and 
the Within Factor of Method (METH) 
 
Effect   SS df MS F p Partial η2 
Between Intercept 27.405 1 27.405 1261.366 0.000 0.946 
 N 1.166 2 0.583 26.835 0.000 0.427 
 n 0.022 2 0.011 0.497 0.611 0.014 
 θDist 17.420 1 17.420 801.789 0.000 0.918 
 N x n 0.080 4 0.020 0.917 0.459 0.049 
 N x θDist 0.020 2 0.010 0.453 0.637 0.013 
 n x θDist  0.083 2 0.042 1.917 0.154 0.050 
 N x n x θDist 0.008 4 0.002 0.092 0.985 0.005 
 Subjects/(N, n, dist) 1.564 72 0.022    
        
Within METH 2.025 1 2.025 167.260 0.000 0.699 
 METH x N 0.407 2 0.203 16.803 0.000 0.318 
 METH x n 0.033 2 0.016 1.344 0.267 0.036 
 METH x θDist 2.781 1 2.781 229.715 0.000 0.761 
 METH x N x n 0.004 4 0.001 0.080 0.988 0.005 
 METH x N x θDist 0.711 2 0.355 29.354 0.000 0.449 
 METH x n x θDist 0.046 2 0.023 1.919 0.154 0.050 
 METH x N x n x θDist 0.017 4 0.004 0.341 0.849 0.019 
 Subjects/(N, n, θDist) 0.872 72 0.012    
  x METH       
Total   54.660          
Note: Partial η2 values greater than or equal to .138 are shown in boldface.   
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Figure 4. Mean ASB(a), as a function of estimation method and N. 
 
 
 The mean ASB(a) was larger for N=50 and stayed about the same for N=500 

and N=1000. The mean ASB(a) was consistently higher under FA-tet for all sample 

sizes. The average difference in error indices was .2121 

 The marginal means, SDs, and sample sizes of ASB(a) are presented in Table 

B5 as a function of estimation method and θDist. The ordinal interaction is depicted in 

Figure 5. The ASB(a) were much larger under θDist2 for both FA-tet and MMLE-EM. 

There was not much difference in the error indices under θDist1 with FA-tet yielding an 

ASB(a) of .0609 and MMLE-EM yielding a .0973. However, under θDist2, the indices 

were .9316 and .4709, respectively. 
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Figure 5. Mean ASB(a) as a function of estimation method and θDist. 
 
 
 Correlations (r). The ANOVA summary table for r(a) is shown in Table 5. Similar 

to Finger’s (2001) findings, the intercept, N, θDist and METH main effects were found to 

meet the criterion for importance. In addition, the two-way interaction of METH x θDist 

also met this criterion. Because of this, the intercept and main effects of METH and 

θDist could not be interpreted. However, the main effect of N was not involved in any 

significant interactions and was interpreted here. 

 First of all, the marginal means, SDs, and sample sizes for r(a) are shown in 

Table B6 as a function of estimation method and θDist. This ordinal interaction is also 

illustrated in Figure 6. Values of r(a) were very similar for the two methods under θDist1 

yielding error indices of .5953 and .5939 for FA-tet and MMLE-EM, respectively. The 

values of r(a) increased under θDist2 with FA-tet producing an average correlation of 

.6612 and MMLE-EM resulting in an average correlation of .7197. 
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Table 5  
 
ANOVA Summary Table for Fisher's z Transformed r(a) with the Between Factors of N, 
n, and θDist and the Within Factor of Method (METH) 
 

 

Effect  SS df MS F p Partial η2 
Between Intercept 143.243 1 143.243 3484.372 0.000 0.980 
 N 30.996 2 15.498 376.993 0.000 0.913 
 n 0.056 2 0.028 0.678 0.511 0.019 
 θDist 1.897 1 1.897 46.150 0.000 0.391 
 N x n 0.046 4 0.012 0.280 0.890 0.015 
 N x θDist 0.234 2 0.117 2.846 0.065 0.073 
 n x θDist  0.106 2 0.053 1.288 0.282 0.035 
 N x n x θDist 0.163 4 0.041 0.993 0.417 0.052 
 Subjects/(N, n, dist) 2.960 72 0.041    
        
Within METH 0.172 1 0.172 25.355 0.000 0.260 
 METH x N 0.042 2 0.021 3.095 0.051 0.079 
 METH x n 0.035 2 0.017 2.558 0.084 0.067 
 METH x θDist 0.213 1 0.213 31.35 0.000 0.303 
 METH x N x n 0.030 4 0.008 1.119 0.354 0.058 
 METH x N x θDist 0.026 2 0.013 1.941 0.151 0.050 
 METH x n x θDist 0.004 2 0.002 0.322 0.726 0.008 
 METH x N x n x θDist 0.035 4 0.009 1.298 0.279 0.067 
 Subjects/(N, n, θDist) 0.490 72 0.007    
  x METH       
Total   180.749          
Note: Partial η2 values greater than or equal to .138 are shown in boldface.   

 
 The main effect of sample size was significant for r(a). The table of marginal 

means, SDs, and sample sizes are presented in appendix Table B7. The effect of N on 

r(a) is illustrated in Figure 7. Clearly, the average correlation for the small sample of 

N=50 is significantly smaller than for N=500 and N=1000. The mean r(a) values were 

.3059, .7664, and .8552, respectively. It is apparent that the correlations are increasing 

and sample size increases. 
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Figure 6. Mean r(a) as a function of estimation method and θDist. 
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Figure 7. Mean r(a) as a function of N. 
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Item Difficulty 

 MSE and RMSE. The ANOVA table for MSE(b) is presented in Table 6. None of 

the factors involved in the study were found to meet the criterion for importance. Hence, 

one can conclude, according to this error index, that FA-tet and MMLE-EM performed 

equally well under all conditions in terms of estimating the item difficulties, b. The 

calculated values of RMSE(b) under each method and all conditions can be seen in 

appendix Tables A4 and A10. The marginal means for RMSE(b) averaged over all 

conditions was .641 for FA-tet and .434 for MMLE-EM. 

Table 6  
 
ANOVA Summary Table for MSE(b) with the Between Factors of N, n, and θDist, and 
the Within Factor of Method (METH) 
 
Effect   SS df MS F p Partial η2 
Between Intercept 375.327 1 375.327 5.004 0.028 0.065 
 N 177.426 2 88.713 1.183 0.312 0.032 
 n 532.473 2 266.237 3.550 0.034 0.090 
 θDist 246.606 1 246.606 3.288 0.074 0.044 
 N x n 285.611 4 71.403 0.952 0.439 0.050 
 N x θDist 170.835 2 85.418 1.139 0.326 0.031 
 n x θDist  524.719 2 262.360 3.498 0.036 0.089 
 N x n x θDist 285.932 4 71.483 0.953 0.439 0.050 
 Subjects/(N, n, dist) 5400.489 72 75.007    
        
Within METH 15.835 1 15.835 0.211 0.647 0.003 
 METH x N 447.191 2 223.595 2.984 0.057 0.077 
 METH x n 13.550 2 6.775 0.090 0.914 0.003 
 METH x θDist 9.501 1 9.501 0.127 0.723 0.002 
 METH x N x n 801.675 4 200.419 2.674 0.039 0.129 
 METH x N x θDist 446.049 2 223.025 2.976 0.057 0.076 
 METH x n x θDist 14.987 2 7.493 0.100 0.905 0.003 
 METH x N x n x θDist 797.091 4 199.273 2.659 0.039 0.129 
 Subjects/(N, n, θDist) 5395.475 72 74.937    
  x METH       
Total   15940.773          
Note: Partial η2 values greater than or equal to .138 are shown in boldface.   

 49



 

 ASB. The ANOVA table for ASB(b) is reported in Table 7. Once again, none of 

the main or interaction effects were found to meet the criterion for importance. Similar to 

the MSE(b) index, it appears the factors included in the study do not significantly effect 

item difficulty estimation. The values of ASB(b) calculated under each method can be 

seen in Appendix Tables A5 and A11. The marginal means for ASB(b) averaged over 

all conditions were -.0007 for FA-tet and .0561 for MMLE-EM.  

Table 7  
 
ANOVA Summary Table for ASB(b) with the Between Factors of N, n, and θDist, and 
the Within Factor of Method (METH) 
 
Effect  SS df MS F p Partial η2 
Between Intercept 0.138 1 0.138 0.493 0.485 0.007 
 N 0.649 2 0.324 1.157 0.320 0.031 
 n 0.753 2 0.377 1.343 0.268 0.036 
 θ dist 0.640 1 0.640 2.282 0.135 0.031 
 N x n 1.111 4 0.278 0.991 0.418 0.052 
 N x θ dist 0.461 2 0.230 0.821 0.444 0.022 
 n x θ dist  0.251 2 0.125 0.447 0.641 0.012 
 N x n x θ dist 1.164 4 0.291 1.038 0.394 0.055 
 Subjects/(N, n, dist) 20.187 72 0.280    
        
Within METH 0.145 1 0.145 0.521 0.473 0.007 
 METH x N 0.566 2 0.283 1.014 0.368 0.027 
 METH x n 0.461 2 0.230 0.825 0.442 0.022 
 METH x θ dist 0.350 1 0.350 1.254 0.266 0.017 
 METH x N x n 1.058 4 0.265 0.948 0.442 0.050 
 METH x N x θ dist 0.552 2 0.276 0.988 0.377 0.027 
 METH x n x θ dist 0.446 2 0.223 0.799 0.454 0.022 
 METH x N x n x θ dist 0.974 4 0.243 0.872 0.485 0.046 
 Subjects/(N, n, θ dist)  20.105 72 0.279    
 x METH       
Total   50.010          
Note: Partial η2 values greater than or equal to .138 are shown in boldface.  
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 Correlations. The ANOVA table for r(b) is shown in Table 8. The intercept and N, 

θDist, and METH main effects each had an effect size value greater than .138. Because 

the METH x N and METH x N x θDist interactions also met the criterion for importance, 

the intercept and main effects could not be directly interpreted. The marginal means, 

SDs, and sample sizes for r(b), estimated as a function of METH and N, are shown in 

Table B8. The disordinal interaction of these effects is shown in Figure 8. 

Table 8  
 
ANOVA Summary Table for Fisher's z Transformed r(b) with the Between Factors of N, 
n, and θDist, and the Within Factor of Method (METH) 
 
Effect   SS df MS F p Partial η2 
Between Intercept 1255.261 1 1255.261 10102.269 0.000 0.993 
 N 70.332 2 35.166 283.013 0.000 0.887 
 n 0.633 2 0.316 2.546 0.085 0.066 
 θ dist 2.655 1 2.655 21.367 0.000 0.229 
 N x n 0.306 4 0.077 0.616 0.652 0.033 
 N x θ dist 0.245 2 0.122 0.985 0.378 0.027 
 n x θ dist  0.390 2 0.195 1.568 0.216 0.042 
 N x n x θ dist 0.411 4 0.103 0.827 0.512 0.044 
 Subjects/(N, n, dist) 8.946 72 0.124    
        
Within METH 1.165 1 1.165 12.445 0.001 0.147 
 METH x N 1.318 2 0.659 7.042 0.002 0.164 
 METH x n 0.076 2 0.038 0.408 0.667 0.011 
 METH x θ dist 0.163 1 0.163 1.745 0.191 0.024 
 METH x N x n 0.871 4 0.218 2.325 0.065 0.114 
 METH x N x θ dist 1.326 2 0.663 7.082 0.002 0.164 
 METH x n x θ dist 0.057 2 0.028 0.303 0.740 0.008 
 METH x N x n x θ dist 0.802 4 0.201 2.143 0.084 0.106 
 Subjects/(N, n, θ dist) 6.740 72 0.094    
  x METH       
Total   1351.698          

Note: Partial η2 values greater than or equal to .138 are shown in boldface.   
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Figure 8. Mean r(b) as a function of estimation method and N. 
 

 For the small sample size of N=50, it appears MMLE-EM recovered item difficulty 

better than FA-tet. The r(b) for MMLE-EM was .9620 compared with a correlation of 

.8508 for FA-tet. However, when the sample size was increased to N=500, FA-tet 

outperformed MMLE-EM with mean correlations of .9932 and .9531, respectively. For 

the largest sample of N=1000, the mean correlations were almost equal with values of 

.9966 for FA-tet and .9972 for MMLE-EM. As sample size increased, both methods had 

similar r(b) parameter estimates, however, at lower sample sizes different estimates are 

noted between the estimation methods.   
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CHAPTER 5  

CONCLUSIONS AND RECOMMENDATIONS 

Item Discrimination 

 Test length (n). In the present study, no main or interaction effects involving n 

were found to importantly influence the recovery of a as indexed by the measures used: 

root mean square error, RMSE(a), average signed bias ASB(a), or the Pearson 

correlations, r(a). The data suggests that test length does not effect the parameter 

recovery of a among the two methods studied. These results are similar to Finger’s 

(2001) findings. In his study, no significant main or interaction effects were observed for 

n.  Boulet (1996) also found no significant effects for n under marginal maximum 

likelihood estimation (MMLE-EM). Baker (1991) and Harwell & Janosky (1991) 

observed an increase in r(a) and a decrease in RMSE(a) as n increased, but no 

analyses of variances (ANOVAs) were conducted. 

 RMSE. Increasing sample size (N) decreased the magnitude of RMSE(a) across 

both methods and both ability distributions. Mean RMSE(a) was consistently smaller for 

MMLE-EM than it was for factor analysis of tetrachoric correlations (FA-tet) across all 

sample sizes and both ability distributions. The standard normal distribution (θDist1) 

also yielded consistently smaller mean RMSE(a) values than θDist2. However, there 

was not much of a difference between the RMSE(a) values for MMLE-EM and FA-tet 

under θDist1. 

 Finger (2001) found that averaged across all three methods, increasing N 

decreased the magnitude of RMSE(a). However, RMSE(a) was greater regardless of N 

for higher discriminating item sets (aDist2) than for lower discriminating item sets 
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(aDist1). The lowest mean RMSE(a) was found for FA-tet at both levels of a, but the 

mean RMSE(a) values for factor analysis of joint proportions correct (FA-JPC) and 

MMLE-EM were only marginally larger. 

 As summarized in Finger’s (2001) study, “Harwell and Janosky (1991) found that 

as N increased, RMSE(a) tended to decrease in MMLE-EM. This decreasing trend for N 

occurred for both 15- and 25-item tests. Baker (1991) also found that for MMLE-EM, 

RMSE(a) tended to decrease as either N (sample size) or n (number of items) 

increased.” 

 Knol and Berger (1991) also found that RMSE(a) decreased as N increased for 

MMLE-EM, FA-JPC, and FA-tet. Of the three methods, MMLE-EM produced the 

smallest RMSE(a) at each level of N.  Boulet (1996) found that for MMLE-EM, RMSE(a) 

increased as true a increased and RMSE(a) decreased as either N or n increased. 

 Stone (1992) evaluated MMLE-EM and found that more extreme item 

discrimination estimates were produced with small sample sizes and short tests. 

However, for poorly discriminating items (a < .30 or negative) the difference in the 

accuracy of estimation were negligible, regardless of the number of items, the sample 

size, or the true distribution of ability. When the underlying distribution of abilities was 

normal, the MMLE-EM estimate of item discrimination was generally precise and stable. 

In addition, as sample size increased, the variability of the point estimates decreased. 

 ASB. Based on mean ASB(a), both methods overestimated a just slightly under 

θDist1 and more so under θDist2. Also, the degree of overestimation was more 

profound for smaller sample sizes. Based on sample size alone, MMLE-EM performed 
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better than FA-tet. However, when comparing mean ASB(a) across method and θDist, 

FA-tet provided better estimation than MMLE-EM under θDist1. 

 Finger (2001) found that MMLE-EM, FA-tet, and FA-JPC tended to slightly 

overestimate a for lower discriminating items to approximately equivalent degrees. 

Boulet (1996) found that MMLE-EM underestimated a at each level of true a and b. 

Boulet chose to report mean a  values as a function of true b or as a function of N or n 

instead of using ASB(a). 

ˆ

 Correlations. Overall, increasing N tended to increase the linear relationship 

between true a and a , as measured by r(a). When comparing r(a) across methods and 

ability distributions, FA-tet and MMLE-EM produced very similar results under θDist1 

and θDist2, with θDist2 surprisingly yielding higher correlations. 

ˆ

 Finger (2001) similarly found that increasing N tended to improve the linear 

relationship between the true and estimated a values. However, the positive trend for N 

differed among the methods. The rank ordering of FA-tet and MMLE-EM differed 

depending upon the level of N. For N=250, 500, 750, and 1,500, the mean values of r(a) 

from MMLE-EM were higher than for FA-tet. For N=1,000, MMLE-EM and FA-tet had 

near equal mean r(a) values. And for N=2,000, the mean r(a) from FA-tet was 

marginally higher than from MMLE-EM. 

 Baker (1991) and Harwell and Janosky (1991), found that r(a) increased as N 

increased for MMLE-EM. All of these studies support the N trend for r(a) from the 

present investigation. Neither Knol and Berger (1991) or Boulet (1996) investigated r(a).  

 

 

 55



 

Item Difficulty 

 Test length. No effect involving the number of items was found to affect the 

recovery of b as indexed by RMSE(b), ASB( b),  or r(b). In factor analysis, thresholds for 

each item are estimated independently of any other items. Because of this, one should 

not expect the recovery of τ or b to be affected by n. This reduces the importance of 

factorial effects involving n. 

 These results are consistent with the findings of Finger’s (2001) study. However, 

Finger only investigated small to moderate test lengths of up to 50 items. The question 

remained to be answered as to the effect of longer tests on parameter estimation. 

Boulet (1996) also found no important main effects or interactions for n in the ANOVAs 

for his studies. However, Baker’s (1991) study concludes that some n effects appear to 

have been found, but no ANOVAs were conducted. 

 RMSE. No important main or interaction effects were found to influence the 

parameter recovery of b as indexed by RMSE(b). Similarly, Finger’s (2001) found that 

MMLE-EM and FA-tet had approximately equal values of RMSE(b) for the lower 

discriminating item sets. For the higher discriminating item sets, he found FA-tet to have 

lower mean RMSE(b) values than MMLE-EM. 

 Boulet (1996) found that RMSE(b) decreased as the absolute value of true b 

approached zero. However, RMSE(b) was greater at each level of true b for MMLE-EM 

than for the FA-JPC method included in his study. Knol and Berger (1991) found that 

RMSE(d) decreased as N increased for MMLE-EM and FA-tet. For MMLE-EM, Harwell 

and Janosky (1991) found that RMSE(b) decreased as N increased and Baker (1991) 

found that RMSE(b) decreased as either N or n increased. Stone (1992) evaluated 
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MMLE-EM and found that greater RMSE values were found with items that were 

extremely easy. Somewhat more extreme estimates of item difficulty were produced 

when the ability distribution was skewed or platykurtic. 

 ASB. Once again, no important main or interaction effects were found to 

influence the parameter recovery of b as indexed by ASB(b). These results do not agree 

with the findings of Finger (2001). In his study, FA-tet tended to overestimate b, while 

MMLE-EM tended to underestimate b. Interestingly, MMLE-EM underestimated b to a 

larger degree than FA-tet overestimated b. Boulet (1996) found that MMLE-EM 

underestimated  and overestimated b when true b was less than zero or greater than 

zero,respectively. 

 Correlations. For FA-tet, increasing N  increased the value of r(b). However, the 

increase in r(b) was negligible when increasing from N=500 to N=1000. Surprisingly, as 

N increased from 50 to 500, MMLE-EM experienced a reduction in r(b). For N= 50, 500, 

and 1000, mean r(b) was calculated to be .9620, .9531, and .9972, respectively for 

MMLE-EM and .8508, .9932, and .9966 for FA-tet. The mean difference between the 

r(b) values averaged across all three sample sizes was .0506. 

 Finger found that increasing N tended to increase mean r(b) for all of the 

methods included in this study. For lower discriminating item sets, near equal linear 

relationships for b and b were found for MMLE-EM and FA-tet. All of the mean r(b) 

values were in the mid- to high-.90s. Other studies have found a positive trend in r(b) for 

N. For MMLE-EM, both Baker (1991) and Harwell and Janosky (1991) found that r(b) 

tended to increase as N increased. 

ˆ
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Recommendations 

 It should be noted the results of this study are limited to the conditions 

incorporated in the study. The following recommendations are limited to FA-tet and 

MMLE-EM without item priors and are restricted to standard normal and uniform [-3,3] 

ability distributions. 

 Research Question 1.  Overall, MMLE-EM performed better than FA-tet in 

recovering item discriminations. Mean RMSE(a) values were smaller for MMLE-EM than 

for FA-tet. However, under θDist1 there was not much difference in the RMSE(a) 

values. Both methods overestimated a as measured by ASB(a). MMLE-EM performed 

better than FA-tet averaged over sample sizes. However, FA-tet did perform slightly 

better under θDist1. FA-tet and MMLE-EM produced very similar results under θDist1 

and θDist2 in terms of the linear relationship between true a and estimated a.  

 Both methods recovered b equally well as indexed by RMSE(b) and ASB(b). 

However, stronger correlations between true and estimated b values were found for 

MMLE-EM. The ability to recover b was more consistent between the two methods over 

their ability to recover true a. 

 Looking at all six error indices collectively, MMLE-EM did perform better than FA-

tet at recovering the true item parameters. In light of this study, it is recommended that 

one perform an item response theory (IRT)-based factor analysis on dichotomous data.  

 Research Question 2. The underlying ability distribution does appear to play an 

important role in the recovery of item discrimination, a. All ANOVAs involved with the 

parameter recovery of a had important main or interaction effects involving θDist. In all 

but one case, the error indices produced under θDist1 were better than those produced 
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under θDist2. The only exception was in calculating the correlations of true and 

estimated a, θDist2 yielded higher correlation coefficients across both methods. The 

underlying ability distribution did play a significant role in the estimation of item difficulty, 

b. 

 Research Question 3. In the current study, test length did not influence item 

parameter recovery of either a or b as indexed by RMSE, ASB, or r. These finding are 

consistent with previous research dealing with item parameter recovery. This study 

expanded on previous research by including longer tests, but this still does not appear 

to be a significant factor under the two methods of factor analysis. 

 Research Question 4. Sample size did influence parameter recovery in the 

current study. As N increased, RMSE(a) consistently decreased across both methods 

and both ability distributions. More profound overestimation of a was found for small N 

as based on ASB(a). Increasing N resulted in an increase in both r(a)  and r(b) in all but 

one case. Unexpectedly, r(b) for MMLE-EM decreased as N increased from 50 to 500, 

but went back up for N=1000. Overall, the data suggests that larger samples produce 

better estimates of item discrimination parameters. 

 

Future Research Directions 

 The findings from the present study can be enhanced by expanding the scope of 

the factors manipulated. The data suggested that the underlying distribution of abilities 

does influence the accuracy of the item parameter estimates. Further investigations 

should be made under various non-normal distributions. For instance, it would be useful 

to sample examinees from a skewed distribution such as a χ2 distribution with small 
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degrees of freedom. It might also prove informative to vary the distributions of a and b to 

include more extreme parameter values. 

 Extending the present study to include various estimation strategies under the 

factor analysis of tetrachoric correlations would also be beneficial. There are a number 

of generalized least-squares (GLS) methods for tetrachoric correlation item factor 

analysis that could be investigated. Such GLS-tet approaches would include methods 

proposed by Muthén (1978, 1994), Lee, Poon, and Bentler (1990), and Joreskög (1990, 

1994). In addition, extending the present study to include the factor analysis of joint 

proportions correct (FA-JPC) should prove informative. 

 The current study should hopefully serve educators, researchers, and test 

developers in choosing the “best” method by which to factor analyze and explore 

dichotomous data.  The purpose of this study was to determine if an IRT (latent trait) 

approach to FA is better at recovering item parameters than the traditional correlation 

approach to FA.  The results suggest better parameter recovery using the IRT approach 

which utilizes MMLE-EM over the traditional approach of factor analyzing tetrachoric 

correlations. 

 

 



 

APPENDIX A  

TABLES OF ERROR INDICES AS A FUNCTION OF ESTIMATION METHOD,  

N, n, θDist, AND REPLICATION
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Table A1  

RMSE(a) for MMLE-EM Estimation as a Function of N, n, θDist, and Replication (Rep) 

 θDist1  θDist2   
N Rep n=30 n=60 n=100  n=30 n=60 n=100 
50 1 0.298 0.592 0.369  0.514 1.051 0.344 
 2 0.377 0.384 0.308  0.507 0.458 0.538 
 3 0.252 0.355 0.303  0.42 0.437 0.47 
 4 0.259 0.341 0.323  0.705 0.542 1.576 
 5 0.324 0.357 0.332  0.544 0.48 0.469 

500 1 0.693 0.13 0.119  0.605 0.486 0.411 
 2 0.109 0.119 0.113  0.601 0.547 0.354 
 3 0.103 0.142 0.119  0.581 0.503 0.42 
 4 0.112 0.133 0.108  0.595 0.472 0.414 
 5 0.081 0.11 0.103  0.572 0.419 0.417 

1000 1 0.132 0.081 0.077  0.667 0.457 0.368 
 2 0.108 0.083 0.065  0.641 0.482 0.415 

 3 0.057 0.066 0.079  0.648 0.508 0.419 
 4 0.089 0.068 0.083  0.632 0.478 0.414 
  5 0.065 0.078 0.072  0.62 0.481 0.387 

 
 
 
Table A2  

ASB(a) for MMLE-EM Estimation as a Function of N, n, θDist, and Replication (Rep) 

 θDist1  θDist2 N Rep n=30 n=60 n=100  n=30 n=60 n=100 
50 1 0.203 0.301 0.265  0.444 0.507 0.269 
 2 0.227 0.245 0.223  0.413 0.367 0.434 
 3 0.146 0.218 0.21  0.364 0.355 0.394 
 4 0.152 0.227 0.235  0.622 0.472 0.729 
 5 0.137 0.251 0.228  0.461 0.433 0.39 

500 1 -0.013 0.08 0.06  0.584 0.464 0.396 
 2 0.038 0.056 0.099  0.575 0.527 0.339 
 3 0.044 0.102 0.055  0.558 0.48 0.4 
 4 0.015 0.057 0.056  0.58 0.453 0.399 
 5 0.013 0.059 0.032  0.556 0.401 0.402 

1000 1 0.043 0.036 0.031  0.647 0.447 0.358 
 2 0.064 0.005 -0.003  0.624 0.469 0.404 
 3 0.017 0.017 0.028  0.64 0.498 0.406 
 4 0.037 0.005 0.031  0.611 0.468 0.398 
 5 0.003 0.032 0.013  0.609 0.467 0.378 
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Table A3  

r(a) for MMLE-EM Estimation as a Function of N, n, θDist, and Replication (Rep) 

 θDist1  θDist2  N Rep n=30 n=60 n=100  n=30 n=60 n=100 
50 1 0.449 0.146 0.384  0.433 0.159 0.388 
 2 0.127 0.253 0.425  0.536 0.398 0.249 
 3 0.351 0.399 0.368  0.53 0.358 0.603 
 4 0.233 0.336 0.302  0.479 0.45 0.345 
 5 -0.099 0.156 0.249  0.399 0.505 0.396 

500 1 -0.076 0.718 0.794  0.843 0.88 0.799 
 2 0.793 0.739 0.769  0.888 0.84 0.882 
 3 0.627 0.731 0.713  0.807 0.82 0.83 
 4 0.712 0.706 0.7  0.864 0.895 0.806 
 5 0.761 0.786 0.753  0.849 0.816 0.842 

1000 1 0.742 0.815 0.873  0.892 0.884 0.915 
 2 0.806 0.828 0.838  0.848 0.902 0.938 
 3 0.913 0.853 0.835  0.872 0.914 0.897 
 4 0.812 0.832 0.782  0.929 0.935 0.887 
 5 0.831 0.833 0.826  0.882 0.883 0.918 

 
 
 
Table A4  

RMSE(b) for MMLE-EM Estimation as a Function of N, n, θDist, and Replication (Rep) 

 θDist1  θDist2  N Rep n=30 n=60 n=100  n=30 n=60 n=100 
50 1 0.312 0.311 0.378  0.412 0.526 0.454 

 2 0.345 0.474 0.327  0.394 0.4 0.443 
 3 0.322 0.353 0.328  0.491 0.396 0.487 
 4 0.303 0.349 0.408  0.578 0.64 0.562 
  5 3587 0.435 0.373  0.6 0.448 0.426 

500 1 9.555 0.188 0.184  0.418 0.422 0.383 
 2 0.139 0.141 0.177  0.479 0.451 0.329 
 3 0.119 0.198 0.153  0.495 0.399 0.373 
 4 0.129 0.141 0.138  0.568 0.402 0.434 
  5 0.143 0.123 0.126  0.452 0.367 0.396 
1000 1 0.101 0.083 0.105  0.455 0.417 0.343 

 2 0.133 0.11 0.136  0.464 0.426 0.399 
 3 0.113 0.076 0.1  0.515 0.482 0.426 
 4 0.087 0.142 0.116  0.476 0.448 0.406 
  5 0.106 0.106 0.091   0.546 0.439 0.36 
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Table A5  

ASB(b) for MMLE-EM Estimation as a Function of N, n, θDist, and Replication (Rep) 

 θDist1  θDist2  N Rep n=30 n=60 n=100  n=30 n=60 n=100 
50 1 0.014 -0.071 -0.103  0.097 -0.329 -0.277 

 2 -0.089 0.296 -0.03  0.114 0.103 -0.111 
 3 0.167 0.137 0.098  0.023 -0.071 -0.352 
 4 0.153 -0.034 -0.215  -0.388 -0.401 0.295 
  5 -0.244 0.219 0.147  -0.349 0.084 -0.148 

500 1 6.691 0.088 0.073  -0.004 -0.001 0.036 
 2 0.033 -0.005 0.07  -0.063 -0.044 -0.07 
 3 0.028 -0.121 0.051  0.214 -0.041 0.131 
 4 0.037 0.031 0.009  -0.124 -0.086 -0.139 
  5 -0.018 -0.012 -0.013  0.071 -0.062 -0.184 
1000 1 0.023 0.018 0.027  0.095 -0.035 0.06 
 2 -0.039 0.037 -0.104  -0.081 0.043 0.083 
 3 -0.064 -0.003 0.017  -0.011 -0.206 -0.01 
 4 0.01 -0.1 0.062  0.114 -0.084 -0.107 
  5 -0.057 -0.029 0.009  0.22 -0.118 -0.029 

 
 
 
Table A6  

r(b) for MMLE-EM Estimation as a Function of N, n, θDist, and Replication (Rep) 

 θDist1  θDist2  N Rep n=30 n=60 n=100  n=30 n=60 n=100 
50 1 0.968 0.963 0.964  0.964 0.963 0.956 

 2 0.967 0.953 0.969  0.969 0.962 0.969 
 3 0.974 0.962 0.961  0.969 0.946 0.966 
 4 0.978 0.953 0.96  0.973 0.969 0.945 
  5 0.935 0.948 0.954  0.959 0.972 0.968 

500 1 -0.248 0.991 0.989  0.995 0.996 0.995 
 2 0.992 0.995 0.996  0.995 0.995 0.995 
 3 0.995 0.995 0.994  0.996 0.996 0.996 
 4 0.994 0.994 0.995  0.995 0.995 0.997 
  5 0.991 0.996 0.994  0.992 0.997 0.996 
1000 1 0.997 0.997 0.996  0.997 0.998 0.998 

 2 0.997 0.996 0.997  0.996 0.998 0.998 
 3 0.995 0.998 0.997  0.999 0.998 0.998 
 4 0.998 0.997 0.997  0.997 0.998 0.997 
  5 0.996 0.997 0.997  0.997 0.998 0.997 
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Table A7  

RMSE(a) for FA-tet as a Function of N, n, θDist, and Replication (Rep) 

 θDist1  θDist2  N Rep n=30 n=60 n=100  n=30 n=60 n=100 
50 1 0.594 0.421 0.67  1.491 1.909 1.021 

 2 0.486 0.524 0.488  0.93 1.851 1.517 
 3 0.642 0.588 0.402  0.958 1.069 2.343 
 4 0.675 0.423 0.94  1.869 1.626 2.194 
  5 0.389 1.007 0.468  4.198 3.469 1.524 

500 1 0.15 0.128 0.131  0.913 0.842 0.85 
 2 0.095 0.12 0.105  0.829 0.886 0.763 
 3 0.097 0.114 0.099  0.851 0.872 0.919 
 4 0.114 0.128 0.097  0.846 0.79 0.838 
  5 0.079 0.093 0.091  0.764 0.769 0.871 
1000 1 0.145 0.073 0.066  0.883 0.794 0.82 

 2 0.101 0.081 0.059  0.813 0.794 0.773 
 3 0.057 0.06 0.084  0.846 0.812 0.747 
 4 0.07 0.066 0.075  0.823 0.719 0.747 
  5 0.059 0.06 0.06   0.791 0.798 0.764 

 
 
 
Table A8  

ASB(a) for FA-tet as a Function of N, n, θDist, and Replication (Rep) 

 θDist1  θDist2  N Rep n=30 n=60 n=100  n=30 n=60 n=100 
50 1 0.233 0.106 0.236  1.184 1.001 0.725 

 2 0.186 0.119 0.07  0.703 1.318 1.172 
 3 0.161 0.17 0.156  0.776 0.71 1.627 
 4 0.071 0.135 0.354  1.553 1.295 1.539 
  5 -0.162 0.16 0.087  1.799 1.719 1.102 

500 1 0.075 0.029 0.063  0.88 0.802 0.825 
 2 0.023 0.02 0.059  0.79 0.855 0.733 
 3 0.038 0.066 -0.011  0.8 0.83 0.885 
 4 -0.001 0.03 0.013  0.816 0.761 0.801 
  5 0.005 0.02 -0.017  0.742 0.74 0.841 
1000 1 0.054 0.012 0.005  0.85 0.779 0.799 

 2 0.059 -0.022 0.014  0.792 0.769 0.752 
 3 0.025 0.001 0.042  0.835 0.795 0.721 
 4 0.031 -0.009 0.02  0.795 0.7 0.724 
  5 0.007 -0.003 0.009  0.772 0.774 0.742 
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Table A9  

r(a) for FA-tet as a Function of N, n, θDist, and Replication (Rep) 

 θDist1  θDist2  N Rep n=30 n=60 n=100  n=30 n=60 n=100 
50 1 0.268 -0.008 0.206  0.288 0.135 0.456 

 2 0.324 0.265 0.341  0.492 0.228 0.207 
 3 0.264 0.408 0.313  0.318 0.292 0.381 
 4 0.252 0.396 0.171  0.352 0.33 0.206 
  5 -0.139 0.098 0.278  0.283 0.238 0.403 

500 1 0.575 0.637 0.791  0.849 0.844 0.758 
 2 0.81 0.712 0.769  0.873 0.829 0.844 
 3 0.673 0.746 0.719  0.74 0.757 0.784 
 4 0.694 0.685 0.718  0.845 0.877 0.762 
  5 0.774 0.784 0.769  0.866 0.791 0.824 
1000 1 0.733 0.772 0.869  0.868 0.823 0.881 

 2 0.792 0.815 0.874  0.867 0.876 0.91 
 3 0.907 0.838 0.842  0.833 0.817 0.844 
 4 0.857 0.831 0.789  0.899 0.906 0.858 
  5 0.851 0.858 0.866  0.807 0.852 0.863 

 
 
 
Table A10  

RMSE(b) for FA-tet as a Function of N, n, θDist, and Replication (Rep) 

 θDist1  θDist2  N Rep n=30 n=60 n=100  n=30 n=60 n=100 
50 1 0.511 0.477 0.508  0.575 0.536 0.516 

 2 0.381 0.794 0.521  0.523 0.621 0.626 
 3 4.147 0.76 0.667  0.631 0.513 0.642 
 4 8.761 0.497 0.43  0.652 0.707 0.711 
  5 6.091 2.418 0.816  0.711 0.67 0.583 

500 1 0.165 0.206 0.199  0.51 0.572 0.592 
 2 0.149 0.146 0.135  0.56 0.583 0.53 
 3 0.12 0.165 0.015  0.591 0.536 0.555 
 4 0.153 0.157 0.131  0.659 0.535 0.624 
  5 0.163 0.12 0.132  0.513 0.524 0.551 
1000 1 0.102 0.081 0.116  0.518 0.598 0.566 

 2 0.134 0.128 0.095  0.519 0.565 0.577 
 3 0.115 0.085 0.111  0.589 0.58 0.607 
 4 0.084 0.146 0.099  0.538 0.55 0.555 
  5 0.121 0.104 0.097  0.596 0.595 0.532 
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Table A11  

ASB(b) for FA-tet as a Function of N, n, θDist, and Replication (Rep) 

 θDist1  θDist2  N Rep n=30 n=60 n=100  n=30 n=60 n=100 
50 1 -0.097 -0.219 -0.076  0.118 -0.076 -0.146 

 2 -0.063 0.306 0.065  0.158 0.031 -0.067 
 3 1.023 0.075 0.131  -0.011 -0.061 -0.165 
 4 -1.144 0.023 0.035  -0.18 -0.177 0.145 
  5 0.554 0.231 -0.202  -0.334 0.032 -0.04 

500 1 -0.061 0.098 -0.005  -0.006 0.038 0.018 
 2 0.036 0.008 0.032  -0.071 -0.054 -0.024 
 3 0.045 -0.102 -0.041  0.254 0.021 0.05 
 4 0.052 0.026 -0.025  -0.092 -0.093 0.001 
  5 -0.006 0.003 0.007  0.077 0.027 -0.069 
1000 1 0.019 0.017 0.05  0.124 -0.161 -0.004 
 2 -0.024 0.043 -0.011  0.007 -0.078 0.013 
 3 -0.063 -0.008 0.012  -0.005 -0.092 -0.004 
 4 0.016 -0.1 0.003  0.128 -0.051 0.002 
  5 -0.075 0.039 0.039  0.197 -0.157 0.047 

 
 
 
Table A12  

r(b) for FA-tet as a Function of N, n, θDist, and Replication (Rep) 

 θDist1  θDist2  N Rep n=30 n=60 n=100  n=30 n=60 n=100 
50 1 0.94 0.925 0.991  0.957 0.958 0.945 

 2 0.953 0.858 0.921  0.966 0.952 0.956 
 3 0.499 0.857 0.863  0.961 0.936 0.958 
 4 -0.044 0.917 0.932  0.962 0.964 0.936 
  5 0.348 0.388 0.846  0.955 0.967 0.957 

500 1 0.993 0.986 0.985  0.994 0.995 0.994 
 2 0.991 0.993 0.995  0.995 0.994 0.994 
 3 0.995 0.994 0.993  0.994 0.994 0.994 
 4 0.993 0.991 0.994  0.995 0.994 0.996 
  5 0.989 0.995 0.994  0.991 0.996 0.995 

1000 1 0.996 0.997 0.996  0.996 0.998 0.998 
 2 0.995 0.995 0.997  0.995 0.997 0.998 
 3 0.995 0.997 0.996  0.999 0.997 0.997 
 4 0.998 0.996 0.997  0.996 0.997 0.997 
  5 0.996 0.996 0.997  0.996 0.998 0.996 
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Table B1  
 
Marginal Means (M) and Standard Deviations (SD) for RMSE(a), as a Function of N and 
θDist (Based on Marginal Sample Size of 30 Index Values) 

 
N Statistic θDist1 θDist2 
50 M 0.4630 1.2341 
 SD 0.1847 0.9311 

500 M 0.1312 0.6667 
 SD 0.1074 0.1893 

1000 M 0.0773 0.6514 
  SD 0.0209 0.1658 

 
 
 
Table B2  
 
Marginal Means (M) and Standard Deviations (SD) for RMSE(a), as a Function of 
Estimation Method and N (Based on Marginal Sample Size of 30 Index Values) 
 

Estimation 
Method Statistic N=50 N=500 N=1000

FA-tet M 1.2229 0.4748 0.4347
 SD 0.9223 0.3735 0.3679
MMLE-EM M 0.4743 0.323 0.294
  SD 0.261 0.2104 0.2298

 
 
 
Table B3  
 
Marginal Means (M) and Standard Deviations (SD) for RMSE(a), as a Function of 
Estimation Method and θDist (Based on Marginal Sample Size of 45 Index Values) 
 

Estimation Method Statistic θDist1 θDist2 
FA-tet M 0.2550 1.1666
 SD 0.2567 0.7209
MMLE-EM M 0.1927 0.5349
  SD 0.1484 0.1995
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Table B4  
 
Marginal Means (M) and Standard Deviations (SD) for ASB(a), as a Function of 
Estimation Method and N (Based on Marginal Sample Size of 30 Index Values) 
 
Estimation Method Statistic N=50 N=500 N=1000
FA-tet M 0.6768 0.4171 0.3948
 SD 0.6122 0.3982 0.3863
MMLE-EM M 0.3307 0.2622 0.2594
  SD 0.1421 0.2243 0.2504

 
 
 
Table B5  
 
Marginal Means (M) and Standard Deviations (SD) for ASB(a), as a Function of 
Estimation Method and θDist (Based on Marginal Sample Size of 45 Index Values) 
 

Estimation Method Statistic θDist1 θDist2 
FA-tet M 0.0609 0.9316
 SD 0.0865 0.297
MMLE-EM M 0.0973 0.4709
  SD 0.0927 0.1002

 

 
Table B6  
 
Marginal Means (M) and Standard Deviations (SD) for z Transformed r(a) as a Function 
of Estimation Method and θDist (Based on Marginal Sample Sizes of 45 Index Values) 
 
Estimation Method Statistic θDist1 θDist2 
FA-tet M 0.5953 0.6612
 SD 0.2820 0.2617

MMLE-EM M 0.5939 0.7197
  SD 0.2800 0.2292
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Table B7  
 
Marginal Means (M) and Standard Deviations (SD) for z Transformed r(a) as a Function 
of N (Based on Marginal Sample Sizes of 60 Index Values) 
 
Sample Size (N)  Mean Standard Deviation 

50 0.3059 0.1428 

500 0.7664 0.1306 

1000 0.8552 0.0453 
 

 
 
Table B8  
 
Marginal Means (M) and Standard Deviations (SD) for z Transformed r(a) as a Function 
of Estimation Method and  N (Based on Marginal Sample Sizes of 30 Index Values) 
 
Estimation Method Statistic N=50 N=500 N=1000
FA-tet M 0.8508 0.9932 0.9966
 SD 0.2361 0.0026 0.0010
MMLE-EM M 0.9620 0.9531 0.9972

  SD 0.0097 0.2269 0.0008
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θ true a 
 

true b 
0.4836 0.7839 -0.9885 
0.5343 0.6036 -0.3952 
0.5325 0.8156 -0.867 
1.3567 0.8389 1.3281 
-0.7509 0.7041 -0.968 
0.6406 0.7271 -0.9662 
0.1188 0.7607 -1.9225 
0.2417 0.6136 1.6475 
-1.4278 0.6154 -1.7046 
1.4748 0.7922 -0.0068 
-0.1766 0.8552 1.2866 
-1.0786 0.7473 0.1273 
-0.5608 0.8257 -1.644 
1.2351 0.7898 -1.4617 
-0.2849 0.6633 0.0195 
-0.5901 0.8093 0.3279 
-0.2501 0.7911 -1.1996 
0.9732 0.9816 -0.8054 
-0.4201 0.6381 1.7705 
-0.5054 0.7689 -0.2797 
-0.3638 0.7488 1.4485 
0.8203 0.7098 -0.0104 
-1.627 0.6986 1.8748 

-0.5588 0.663 -1.6839 
-0.6917 0.6673 -1.7246 
-0.867 0.9722 -1.0818 
0.9973 0.6457 1.9859 
1.2316 0.6496 -0.9183 
0.8535 0.7312 1.5682 
-1.0028 0.8494 -0.5448 
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Factor analysis of N11_1 
SY=N11_1.psf 
PC NC=1 
OU MA=PM 
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BILOG PROGRAM FOR IRT FACTOR ANALYSIS
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IRT FA of N11_1 

to generate a and b estimates 

>GLOBAL DFNAME='N11_1.txt', NPARM=2, SAVE; 

>SAVE PARM='N11_1.par'; 

>LENGTH NITEMS=30; 

>INPUT NTOT=30, NIDC=4; 

 (4A1,1X,30A1) 

>TEST TNAME=random; 

>CALIB CASE=1, NQPE=15, CYCLES=25, NEWTON=10, CRIT=.001; 

>SCORE METHOD=1; 
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