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This dissertation addresses the delicate problem of aging in complex systems char-

acterized by non-Poissonian statistics.

With reference to a generic two-states system interacting with a bath it is shown

that, to properly describe the evolution of such a system within the formalism of

the continuous time random walk (CTRW), it has to be taken into account that, if

the system is prepared at time t = 0 and the observation of the system starts at a

later time ta > 0, the distribution of the first sojourn times in each of the two states

depends on ta, the age of the system.

It is shown that this aging property in the fractional derivative formalism forces

to introduce a fractional index depending on time. It is shown also that, when a

stationary condition exists, the Onsager regression principle is fulfilled only if the

system is aged and consequently if an infinitely aged distribution for the first sojourn

times is adopted in the CTRW formalism used to describe the system itself.

This dissertation, as final result, shows how to extend to the non-Poisson case

the Kubo Anderson (KA) lineshape theory, so as to turn it into a theoretical tool

adequate to describe the time evolution of the absorption and emission spectra of

CdSe quantum dots. The fluorescence emission of these single nanocrystals exhibits

interesting intermittent behavior, namely, a sequence of “light on” and “light off”

states, departing from Poisson statistics. Taking aging into account an exact analyti-

cal treatment is derived to calculate the spectrum. In the regime fitting experimental

data this final result implies that the spectrum of the “blinking” quantum dots must

age forever.
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CHAPTER 1

INTRODUCTION AND RESEARCH TOPICS

With the improving of nanotechnologies new nanosystems are being fabricated

which challenge physicists with producing adequate models to describe them. Among

them, quantum dots have been raising great interest. Recently [1, 2] an anomalous

behavior has been detected in their emission radiation. Under laser stimulation they

show a switching between two emission states of different intensities (dark and light)

with power-law permanence time in each state, behavior that has gained them the

definition of ’blinking quantum dots’. This property of the emission radiation has

been observed on samples of single-colloidal CdSe quantum-dots, the time trace of

the fluorescence intensity is a dichotomous signal alternating between two emission

states of different intensity

The distribution of soujourn times in each of the two states show a departure

from a simple exponential (or Poissonian) relaxation and the emerging of power-law

statistics in the distribution of waiting times in each of the two emission states is

observed instead [2].

The nature of this power law sets the blinking quantum dots out of the basin of

ordinary statistical mechanics, so they offer a paradigmatic example of the necessity

to introduce new models and new tools in order to account for this kind of systems.

The aim of this dissertation is in fact to deepen the understanding of the dynamical

and statistical properties of systems that don’t fall in the basin of ordinary statistical

mechanics, so as to give account of many anomalous behaviors emerged in litera-

ture (anomalous diffusion, aging) and, ultimately, to produce an adequate model for

describing the radiation spectrum of the blinking quantum dots.
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The origin of these observed anomalous behaviors can be traced back to the fact

that the observed system interacts with a thermal bath which has fractal properties

and induces on the system of interest fluctuations whose statistical properties fall

out of the basin of the central limit theorem and therefore out of ordinary statistical

mechanics. In fact, when one tries to cope with the problem of how to derive the

dynamics of the system of interest, a single quantum dot for example, from a com-

plete Hamiltonian picture, realizes that the interaction with the environment must

be included. In order to derive the evolution of the system of interest, a widely used

procedure is to project out the degrees of freedom of the bath through projection tech-

niques (see Zwanzig [24]). This, in the presence of strong memory effects, produces

a non-Markovian master equation or generalized master equation [30]. A growing

literature [27, 28] accounts for types of thermal bath that induce a non-exponential

relaxation on the system of interest. In the particular case of blinking quantum dots

the distribution of the waiting times in any of two emitting states (dark and light) is

found to be of the form ψ(t) = (µ− 1)T µ−1(t + T )−µ with µ ' 1.5 (and T a normal-

ization parameter). Since a mean waiting time, that is, a characteristic time scale,

cannot be defined, this case corresponds furthermore to a completely non-stationary

condition. As it will be shown in this dissertation, in the case of non-Poissonian

statistics differences emerge depending on whether the system is in a non-stationary

or in a stationary condition and aging effects (see [18] for ex.) have to be taken in

account. Aging is an issue connected to a problem long known in renewal theory

that was really startling when it was first discovered but that eventually was the

explanation of several apparent paradoxes. In renewal theory one has to deal with

a series of independent and identically distributed events. For example consider the

following situation in which buses arrive at intervals in accordance to a given distri-

bution, with a given mean time, and you want to know what is the mean time you
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will have to wait if you get to the bus stop at time t. If the buses arrive with a

Poissonian distribution with mean time T , then one is tempted to say that, due to

the lack of memory of a Poisson process, the mean time you have to wait is again

T . In fact an exact calculation of the distribution of waiting times for the arrival of

the first bus after time t, yields the same Poissonian with the same mean time as the

original distribution of the intervals between each bus arrival. But if this is true for

a Poissonian process, for a non-Poissonian process such distribution on the contrary

turns out to be different from the original distribution of events (the bus arrivals in

the example above) and this must be taken into account to give a faithful description

of the evolution of a system and of the experimental observation. Furthermore this

distribution depends on the time t and ages for t →∞, either becoming independent

of t, if a characteristic time scale exists, or aging for ever.

In order to let these differences emerge and to account for the aging effects, we will

make large use of the continuous time random walk (CTRW) formalism connected to

the description of a two states system (such as the blinking quantum dots referred

to the dark-light emission states) interacting with the environment, under the fun-

damental assumption that the process is renewal; this means that, in the case of the

blinking quantum dots, the permanence times in each emission state are considered

uncorrelated, identically distributed variables.

It is shown that in order to let the differences between stationary and non-

stationary conditions emerge some modifications to the CTRW as originally con-

ceived are necessary. It is important to stress again that these differences disappear

for processes characterized by Poissonian statistics. This is why our research has

been attracted by objects like blinking quantum dots. These aging effects can be

either transient, with a long transition time scale, or permanent, depending on the

particular regime that in the case of power-law statistics is defined by the value of

3



index µ.

1.1 Outline of the Thesis

To summarize, the outline of this work is the following, the second chapter is

devoted to a survey of some basic issues in statistical mechanics like Brownian motion,

ordinary and anomalous diffusion, random walk and continuous time random walk

which offer a theoretical frame that will be largely employed in the following chapters.

In the third chapter some original results are shown about the aging effects emerging

when moving from Poissonian to non-Poissonian statistics and the modifications that

must be taken into account in the CTRW and in the generalized master equation

formalism. The introduction of a stationary, infinitely aged, condition is shown to

reestablish the fulfillment of the Onsager regression principle. In the fourth chapter

the same problem is treated in the fractional derivative environment, the evolution of

the system can be described with the use of fractional derivatives, aging here forces

to introduce a time-dependent fractional index. Finally the fifth and the last chapter

are devoted to producing a model for the spectrum of the blinking quantum dots,

we show that due to the non-Poisson statistics of the fluctuations induced by the

environment on the quantum dot, in the ideal case fitting the experimental data, the

spectrum must age forever, the final result of this dissertation.
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CHAPTER 2

FROM BROWNIAN MOTION TO RANDOM WALK AND CONTINUOUS TIME

RANDOM WALK

This chapter is devoted to the introduction of some fundamental issues in statistical

mechanics such as diffusion, central limit theorem and continuous time random walk

(CTRW). This introduction, far from being exhaustive, will be limited to what is

strictly pertinent to the research scope of this thesis and to the purpose of making its

exposition clear . We shall start by introducing the Brownian motion and the ordinary

diffusion equation describing it (Sec. 2.1), and then expose the different theoretical

approaches to diffusion both in a density formalism and in an ensemble perspective

moving from trajectories (random walk and CTRW) showing how anomalous diffusion

emerges.

2.1 Brownian Motion

Brownian motion historically provided one of the most spectacular pieces of evi-

dence on a macroscopic scale of the atomic nature of matter on a microscopic scale.

When a Brownian particle is immersed in a fluid, the collisions with the molecules

of the fluid make its motion erratic when observed with a microscope. After its first

experimental observation (by biologist Robert Brown, in 1827), a theoretical descrip-

tion was developed by A. Fick, in 1855, based on Fourier’s heat conduction equation,

with what is now known as Fick’s law. The diffusion equation can be derived directly

from the law of mass conservation for the “fluid” of colloidal particles:

∂

∂t
ρ(x, t) = −∇ · j(x, t), (2.1)

5



where ρ(x, t) is the concentration of colloidal particles in the point x at time t, and

by making the assumption that the current is proportional to the gradient of the

concentration (Fick’s law):

j(x, t) = −D∇ρ(x, t). (2.2)

From Eqs. (2.1) and (2.2) the diffusion equation, or Fick’s second law, follows imme-

diately:

∂

dt
ρ(x, t) = D∇2ρ(x, t). (2.3)

It was Einstein, much later ([3], 1905), in one of his “annus mirabilis” papers, who

was able, with a simple model, to connect the diffusion constant D, in (2.3), directly

to the properties of the colloidal particle and to the viscosity and the temperature

T of the fluid. His basic assumption was that the suspended particles, although

of huge size, in condition of great dilution, can be considered as large molecules,

so that Van’t Hoff’s law for osmotic pressure, p = kBTρ, with ρ the concentration

of the colloidal particles, can still be applied. The idea was revolutionary and, as

Einstein realized, possibly in contrast with classical thermodynamics, but not with

statistical mechanics and the atomic hypothesis (according to which the fluid atoms,

or molecules, colliding with the colloidal particles are responsible of the sudden jumps

that characterize their motion). At this point one can imagine that an external force

F , depending only on the position, is acting on the colloidal particles. If, for the sake

of simplicity, it is assumed that the force is acting along the x direction, with the

solution being bounded between two planes x = 0 and x = L, in condition of dynamic

equilibrium the concentration ρ must be such a function of x that the variation of

the free energy must vanish for a virtual displacement δx of the suspended substance.

That is:

δF = δE − TδS = 0. (2.4)
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The variation of energy, assuming unitary the cross section of the sample normal to

the x̂ direction, is:

δE = −
∫ L

0
dxFρδx (2.5)

and the variation of entropy is:

δS =
∫ L

0
dxkBρ

∂δx

∂x
= −kB

∫ L

0

∂ρ

∂x
δxdx. (2.6)

The equilibrium condition requires:

−Fρ + kBT
∂ρ

∂x
= −Fρ +

∂p

∂x
= 0, (2.7)

showing that the equilibrium with the force F is brought about by osmotic pressure

forces. Now the current of colloidal particles is just j = ρv, the velocity imparted to

a particle is obtained through Stoke’s law, so that:

j = − ρF

6πηR
= − kBT

6πηR
∇ρ, (2.8)

where η is the viscosity coefficient of the fluid and R the radius of the colloidal

Brownian particle. Assuming, following Fick, that the current must be proportional

to the gradient of the concentration via the diffusion constant, it follows that:

D =
kBT

6πηR
(2.9)

From (2.3) it is easy to derive that:

〈x2(t)〉 = 2nDt, (2.10)
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with n the dimension of the system. Since the squared displacement could be mea-

sured with a microscope, Eq. (2.9) was the first theoretical relation that could be

checked experimentally leading to a confirmation of the atomic assumption and to

the great success of Einstein’s paper. It is straightforward to prove that the solution

of (2.3) is:

ρ(x, t) =
1

(4πDt)n/2
exp(− x2

4Dt
), (2.11)

when vanishing conditions for |x| → ∞ are imposed and the initial condition ρ0(x) ≡
limt→0 ρ(x, t) = δ(x) is assumed. So, in conclusion, the Brownian motion is charac-

terized by a Gaussian distribution and by a linearly increasing in time mean squared

displacement.

2.2 Random Walk and Diffusion

The simplest model to mimic diffusion is the random walk. It represents the motion

of a walker on a lattice: after each time interval ∆t, the walker jumps to one of the

nearest-neighbor sites with equal probability (see Fig (2.1)). On a one-dimensional

lattice such a process can be modeled by the following master equation:

P (j, t + ∆t) =
1

2
P (j − 1, t) +

1

2
P (j + 1, t), (2.12)

where the probability density of being in position j at time t + ∆t is defined as a

function of the population of the two adjacent sites j± 1 at time t. In the continuum

limit, ∆t → 0 and ∆x → 0, expanding in Taylor series the term in the left-hand side

of (2.12), we have:

P (j, t + ∆t) = P (x, t + ∆t) = P (x, t) +
∂

∂t
P (x, t)∆t + O([∆t]2) ∆t → 0, (2.13)
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Figure 2.1: Representation of a Brownian random walk on a two-dimensional lattice.
The walker, at regular intervals ∆t, 2∆t,...., n∆t, jumps to a neighbor site in a
randomly selected direction, covering a distance ∆x, the lattice constant.

and for the right-hand side terms:

P (j ± 1, t) = P (x, t)±∆x
∂

∂x
P (x, t) +

1

2

∂2

∂x2
P (x, t)(∆x)2 + O([∆x]3) ∆x → 0.

(2.14)

Plugging these expansions in (2.12) and keeping the lowest orders in ∆t and ∆x the

diffusion equation (Fick’s second law) is recovered in the following form:

∂P (x, t)

∂t
= D

∂2

∂x2
P (x, t), (2.15)

when the continuum limit is taken in such a way that D = lim∆x,∆t→0
(∆x)2

2∆t
is finite.

2.3 Diffusion and the Central Limit Theorem

The diffusion equation (2.15) is one of the most fundamental equations in physics,

being a direct consequence of the central limit theorem. The formal statement of this

theorem is:
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• Central Limit theorem

Given the sum YN =
∑N

1 Xi of N independent identically distributed variables

Xi, with finite mean value 〈X〉 and finite variance σ2
X , let sN = YN−N<X>

σX

√
N

,

then sN has a limiting cumulative distribution which for N →∞ approaches a

normal (Gaussian) distribution, that is:

P (sN) =
1√

2πσXN
exp(−sN

2

2
) (2.16)

So if we assume that the lengths of the jumps of a Brownian particle are independent

variables identically distributed with a distribution with finite first and second mo-

ments, then the sum of N jumps, giving the position of the particle at time t = N〈∆t〉,
(the mean time span between two successive jumps is assumed finite as well), will

be normally distributed, for N large enough. As an example consider the simple

one-dimensional version of the random walk depicted in Fig. (2.1). At time t = 0 the

walker is in the site j = 0, the probability p(j, q) of being in the site j after q jumps

will be:

p(j, q) =
1

2q

l∑

j=0




q

j+q
2




(−1)j+q + 1

2
(2.17)

in fact the binomial coefficient takes into account all the possible sequences of q values

±1 whose sum is j, the last term instead takes into account that the walker cannot

reach a site labelled by an odd j with an even number of steps or vice versa. But

(2.17) is nothing else than the binomial distribution and it is known that for q →∞
it converges to a Gaussian distribution:

p(x, t) =
1√

2πσ2t
exp(− x2

2σ2t
) (2.18)
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where σ = 0.5 and p and q have been replaced with the continuous variables x and t.

Therefore normal diffusion is recovered.

2.4 Anomalous Diffusion and Generalized Central Limit Theorem

Random walk and Brownian motion take into account only a part of the diffusion

processes found in nature, namely the ordinary diffusion processes, characterized by

a linearly increasing in time second moment (Eq. (2.10)). But, with the passing

of time from the first experimental observation of Brownian motion, many complex

systems have emerged which show a diffusion process departing from the ordinary,

with a non-linear increase in time of the mean squared displacement. Of particular

interest are those processes characterized by a power law:

〈x2(t)〉 = Dα tα, (2.19)

which is ubiquitous to a diverse number of processes, such as turbulent diffusion [12]

or charge carrier transport in amorphous semiconductors [13, 14], in the dynamics

of a bead in a polymeric network [15, 16] and many others. Eq. (2.19), depending

on the value of α, accounts for sub-diffusion if 1 < α < 2 or super-diffusion for

2 < α < 3 . The reason for the importance and ubiquity of this kind of “anomalous”

diffusion lies in the breakdown of the central limit theorem, caused by long-range

correlations and distributions with no second moment which fall, instead, in the

basin of validity of the Lévy generalized central limit. This theorem, proven by

the French mathematician Paul Lévy more than eighty years ago [17], provides the

most general limiting distribution for the sum of identically distributed independent

variables. Before enouncing this theorem two further steps are necessary. First, the

concept of stable probability distribution function (pdf) must be introduced: a pdf
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P (x), is stable if ∀ a1 > 0, b1, a2 > 0, b2, two correspondent parameters, a > 0 and

b, exist such that:

P (ax + b) = P (a1x + b1) ∗ P (a2x + b2), (2.20)

where ∗ is the symbol for convolution. As a second step the following lemma is

necessary:

• Lemma

A pdf P(x) is a limit distribution if and only if it is stable.

Finally the theorem can be enounced:

• Generalized Central Limit Theorem (Lèvy-Gnedenko)

A pdf P (x) is stable if and only if it has the following form:

p̂(k) = eiγk−b|k|α(1+β k
|k|ω(k,α)), (2.21)

where γ is any real number, b ≥ 0, 0 ≤ α ≤ 2, −1 < β < 1 and:

ω =





tan(πα
2

) α 6= 1

2
π

log(|k|) α = 1.
(2.22)

• Alternative formulation of the theorem:

Given the sum YN of N independent identically distributed variables Xi, with

a distribution p(x) such that p(x)|x|→∞ ∼ 1
|x|1+α ,and 0 < α ≤ 2, then YN

has a limiting cumulative distribution which for N → ∞ approaches a Lévy

distribution whose characteristic function is given by (2.21).

Usually the symmetric expression for the Lévy distribution is most commonly used,

the number γ in fact is just a translational parameter so that can assumed to be zero,
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while the parameter β is zero for symmetric distributions. So, the symmetric Lévy

distribution takes the form:

Pα(x) =
1

2π

∫ ∞

−∞
dk exp(−b|k|α − ikx). (2.23)

For α = 2 the standard Gaussian distribution is recovered, while the case α = 1

corresponds to a lorentzian. For other values of α only in the case α = 1/2 and

α = 3/2 an analytic expression is recovered. A general asymptotic property for a

Lévy distribution with 0 < α < 2 can be derived. In fact moving, for simplicity, from

Eq. (2.23) it’s easy to derive an expression for |x| → ∞ in a few steps. First notice

that (2.23) can be rewritten in the following form:

Pα(x) =
1

π

∫ ∞

0
dk cos(kx)e−bkα

=
αb

π|x|α+1

∫ ∞

0
dzzα−1 sin(z)e−b( z

x
)α

. (2.24)

For |x| → ∞ the exponential in the integral can be taken to be 1, so it follows:

Pα(x) ' αb

π|x|α+1

∫ ∞

0
dzzα−1 sin(z) =

αb

π|x|α+1
sin(πα/2)Γ(α) |x| → ∞, (2.25)

so that the tails of the distribution decay with an inverse powerlaw.

2.5 Chapman-Kolmogorov Equation, Markovian Condition and Lévy Processes

The stability under convolution makes the Lévy distribution also the most gen-

eral solution of the Chapman-Kolmogorov-Smolukoski equation. Lévy himself ([17])
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showed that a continuous class of non-Gaussian processes satisfy the same fundamen-

tal equation that gives rise to the theory of Gaussian processes, namely the Chapman-

Kolmogorov equation for he conditional probability P (x, x′, t):

P (x, x′, t) =
∫

dx′′P (x, x′′, t− t′′) P (x′′, x′, t′′). (2.26)

The standard solution for this equation gives rise to:

P (x, x′, t) = exp[(x− x′)2/4Dt]/(4πDt)3/2 (2.27)

and to the usual Fokker-Planck equation. It is clear so that a more general solution

of (2.26) provide a way to generalize Brownian motion. The non-Gaussian processes

that satisfy (2.26) are just the Lévy stable laws.

The Fourier transform of the symmetric Lévy process, solution of (2.26), has the

following form:

P̂ (k, t) = exp (−b t|k|α). (2.28)

with 0 < α < 2.

Such distribution has infinite second moment at all times, since the asymptotic

behavior at any time is given again by (2.25) and therefore seems not connected at all

with anomalous diffusion. The fact is that a pure Lévy process is Markovian in nature

so can be derived from a long-correlations non-Markovian diffusion process only as

asymptotic condition when the memory of the system has been completely erased

(and for this to happen it can take even an infinite time). It can be derived exactly

(see section 2.7) only in the non-physical Lévy flight condition where instantaneous

jumps of arbitrary length are allowed and when a characteristic time scale exists. In

a more physical regime, the Lévy walks (see section 2.6 ), it can be achieved only
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as asymptotic limit of the central part of a distribution inside a propagation front

[73], the latter produced by those trajectories propagating in ballistic regime. In this

picture the second moment of the distribution inside the propagation front is shown

to fulfill Eq.(2.19).

2.6 Continuous Time Random Walk (CTRW)

The usual random walk formalism, as illustrated in the previous section, is a de-

scription of the motion on a lattice according to definite rules, but always with the

assumption that steps along the lattice are taken at discrete times. That means we

fix a time scale T and then at each time t = nT a step in a random direction is taken

by the walker. For the generalization to anomalous transport, an extension of such

formalism is necessary, this is the continuous random walk (CTRW). In the CTRW

the random walk picture is generalized by the assumption that the times between

successive steps are random rather than being constant. More precisely both the

length of a given jump and the waiting time elapsing between two successive jumps

are drawn from a probability distribution function λ(x, t), which therefore represents

the probability density to move a distance x, in time t, in a single motion event. From

λ(x, t), the jump length distribution

w(x) =
∫ ∞

0
dtλ(x, t) (2.29)

and the waiting time distribution

ψ(t) =
∫ ∞

−∞
dxλ(x, t) (2.30)

can be deduced. Thus, w(x)dx is the probability for a jump length to be in the interval

[x, x + dx] and, analogously, ψ(t)dt represents the probability that the waiting time
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between two successive jumps, falls in the interval [t, t + dt]. If the jump length and

the waiting time are independent random variables, it must be: λ(x, t) = w(x)ψ(t).

This decoupled scheme is connected to the so called jump model (see Fig. (3.1)), in

this picture the walker resides for a time t, drawn from the distribution ψ(t), in a

given site and then instantaneously takes a jump of length x given by the distribution

w(x). This scheme is also known as “flight”, as it allows jumps of any length with no

limitation.

2.6.1 Jump Model, Velocity Model and Two-State Model

However a realistic model for describing diffusion involves a coupling between the

length of the jumps and the waiting times, this means that the length of a jump

must have a cost in terms of time. This scheme is properly known as “walk”. In this

picture, the length of the jumps of the walker is taken proportional to the interval of

times between two successive jumps, with constant of proportionality W , (that we will

often assume to be W = 1), this means that the walker moves with constant velocity

between the sites, and randomly changes direction. In terms of the probability density

to move a distance x in time t:

λ(x, t) = p(x|t)ψ(t) (2.31)

p(x|t) =
1

2
δ(|x| −Wt)

Formal differences emerge according to the rules imposed to the way the walker moves.

In fact we can image either that the walker walks with constant velocity for a time

t1 in a given direction, stops and then randomly decides to keep walking with the same

velocity forward or backward for a time t2 (velocity model), or that when the walker

stops necessarily starts walking in the opposite direction (two-state model) . With
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n=1

n=2

n=1

n=2

Jump model

Velocity model

Two−state model

n=1

n=2

Figure 2.2: The different prescriptions for CTRW are illustrated on a one-dimensional
lattice, n indicates the order of succession of the jumps.

this choice all the process is defined by the time intervals between successive changes

of the walk, τn = tn − tn−1, and so can be described in terms of the distribution of

these intervals alone, that is ψ(t). The random walk previously introduced can be

regarded as a special case of the CTRW when the choice ψ(t) = δ(t − 1) is made.

The ultimate goal of this formalism is to produce an expression for the probability

density P (x, t) of being at the location x at time t. To this purpose another important

function, Ψ(t) for the jump model, must be introduced. It is defined as:

Ψ(t) =
∫ ∞

t
dt′

∫ ∞

−∞
dxλ(x, t′) =

∫ ∞

t
ψ(τ)dτ (2.32)

and defines the probability of not having any jump for an interval of time t, or the

probability that a given interval between two successive jumps is greater than t.

The correspondent function for the velocity and two-state model is Ψ(x, t), defined
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as:

Ψ(x, t) = p(x|t)
∫ ∞

t
dt′

∫ ∞

|x|
dx′λ(x′, t′) =

1

2
δ(|x| −Wt)

∫ ∞

t
ψ(τ)dτ, (2.33)

which instead represents the total probability for the walker to travel a distance

x in a time t and continue in the same motion event for times ≥ t. In order to

derive recursive expressions for P (x, t) we consider η(x, t), the probability to arrive

at location x exactly at time t and to stop before randomly choosing a new direction.

Independently of which model we choose, the following relation holds:

η(x, t) =
∫ ∞

−∞
dx′

∫ t

0
dt′η(x− x′, t− t′)λ(x′, t′) + δ(x)δ(t), (2.34)

the second term in the right-hand side reflects the initial condition of the random

walk, here we have chosen the walker to be at x = 0 at time t = 0. Consequently,

using (2.32), the probability density PJ(x, t), for the jump model, of being in x at

time t, is obtained multiplying η(x, t′) by the probability Ψ(t−t′) of remaining in that

site up to time t and integrating from 0 to t. This produces the following expression:

PJ(x, t) =
∫ t

0
dt′η(x, t′)Ψ(t− t′). (2.35)

Analogously, for the velocity model, let PV (x, t) be the probability to stop or pass by

location x at time t, we have:

PV (x, t) =
∫ ∞

−∞
dx′

∫ t

0
dt′η(x− x′, t− t′)Ψ(x′, t′). (2.36)

The Fourier (x → k) and Laplace (t → s) transform of the previous relations leads
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to:

P̂J(k, s) =
Ψ̂(s)

1− λ̂(k, s)
P̂0(k) (2.37)

and

P̂V (k, s) =
Ψ̂(k, s)

1− λ̂(k, s)
P̂0(k), (2.38)

where P̂0(k) is the Fourier transform of the initial condition, which is one for a delta

of Dirac. As far as the two-state model is concerned, a slightly different treatment

has to be applied. In this case it is better to distinguish the action of motions in the

forward and backward direction, so that for the probability of being at location x at

time t, for calculation convenience, it is better to write:

PTS(x, t) = P+(x, t) + P−(x, t), (2.39)

with P+(−)(x, t) indicating the probability for the walker to pass at location x at time

t while moving in the forward (backward) direction. Analogously one is led to split

in the same way the distributions λ(x, t) and Ψ(x, t):

λ(x, t) =
1

2
(λ+(x, t) + λ−(x, t)) (2.40)

Ψ(x, t) =
1

2
(Ψ+(x, t) + Ψ−(x, t)).

We notice here that this, in the coupled scheme (2.31), but also in general for a

symmetric random walk, implies:

λ̂±(k, s) = 2
∫ ∞

0
dt

∫ ∞

0
dxe−(st±ikx)λ(x, t) (2.41)

Ψ̂±(k, s) = 2
∫ ∞

0
dt

∫ ∞

0
dxe−(st±ikx)Ψ(x, t).
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To find a recursion relation for PTS(x, t), it is convenient to introduce another func-

tion, σ+(−)(x, t), which represents the probability density for the walker to terminate

a motion in the forward (backward) direction, exactly at time t and in the location

x. One can easily see that in this way:

P±(x, t) =
Ψ±(x, t)

2
+

∫ ∞

−∞
dx′

∫ t

0
dt′σ∓(x− x′, t− t′)Ψ±(x′, t′), (2.42)

since the probability to pass by location x at time t in a given direction is given by

the probability to travel a distance x for a time t without ever changing direction,

that is 1
2
Ψ±(x, t) ( this term takes into account all those trajectories starting at t = 0

in x = 0 which don’t ever change direction up to times ≥ t), plus a term given by the

convolution of σ∓(x − x′, t − t′), the probability to terminate a motion event in the

opposite direction at a time t − t′, in position x − x′, with Ψ(x′, t′), the probability

of traveling a distance x′ in time t′ in the same direction in the same motion event.

For σ±(x, t), the following recurrence relations follow:

σ±(x, t) = λ±(x, t)/2 +
∫ ∞

−∞
dx′

∫ t

0
dt′σ∓(x− x′, t− t′)λ±(x′, t′), (2.43)

in fact σ±(x, t) is given by the probability density to travel the distance x in a time t

in the same direction in a single motion event, that is 1
2
λ±(x, t), plus the convolution

of the probability density σ∓(x − x′, t − t′) to terminate an event of motion in the

opposite direction at a time t − t′ in position x − x′, with λ±(x′, t′), the probability

density to travel the distance x′ in time t′ in the same direction in a single motion

event.

Fourier-Laplace transforming (2.43) one gets:

σ̂±(k, s) = λ̂±(k, s)(1/2 + σ̂∓(k, s)), (2.44)
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from which:

σ̂±(k, s) =
λ̂±(k, s)

(
1 + λ̂∓(k, s)

)

2(1− λ̂±(k, s)λ̂∓(k, s))
. (2.45)

Finally, using Eq. (2.45), from (2.42) a closed expression for the Fourier-Laplace

transform of PTS(x, t) is obtained:

P̂TS(k, s) = P̂+(k, s) + P̂−(k, s) =
Ψ̂+(k, s)(1 + λ̂−(k, s)) + Ψ̂−(k, s)(1 + λ̂+(k, s))

2(1− λ̂+(k, s)λ̂−(k, s))
(2.46)

It is evident that the velocity model and the two-state model are closely related, and

in fact a transformation exists such that for a given probability distribution λV (x, t)

there is a correspondent λTS(x, t) so that PV (x, t) and PTS(x, t) are identical. We see

that, in order for this to happen, it must be, in the coupled approach:

λTS(x, t) =
1

4
δ(|x|− t)(ψV (t)+

1

2
ψV (t)∗ψV (t)+

1

4
ψV (t)∗ψV (t)∗ψV (t)+ · · ·). (2.47)

Using Laplace transform in (2.47), we get:

λTS(x, t) =
1

2
δ(|x| − t)L−1[

ψ̂V (s)

2− ψ̂V (s)
], (2.48)

so that just by setting:

ψ̂TS(s) =
ψ̂V (s)

2− ψ̂V (s)
, (2.49)

the two models describe exactly the same process, this means that with the choice

(2.49) it is: PV (x, t) = PTS(x, t).
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2.7 Anomalous Diffusion in the Frame of the CTRW

The derivation of anomalous diffusion using the CTRW formalism has been the

subject of many papers (see for ex. [38, 53]). The nature of the diffusion is char-

acterized by the way the mean-square displacement changes in time. We see that

an expression for the Laplace transform of the mean-square displacement is easily

derived using the results of the previous section. Infact, by definition of the mean

square displacement it must be:

〈r̂2(s)〉J,V,TS = −∇2
kP̂J,V,TS(k, s)|k=0 (2.50)

It is easy to see that just by substituting in (2.50) the expression for P̂ (k, s) for

each of the models of CTRW, Eqs. (2.37, 2.38, 2.46), an expression for the Laplace

mean-square displacements are given by:

〈r̂2(s)〉J = −Ψ̂(s) ∇2
kψ̂(k, s)

(1− ψ̂(k, s))2
|k=0 (2.51)

〈r̂2(s)〉V = −Ψ̂(k, s) ∇2
kψ̂(k, s)

(1− ψ̂(k, s))2
|k=0 − ∇2

kΨ̂(k, s)|
1− ψ̂(k, s)

|k=0. (2.52)

2.7.1 Long Rests and Subdiffusion

Let us now consider the case of a decoupled jump model in which a typical step length

exists and one step per iteration is allowed, while the permanence times in each site

are distributed according to a power law. This means:

λ(r, t) = w(x)ψ(t) = δ(|r| − 1)
T µ−1

(t + T )µ
(2.53)

The Fourier transform of the jump lengths distribution is simply ŵ(k) = cos(k). Since

we are interested in the asymptotic time behavior of the mean-square displacement,
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the expansion of ψ̂(s) for s → 0 can be used, which depending on the value of µ, is:

ψ̂(s) ∼





1− Γ(2− µ)sµ−1 1 < µ < 2

1 + s ln(s) µ = 2

1− T
µ−2

s− Γ(2− µ)sµ−1 2 < µ < 3.

(2.54)

Plugging this expression and that for ŵ(k) in (2.51) the asymptotic behavior for the

mean-square displacement is obtained:

〈r2(t)〉J ∼





tµ−1 1 < µ < 2

t/ ln(t) µ = 2

t 2 < µ < 3

(2.55)

Thus, with this model, anomalous subdiffusion is recovered, in fact for 1 < µ < 2, the

mean-square displacement increases in time with a slower rate than ordinary diffusion.

2.7.2 Subdiffusion and Fractional Derivative

Consider now the following situation in the decoupled condition of the jump model,

λ(x, t) = w(x)ψ(t), sometimes referred to as fractal time random walk. The sec-

ond moment of the distribution of the lengths of the jump is kept finite while the

characteristic waiting time is allowed to be divergent, explicitly:

ψ(t)t→∞ ∼ Aµ(T/t)µ 1 < µ < 2, (2.56)

with the corresponding behavior for s → 0 in Laplace transform:

ψ̂(s) ∼ 1− (sT )µ−1. (2.57)
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For the jump length distribution the following expansion for k → 0 in the Fourier

domain is assumed:

ŵ(k) ∼ 1− σ2k2 + O(k4). (2.58)

The specific form of ψ(t) and w(x) are of minor importance since we are interested in

the diffusion domain (k, s) → (0, 0). In this limit, from Eq. (2.37) we can derive the

following expression for the Fourier Laplace transform of the probability distribution

P (x, t) describing the diffusion process:

P̂ (k, s) =
1

1 + Kµ s1−µ k2
P0(k), (2.59)

with kµ = σ2/τµ−1.

It is important to introduce here another tool which has proven to be very useful

in describing non-ordinary diffusion and many complex systems and that will be

employed also in the next chapters: the fractional derivative. Without indulging

in the mathematical details, for which the reader is referred to several exhaustive

literature [20, 19], let us briefly define the fractional operator that will be employed

in this thesis: the Riemann-Liouville operator 0D
−α
t . For 0 < α < 1 it is defined in

the following way:

0D
−α
t P (x, t) =

1

Γ(α)

∂

∂t

∫ t

0
dt′P (x, t′) (t− t′)α−1. (2.60)

and has the following nice properties:

• it can be extended to any value β = n− α > 0 through:

0D
β
t =

∂n

∂tn
0D

−α
t (2.61)
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• under Laplace transform

L[0D
−α
t P (x, t)] = s−α P̂ (x, s) , (2.62)

• on a power law it can be shown that for any β real:

0D
β
t tp =

Γ(p + 1)

Γ(p + 1− β)
tp−β, (2.63)

• applied to a constant

0D
β
t 1 =

t−β

Γ(1− β)
, (2.64)

which for β integer is zero, due to the poles of the gamma function for integer

values ≤ 0.

Returning to Eq. (2.59), where 1 < µ < 2, notice that it can be recast in the following

form:

P̂ (k, s)(1 + Kµ s1−µk2) = P̂0(k)/s (2.65)

which, antiFourier transformed, gives:

sP̂ (x, s)−Kµ s2−µ ∂2

∂x2
P̂ (x, s) = P0(x) (2.66)

Using the properties of the fractional operator introduced above, the following frac-

tional diffusion equation is obtained:

∂ P (x, t)

∂t
= Kµ 0D

2−µ
t

∂2

∂x2
P (x, t). (2.67)

One can see that for µ → 2 the ordinary diffusion, Fick’s second law, is recovered.
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From (2.67) the mean squared displacement can be calculated, multiplying both sides

by x2 and integrating we obtain:

d

dt
〈x2(t)〉 =

∫ ∞

−∞
dxx2Kµ 0D

2−µ
t

∂2

∂x2
P (x, t) (2.68)

Integrating by parts in the right-hand side:

d

dt
〈x2(t)〉 = 0D

2−µ
t 2Kµ = 2

Kµ

Γ(µ− 2)
tµ−2, (2.69)

where we have just used the property (2.64) of the fractional operator. Integrating

(2.69), we arrive at the subdiffusion relation:

〈x2(t)〉 =
Kµ

Γ(µ)
tµ−1 (2.70)

The mean-squared displacement can be calculated also from (2.59) using (2.50)

and then inverting, the same expression is obtained.

2.7.3 Superdiffusion

Let us consider, in the coupled condition, the following scheme for the random walk:

λ(r, t) =
1

2
δ(|r| − t)ψ(t) (2.71)

with:

ψ(t) =
T µ−1

(t + T )µ
, (2.72)

which can be applied to any of the models illustrated in the previous section. The type

of diffusion process produced by this model can be checked again by calculating the

mean square displacement through (2.51). Since we are interested in the asymptotic
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behavior for large times, we will make use again of the behavior of ψ̂(s), the Laplace

transform of the waiting time distribution, for s → 0, which is given again by (2.54).

A straightforward calculation shows that for the Fourier-Laplace transform of λ(r, t)

it must be:

λ̂(k, s) =
1

2
(ψ̂(s− ik) + ψ̂(s + ik)). (2.73)

Let us consider now the jump model. Inserting this expression into (2.37), one gets:

P̂ (k, s) =
1− ψ̂(s)

s

P̂0(k)

1− (ψ̂(s− ik) + ψ̂(s + ik))
(2.74)

It follows:

〈r2(s)〉J = −∇2
kP̂ (k, s)|k=0 =

1− ψ̂(s)

s

ψ̂′′(s)

(1− ψ̂(s))2
=

ψ̂′′(s)

s(1− ψ̂(s))
(2.75)

where we have considered a delta of Dirac for the initial distribution of the walkers,

namely P̂0(k) = 1. Considering the limit for s → 0 and deriving from it the time

asymptotic regime, we get:

〈r2(t)〉 ∼





t2 1 < µ < 2

t2/ ln(t) µ = 2

t4−µ 2 < µ < 3

t ln(t) µ = 3

t µ > 3

(2.76)

Furthermore we see that for 2 < µ < 3 superdiffusion, diffusion faster than ordinary

diffusion, is produced. For 1 < µ < 2 a ballistic diffusion is achieved, while for µ > 3

we recover ordinary diffusion. The same qualitative behavior for the mean square

displacement can be shown to be valid also for the other two models, that is why we
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have omitted any subindex for 〈r2(t)〉 in (2.76).

2.8 Long Jumps, Lévy Flights and Lévy Processes

Let us consider now the decoupled case in the jump model, when the distribution

of waiting times is Poissonian, namely:

ψ(t) =
1

τ
exp(−t/τ), (2.77)

while the distribution for the jump lengths is a Lévy distribution, that means for its

Fourier transform:

ŵ(k) = exp(−σµ|k|µ) ∼ 1− σµ |k|µ, (2.78)

with 1 < µ < 2. The expression for small k has also been included in (2.78), corre-

sponding to the asymptotic behavior:

w(x) ∼ Aµσ
−µ|x|−1−µ. (2.79)

Substituting all in Eq. (2.37) one obtains:

P̂ (k, s) =
1

s + Kµ|k|µ , (2.80)

where Kµ = σµ/τ . AntiLaplace transforming (2.80) one gets that, in the asymptotic

limit, the Fourier transform of the distribution P (x, t) is:

P̂ (k, t) = exp(−Kµt|k|µ) (2.81)

which is but the characteristic function of a centered, symmetric Lévy distribution.

The process so obtained is Markovian, since the characteristic time, given by the
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waiting times distribution, is finite, but is characterized by long jumps of infinite

mean value; that is why such processes are also known by the name of “Lévy flights”.
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CHAPTER 3

AGING AND THE ONSAGER REGRESSION PRINCIPLE

3.1 Introduction

In this chapter one first important result stemming from systems characterized by

non-Poissonian statistics, is illustrated. Moving from a basic principle of statistical

mechanics, the Onsager regression principle, it is shown that, for these systems, if

aging is not taken into account, such principle seems to be violated and some incon-

sistencies emerge. Let us first formulate Onsager’s postulate.

3.1.1 The Onsager Regression Principle

The Onsager’s regression hypothesis states that the regression of microscopic thermal

fluctuations at equilibrium follows the macroscopic law of relaxation of small non-

equilibrium disturbances [23]. In order to understand this hypothesis, consider an

observable α for a system at thermal equilibrium. Such variable fluctuates in time

with spontaneous microscopic fluctuations:

δα(t) = α(t)− 〈α〉 (3.1)

Here, α(t) is the instantaneous value of the observable and the 〈·〉 indicates the

equilibrium ensemble average. The average correlation function between δα(t) and an

instantaneous fluctuation at time zero δα(0) is described by:

C(t) = 〈δα(t)δα(0)〉 = 〈(α(t)− 〈α〉)(α(0)− 〈α〉)〉 = 〈α(t)α(0)〉 − 〈α〉2. (3.2)
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Note that at small times, instantaneous fluctuations are correlated and therefore:

lim
t→0

C(t) = 〈δα(0)2〉, (3.3)

has a finite value, while at large times they are uncorrelated so:

lim
t→∞C(t) = 0. (3.4)

This decay of correlation is the regression of microscopic thermal fluctuations re-

ferred to in Onsager’s hypothesis. Therefore, Onsager’s regression hypothesis can be

formulated as follows:

E(α(t)|α0)− 〈α〉
α0 − 〈α〉 =

〈δα(t)δα(0)〉
〈δα(0)2〉 , (3.5)

where α0 represents the value of the observable α at time t = 0 and E(α(t)|α0) is

the expectation value for the observable α at time t with the condition that at time

t = 0 it assumed the vale α0, i.e. the average over those trajectories starting at time

t = 0 with a value α0 for the observable α. E(α(t)|α0) describes the macroscopic

relaxation of the observable α towards its equilibrium value. One can easily notice

that if at the equilibrium 〈α〉 = 0, since:

〈δα(t)δα(0)〉 = 〈(α(t)− 〈α〉)(α(0)− 〈α〉)〉, (3.6)

then, Eq. (3.5) can be rewritten in the following way:

E(α(t)|α0)

α0

=
〈α(t)α(0)〉
〈α(0)2〉 = Φα(t), (3.7)

with Φα(t) the “normalized” correlation function for α.
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The regression postulate can be derived from the ensemble postulate of statisti-

cal mechanics. Consider preparing the system in a state not far from equilibrium

by applying a weak perturbation ε (e.g., an electric field) that couples to the dy-

namical variable α(t) (that can be seen as the instantaneous dipole moment). If the

perturbation is weak, it can be approximated to the first order as:

∆H = −εα(0). (3.8)

Assume that such perturbation is applied until the system reaches the new equi-

librium according to the total hamiltonian:

H = H0 + ∆H. (3.9)

At this point the macroscopic relaxation of the system is analyzed by switching off

the external perturbational field and computing the evolution of the non-equilibrium

ensemble average:

E(α(t)|α0) =
Tr[α(t)e−β(H0+∆H)]

Tr[e−β(H0+∆H)]
, (3.10)

as the system evolves towards equilibrium. Since the perturbation is small, we can

introduce the approximation:

e−β(H0+∆H) ≈ e−βH0(1− β∆H). (3.11)

Substituting into (3.12) and keeping the first order terms we obtain:

E(α(t)|α0) ≈ Tr[α(t)e−βH0(1− β∆H + . . .)]

Tr[e−βH0(1− β∆H + . . .)]
=

Tr[α(t)e−βH0 ]− βTr[α(t)e−βH0∆H]

Tr[e−βH0 ]− βTr[e−βH0∆H]

(3.12)
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that is:

E(α(t)|α0) ≈ 〈α(t)〉 − β(〈α(t)∆H〉)
1− β〈∆H〉 , (3.13)

where 〈·〉 always indicates an average in the unperturbed equilibrium condition.

Again, keeping only the first order terms in ∆H

E(α(t)|α0) ≈ 〈α〉 − β〈α(t)∆H〉+ β〈∆H〉(〈α〉 − β〈∆Hα(t)〉) (3.14)

that is:

E(α(t)|α0) ≈ 〈α〉 − β(〈α(t)∆H〉 − 〈∆H〉〈α〉) + O((∆H)2). (3.15)

In conclusion, using (3.8):

E(α(t)|α0)− 〈α〉 ≈ εβ(〈α(0)α(t)〉 − 〈α(0)〉〈α(t)〉). (3.16)

which completes the derivation of (3.5).

3.1.2 The Onsager Regression Principle and Aging

We see that the Onsager principle [23] establishes a connection between a property

of equilibrium, the correlation function of a given variable α, and the regression

to equilibrium of a macroscopic signal. For this reason, the Onsager principle is a

fundamental step for the connection between dynamics and thermodynamics. It is

important now to stress, as clearly stated by Onsager himself [23], that this principle

holds true for aged systems, namely systems in contact with heat reservoirs that are

supposed to be in a condition of thermal equilibrium. A heat reservoir is a Hamil-

tonian system with infinitely many degrees of freedom. In the ordinary treatments

this means a system equivalent to an ideal thermal source. Here we do not specify

the nature of this system, and we try to imagine its properties on the basis of the
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effects produced on the system of interest under study. These properties suggest that

this system is the source of fluctuations with unusually extended time correlation.

Nevertheless, for simplicity, we shall keep imagining it as a heat reservoir and, for the

sake of concision, it will be referred to as bath.

If the regression to equilibrium of the system of interest is very fast, it is not so

important to ensure the equilibrium condition of the bath, at the moment when we

begin measuring the regression to equilibrium of the system of interest. In fact, in

the specific case where the bath is responsible for fluctuations that can be assumed

to be white, the regression to equilibrium of the bath is instantaneous.

The Onsager principle refers to a variable of interest whose dynamics are made

stochastic by the interaction with a bath. Thus, when we discuss the process of

regression to equilibrium, we have to specify if we are referring to the system of

interest or to its bath. As earlier said, if we adopt the white noise approximation to

describe the fluctuations that are responsible for the erratic motion of the variable

of interest, the regression to equilibrium of the reservoir is virtually instantaneous,

thereby ensuring the validity of the Onsager principle with no need of adopting special

initial conditions. The variable of interest is characterized by a stationary correlation

function Φα(t1, t2) = 〈α(t1)α(t2)〉, which only depends on |t1 − t2|. The stochastic

behavior of the variable of interest is caused by the interaction between system of

interest and bath, and this kind of process is often studied by means of the master

equation method. A popular method to derive the master equation is the projection

method by Zwanzig [5]. However, this method is easy and convenient to use, when

special initial conditions can be adopted, with the total distribution expressed as the

product of the relevant, or reduced distribution, and of the bath distribution [25].

These special initial conditions have the beneficial effect of annihilating the inho-

mogeneous term that makes the reduced equation of motion explicitly dependent on
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the initial condition [25]. If no initial condition of this kind is adopted, we have to

consider also the inhomogeneous term and we have to wait a time comparable to the

bath relaxation time for this term to disappear. This suggests that a non-Markov

master equation with the same structure as the Zwanzig master equation, with no

inhomogeneous term, does not necessarily refer to a stationary condition.

3.1.3 Onsager Regression Principle, Generalized Master Equation (GME) and CTRW

In the last few years there has been a growing interest for the formalism of CTRW

[26], because of its close connection with the adoption of fractional operators that, in

turn, are a powerful tool to describe cooperative processes in condensed matter [53].

On the other hand, the connection between the master equation formalism and the

CTRW has been discussed over the years, beginning with the pioneering work of Ref.

[29]. According to the CTRW, as we have seen in the previous chapter, the walker

traveling through a one-dimensional path alternates quiescent states to abrupt and

instantaneous jumps from one site to another of this path. The distribution density

of sojourn times, assumed to be independent of the walker position, is denoted by

the function ψ(t). The pioneering work of Ref. [29] proves that the Markov master

equation is compatible with the CTRW, if ψ(t) is a Poisson distribution.

The results of the pioneering work of Ref. [29] raise the important issue of the con-

nection between CTRW, with non-Poisson ψ(t), and a non-Markov master equation.

Apparently, this important problem is solved by adopting the non-Markov master

equation proposed by the authors of Ref. [30]. This theoretical tool is very impor-

tant, and with the term Generalized Master Equation (GME) all transport equations

with the same structure will be denoted. Recently the GME has been discussed by

Metzler [65] who argued that this equation unifies fractional calculus and CTRW. We

will address the related problem of the equivalence between GME and CTRW.

35



Another reason of interest of the GME of Kenkre, Montroll and Shlesinger is that it

is formally identical to the master equation that the authors of Ref. [32] derived from

a quantum mechanical tight-binding model, with an erratic distribution of energy

sites. The calculation was done along the lines established by Zwanzig [5] using a

projection operator similar to that used by Kenkre in an earlier work [33]. This

means that, in principle, understanding the connection between a master equation

and CTRW might contribute to shedding light on the intriguing issue of unravelling

quantum mechanical master equations. This problem becomes challenging in the case

of non-Markov processes. For some very recent references on this issue, the reader

is referred to Refs. [34, 35]. Our purpose is not so ambitious as to afford direct

contributions to the settlement of this problem. However, we focus our attention on

the case of a two-site system that seems to be closer to the problem of decoherence

of a q-bit than to the random walk over an infinite path for which the CTRW theory

was originally designed. We address a problem that is closely related to that recently

discussed by Sokolov and Metzler [36], the connection between the CTRW and a

two-state non-Markov master equation. The focus is on making the GME compatible

with the stationary condition, and we do not deal yet with the interesting issue of

Ref.[36], of the connection with fractional calculus that will be tackled in the next

chapter.

The Onsager principle is a property that makes it possible for us to derive the

correlation function from the GME. If we set a condition of total equivalence between

the GME and the CTRW, we find the apparently disconcerting result that only the

Poisson statistics is compatible with the equivalence condition. The reason for this

restriction is due to the fact that the departure from the Poisson statistics generates

memory properties that make the GME incompatible with the Markov approximation.

This means that the structure of the GME is dictated by the initial condition. If this
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is not stationary, the resulting GME is not a bona fide transport equation [37]. On

the other hand, if the waiting-time distribution ψ(t) is not exponential, there are

aging effects. This means that we have to let the system age till it reaches the

condition where the Onsager principle holds true. In this condition it is possible

to establish a bona fide GME. We do it, and in so doing we establish a complete

equivalence between CTRW and GME. At the same time, we prove that the transition

from the Poisson to the non-Poisson statistics has the effect of creating a memory

condition incompatible with the Markov approximation, at least in principle. In fact,

the Markov approximation, as we shall see, means that the bath is infinitely fast,

and this condition, in turn, is proven to force the waiting-time distribution ψ(t) to

be exponential. This means that the Markov condition is incompatible with the

non-Poisson nature of the waiting-time distribution.

3.2 CTRW on a Two Sites Lattice

In this section a slight variant of the CTRW is illustrated, with the restriction to

a two sites lattice. Let us imagine a walker moving between two sites, he resides in

each site for a time interval whose length is a random variable distributed according

to the function ψ(t) and then jumps to the other site (see Fig. (3.1)). In the frame

of this formalism we can introduce a two dimensional vector p(t) whose components

define the probability of finding the walker at time t in any of the two sites.

Given a particular configuration at time zero through the vector p(0), using the

CTRW it is possible to derive the occupation vector at time t. In fact, in an ensemble

perspective, assuming that at time zero all the walkers start moving with the same

probability distribution of waiting times in each site,i.e. ψ(t), whenever a switching

event (jump) occurs the walker passes from on site to the other.
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site 1 site2

Figure 3.1: Motion of a walker on a two-sites lattice, the walker waits in one site a

time t given by the distribution ψ(t), then jumps to the other site.

This means that after each event occurring at a generic time t′, a fraction ψ(t′) of

the the vector p is changed to Mp with:

M =




0 1

1 0


 (3.17)

In the interval [0,t] we have to account for all the possible ways to go from the

condition at time zero to time t. This means that the walker can evolve from the

time zero to time t with no jumps (p unchanged), with one jump at an intermediate

time and then no event, two jumps and then no event, and so on. It is than clear

that the vector p(t) is given by the equation:

p(t) =
∞∑

n=0

∫ t

0
dt′ψn(t′)Ψ(t− t′)M np(0). (3.18)

Note that ψn(t) is the probability that n jumps occurred and that the last took place
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at time t = t′. This means that

ψn(t) =
∫ t

0
ψn−1(t− t′)ψ1(t

′)dt′, (3.19)

with

ψ0(t) = δ(t). (3.20)

The function Ψ(t) is the probability that no jump occurs in the time interval t, namely,

Ψ(t) =
∫ ∞

t
ψ1(t

′)dt′. (3.21)

3.3 Importance of the First Event

We have seen how the CTRW can give a very simple description of a random

walk on a two sites lattice, but to do that we have assumed that the motion of the

walker start at the same time we begin observing it. In fact we have assumed that

the distribution of waiting times in each site is ψ(t) from the beginning. Actually

if we start observing the motion after the process has been going on for a while,

the distribution of waiting times in each site for the first observed will be in general

different, while as soon as the first event has occurred, in the perspective of the renewal

theory, there is a complete rejuvenation of the process and the waiting distribution

is again ψ(t). As we will see this seemingly unimportant detail is responsible of

remarkable differences and of what we will call ’aging effects’.
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3.4 GME, Poissonian Case and Onsager Principle

A description of the evolution of the population of a two states system can be given

also in terms of a Master equation.

d

dt
p(t) = −

∫ t

0
Φ(t− t′)Kp(t′)dt′, (3.22)

where p is again the 2-dimensional population vector of the two sites, K the transition

matrix between the sites and Φ(t) the memory kernel. The prescription of the CTRW

yields (3.18).

It is evident that the time convolution structure of both Eq. (3.22) and Eq. (3.18)

makes it straightforward to derive in both cases the Laplace transform of p(t). Fur-

thermore, Eq. (3.19) and Eq. (3.21) makes it possible to express the Laplace trans-

form of p(t), in the latter case, in terms of the function ψ1(t) only. This function is the

earlier mentioned waiting time distribution, and from now on it will be denoted with

the symbol ψ(t). By comparing the Laplace transform of the GME to the Laplace

transform of the CTRW we get

K Φ̂(s) =
sψ̂(s)

1− ψ̂(s)
(M − I ), (3.23)

where I is the unity operator. Choosing:

K =




1 −1

−1 1


 , (3.24)

Eq. (3.23) leads to

Φ̂(s) =
uψ̂(s)

1− ψ̂(s)
. (3.25)

We note that the two-state master equation studied here has to be related to the
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two-sites CTRW. If we introduce the fluctuating variable ξ and assign to it the value

W to the right, and the value −W to the left site, and we adopt a discrete time

representation, the motion of the random walker corresponds to a symbolic sequence

{ξ}, consisting of alternating series of +W and −W , which shows a significant time

persistence of both states. The waiting time distribution ψ(t) is the distribution of

the patches filled with either W ’s or −W ’s. We assume a symmetric condition.

For the sake of clarity, it is convenient to remark that we shall deal with waiting

time distribution densities with the following form

ψ(t) = (µ− 1)
T (µ−1)

(T + t)µ
, (3.26)

with µ > 1. The Poisson case corresponds to the limiting case of µ tending to ∞.

This function is properly normalized. However, let us note that its first and second

moment vanish for µ < 2 and µ < 3, respectively. This assigns to the values µ = 2

and µ = 3 an important physical meaning. When µ > 2, and consequently, the first

moment of ψ(t) is finite, the stationary condition is possible [68]. In the stationary

condition the correlation function of the fluctuation ξ(t), denoted with the symbol

Φξ(t) exists and its asymptotic form is:

Φξ(t)(tÀT ) ∼ 1

tµ−2
. (3.27)

Thus the transition from µ < 2 to µ > 2 corresponds to the transition from a

condition incompatible with the stationary condition, and with the existence itself of

the correlation function Φξ(t), to a condition compatible with the existence of both

of them. The transition from µ < 3 to µ > 3 is usually regarded as the transition

from the regime of anomalous to that of ordinary statistical mechanics. We shall see

that this is not quite true, since the departure from the Poisson condition, namely
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µ < ∞, is enough to generate infinite memory. However, the physical effects of this

condition become especially evident in the case µ < 3, thereby making µ = 3 to be,

in practice, the border between normal and anomalous statistical mechanics.

It is now the right time to use the Onsager principle. We set the Onsager principle

in the form

Φξ(t) =
p1(t)− p2(t)

p1(0)− p2(0)
, (3.28)

where p1(t) and p2(t) are the probabilities for the random walker to be, at time t, in

the first and second state, respectively. We see that (3.28) can be derived from (3.7)

simply by applying it to the observable ξ when this is a dichotomous variable. In his

original work Onsager referred himself to the case of a macroscopic fluctuation that

is supposed to regress to the vanishing equilibrium value through a phenomenological

equation of motion. We realize this macroscopic fluctuation selecting a large number

N of walkers, divided into two groups, with N1 and N2 walkers belonging to the first

and second state, respectively. Then we relate this choice to the probabilities p1(t)

and p2(t), by setting p1 = N1/N and p2 = N2/N . The regression to equilibrium of

this macroscopic fluctuation does not fit any phenomenological law. For this reason,

we can refer ourselves to Eq. (3.28) as a generalized version of the Onsager principle.

We plan to derive the mathematical expression of the law of regression to equilibrium

from the use of this generalized version of the Onsager’s regression principle, which,

as said earlier and shown in section 3.5, is exact in the dichotomous case. Due to

its nature, the GME affords information only on p1(t) and p2(t). There is no direct

information on the correlation function Φξ(t), and the only possible way is through

the Onsager’s principle, which, as shown by Eq. (3.28), implies that an initial off-

equilibrium condition, p1(0) − p2(0) 6= 0, is established. Then, the regression to

equilibrium is expected to take place in such a way as to establish a connection with

the correlation function in the form of Eq. (3.28). This assumption, applied to Eq.
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(3.22), yields:

d

dt
Φξ(t) = −2

∫ t

0
dt′Φξ(t− t′)Φ(t′). (3.29)

This equation is the non-Markov counterpart of the phenomenological regression to

equilibrium of the original work of Onsager [23]. Using the time convoluted expression

of Eq. (3.29) and the central result of Eq. (3.25), we establish a connection between

the correlation function Φξ(t) and the waiting time distribution ψ(t), through their

Laplace transforms, as follows:

Φ̂ξ(s) =
1

s + 2sψ̂(s)

(1−ψ̂(s))

. (3.30)

On the other hand, the correlation function is connected to ψ(t) through prop-

erties established by the renewal theory [68]. To properly establish this connection,

we have to notice, with Zumofen and Klafter [38], that it is convenient to introduce

another type of waiting time distribution that we call ψ∗(t). What’s the connection

between ψ(t) and ψ∗(t)? It is the same connection that we have found in CTRW when

we wanted to establish the equivalence between the velocity model and the two-state

model. We found that in order for the two models to produce the same identical

random walk the relation (2.49) had to be imposed for the waiting time distributions.

From another point of view we can see the waiting time distribution ψ(t) as the ex-

perimental waiting time distribution. It could be evaluated experimentally observing

the sequence {ξ}, and recording the time length of the laminar regions occupied only

by W or by −W . Then, we can imagine that a theoretical waiting time distribution

exists, denoted by ψ∗(t), and that the same sequence ξ(t) can obtained as follows. We

select randomly a number t1 from the distribution ψ∗(t). We toss a coin, and assign

to the first laminar region, of length t1, the symbol W or −W , according to the coin

tossing prescription. At the end of this laminar region, first we select, again from the
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distribution ψ∗(t), a number t2. This is the length of the second laminar region. We

toss the coin again to decide the sign of it. It is evident that there is 50% probability

of getting the same sign as the earlier laminar region. We proceed in the same way

with the length and the sign of third laminar region, and so on.The introduction of

ψ∗(t) allows us to use the following result from renewal theory [68]:

Φξ(t) =
1

〈τ ∗〉
∫ ∞

t
(t′ − t)ψ∗(t′)dt′, (3.31)

where 〈τ ∗〉 is the mean waiting time of the ψ∗(t)-distribution. It is interesting to

notice that this equation means that the second derivative of the correlation function

is proportional to ψ∗(t),
d2

dt2
Φξ(t) =

ψ∗(t)
〈τ ∗〉 . (3.32)

Zumofen and Klafter [38] explained with clear physical arguments the connection

between ψ(t) and ψ∗(t). They prove that their Laplace transforms are related one to

the other by

ψ̂∗(s) =
2ψ̂(s)

1 + ψ̂(s)
. (3.33)

Using Eq. (3.32) and Eq. (3.33) we derive a further connection between the Laplace

transform of Φξ(t) and the Laplace transform of ψ(t). In fact, by Laplace transforming

Eq. (3.32) and using Eq. (3.33), we derive a new expression for the Laplace transform

of Φξ(t). By equating this new expression to that of Eq. (3.30), we find, after some

algebra, the following form for the Laplace transform of ψ(t),

ψ̂(s) =
−1

2
Φ
′
ξ(0)

s + 1
〈τ∗〉 + 1

2
Φ
′
ξ(0)

. (3.34)
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Using Eq. (3.31) we prove that

Φ
′
ξ(0) = − 1

〈τ ∗〉 . (3.35)

This equation allows us to write Eq. (3.34) under the form

ψ̂(s) =
1

2〈τ ∗〉
1

(s + 1
2〈τ∗〉)

. (3.36)

This means that ψ(t) is exponential and the explicit forms of ψ(t) and Φξ(t) are given

by

ψ(t) =
γ

2
exp(−γ

2
t) (3.37)

and

Φξ(t) = exp(−γt), (3.38)

respectively.

3.5 Onsager’s Regression for Dichotomous Signals

We note that the constraint posed in the earlier section on the waiting-time

distribution density ψ(t), to ensure the equivalence between the Master equation and

the CTRW, has been based on the assumption that the Onsager principle is valid.

The fact that the equivalence between CTRW and GME is restricted only to the

Poisson case, and so to the case of ordinary master equation, might generate the

false impression that the Onsager principle is valid only in the Poisson case. It is

not so. It is already known [41] that in the case of Gaussian statistics the Onsager’s

regression hypothesis is exact, and it holds true for initial excitation of any intensity.

In this section, having in mind the two-state master equation, we focus our attention
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on the case of dichotomous statistics. In the dichotomous case, we show that the

Onsager’s regression hypothesis turns out to be exact again, for initial departures

from equilibrium of whatsoever intensity, and with any type of relaxation process,

with an exponential form, and with an inverse power law form as well, provided that

the system is ergodic. In short, in this section we prove that in the dichotomous case

the Onsager regression principle holds true provided that the system is ergodic.

The ergodic property implies that we can create a Gibbs ensemble in two different,

but equivalent, ways. The first refers to the original idea of Gibbs, that the same sys-

tem is repeated infinitely many times. This means that we have to generate infinitely

many sequences using the same physical prescription. The second way is based on

the adoption of only one sequence, denoted by ξ(t), which is supposed to be infinitely

long. Then we define a generic trajectory ξ(s)(t) with the following prescription

ξ(s)(t) = ξ(t + s). (3.39)

In the practical case of a numerical treatment, time is discrete, time unity being, for

instance t = 1. In this case the superscript s is an integer number.

We denote by P+ and P− the probability that the variable ξ gets the value W

and −W , respectively. These probabilities are frequencies that can be evaluated

using either the first or the second ensemble of sequences. We divide our ensemble

of sequences into two groups, characterized by the the initial condition ξ(0) = 1, and

ξ(0) = −1, respectively. We define two distinct averages for the two groups, denoted

by 〈·〉+ and 〈·〉−, respectively. Of course, we have that:

〈·〉 = P+〈·〉+ + P−〈·〉−, (3.40)
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with

P+ + P− = 1. (3.41)

Although it is not essential, we will make our discussion as general as possible.

Thus, we do not assume the two probabilities to be equal. We do not rule out that a

bias might exists, given by

P+ − P− = c. (3.42)

Thus both kinds of ensembles yield the same mean value of the variable ξ(t), which

is denoted by us with the symbol 〈ξ〉, this value being 〈ξ〉 = c. In the ergodic, and

stationary, condition that we are assuming, the stationary autocorrelation function

exists, and it is defined as

Φξ(t) ≡ 〈(ξ(0)− 〈ξ〉)(ξ(t)− 〈ξ〉)〉
〈ξ2〉 − 〈ξ〉2 =

〈ξ(0)ξ(t)〉 − c2

1− c2
. (3.43)

Expressing the total average in terms of the averages over the two groups, according

to the prescription of Eq. (3.40), we make Eq. (3.43) become

Φξ(t) =
〈(+1)ξ(t)〉+ + 〈(−1)ξ(t)〉− − c2

1− c2

=
〈ξ(t)〉+ − 〈ξ(t)〉− − c2

1− c2
. (3.44)

Note that on the same token the property 〈ξ〉 = c can be written as follows

P+〈ξ〉+ + P−〈ξ〉− = c. (3.45)

We also note that

P+ =
c + 1

2
. (3.46)
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Using Eqs.(3.45) and (3.46) we express the correlation function of Eq. (3.44) as follows:

Φξ(t) =
2P+〈ξ〉+ − c− c2

1− c2
=
〈ξ〉+(c + 1)− c(c + 1)

1− c2
. (3.47)

Finally, by dividing both numerator and denominator of the ratio corresponding to

the last term of Eq. (3.47) by 1 + c, we obtain

Φξ(t) =
〈ξ〉+ − c

1− c
. (3.48)

Eq. (3.48) can be interpreted as follows. The group of trajectories corresponding to

the condition ξ(0) = 1 can be thought of as a way of creating an out of equilibrium

condition, 〈ξ〉+. This out of equilibrium condition undergoes a process of regression

to equilibrium that is proportional to the equilibrium correlation function. Using Eq.

(3.45), we can express the correlation function in terms of 〈ξ〉−, and we reach the

same conclusion. It is evident that the same conclusion would be reached using an

arbitrary mixture of 〈ξ〉+ and 〈ξ〉−, departing from the vanishing equilibrium value.

In conclusion, the Onsager’s regression principle is fulfilled.

We notice that the waiting-time distribution densities that we are considering,

have an inverse power law nature with the power index µ. If this power index fits

the condition µ > 2 the ergodic condition is ensured. We shall focus our attention on

this condition, and we shall prove that we can make the CTRW compatible with the

GME if we set the constraint that the system is aged enough as to make the Onsager

principle valid. As we shall see, this means the adoption of a form of CTRW different

from that of Montroll and Weiss [26], which corresponds to a condition very far from

the stationary state. It is evident that the ergodic condition might become hard to

fulfill in practice, with relaxation processes described by inverse power laws. This is

in fact the case when aging becomes important.
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3.6 Aging in Renewal Processes

In section 3.4 we found that the GME and the CTRW are equivalent and consistent

with the Onsager principle, only in the Poisson case. Since the use of the Onsager’s

regression assumption is the key ingredient used to establish this equivalence, we

might be tempted to conclude that the Onsager principle does not hold true in the

non-Poisson case. In section 3.5, referred to the dichotomous case, we found that

it is not so, and that the Onsager principle is valid, provided that µ > 2. Here we

shall prove that the non-Poisson case results in aging effects, which has significant

consequences also in the case µ > 2. If the CTRW used does not refer to the stationary

(aged) condition, it cannot be compatible with the Onsager regression principle. The

problem of aging within the context of intermittent processes has been discussed

recently in a very attractive paper by Barkai [6]. The work of Barkai focuses on the

non-stationary condition, µ < 2, where no invariant measure exists, and aging lasts

forever. In this case the Onsager regression principle is violated for reasons explicitly

pointed out by Onsager himself. In fact, Onsager repeatedly mentioned [23] that his

principle has to be applied to aged systems. The condition of aged systems implies a

state of thermodynamic equilibrium. In the case µ < 2 equilibrium is never reached,

not even asymptotically. Thus, in this case the Onsager’s principle is always violated.

In the next section, using the renewal theory [68], we shall study the case µ > 2, and

we shall discuss two limiting conditions, corresponding to the birth and the death of

the system, respectively. It is interesting to remark that death, meaning an ordinary

thermodynamical condition, takes place eventually at the end of an infinitely long

aging process.
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3.6.1 Young and Aged Systems

First of all, one should define, as Barkai does [69, 43], the waiting time distribution

ψta(t). This means that we establish non-stationary conditions at time ta < 0, and

we begin our observation at time t = 0. The waiting time distribution depends on ta.

The naive conviction that the waiting time distribution is given by ψ(t), actually is

based on the assumption that ta = 0. This means, in fact, that we are considering a

set of random walkers and that at time t = 0 all of them begin their sojourn in the

laminar region. This leads immediately to ψta=0(t) = ψ(t). It is straightforward to

evaluate also the distribution of sojourn times corresponding to ta = −∞. We denote

this distribution with the symbol ψ∞(t).

This is the stationary case, corresponding to the following procedure. In the

stationary condition, the probability of selecting a laminar zone of length T , by a

random choice, is T
〈τ〉ψ(T )dT , where 〈τ〉 is the mean length of a laminar zone. The

probability density of observing the first change of laminar phase after a time t, being

in a laminar zone of length T , is Θ(T − t) 1
T
. Consequently for the probability density

of having the first change of laminar phase at time t (i.e. ψ∞(t) ), we have, integrating

over all possible T :

ψ∞(t) =
1

〈τ〉
∞∫

0

dTTψ(T )
1

T
Θ(T − t)

=
1

〈τ〉
∞∫

t

dTψ(T ). (3.49)

Note that due to the renewal theory, the distribution ψ∞(t) concerns only the time

that we have to wait to detect the first event. After the first event we have a total

rejuvenation. In fact, measuring the time at the moment of the first jump is equivalent

to beginning the measurement process at the precise moment when the walker enters
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the laminar region. As a result of these arguments, the Laplace transform of p(t) is

given by

p̂(s) = (Ψ̂∞(s)I +
ψ̂∞(s)Ψ̂(s)M

1− ψ̂(s)M
)p(0). (3.50)

This result is derived from Eq. (3.18) as follows. First of all, we evaluate the Laplace

transform of Eq. (3.18). We obtain

p̂(s) = (Ψ̂(s) + Ψ̂(s)ψ̂(s)M + Ψ̂(s)ψ̂2M 2 + ...)p(0)

= Ψ̂(s)
∞∑

n=0

(ψ̂M )np(0) =
Ψ̂(s)

1− ψ̂(s)M
p(0). (3.51)

Then, we replace the probability of occurrence, or of non occurrence, of the first event,

called ψ(t) and Ψ(t), respectively, with the corresponding aged quantities. These are

called ψ∞(t) and Ψ∞(t), respectively. The function ψ∞(t) is given by Eq. (3.49) and

the function Ψ∞(t) is given by

Ψ∞(t) =
∫ ∞

t
ψ∞(t′)dt′. (3.52)

All this yields Eq. (3.50).

We expect that the inverse Laplace transform of Eq. (3.51), is a function of t that

asymptotically will become equivalent to the asymptotic value of the inverse Laplace

transform of Eq.(3.50). What about the Onsager prescription of Eq. (3.28)? If we

adopt the GME corresponding to the young condition, the adoption of Eq. (3.28)

would be equivalent, as far as the left-hand-side of this equation is concerned, to

adopting the non-stationary condition. We have to remark, in fact, that the GME

corresponding to the Montroll-Weiss CTRW is not a bona fide master equation. The

importance of a bona fide transport equation has been pointed out in a remarkable

paper by Fox [37]. A master equation is a bona fide master equation when it can
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be used with any initial condition (like the bona fide Fokker-Planck equation of Ref.

[37]) . The master equation, on the contrary, implies the choice of only one initial

condition. The next subsection is devoted to shedding more light on this important

aspect.

3.6.2 A Theory for Systems of Any Age

The purpose of this subsection is to shed further light into the aging problem, and

into the ensuing conflict with the Onsager postulate. At the same time we shall

derive an expression for the distribution density of the first exit times valid for any

age, and not only for ta = 0 and ta = −∞, which denote observation taking place

at the moment of birth and death of the dynamic process under study, respectively.

This discussion is based on the following dynamic model. A variable x moves in the

interval I ≡ [0, 1] according to the following prescription

dx

dt
= λx(t)z. (3.53)

When it reaches the point x = 1 it is injected back with uniform distribution, thereby

producing another laminar region. We assign alternated signs to the sequel of laminar

regions. The sojourn in a laminar region with a given sign is equivalent to sojourn in

one of the two states discussed in section 3.4. The resulting waiting-time distribution

density coincides with the one earlier called ψ(t). The explicit expression for ψ(t) is

obtained by expressing the exit time t as a function of the initial condition x0. Then

we have to assume

p(x0)dx0 = ψ(t)dt. (3.54)
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The choice of a uniform back injection process implies p(x0) = 1. This is the condition

behind the CTRW of Montroll and Weiss. All this results into

ψ(t) = (µ− 1)
T (µ−1)

(T + t)µ
, (3.55)

with

µ =
z

(z − 1)
(3.56)

and

T =
1

λ(z − 1)
. (3.57)

We propose for the aging process a calculation procedure different from that

adopted by Barkai [69]. As we shall see, this procedure yields the same results as

those of Barkai. As done in Ref. [45], we discuss the equation of motion for the

probability density ρ(x, t). This is given by

∂

∂t
ρ(x, t) = − ∂

∂x
(λxzρ(x, t)) + C(t). (3.58)

The time evolution of the distribution function is described by the following for-

mula

ρ(x, t) '
∫ t

−ta

C(τ + ta)

[1 + 1/α(t− τ)x1/α]1+α
dτ, (3.59)

where we have used the following new parameter:

α =
1

(z − 1)
. (3.60)

We have assumed that the flat initial distribution is assigned at time t = −ta. We

have neglected the contribution [1 + 1/α(t + ta)
(1/α)]−(1+α), necessary to recover at

t = −ta, the flat initial distribution. On the basis of the approach that we shall detail
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hereby to derive the distribution density of the first exit times, it is straightforward

to check that this term yields negligible contributions. Using the property

ρ(x, t = 0)dx = ψta(t)dt, (3.61)

where ρ(x, t = 0) is given by Eq. (3.59), with t = 0, we can evaluate the distribution

density of the first exit times in general, and not only for ta = 0 and ta = −∞. It

is interesting to remark that the infinitely old distribution density ψ∞(t) of section

3.6.1, is easily obtained by noticing that

ρ(x,∞) = (2− z)/xz−1. (3.62)

Using Eqs.(3.62) and (3.61), after some algebra, we rederive the distribution of Eq.

(3.49).

We can also establish a connection with the case discussed by Barkai [69], namely

the case z > 2. In the case of z > 2 ⇒ α < 1, the long time behavior of the function

C(t) is

C(t) ' sin(απ)

ααπ
t−(1−α). (3.63)

We now use the prescription of Eq. (3.61). A close inspection of Eqs. (3.59) and

(3.63) reveals that it is not possible to give a close formula for the function ψta(t).

Then, we must study the two cases ta À t and ta ¿ t, separately.

• ta À t:

ρ(x, t = 0) ∼
∫ 0

−ta

(τ + ta)
−(1−α)

[1− 1/ατx1/α]1+α
dτ

= t−1
a

∫ 0

−1

(1 + y)−(1−α)

[1/ta − y/αx1/α]1+α
dy
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= t−1
a

∫ 1

0

(1− y)−(1−α)

[1/ta + y/αx1/α]1+α
dy

∼ t−1
a

∫ 1

0

1

[1/ta + y/αx1/α]1+α
dy

= tαa

∫ 1

0

1

[1 + y/αtax1/α]1+α
dy

∼ t−(1−α)
a

x1/α
. (3.64)

In Eq. (3.64), we have carried out the operation limta→∞, while keeping x 6= 0 fixed.

The next step is based on the use of Eq. (3.61), of x = (1 + t/α)−α and of
∣∣∣dx

dt

∣∣∣ =

(1 + t/α)−(α+1). This allows us to obtain

ψta(t)|taÀt ∼
t−(1−α)
a

tα
. (3.65)

• ta ¿ t:

ρ(x, t = 0) ∼
∫ 0

−ta

(τ + ta)
−(1−α)

[1− 1/ατx1/α]1+α
dτ

∼
∫ 0

−ta
(τ + ta)

−(1−α)dτ

= tαa . (3.66)

Thus, in this condition we have

ψta(t)|ta¿t ∼
tαa

t1+α
. (3.67)

Let us note that Eqs. (3.65) and (3.67) correctly reproduce the behavior predicted

by Ref. [69]) in the corresponding limits by means of the formula:

ψta(t) ∼
sin(απ)

π

tαa
tα(t + ta)

, (3.68)
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where α ≡ 1
z−1

. In conclusion, our way of proceeding fits the conclusions of Barkai

[69]. As earlier pointed out, in the condition µ < 2 the Onsager principle is always

violated. This is expected, since it is known [46] that the non-stationary condition

µ < 2 is incompatible with the existence of the stationary correlation function Φξ(t).

3.7 The Stationary Master Equation

In this section we prove that the GME can be made equivalent to the CTRW, with

no restriction to the Poisson statistics, if we set the stationary condition in both of

them. The deep difference between stationary and non-stationary condition has been

discussed years ago by Zumofen and Klafter in two pioneering papers [47, 48]. This

means that we have to compare the GME of Eq. (3.22) to the stationary CTRW,

which yields

p̂(s) = (Ψ̂∞(s)I +
ψ̂∞(s)Ψ̂(s)M

1− ψ̂(s)M
)p(0), (3.69)

where, according to the stationary prescription (3.49):

ψ∞(t) =
1

〈τ〉
∫ ∞

t
dt′ψ(t′), (3.70)

as also explained in Section 3.6.1, and 〈τ〉 is used again to denote the mean waiting

time of the distribution density ψ(t). For M we make the same choice as in Eq. (3.17).

For calculation convenience, we adopt for K the more general symmetric form:

K =




x y

y z


 . (3.71)

From (3.22) we get:
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p̂(s) =
1

sI + Φ̂(s)K
p(0). (3.72)

By equating (3.72) and (3.69) we derive

1

sI + Φ̂(s)K
= Ψ̂∞(s)I + ψ̂∞(s)Ψ̂(s)M

∞∑

n=0

ψ̂(s)nM n. (3.73)

By multiplying both sides by sI + Φ̂(s)K and using the properties M 2n = I and

M 2n+1 = M , we obtain:

I = Ψ̂∞(s)(sI + Φ̂(s)K ) +
ψ̂∞(s)Ψ̂(s)

1− ψ̂(s)2

(
sM + Φ̂(s)MK+ (3.74)

ψ̂(s)sI + ψ̂(s)Φ̂(s)K
)
.

With some algebra we extract from Eq. (3.74) the following set of equations for x, y

and z:

1 = Ψ̂∞(s)(s + Φ̂(s)x) +
ψ̂∞(s)Ψ̂(s)

1− ψ̂(s)2

(
Φ̂(s)y + ψ̂(s)s + ψ̂(s)Φ̂(s)x

)

0 = Ψ̂∞(s)Φ̂(s)y +
ψ̂∞(s)Ψ̂(s)

1− ψ̂(s)2

(
Φ̂(s)z + s + ψ̂(s)Φ̂(s)y

)

0 = Ψ̂∞(s)Φ̂(s)y +
ψ̂∞(s)Ψ̂(s)

1− ψ̂(s)2

(
Φ̂(s)x + s + ψ̂(s)Φ̂(s)y

)

1 = Ψ̂∞(s)(s + Φ̂(s)z) +
ψ̂∞(s)Ψ̂(s)

1− ψ̂(s)2

(
Φ̂(s)y + ψ̂(s)s + ψ̂(s)Φ̂(s)z

)

The solution of this set of equations is given by

z = x

y = −x

x =
s(1− ψ̂(s))

Φ̂(s)(−2 + u〈τ〉+ (2 + u〈τ〉)ψ̂(s))
. (3.75)
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So, the GME and the stationary CTRW are compatible if K has the same form

as that of Eq. (3.24) and

Φ̂(s) =
s(1− ψ̂(s))

(−2 + u〈τ〉+ (2 + u〈τ〉)ψ̂(s))
. (3.76)

Using the Onsager’s principle in the form of Eq. (3.28) and consequently the time

convoluted equation of Eq. (3.29), we obtain

Φ̂ξ(s) =
1

s + 2Φ̂(s)
. (3.77)

Finally, using for Φ̂(s) the expression of Eq. (3.76) and for Φ̂ξ(s) the expression

afforded by the renewal theory, we get an identity in ψ̂(s) (the Laplace transform of

the waiting-time distribution density). This means that the aged CTRW is totally

equivalent to the GME with the memory kernel given by Eq. (3.76).

3.8 Concluding Remarks

The work recounted in this chapter affords a significant contribution to under-

standing the role of aging in systems departing from Poisson statistics. The Onsager

regression principle rests on the second principle of thermodynamics, and it applies

to aged systems. However, non-Poisson statistics might imply a very slow regression

to equilibrium, so as to create conditions, correctly depicted by the Montroll-Weiss

CTRW, but incompatible with the Onsager regression postulate. This might be a

condition different from that corresponding to out of equilibrium thermodynamics,

and represents instead a state of matter intermediate between the dynamic and the

thermodynamic condition. This new condition has been recently proposed to explain

the emergency of life on earth and has been denoted with the appealing term of living

state of matter [42].

58



The master equation derived in the previous section, corresponds to the aged

systems where the Onsager principle holds true. The Montroll-Weiss CTRW and

the corresponding master equation refers to the dynamics of a young system. From a

technical point of view one might wonder if it is possible to produce a master equation,

or a CTRW, reflecting correctly the process of aging. The young and the old sequence

reflect two different initial conditions of the system. The young condition and the

slow process of regression to equilibrium are incompatible with the existence of a

stationary correlation function.

Eventually, the system will settle to equilibrium. However, to establish, at least

ideally, the validity of the Onsager regression principle, we must set some suitable

out of equilibrium initial conditions. If we do select initial conditions that do not fit

the stationary prescription [47, 48], the correlation function Φξ(t) cannot be defined,

and, consequently, we are forced to determine the memory kernel of the GME of Eq.

(3.22) using the non-stationary prescription of Eq. (3.25). Nevertheless, this equation

will produce an exact time evolution. Let p(0) evolve in time till it reaches the new

condition p(T ). If we adopt this as a new initial condition, namely we set the new

origin of time at t = T , and we apply again Eq. (3.22) to predict the ensuing time

evolution, we get a wrong prediction. In fact, the GME equivalent to the CTRW of

Montroll and Weiss is not a bona fide master equation [37]. We should build up a

new GME equation with the distribution of the first jumps given by ψta=−T (t). If, on

the contrary, we select an initial out of equilibrium condition, as done in section 3.5,

which is compatible with the bath being at equilibrium, then the Onsager principle

is fulfilled, the GME with the kernel of Eq. (3.76) is a bona fide master equation and

can be used with any kind of initial conditions concerning p.
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To derive the results here illustrated, we significantly benefitted from the im-

portant work of Refs. [36, 69]. However, it must be pointed out that the material

derivative of Ref. [36], although more advantageous than the GME to study the influ-

ence of an external force field, is equivalent to the GME of Ref. [30], with the condition

of Eq. (3.23) rather than the stationary condition of Eq. (3.76), and, consequently,

as proved, it violates the Onsager principle. As to the work of Barkai on aging [69],

we would like to note that it is confined to the case µ < 2, a condition incompatible

with the stationary master equation found in this chapter, namely the master equa-

tion with the memory kernel of Eq. (3.76). Barkai reaches the conclusion that the

aging effect for µ > 2 are “confined to a certain time window”. The results in this

chapter have the effect of suggesting the plausible conjecture that actually this time

window is of infinite size. Let us see why. We can notice that in a sense the memory

kernel of Eq. (3.76) affords a way to measure the aging process. In fact, if the waiting

time distribution density ψ(t) is exponential, the memory kernel is equivalent to that

produced by a bath that would regress to equilibrium instantaneously, with no aging

effect. In the case of µ < ∞ we have a memory lasting forever. This is evident when

µ < 3, since in this case the adoption of Eq. (3.76) proves that the Laplace transform

of the memory kernel, Φ̂(s), tends to vanish for u → 0.

Apparently, the condition µ > 3 seems to be compatible with the Markov approx-

imation, given the fact that in that case, Φ̂(s) tends to a finite value for u tending to

0. Note that, while the analytical expression of Φ(t) is at the moment not yet known,

the analytical form of Φξ(t) is under total control, and it is a an inverse power law

with index β = µ − 2. The free diffusion process resulting from the fluctuations of

ξ(t) is known. The pioneering work of Ref. [38] proves that even in the case µ > 3

the Gaussian condition is not exactly realized. The central part of the diffusion pdf

is the ordinary Gaussian diffusion, but at large distances slow tails with an inverse
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power law appear. These tails become weaker and weaker upon increase of µ and

might be annihilated by even weak external fluctuations, with the ensuing annihila-

tion of aging. However, there are deep physical motivations to fully understand the

theoretical issues generated by the aging process. A relevant example of this theo-

retical request is given by the physics of glassy systems, which are characterized by

aging and consequently by a violation of the ordinary fluctuation-dissipation condi-

tion, which is intimately related to the validity of the Onsager principle [50]. In other

words, further research work is necessary to understand how robust the non-Poisson

nature of ψ(t) is, and to establish the intensity of environmental fluctuations that are

expected to produce a truncation of the inverse power law nature of ψ(t). This can

be done along the lines of Ref. [51]. This research work can be carried at a much

deeper level, as a consequence of the fundamental result of Eq. (3.76). In fact, this

equation defines the memory kernel Φ(t) of the GME, in terms of the waiting function

ψ(t). We can assume that the function ψ(t) can be derived from the experimental

observation as in the case of the blinking quantum dots of Ref. [44]. Thus, with the

help of Eq. (3.76) we can draw from the experimental function ψ(t) information on

the bath responsible for the intermittent character of the process under study. This

information will help the foundation of a dynamic model, and consequently will make

it possible to discuss the robustness against noise of the intermittent process under

study, from a perspective more realistic than in the earlier work of Ref. [51].

Let us summarize the main results of this chapter. The functions Φ(t) and ψ(t)

are the main mathematical properties behind the GME and CTRW, respectively, the

former affording indications on the complex dynamics of the irrelevant variables and

the latter illustrating the nature of the intermittent process that can be observed

as a result of a special experimental detection [44]. The deviation of ψ(t) from the

exponential condition is equivalent to forcing Φ(t) depart dramatically from the white
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noise condition. The non-Poisson nature of ψ(t) generates memory infinitely extended

in time, and aging with no finite time scale as well, no matter how big the scaling

parameter µ, provided that µ < ∞. In fact, if a finite time scale for both aging and

memory existed, at a much larger time scale, the function Φ(t) would be equivalent

to a delta of Dirac, the bath fluctuations would be white noise, the bath would be at

equilibrium, and, of course, ψ(t) would be exponential. This is equivalent to proving

that the non-exponential nature of ψ(t) yields aging effects that are not limited to

the non-stationary case µ < 2, even if in this case these aging effects seem to be more

natural. The condition µ > 2 is compatible with the stationary condition. However,

a bath generating this condition, through the key result of Eq.(3.76), is characterized

by dynamic properties with memory infinitely extended in time. From a formal point

of view, the main result of this chapter is illustrated by the comparison between Eq.

(3.25) and Eq. (3.76) and by the comparison between Eq. (3.76) and (3.77). Eq.

(3.25), which is the relation between GME and the CTRW established by the authors

of Ref. [30], refers to a non-stationary condition. Eq. (3.76)relates the memory

kernel of the GME to the stationary CTRW. The comparison between Eq. (3.76)

and Eq. (3.77) affords another way of illustrating the same key result. In fact, these

two equations are made equivalent by the wise choice of the stationary version of

CTRW, which is compatible with the existence of the stationary correlation function

Φξ(t) and with Eq. (3.31), namely with the relation between correlation function and

waiting-time distribution density. This is the physical condition making the Onsager

postulate correct, and, through it, ensuring the possibility itself of establishing a

complete equivalence between CTRW and GME.
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CHAPTER 4

AGING AND FRACTIONAL DERIVATIVES

4.1 Introduction

The fractional calculus has recently received a great deal of attention in the

physics literature, through the publications of books [52, 20], review articles [53,

54], as well as an ever increasing number of research papers, some of which are

quoted here [55, 27, 56, 57, 58, 59, 60, 61]. The blossoming interest in the fractional

calculus is due, in part, to the fact it provides one of the dynamical foundations for

fractal stochastic processes [20, 54]. The adoption of the fractional calculus by the

physics community was inhibited historically because there was no clear experimental

evidence for its need. The disciplines of statistical physics and thermodynamics were

thought to be sufficient for describing complex physical phenomena solely with the

use and modifications of analytic functions. This view was supported by the successes

of such physicists as Lars Onsager, who through the use of simple physical arguments

was able to relate apparently independent transport processes to one another, even

though these processes are associated with quite different physical phenomena [23].

His general arguments rested on three assumptions: 1) microscopic dynamics have

time-reversal symmetry; 2) fluctuations of the heat bath decay at the same rate as do

macroscopic deviations from equilibrium and 3) physical systems are aged. We refer

to assumption 2 as the Onsager Principle, which, as exposed in the previous chapter,

is tied up with assumption 3.

Onsager’s arguments focused on a system that is in contact with a heat bath

sufficiently long that the bath has come to thermal equilibrium and consequently

the system is aged. In statistical physics we know that the bath is responsible for
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both fluctuations and dissipation, and if the fluctuations are white the regression of

perturbations of the bath to equilibrium is instantaneous. This means that the energy

absorbed from the system of interest by the bath, through macroscopic dissipation, is

distributed over the bath degrees of freedom on a very much shorter time scale than

the relaxation time of the system. This property is summarized in the well known

fluctuation-dissipation theorem, which has even been generalized to the case where

the fluctuations in the bath do not regress instantaneously [62].

The dynamics of the physical variables to which the Onsager Principle apply are

described by two different kinds of equations: 1) the Langevin equation, a stochastic

differential equation for the dynamical variable and 2) the phase space equation for

the probability density. Two distinct methods, as we have seen, have been developed

to describe the phase space evolution of the probability density: the master equation

introduced by Pauli and the continuous time random walk (CTRW) approach of

Montroll and Weiss [26]. It was shown by Bedeaux et al. [64] that the Markov

master equation is equivalent to CTRW if the waiting time distribution is Poissonian.

However, when the waiting time distribution is not exponential, the case we consider

here, the equivalence between the two approaches is only maintained by generalizing

to the non-Markov master equation, the so-called GME [30]. Recently, Metzler [65]

argued that the GME unifies the fractional calculus and CTRW.

In the previous chapter it was shown that to create a master equation compatible

with the Onsager Principle requires that the system be entangled with the heat bath

in such a way that the bath does not regress to equilibrium infinitely fast, the system-

bath entanglement is the result of a rearrangement process that may take infinitely

long to complete, leading to the generalized master equation (GME) of Kenkre et al.

[30]. In this chapter, that discussion is extended to include the connection with both

the fractional calculus and the nonstationary condition.
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For simplicity it is better to restrict again our discussion to the case of a two-site

system coupled to a heat bath, a problem closely related to the quantum problem

of decoherence of a qubit, due to coupling to the environment. The connection of

the CTRW, a two-state non-Markov master equation and the fractional calculus has

been explored by Sokolov and Metzler [61]. Herein we go beyond their discussion and

investigate the relationships among the fractional calculus, the Onsager Principle, and

one concept of aging. We also show that the result of Sokolov and Metzler, which

refers to the young state, is an attractor for all the systems that are partially aged,

and not infinitely aged. We call this process rejuvenation.

4.2 From the GME to Fractional Derivative

We have seen in the previous chapter, that the GME equivalent to the CTRW in

the stationary condition and therefore consistent with the Onsager principle reads:

d

dt
p(t) = −

t∫

0

Φ (t− τ)Kp(τ)dτ, (4.1)

with K given by (3.24) and the kernel Φ(t), in Laplace Transform, by Eq. (3.76),

that here we rewrite in the following form:

Φ̂ (s) =
s

(
1− ψ̂ (s)

)

−2
(
1− ψ̂ (s)

)
+ s

(
1 + ψ̂ (s)

)
τ
. (4.2)

It is then crucial, in order to find a connection with the fractional derivative, to

calculate the inverse Laplace transform of (4.2).
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4.2.1 The Inverse Laplace Transform of the Memory Kernel

To establish the form of the unknown memory kernel Φ(t), we make a few preliminary

observations. First of all, we note that through Eq. (3.29) we establish the following

direct connection with the correlation function Φξ(t):

Φ̂(s) =
1

2
(

1

Φ̂ξ(s)
− s), (4.3)

and that this correlation function is, in turn, directly related to the waiting time

distribution ψ∗(t), through Eq. (3.31). Thus, with no loss of generality for the

reasons illustrated in section 3.1, it is convenient to refer ourselves to ψ∗(t) rather

than to ψ(t), assuming:

ψ∗(t) = (µ− 1)
T ∗µ−1

(t + T ∗)µ
, (4.4)

which yields for the mean value:

τ ∗ = τ/2 =
T ∗

µ− 2
. (4.5)

These two expressions produce, through Eq. (3.31), the following function for the

correlation function:

Φξ(t) =
T ∗β

(T ∗ + t)β
, (4.6)

For simplicity, we set T ∗ = 1 throughout the section. Thus, the Laplace transform of

the autocorrelation function is [70]:

Φ̂ξ (s) =
Γ (1− β)

s1−β

(
es − Es

β−1

)
, (4.7)

where 0 < β < 1, given the fact that we are considering 2 < µ < 3, and Es
β−1 is

the generalized exponential function [20]. Thus, Φ̂ξ (s) diverges as u → 0 and Eq.
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(3.29) yields Φ̂ (0) = 0. We explore the opposite limit, u →∞ using Eq. (4.2), which

yields Φ̂ (s) = 1
τ

= 1
2τ∗ . In the time representation, the latter limit is equivalent to

Φ (t) ≈ δ(t)
2τ∗ for t → 0. Therefore, we segment the Laplace transform of the GME

memory kernel into two parts as follows

Φ̂ (s) =
1

2τ ∗
+ Φ̂a (u) . (4.8)

The first term models the short-time limit, while the second term is responsible for

the long-time behavior. In the time representation we have

Φ (t) =
δ (t)

2τ ∗
+ Φa (t) . (4.9)

Note that this division of the memory kernel into a white-noise contribution and a

slow term corresponds to a similar partition made by Fuliński [71].

Thus, for the time evolution equation of the correlation function of ξ(t), we derive

the following equation

dΦξ (t)

dt
= − 1

τ ∗
Φξ (t)− 2

t∫

0

Φa (t− t′) Φξ (t′) dt′. (4.10)

Using Eq. (4.6) and (4.5), after some algebra, we obtain

(
T

t + T

)β βt

T (t + T )
= Φξ (t)

βt

T (t + T )
(4.11)

= −2

t∫

0

Φa (t− t′) Φξ (t′) dt′.

The two terms on the left-hand side Eq. (4.11) are positive. Due to the negative sign

on the right-hand term of this equation we conclude that it might well be that Φa (t)

is always negative.
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Let us concentrate on the case β < 1: using the autocorrelation function Φξ (t) of

Eq. (4.6) (with T* = 1) and using the change of time variable t′ + 1 → t′, we rewrite

Eq. (4.11) in the form:

−2

t+1∫

0

Φa (t + 1− t′)
1

t′β
dt′ + 2

1∫

0

Φa (t + 1− t′)
1

t′β
dt′ =

βt

(t + 1)β+1 . (4.12)

In the limiting case t →∞ we neglect the second term on the left-hand side of this

equation. This is a natural consequence of the assumption that the memory kernel

must tend to zero with a negative tail, as an inverse power law. With this assumption

it is straightforward to prove that the modulus of the first term becomes much larger

than that of the second-term on left-hand side of this equation. The consequences of

this crucial assumption are supported by the numerical results depicted in Fig. (4.1).

With this assumption Eq. (4.12) simplifies to

−2

t∫

0

Φa (t− t′)
1

t′β
dt′ =

βt

(t + 1)β+1 , (4.13)

which can be solved by means of the fractional calculus [20]. We use the Riemann-

Liouville (RL) definition of the fractional integral

D−q
t [f (t)] =

1

Γ (q)

∫ t

0

f (t′) dt′

(t− t′)1−q , (4.14)

which is the anti-derivative of the fractional derivative with order q, with q < 1.

Consequently for β < 1 we can express (4.13) in terms of the RL fractional integral

Dβ−1
t [Φa (t)] = − 1

2Γ (1− β)

βt

(t + 1)β+1 ,
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so that inverting this equation we have the formal expression for the slow part of the

memory kernel

Φa (t) = − 1

2Γ (1− β)
D1−β

t

[
βt

(t + 1)β+1

]

= − 1

2Γ (1− β)
D1−β

t [βtΦξ,β+1 (t)] . (4.15)

We denote the correlation function with the inverse power (β + 1) by the symbol

Φξ,β+1 (t). Carrying out the required calculations on the right-hand side of (4.15), we

obtain, see for example pg.90 of West et al. [20],

Φa (t) = − β

2Γ(1− β)Γ(1 + β)

tβ

(t + 1)2 , β < 1 (4.16)

A comparison with a numerical inversion of the kernel is shown in Fig. (4.1).

For the sake of completeness, it is worth noticing that we can proceed in a similar

way also in the case β > 1. In this case we find, for the contribution Φa(t) of the

GME, the following time asymptotic behavior

Φa (t) = −β (β − 1)

2

t

(t + 1)β+1 , β > 1. (4.17)

4.3 Emergence of Fractional Operators

In this section we show that in the two-site case we are discussing, the GME has

the form of a transport equation, with two terms on the right-hand side. The first

has the form afforded by the ordinary master equation and consequently satisfies

the Onsager Principle, giving a relaxation dependent on the average waiting time of

CTRW. The second term corresponds to a fractional derivative in time, and extends
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Figure 4.1: The slow component of the memory kernel Φ(t), Φa(t), as a function of
time. The black dots denote the result of the numerical inversion of the expression
in Laplace transform resulting from Eqs. (4.2) and (4.8) for β = 0.5, the continuous
line is the analytical approximation given by Eq. (4.16).

the Onsager Principle to the case of a relaxation with a fat tail. To obtain these

results, we use what we have learned in the preceding section.

First of all, since we are dealing with the two-site case, using the form of M and

K matrices, with z = x = −1 and y = 1, we rewrite Eq. (3.22) in the following form:

d

dt
p1(t) =

t∫

0

Φ (t− τ) (p2(τ)− p1(τ)) dτ, (4.18)

d

dt
p2(t) =

t∫

0

Φ (t− τ) (p1(τ)− p2(τ)) dτ. (4.19)

The memory kernel Φ is related to the autocorrelation function of the dichotomous

variable Φξ through Eq. (4.3). Inserting Eq. (4.3) into the Laplace transform of the

set of the two-site dynamical equations, solving the resulting set of equations, and
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taking the corresponding inverse Laplace transforms yields the solution

p1(t) =
1

2
[1− Φξ (t) (p2(0)− p1(0))] (4.20)

p2(t) =
1

2
[1 + Φξ (t) (p2(0)− p1(0))] . (4.21)

Note that these solutions can be combined to yield the generalized Onsager Principle

given by (3.28) in terms of the difference in the probabilities.

We now want to find a formal equation of evolution for the probabilities involving

fractional operators. We know from the preceding section that:

Φ (t) =
δ (t)

2τ ∗
+ Φa (t) (4.22)

with τ ∗ = T∗
µ−2

= 1
β
, thanks to the fact that we set T∗ = 1. Substituting the

decomposition of the memory kernel into Eq. (4.18), we obtain

dp1(t)

dt
=

p2(t)− p1(t)

2τ ∗
+

t∫

0

Φa (t− τ) (p2(τ)− p1(τ)) dτ. (4.23)

Writing Φa (t) as the derivative of an as yet unspecified function f(t), and using the

property

d

dt

t∫

0

f(t− τ)g(τ)dτ = f(0)g(t) +

t∫

0

f ′(t− τ)g(τ)dτ (4.24)

with f ′(t) = d
dt

f(t), we obtain

dp1(t)

dt
=

p2(t)− p1(t)

2τ ∗
−f(0) (p2(t)− p1(t))+

d

dt

t∫

0

f(t−τ) (p2(τ)− p1(τ)) dτ. (4.25)

Also we found that in the case 0 < β < 1 the asymptotic behavior of the memory
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kernel is expressed by

Φa (t) ≈ − β

2Γ(1− β)Γ(1 + β)

tβ

(t + 1)2 (4.26)

≈ − β

2Γ(1− β)Γ(1 + β)
tβ−2 t →∞, T ∗ = 1.

Rewriting Eq. (4.27) as:

Φa (t) ≈ − 1

2Γ(1− β)Γ(β)(β − 1)

d

dt
tβ−1, (4.27)

we identify f(t) with 1
2(1−β)Γ(1−β)Γ(β)

tβ−1 for t → ∞. Choosing f(0) = 0 and using

the properties of the gamma function, we assign to the time asymptotic equation of

motion the following form

dp1(t)

dt
= −p1(t)− p2(t)

2τ ∗
+

1

2Γ(2− β)Γ(β)

d

dt

t∫

0

(t− τ)β−1 (p2(τ)− p1(τ)) dτ (4.28)

or, in terms of a RL fractional integral (4.14),

dp1(t)

dt
= −p1(t)− p2(t)

2τ ∗
− 1

2Γ(2− β)
D1−β

t [p1(t)− p2(t)] . (4.29)

The same procedure applied to the equation of motion for p2(t) yields,

dp2(t)

dt
= −p2(t)− p1(t)

2τ ∗
+

1

2Γ(2− β)
D1−β

t [p1(t)− p2(t)] . (4.30)

The difference between these two equations yields

d

dt
[p1(t)− p2 (t)] = −p1(t)− p2(t)

τ ∗
− 1

Γ(2− β)
D1−β

t [p1(t)− p2(t)] (4.31)
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clearly showing the two kinds of contributions to the generalized Onsager Principle.

The first term gives the relaxation of the perturbation away from equilibrium at the

macroscopic rate required by Onsager. The second term gives the additional slow

relaxation in the form of the fractional integral.

4.4 Aging Order

We have to remark that the condition of Eq. (4.3) refers to the stationary condition

explicitly considered by Klafter and Zumofen [72]. In this section we prove that there

is a connection between a system’s age and the order of the fractional derivative in

the relaxation process. A sign of the dependence of the fractional derivative order on

age is given by the discrepancy between the result of Section 3 and Ref. [61]. Let us

compare Eq. (4.31) to the result of Ref. [61], namely:

d

dt
(p1(t)− p2(t)) = − (p1(t)− p2(t))−Dβ

t (p1(t)− p2(t)) (4.32)

We obtain the fractional index 1 − β rather than β as in the work of Sokolov

and Metzler. In Appendix I it is proven that our time asymptotic approach to frac-

tional derivatives, in the non-stationary case studied by Sokolov and Metzler yields

the same index as they obtain [61]. Thus, the discrepancy between our prediction

and the prediction of Sokolov and Metzler depends on the fact that we consider a

condition consistent with the Onsager principle, whereas Sokolov and Metzler do not.

Furthermore, if the system is not infinitely aged, a sort of rejuvenation process is

expected to take place that will lead to the fractional order of Sokolov and Metzler.

To support our remarks concerning the relation between aging and the order of

fractional operator, here we discuss how to define a waiting time distribution of any

age. In the previous chapter, section 3.6.2, we have shown that the waiting time
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distribution ψ(t) of the form (3.55) is obtained from the following dynamic model. A

particle moves in an the interval I ≡ [0, 1] driven by the equation of motion

dy/dt = αyz, (4.33)

with z > 1. When the particle reaches the border y = 1, it is injected back to an initial

condition between y = 0 and y = 1 with uniform probability. The age of the CTRW

is determined by the distribution of first exit times. The ordinary CTRW rests on

identifying this distribution with ψ(t). This means that the CTRW is equivalent to

assuming that the system is prepared in a flat distribution at t = 0, which coincides

with the beginning of the observation process.

Let us discuss now the consequence of beginning the observation a significant time

after the preparation. Let us imagine that the system is prepared in a flat distribution

at a time t = −ta < 0, and that the observation begins at t = 0. This means that

the flat distribution begins producing a sequence of time intervals of size τ , according

to the distribution of Eq. (3.55); more precisely, the time interval τ1 beginning at

t = −ta and ending at t = −ta + τ1, the time interval τ2 beginning at t = −ta + τ1

and ending at t = −ta + τ1 + τ2, and so on. The waiting time distribution of age

ta, denoted by ψta(t), is determined by the first of these time intervals overlapping

with t > 0. The time length of that overlap is the time length whose distribution

determines ψta(t). We make the assumption that the beginning of the first time

interval overlapping with t > 0 occurs with equal probability at any point between

t = −ta and t = 0. The validity of this assumption is discussed in Appendix II, which

establishes that this assumption is very good for ta → 0 and ta → ∞. In between

the asymptotic limits the resulting prediction is not exact. However, since it yields

simple analytical formulas, we adopt this simplifying assumption for any age. Thus,

we have that
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ψta(t) =

∫ ta
0 ψ(t + y)dy

g(ta)
, (4.34)

where g(ta) is the normalization factor defined by

g(ta) ≡
∫ ta

0
Ψ(t′)dt′, (4.35)

and Ψ(t) is the probability that no event occurs throughout the time interval of length

t. Using for ψ(t) the explicit form of Eq. (3.55), it is easy to prove that Eq. (4.34)

can be written under the form

ψta(t) = (µ− 2)
(t + T )(1−µ) − (t + T + ta)

(1−µ)

T (2−µ) − (ta + T )(2−µ)
. (4.36)

This formula proves that for t << ta the index of the distribution is µ − 1, whereas

for t >> ta the index becomes µ. This result for the age-dependent waiting time

distribution function agrees with the predictions by Barkai [69] and by the authors

of Ref. [66]. Notice that the formula Eq. (4.36) is equivalent to drawing the initial

condition for y from an aged distribution of this variable.

Here, we are in a position to evaluate the waiting time index at a generic time,

where, we write ψta(t), as

ψta(t) =
A(T, ta)

(t + T )µeff (t)
. (4.37)

Using Eq. (4.36) we arrive at the following formula for the time dependence of the

effective power-law index

µeff (t) = − log[(t + T )(1−µ) − (t + T + ta)
(1−µ)]]

log[t + T ]
. (4.38)

Fig. (4.2) illustrates the regression of the effective power-law index to µ with two
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Figure 4.2: The effective power index µeff (t) as a function of time, for µ = 2.3. The
curves refer, from top to bottom, to ta = 100, 1000, 10000.

different ages, and shows clearly that the regression is slower for older systems. This

formula does more than explain the discrepancy between Eq. (4.29) and Eq. (4.32)

of Ref. [61]. In fact, it shows that it is possible to build a GME that at short

times follows the prescription of our GME and at long times moves into the basin of

attraction of Sokolov and Metzler. This is certainly the case, if ta > −∞.

This aspect is important and needs a more exhaustive illustration. We note that

the approach of Ref. [66] can be easily extended to the case where the distribution

of first exit times has a finite age. It is enough to follow the procedure of section 3.7

and to replace the first exit time distribution with ψta(t) rather than with ψ∞(t) ≡
ψta=−∞(t), as done in Ref. [66]. The result of this procedure yields for the GME the

following form for the Laplace transform of the memory kernel

Φ̂ta(s) =
sψ̂ta(s)

1 + ψ̂(s)− 2ψ̂ta(s)
. (4.39)
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It is straightforward to prove that for ta = 0 (4.39) reduces to

Φ̂ta=0(s) =
sψ̂(s)

1− ψ̂(s)
. (4.40)

In fact, the general prescription of Eq. (4.34) immediately yields ψta(t) = ψ(t) for

ta = 0. To derive the memory kernel corresponding to the infinitely aged condition

of Eq. (4.2) we have to notice first that Eq. (4.34) yields, in accordance with Refs.

[69] and [66],

ψ∞(t) ≡ ψta=∞(t) =
1

τ

∫ ∞

t
dt′ψ(t′), (4.41)

so that for ta →∞ (4.2) is recovered.

To illustrate the change of the memory kernel with time, notice that the Laplace

transform of Eq. (4.36) is:

ψ̂ta(s) =
Ψ̂(s)(1− euta) + euta

∫ ta
0 e−syΨ(y)dy

g(ta)
(4.42)

that is:

ψ̂ta(s) =
(1− ψ̂(s))(1− e−sta) + ueuta

∫ ta
0 e−syΨ(y)dy

sg(ta)
. (4.43)

Let us substitute (4.43) into Eq. (4.39), from which we obtain the Laplace trans-

form of the memory kernel for an arbitrary age. In Fig. (4.3) we show the Laplace

transform of the memory kernel corresponding to a number of different ages. Moving

from the top to the bottom curve the age increases from the brand new kernel (ta = 0)

to the infinitely aged, or stationary kernel (ta = ∞).
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Figure 4.3: The Laplace transform of the ta-old memory kernel Φta(t), Φ̂ta(s) as a func-
tion of u, for µ = 2.3. The curves refer, from top to bottom, to ta = 0, 0.1, 1, 10, ∞

4.5 Concluding Remarks

In this chapter we establish that an infinitely old system, with the power-law index

in the interval 2 ≤ µ ≤ 3, yields the fractional order 1−β = 3−µ. The prediction of

Ref. [61], on the other hand, yields the fractional order µ − 2, corresponding to the

brand new condition. If the system is not infinitely aged, namely ta < ∞, the short-

time behavior of the system, for t << ta is expected to be that of an aged system. At

large observation times, t >> ta, rejuvenation begins. This can be explained using

the dynamical model of Eq. (4.33). In fact, aging has to do with the slow regression to

equilibrium, if it exists, of the variable y, which mimics a real bath slowly regressing

to equilibrium. The aging effects discussed by Barkai [69] corresponds to z > 2 and

thus to µ < 2. In this case the dynamic model under discussion does not have an

invariant distribution, and, consequently, any observation is done while the bath is

drifting towards a condition that will be never reached. This aging effect affects the
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form of the first exit time distribution, whose index is µ− 1 rather than µ. However,

after the first exit the trajectories are injected back with a uniform probability, and

thus, all the ensuing jumps are determined by the ordinary waiting time distribution

ψ(t).

It would be desirable to have an equation of motion with a fractional operator

order that changes as a function of time from 3− µ to µ− 2.

However, there are technical and conceptual difficulties that make it difficult, if

not impossible, to realize this goal. In fact, according to the perspective adopted in

this chapter, the order of the fractional operator is established using time asymptotic

arguments. Thus, if ta < ∞ we can associate a time t << ta with the order ord =

µ−2, of the fractional derivative. This is so because for t << ta the calculations would

be virtually equivalent to those done in Appendix I. It is not clear how to proceed

when t is is of the order of ta, this being the first reason why assigning a fractional

derivative order to any time might be difficult. There also exists a physical reason

that might make it impossible to move from the order 3− µ to µ− 2. Physically this

extremely extended transition process might involve a mixture of fractional derivatives

of different orders. It has been shown [73] that the Lévy walk does not have well-

defined scaling, due to aging effects. Similarly, the adoption of a fractional time

derivative, with time-dependent order, might be inadequate to explore the regime of

transition from the order 3−µ to the order µ−2. In conclusion, the fractional operator,

and its order, reflects a stable condition, of a brand new or infinitely old system. The

regime of transition from the dynamic to any of these two thermodynamic regimes,

and the regime of transition from the earlier to the latter thermodynamic regime is

not yet a fully understood physical condition, an issue calling for further investigation.

It is interesting to notice that, even if we select µ > 2, and consequently we adopt

a condition compatible with the stationary condition, the effective index of the first
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exit distribution is located in the non-stationary region, if β < 1. This is probably the

reason why the memory kernel seems to share the same properties as those adopted by

Ref.[59, 27, 28] to produce sub-diffusion. Notice that the baths used by Lutz [27] and

Pottier [28] have properties quite different from the subordination perspective of Ref.

[59], even the relaxation process stemming from subordination [59] is quite similar to

that produced by the non-ohmic baths of Lutz and Pottier. We hope that the present

work might help understanding the connection between the two perspectives. This is

another subject for future research.

4.6 Appendix I

In this section we show how to obtain the order of the fractional operator in the GME

for 1 < µ < 3, using the Laplace transform form for Φ(t) given by Eq. ( 4.40). We

are referring ourselves to ψ(t) rather than ψ∗(t). Thus, for the reasons pointed out

in Section 2, we adopt the analytical expression of Eq. (3.55).

We note that for s → ∞ we get a finite value: Φ̂ (∞) = µ−1
T

corresponding to

ψ (0) in t-space. As done in Section 2, we separate the kernel into two contributions:

Φ(t) = µ−1
T

δ(t)+Φa(t), and insert the Laplace transform of separation into Eq. (4.40),

to write:

Φ̂a (s) =
sψ̂(s)− (µ− 1) + (µ− 1)ψ̂(s)

1− ψ̂(s)
(4.44)

=
ψ̂D (s) + (µ− 1)ψ̂ (s)

1− ψ̂ (s)
.

We introduce ψ̂D (s) is the Laplace transform of the distribution’s derivative ψ′ (t) =
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−µ(µ − 1) T µ−1

(T+t)µ+1 ; using the Laplace transform of an inverse power law and substi-

tuting it into Eq. (4.44) we have:

Φ̂a (s) =
(µ− 1)2Γ(1− µ)(es − Es

µ−1)

s1−µ − (µ− 1) Γ (1− µ)
(
es − Es

µ−1

)−
µ(µ− 1)Γ (−µ) s

(
es − Es

µ

)

s1−µ − (µ− 1) Γ (1− µ)
(
es − Es

µ−1

) ,

(4.45)

where, as usual, for simplicity we have set T = 1. Anticipating the convolution form

of the solution we cross-multiply to obtain:

[
s1−µ − (µ − 1) Γ (1− µ)

(
es − Es

µ−1

)]
Φ̂a (s) (4.46)

= (µ− 1)
(
(µ− 1)Γ (1− µ)

(
es − Es

µ−1

)
− µΓ(−µ)s

(
es − Es

µ

)

Using the following relation [20]

∞∫

0

tα

t + a
exp [−st] dt =

πaα

sin πα
(Esa

α − esa) , α > −1 (4.47)

and setting α = µ− 1 we construct

R(t) =
1

Γ (µ− 1)

t∫

0

t′µ−2Φa(t− t′)dt′ (4.48)

− sin πµ

π
(µ− 1) Γ (1− µ)

t∫

0

t′µ−1

t′ + 1
Φa(t− t′)dt′,

where R(t) is the inverse Laplace transform of right side of Eq. (4.46). Using the well

known recurrence relation of Gamma function, we can combine terms in Eq. (4.48)

to obtain
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R(t) =
1

Γ (µ− 1)

t∫

0

t′µ−2

(
1− t′

t′ + 1

)
Φa(t− t′)dt′ (4.49)

=
1

Γ (µ− 1)

t∫

0

t′µ−2

t′ + 1
Φa(t− t′)dt′.

Let us consider first the case µ > 2, where, in the limit of t À 1 (equivalent to t À T ),

we can write Eq. (4.49) to a good approximation

R(t) =
1

Γ (µ− 1)

t∫

0

t′µ−3Φa(t− t′)dt′ = R(t). (4.50)

Going back to the Laplace transform representation, we obtain the simplier expression

Γ (µ− 2)

Γ (µ− 1)

Φ̂a (s)

sµ−2
= (µ− 1)2 Γ (1− µ)

(
es − Es

µ−1

)
(4.51)

− µ (µ− 1) Γ (−µ) s
(
es − Es

µ

)
,

which after a little algebra yields for Φ̂a (s):

Φ̂a (s) = (µ− 1) (µ− 2) ·

 (µ− 1) Γ(1− µ)

1

s

es − Es
µ−1

s1−µ
− µΓ(−µ)

1

s

(
es − Es

µ

)

s−µ


 .

(4.52)

So that using the inverse Laplace transforms we obtain the corresponding expression

in the time representation:

Φa (t) = (µ− 1) (µ− 2)

[
1

(1 + t)µ
− 1

(1 + t)µ−1

]
. (4.53)

In the time asymptotic limit we get
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Φa (t) ∝ 1

tµ−1
, (4.54)

corresponding to fractional operator of index β = µ−2. For the sake of completeness,

we also give the expression for the GME kernel in the case µ < 2. Proceeding as done

earlier we obtain:

Φ (t) ≈ −sin πµ

π

tµ−2

(t + 1)2 [µ− 1 + (µ− 2) t] . (4.55)

Finally, we want to point out that the expressions we are proposing refer to values of

µ which are not integer. We are exploring the interval [1, 3]. Thus the the expressions

we are proposing become questionable for µ = 2. To get the proper expression for

µ = 2 we have to study expressions like those of Eq. (4.44) and (4.51) at µ = 2 + ε,

do a Talylor series expansion around µ = 2, and assign to µ = 2 the limiting values

reached for ε → 0.

4.7 Appendix II

This Appendix is devoted to establishing the accuracy of Eq. (4.34), and conse-

quently the validity of the assumption that the beginning of the first laminar region

overlapping with t > 0 is uniformly distributed between t = −ta and t = 0. Let us

set ta = 0.

The exact expression for ψta(t) is

ψta(t) =
∫ ta

0
dxG(ta − x)ψ(t + x), (4.56)
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where

G(t) ≡ δ(t) + ψ(t) +
∞∑

n=2

∫ t

0
dt1ψ(t1) (4.57)

·
∫ t

t1
dt2ψ(t2 − t1)...

∫ t

tn−2

dtn−1ψ(t− tn−1).

0.0001

0.001

0.01

0.1

1

0.1 1 10 100

t

ψta (t)

Figure 4.4: The waiting time distribution ψta(t) as a function ot time t. The dots
denote the exact values, and the lines the prediction of Eq. (4.36) for µ = 2.3, T = 1.
Moving from bottom to top in the right-hand portion of the ta = 0.01, 1, 10, 100

.

It is straightforward to find the Laplace transform of G(t). This is given by

Ĝ(s) =
∞∑

n=0

ψ̂(s)n =
1

1− ψ̂(s)
. (4.58)

Thus, the Laplace transform of (6.13) respect to ta reads:

ψsa(t) =
1

1− ψ(sa)
esat

[
ψ(sa)−

∫ t

0
e−sayψ(y)dy

]
(4.59)
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By numerical anti-Laplace transforming Eq. (6.16) we evaluate the time dependence

of the exact waiting time distribution of age ta, Eq. (6.13). In Fig. (4.4) we compare

the exact prediction, evaluated numerically, to the heuristic expression of Eq. (4.34).

We find that at short and large values of ta these two expressions coincide. In the

intermediate region they do not. Nevertheless, we think the agreement between the

two expressions is satisfactory enough for our purpose .
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CHAPTER 5

KUBO’ S GENERALIZED MODEL AND “BLINKING” QUANTUM DOTS

This chapter and the next are devoted to producing a model for the radiation

spectrum of the blinking quantum dots. We will see that aging enters heavily into

play due to the non-Poissonian statistics of the fluctuations involved. We start from

a model recently proposed by Barkai et al.[6]. They extend the Kubo-Anderson

bandwidth theory to calculate the fluorescence spectrum both in the stationary and

non-stationary condition employing extensively the CTRW formalism. In the non

stationary case they can only produce what they call a ’quasilineshape’ just gener-

alizing what obtained in the stationary case, our ultimate goal will be to produce a

way to calculate exactly the lineshape in the non-stationary condition, the one that

fits better the experimental observations. As a first step let us introduce some basics

about the Kubo Anderson lineshape theory.

5.1 Kubo-Anderson Model

Kubo-Anderson model was introduced in two famous papers [62, 22] to deepen the

understanding of the experimental results of magnetic resonance spectroscopy. The

magnetic resonance spectrum of an isolated moment should consist only of a single

line at the Larmor frequency. However when these moments are embedded in a piece

of matter or in structures like quantum dots, their interactions affect this line causing

it to spread into a continuous band, also a narrowing effect can be observed depending

on the rapidity of the fluctuations as compared to the unperturbed relaxation of the

system of interest . Let us try to produce a description of this phenomenon from

basic principles. In general for any quantum-mechanical system the spectrum of the
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radiation is given by:

I(ω) = Tr|
∫ ∞

−∞
µ(t)e−iωtdt|2 (5.1)

where µ(t) is the radiating dipole moment matrix in the Heisenberg representation:

ih̄
dµ

dt
= Hµ− µH (5.2)

and for the Hamiltonian it can be assumed that:

H = H0 + HI + Hm (5.3)

Where the first term in (5.3) is the unperturbed hamiltonian, the second takes in

account the interactions of the magnetic moments and since it does not commute

with the first can change the frequencies radiated and so the line-shape. The third

term is chosen to commute with both H0 and µ but not with HI this is because

it is meant to describe those exchange interactions which do not affect directly the

spectrum but can cause rapid motion in the spin system which can result in averaging

out the effects of the broadening interactions, such as magnetic dipolar interactions,

narrowing the line.

In general H0 is the interaction of the magnetic moments of a collection of atoms

with the external magnetic field:

H0 =
∑

k

~µk · ~B = gβ
∑

k

~Sk · ~B (5.4)

Where g and β are respectively the Landé factor and Bohr magneton. HI can be

reasonably taken as the dipole-dipole interaction:

HI = g2β2
∑

j,k

1

r3
jk


 ~Sj · ~Sk − 3( ~Sj · ~rjk)( ~Sk · ~rjk)

r2
jk


 (5.5)
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and Hm is the exchanging interaction between the spins:

Hm =
∑

j,k

J( ~rjk) ~Sj · ~Sk (5.6)

It easy to see that Hm commutes with the total spin vector of the system
∑ ~Sk and

thus both with its z-component (chosen in the direction of ~B) which is proportional

to H0 and with its x or y component, which is the radiation dipole µ in (5.1). It does

not commute with HI and by the relation:

ih̄ḢI = [H,HI ] = [H0, HI ] + [Hm, HI ] (5.7)

can cause a time dependence of HI . It is this time dependence which narrows out the

line broadening produced by HI . From the choices made above we can say that the

model is based on the following assumptions:

1. [Hm, H0] = 0

2. [Hm, µ] = 0

3. 〈E(0)
i |HI |E(0)

j 〉 ∼ 0

Under these assumptions we first calculate the time dependence of µij(t). To get rid

of the time dependence due to H0 we focus on:

µij(t) = µ̃ij(t)e
iω

(0)
ij t (5.8)

where

h̄ω
(0)
ij (t) = E

(0)
i − E

(0)
j . (5.9)

It follows:

ih̄
dµ̃

dt
= [Hm + HI , µ̃] (5.10)
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Now due to assumption 3 we can write:

ih̄ ˙̃µij = [HI µ̃− µ̃HI ]ij (5.11)

= (Hi)iiµ̃ij − µ̃ij(Hi)jj

˙̃µij = i∆ωij(t)µ̃ij(t) (5.12)

where:

∆ωij(t) =
HI(t)ii −HI(t)jj

h̄
(5.13)

Eq. (5.12) is the basic starting point for calculating the spectrum line-shape.

5.2 Kubo’s Model and Generalization Including External Field

Starting from the simple equation:

d

dt
µ(t) = i(ω0 + ξ(t))µ(t), (5.14)

equivalent to (5.12) and that we can think of as describing a dipole whose precession

frequency is modulated by the interaction with the environments, Kubo derived the

line shape of such a model just by calculating the correlation function for µ:

φ(t) =
〈µ(0)µ∗(t)〉
〈|µ|2〉 (5.15)

and then connecting it to the spectrum through the Wiener-Khintchine (W-K) theo-

rem:

I(ω) =
1

π
Re[φ̂(iω + ε)]ε→0 (5.16)

where on the right side the Laplace Transform of φ appears.

Here we generalize Kubo’s derivation in order to describe the following system
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that we can image as the same of (5.14) with the addition of an external field:

d

dt
µ(t) = i(ω0 + ξ)µ(t) + kexp(iωt). (5.17)

We assume that ξ(t) is a dichotomous stochastic variable, with two values, W and

−W . The correlation function of the stochastic variable ξ(t) is denoted by Φξ(t).

With the transformation

µ̃(t) = exp(−iωt)µ(t), (5.18)

by expressing Eq. (5.17) in terms of µ̃(t), and then calling µ̃(t) again µ(t), we

obtain

d

dt
µ = iδµ + iξµ + k, (5.19)

with δ ≡ ω0 − ω, which is equivalent to (5.14) plus a constant term, so that all this

picture will allow us to recover Kubo’s original model just by setting k = 0.

Using the ordinary density method, the Gibbs picture corresponding to Eq. (5.19)

reads

d

dt
ρ(µ,R, t) = −i(δ + ξ̂)

d

dµ
µρ(µ,R, t) + Γ̂ρ(µ,R, t)− k

d

dµ
ρ(µ,R, t). (5.20)

Here we denote by R the set of variables, including ξ, driving the motion of µ. The

symbol Γ̂ denotes the operator responsible for the dynamics of these variables. We

adopt a calculation procedure, known in literature as Stochastic Liouville Equation
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(SLE) [63]. We assume that the operator Γ̂ is characterized by the set of eigenstates:

|pj〉 j = 0, 1, . . . +∞ (5.21)

with

Γ̂|p0〉 = 0 (5.22)

imposing for |p0〉 to be the equilibrium state, and

Γ̂|pr〉 = −γr|pr〉 r > 1. (5.23)

Stationarity is assumed,which implies that Γ̂ does not depend on time. For ξ,

which has only two values, W and −W , corresponding to the states |+〉 and |−〉, an

equilibrium distribution exists corresponding to |p0〉. Besides, we assume:

|pexc〉 =
ξ̂

W
|p0〉. (5.24)

and

〈pj|ξ̂|pj′〉 = 0 j, j′ 6= 0. (5.25)

We note that |pexc〉 is not, in general, an eigenstate of Γ̂. It can be expanded on the

basis set of the states |pr〉 as follows

|pexc〉 =
ξ̂

W
|p0〉 =

∞∑

r=1

gr|pr〉. (5.26)

Using the prescription of the SLE [63], we set ρ0(t) ≡ 〈p0|ρ(t)〉 and ρr(t) ≡ 〈pr|ρ(t)〉,
with r > 1.Thus, Eq.(5.20) splits into the following two sets of equations:

d

dt
ρ0(µ, t) = −iδ

d

dµ
µρ0(µ, t)− iW

∞∑

r=1

g∗r
d

dµ
µρr(µ, t)− k

d

dµ
ρ0(µ, t) (5.27)
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d

dt
ρr(µ, t) = −iδ

d

dµ
µρr(µ, t)− γrρr(µ, t)− iWgr

d

dµ
µρ0(µ, t)− k

d

dµ
ρr(µ, t),

where we have dropped the variable R just to lighten notation. By solving the second

equation of (5.27) in terms of ρ0(µ, t) we get:

ρr(µ, t) = −
∫ t

0
dt′e−( d

dµ
(iδ µ+k)+γr)(t−t′)iWgr

d

dµ
µρ0(µ, t′), (5.28)

and plugging this result into the first equation of (5.27), we obtain:

d

dt
ρ0(µ, t) = −iδ

d

dµ
µρ0(µ, t)−W 2

∞∑

r=1

|gr|2
∫ t

0
dt′

d

dµ
µe−( d

dµ
(iδ µ+k)+γr)(t−t′) d

dµ
µρ0(µ, t′)

− k
d

dµ
ρ0(µ, t). (5.29)

Thus, from (5.29) we can derive the time evolution of 〈µ(t)〉, where the average is

meant over ρ0(µ, t), by multiplying it times µ and integrating over µ. Following this

operation, the left-hand side gives trivially the derivative respect to time of 〈µ(t)〉,
while the first and the last term on the right-hand side give respectively iδ〈µ(t)〉 and

k. In order to calculate the contribution of the second term on the right-hand side

one can use superoperatorial analysis. Without introducing this formalism another

way is to take the expansion of ρ0(µ, t) in power series:

ρ0(µ, t) =
∞∑

n=0

(µ− ik/δ)nαn(t), (5.30)

and notice that a generic power (µ−ik/δ)n is eigenfunction of the operator d
dµ

(iδµ+k),

namely:

[
d

dµ
(iδµ + k)](µ− ik/δ)n = iδ(n + 1)(µ− ik/δ)n, (5.31)
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while:

(
d

dµ
µ)(µ− ik/δ)n = (n + 1)(µ− ik/δ)n + i n

k

δ
(µ− ik/δ)n−1. (5.32)

With these two tools it is easy to see that:

∫
dµµ

d

dµ
µ e−( d

dµ
(iδµ+k)+γr)(t−t′) d

dµ
µρ0(µ, t′) =

∫
dµµ

∞∑

n=0

(
e−(iδ(n+1)+γr)(t−t′)

·
(

(n + 1)2(µ− ik/δ)n + i
k

δ
n(n + 1)(µ− ik/δ)n−1

)
(5.33)

+e−(iδn+γr)(t−t′)
(
in2k

δ
(µ− ik/δ)n−1 − n(n− 1)

k2

δ2
(µ− ik/δ)n−2

) )
αn(t′)

With the change of variable z = (µ − ik/δ)e−iδ and after some algebra, we get

that only the first and the third term in the right-hand side of the equation above,

give non-zero contribution, so that (5.33) reduces to:

∫
dz

∞∑

n=0

e(iδ−γr)(t−t′)z
d

dz
z

d

dz
(zn+1+i

k

δ
zn)αn(t′) = e(iδ−γr)(t−t′)

∫
dz(z+i

k

δ
)ρ0(z+i

k

δ
, t′)

(5.34)

where the last step requires iterated integration by parts. In conclusion:

∫
dµµ

d

dµ
µ e−( d

dµ
(iδµ+k)+γr)(t−t′) d

dµ
µρ0(µ, t′) = e(iδ−γr)(t−t′)〈µ(t′)〉 (5.35)

Now it is easy to check that the final result for the evolution of the mean value of

µ(t) averaged over ρ0(µ, t), is:

d

dt
〈µ(t)〉 = iδ〈µ(t)〉 −W 2

∫ t

0
dt′Φξ(t− t′)eiδ(t−t′)〈µ(t′)〉+ k, (5.36)

where

Φξ(t) ≡ 〈p0|ξ̂ ξ̂(t)|p0〉
〈p0|ξ̂2|p0〉

=
〈p0|ξ̂ eΓ̂tξ̂|p0〉
〈p0|ξ̂2|p0〉

= 〈pexc|eΓ̂t|pexc〉 =
∞∑

r=1

|gr|2e−γrt, (5.37)
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is the “normalized” correlation function of the observable ξ̂. To rederive Kubo’s

result for the lineshape, we just set k = 0 and from (5.29) we can easily see that the

correlation function φ(t) must fulfill an equation similar to (5.36):

d

dt
φ(t) = iω0φ(t)−W 2

∫ t

0
Φξ(t− t′)eiω0(t−t′)φ(t′)dt′ (5.38)

Laplace transforming (5.38) one gets the following expression for the Laplace trans-

form of φ(t):

φ̂(s) =
1

s− iω0 + W 2Φ̂ξ(s− iω0)
, (5.39)

We assume here that the variable ξ is dichotomous and that its two values correspond

just to two states of the bath. In this case (5.37) reduces to:

Φξ(t) = e−γt. (5.40)

Now, using the Wiener-Khintchine (W-K) theorem (5.16), we recover Kubo’s line-

shape, that in the case ω0 = 0 reads:

I(ω) =
1

π
Re[φ̂(iω + ε)]ε→0 =

γW 2/π

(ω2 −W 2)2 + ω2γ2
(5.41)

For different values of the parameter γ
W

the spectrum looks like described in Fig.

(5.1). A narrowing effect is visible for W ¿ γ. In this case, in fact, the fluctuations

of the variable ξ̂ between its two values, are much faster than the relaxation of the

system, so that the contribution is averaged out and the lineshapes merge into a single

lorentzian peak. In the regime of slow modulation, W À γ, two peaks appears in

correspondence of the two resonance values of the variable ξ̂.
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Figure 5.1: I(ω) as it is generated by (5.41) for different values of γ
W

(the numbers

on the curves). The frequencies are in units of W .

5.2.1 Kubo’s Generalized Model and the non-Markovian case

The same lineshape as given by (5.41) can be obtained from Eq. (5.36) under the

assumption that the spectrum is connected to the real part of 〈µ〉, assumption that

will be substantiated in the next section. In this case we have in mind our generalized

model of Eq. (5.19). From (5.36) when a stationary condition exists, calculating the

Laplace transform and deriving from it the time asymptotic limit we get:

I(δ) = Re[〈µ(∞)〉] = Re[
k

−iδ + W 2Φ̂ξ(−iδ)
]. (5.42)
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This important result in the case of exponential correlation function (Poisson process)

yields for the lineshape:

I(δ) =
kγW 2

(δ2 −W 2)2 + δ2γ2
, (5.43)

which is equivalent to (5.41). But when we move to a regime where the statistics

is non-Poissonian, care should be taken in order to consider the stationarity of the

non-Markovian stochastic process described by non-exponential fluctuations of the

variable ξ. With help of the CTRW, i.e. using trajectories, Kubo’s original model

of Eq. (5.14) can be extended also to a non-Poissonian regime, as done in [6] using

W-K theorem, so as to include power-laws with index µ > 2.

We will show that we can rederive the same result but in the frame of our general-

ized model (5.19) without employing W-K theorem at any step, and that eventually

we can extend the calculation also to the regime 1 < µ < 2 which according to

the experimental observation fits better the properties of the blinking quantum dots.

However let us first give the rationale of both Kubo’s original model and our general-

ized version (5.19) as stemming from an hamiltonian picture of the blinking quantum

dots.

5.3 Moving from a Hamiltonian Picture

We will model our quantum dot as a two states system that due to the interaction

with the environment goes through fluctuations in the energy of the excited level.

A possible explanation in fact for the blinking effect is that due to the interactions

with the environment where the dot is located local changes can cause the width

and height of the potential barrier for the recombination of the pair hole-electron to

fluctuate. So we can image the fluctuating energy gap to be the result of a projection

from a total picture including the thermal bath of the system and leading for the
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density matrix of the system to an equation of the following form:

∂ρ(t)

∂t
= −iLρ(t)− iξ(t)L1ρ(t) (5.44)

Assuming a dipole interaction with an external field we can introduce the Hamiltonian

operator

H = |e〉〈e| (Ee + ξ(t)) + |g〉〈g|Eg − d · E0 cos(ωLt) (5.45)

with ω0 = Ee − Eg. Here the dipole operator d is (|e〉〈g| + |g〉〈e|)〈e|d|g〉, and no

permanent dipole moment is assumed to be either in the ground or in the excited

level. Naming Ω = −〈e|d|g〉·E0 the Rabi frequency, the hamiltonian can be rewritten

as:

H = |e〉〈e| (Ee + ξ(t)) + |g〉〈g|Eg + Ω(|e〉〈g|+ |g〉〈e|) cos(ωLt) (5.46)

We get for the density operator:

∂ρ(t)

∂t
= −i[H , ρ] (5.47)

and for the off-diagonal term:

∂ρ(t)eg

∂t
= −i[H , ρ]eg = −i(ω0 + ξ(t))〈e|ρ|g〉 − iΩ(〈g|ρ|g〉 − 〈e|ρ|e〉) cos(ωLt) (5.48)

Let u = Re(ρgee
−iωLt), v = Im(ρgee

−iωLt) and w = 1
2
(ρee − ρgg) in the rotating

wave approximation from (5.48) it is possible to get the following set of stochastic

Bloch equations:

u̇ = −(δ + ξ(t))v − Γu/2 (5.49)
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v̇ = (δ + ξ(t))u− Ωw − Γv/2

ẇ = Ωv − Γw − Γ/2

where δ = ω0 − ωL. This set can be solved making the simplifying assumptions that

the radiative lifetime of the excited states is infinitely large, ẇ = 0, that means a

steady state condition and the Rabi frequency Ω small, that means weak intensity

field [40]. By performing a perturbation expansion in the field intensity Ω, as done in

[40], one realizes that the zeroth order term corresponds exactly to the free Kubo’s

model. Under these assumptions in fact the set of equation (5.49) can be reduced to

the following equation for the transition dipole, identifying µ̃ = eiωLtµ = v + iu and

renaming it µ again:

µ̇ = i(δ + ξ(t))µ (5.50)

while keeping the first order term we get:

µ̇ = i(δ + ξ(t))µ +
Ω

2
(5.51)

which is, with the identification k = Ω/2, exactly the modified Kubo’s model proposed

in (5.19). The solution of (5.51) is given by:

µ(t) =
Ω

2

∫ t

0
dt′eiδ(t−t′)ei

∫ t

t′ ξ(t
′′)dt′′ . (5.52)

In order to calculate the absorption spectrum we see that ΩRe(µ(t)) represents the

stream of incoming absorption photons. Infact the time-dependent power absorbed

due to the external field is:

dW

dt
= cos(ωLt)E0 · dTr(ρd)

dt
(5.53)
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It is easy to check that

Tr(ρd) = 2〈g|d|e〉[u cos(ωLt)− v sin(ωLt)] (5.54)

Now averaging (5.53) over the period of the field and assuming that the time scale

1/ωL is larger than any other timescale into play we get that:

dW

dt
' ΩωLv(t) (5.55)

That means that the absorption photon current is:

I(t) =
1

ωL

dW

dt
= Ωv(t) = ΩRe[µ(t)] (5.56)

In the limit of large photon count the stream of fluorescence emitted photons equals

the number of incoming absorption photons. The emission spectrum in this case will

be given by:

I(ωL, t) = Ω〈Re[µ(t)]〉, (5.57)

which for t →∞, when a stationary condition exists, gives:

I(ωL) = ΩRe[〈µ(∞)〉], (5.58)

confirming the assumption made in deriving the lineshape in (5.42)

5.4 A Treatment based on Trajectories

We have seen that direct integration of Eq. (5.19) leads to:

µ(t) = k
∫ t

0
dt′ei

∫ t

t′ ξ(t”)dt”eiδ(t−t′). (5.59)
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This is a single trajectory. We make now the assumption that there are at our

disposal a large amount of identical copies of the same system. This means that we run

infinitely many trajectories. This means that the time evolution of µ is determined

by the diffusional trajectories

x(t) =
∫ t

0
dt′ξ(t′). (5.60)

We have at our disposal infinitely many random walkers. All of them start at

t = 0 from x = 0. However, we have to point out that the fluctuations of the variable

ξ(t) are driven by the motion of a bath, whose real physical nature is unknown to us.

We only know the waiting time distribution ψ(t). Keeping our treatment connected

to experimental indications, we assume for this waiting time distribution has the

following inverse power law form

ψ(t) = (µ− 1)
T µ−1

(t + T )µ−1
. (5.61)

On the basis of the earlier remarks, in order to calculate the lineshape, we evaluate

the mean value 〈µ(t)〉 from Eq.(6.6), with a simple change of variables we get:

〈µ(t)〉 = k
∫ t

0
eiδτ 〈ei

∫ τ

0
ξ(t”)dt”〉t−τdτ. (5.62)

Here the expectation value in the integral represents the characteristic function of

the diffusional process undergone by the variable ξ, but calculated starting from time

τ , the subscript reminds that, in a non-stationary condition this expectation value

will depend on t− τ and undergo aging. We know from chapter 3 that even when a

stationary condition exists, in the regime of power laws with 2 < µ < 3, aging must
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be taken into account. Let us analyze this case. From (5.63) we see that:

〈µ(∞)〉 = k
∫ ∞

0
eiδτ 〈ei

∫ τ

0
ξ(t”)dt”〉∞−τdτ, (5.63)

and therefore the subscript can be dropped. We get on the right-hand side the Laplace

transform of the characteristic function of the diffusional process, i.e. the Laplace-

Fourier transform of the probability distribution P (x, t) describing the diffusional

process calculated in s = −δ and k = 1. It is easy to see that this can be calculated

adopting the CTRW in the version of the two state model in the coupled scheme

(2.31), having the care to take in account, in the line of what exposed in chapter 3,

that the distributions of the first events of motion are different. So for the first event

of motion:

Ψ̂±
∞(k, s) = 2

∫ ∞

0
dt

∫ ∞

0
dxe−(st∓ikx) 1

2
δ(|x| −Wt)

∫ ∞

t
ψ∞(τ)dτ = Ψ̂∞(s∓ ikW )

λ̂±∞(k, s) = 2
∫ ∞

0
dt

∫ ∞

0
dxe−(st∓ikx) 1

2
δ(|x| −Wt)ψ∞(t) = ψ̂∞(s∓ ikW ). (5.64)

With this prescription one can redo the calculation illustrated in section 2.6 in order

to get P̂TS(k, s). Using the same notation we get:

σ̂±(k, s) =
ψ̂±∞(k, s)/2 + ψ̂∓∞(k, s)λ̂±(k, s)/2

1− λ̂±(k, s)λ̂∓(k, s)
(5.65)

and:

P̂±(k, s) = Ψ̂±
∞(k, s)/2 + σ̂∓(k, s)Ψ̂±(k, s). (5.66)

So that for the Laplace-Fourier transform of PTS(x, t) we get:

P̂TS(k, s) = P̂+(k, s) + P̂−(k, s) =
Ψ̂+
∞(k, s) + Ψ̂−

∞(k, s)

2
+ (5.67)
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(
ψ̂−∞(k, s) + ψ̂+

∞(k, s)λ̂−(k, s)
)

Ψ̂+(k, s) +
(
ψ̂+
∞(k, s) + ψ̂−∞(k, s)λ̂+(k, s)

)
Ψ̂−(k, s)

2(1− λ̂−(k, s)λ̂+(k, s))

Remembering that:

λ̂±(k, s) = ψ̂(s∓ ikW ), (5.68)

that P̂TS(k, s) must be evaluated in s = −iδ and k = 1, and using Eqs. (3.49) and

(3.52) for ψ∞(t) and Ψ∞(t), one gets the following expression for the lineshape:

I(δ) = kRe〈µ(∞)〉 = k2Re[
1

2
(

1

z+

+
1

z−
)− 1

τ
(

1

z+

− 1

z−
)2 (1− ψ̂+)(1− ψ̂−)

1− ψ̂+ψ̂−
], (5.69)

where z± = iδ ∓ iW and ψ̂± = ψ̂(z±).
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Figure 5.2: Lineshape as given by Eq. (5.69). The dashed line refers to the case of
ψ(t) being a power law with µ = 2.5,W = 1 and 〈τ〉 = T/(µ−2) = 2. The continuous
line refers to the case µ = 2.5,W = 1, 〈τ〉 = 0.2. A narrowing effect is observed also
in this case.
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This is the same result obtained in [69], here derived in the case when the distribu-

tion of waiting times is the same in both the directions of motion, but that can be

straightforwardly extended to the case in which they are different. One can also see

that when ψ(t) is an exponential (Poissonian) the lineshape of Eq. (5.41) is recovered.

The lineshape deriving from (5.69) is shown in Fig. (5.2).

5.5 Discrepancy with the Density Treatment

The lineshape can be calculated from the density treatment introduced in section

5.2, just by adopting Eq. (5.42). One would be tempted to compare the lineshape so

obtained, with Eq. (5.69). In establishing this comparison one has to substitute for

the Laplace transform of the correlation function Φ̂ξ(s) the same correlation function

valid for the renewal process described by the CTRW treatment leading to (5.69).

We know from (3.31) that the correlation function in this case is directly connected

to the waiting times distribution via the following equation:

Φξ(t) =
1

τ ∗

∫ ∞

t
dt′(t′ − t)ψ∗(t′) (5.70)

where ψ∗(t) is the waiting time distribution of the velocity model equivalent to

the two-state model yielding (5.69), this, as shown in section 2.6, means ψ̂(s) =

2ψ̂∗(s)/(1 + ψ̂∗(s)). Laplace transforming (5.70) and substituting in (5.42)the line-

shape can be calculated, the plots can then be compared. As shown in Figs. (5.3,

5.4) a discrepancy appears. The explanation for this discrepancy is that the density

treatment is unable to describe a pure renewal process as stemming from the CTRW

trajectories. In fact the process described through (5.20) is determined by the cor-

relation function Φξ(t) given by (5.37) but leaves room for different mechanism like

modulation to produce the fluctuations of ξ which therefore turn out not to be a pure
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renewal process.
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Figure 5.3: Lineshape as given by Eq. (5.69) (dashed line) compared to Eq. (5.42)

(continuous line). ψ(t) is a power law with µ = 2.5,W = 1 and 〈τ〉 = T/(µ− 2) = 4.

5.6 Concluding Remarks

In this chapter we have introduced Kubo-Anderson lineshape theory and we have

shown how to extend it to non-Poissonian fluctuations. We have shown that using

trajectories and without resorting to the W-K theorem it is possible to rederive the

same expression for the lineshape as that obtained in [69] in the stationary condi-

tion. Experimental evidence however implies that for the blinking quantum dots the

fluctuations are characterized by an inverse power law of the form (5.61) with index

1 < µ < 2. This distribution has infinite first moment and therefore corresponds to
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Figure 5.4: Lineshape as given by Eq. (5.69) (dashed line) compared to Eq. (5.42)
(continuous line). ψ(t) is a power law with µ = 2.5,W = 1 and 〈τ〉 = T/(µ−2) = 20.

a totally non-stationary condition, in the next chapter we will show how to solve the

intriguing problem of finding the spectrum also for this case.
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CHAPTER 6

SPECTRUM OF “BLINKING” QUANTUM DOTS

6.1 Introduction

In the previous chapter we have introduced the lineshape theory of Kubo and

Anderson [74], KA theory. This has been a fruitful theoretical tool for more than

forty years, and it is still widely applied by many research groups for a variety of

purposes. This theory is an efficient and simple way to evaluate the effect of an

inter or intramolecular bath on a radiation-induced transition [75]. The inter or in-

tramolecular environment is usually assumed to be ordinary. This means that the

molecular fluctuations are assumed to be either Gaussian or dichotomous, with expo-

nential correlation function. In the last few years, as a consequence of an increasingly

faster technological advance, it has become clear that these conditions are not ful-

filled by some of the new materials. For instance, in the case of ‘blinking’ quantum

dots, the experimental research work of Neuhauser et al. [76] has established that

the dichotomous assumption is a realistic property, but the assumption of Poisson

statistics must be released. In fact, the waiting time distribution in both states is

non-exponential, and it shows a universal power law behavior [77]. In this chapter

we show how, with a treatment based on trajectory the lineshape of Kubo’s model

in the generalized version introduced in the previous chapter, can be calculated in

general, even when a stationary condition does not exist. The exact theoretical result

shows that the spectrum, in the non-Poisson case, must either undergo aging before

reaching a stationary condition, or age for ever if such condition does not exist. The

theoretical result is given in Laplace Transform and is corroborated by a numerical

treatment.
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6.2 A Numerical Treatment

Here, for simplicity, we assign to both states the same waiting time distribution

with the non-Poisson form

ψ(τ) = (ν − 1)
T ν−1

(t + T )ν
, (6.1)

with ν < ∞. The parameter T > 0 is introduced for the purpose of making ψ(τ)

finite at t = 0, and to ensure the normalization of ψ(τ).

Here we show how to evaluate the absorption spectrum without invoking the

stationary condition of the standard treatments, which might be violated by the non-

Poisson nature of this process [6]. The stochastic equation under study is still:

d

dt
µ(t) = i(ω0 + ξ(t))µ(t). (6.2)

The quantity µ(t) is a complex number, corresponding to the operator |e〉〈g| of the

more rigorous quantum mechanical treatment [40] illustrated in the previous chapter,

|e〉 and |g〉 being the excited and the ground state, respectively, ω0 is the energy

difference between the excited and the ground state, and ξ(t) denotes the energy

fluctuations caused by the cooperative environment of this system. In the presence

of the coherent excitation, Eq. (6.2) becomes

d

dt
µ(t) = i(ω0 + ξ(t))µ(t) + kexp(iωt), (6.3)

where ω denotes the radiation field frequency. It is convenient to adopt the rotating-

wave approximation. Let us express Eq. (6.3) by means of the transformation µ̃(t) =

exp(iωt)µ(t). After some algebra, we get a simple equation of motion for µ̃(t). For

simplicity we denote µ̃(t) with the symbol µ(t) again, thereby making the resulting
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equation read:

d

dt
µ(t) = i(δ + ξ(t))µ(t) + k, (6.4)

where

δ = ω0 − ω. (6.5)

The reader can easily establish the connection between this picture and the stochastic

Bloch equation of Ref. [40] by setting µ = v + iu. Note that the three components of

the Bloch vector in Ref. [40], (u, v, w), are related to the rotating-wave representation

of the density matrix ρ, v and u being the imaginary and the real part of e−iωtρge,

and w being defined by w ≡ (ρee−ρgg)/2 (see section 5.3). Note that the equivalence

with the picture of Ref. [40] is established by assuming the radiative lifetime of the

excited state to be infinitely large and the Rabi frequency Ω ≡ k vanishingly small.

It is straightforward to integrate Eq. (6.3), thereby getting

µ(t) = k
∫ t

0
dt′ei

∫ t

t′ ξ(t”)dt”eiδ(t−t′), (6.6)

with the dipole µ = 0, when the exciting radiation is turned on. Now we have to

address the intriguing issue of averaging Eq. (6.6) over a set of identical systems.

This is where, according to the recent work of Refs. [69] and [66], there are aging

effects caused by the non-Poisson statistics. In fact the averaging process leads us to

turn Eq. (6.6) into

〈µ(t)〉 = k
∫ t

0
dt′〈ei

∫ t

t′ ξ(t”)dt”〉t′eiδ(t−t′), (6.7)

with the subscript t′ denoting that the system, brand new at t = 0, is t′-old when

we evaluate the corresponding characteristic function. To explain this delicate aging

effect, let us describe the prescription that we one follow for the numerical evaluation

of the absorption process. We run N distinct sequences {τi}, with N >> 1. For
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any of these N sequences the sojourn in one of the two states begins exactly a time

t = 0 and ends at time t = τ1. For N/2 of these sequences we use the “light on” as

initial condition, and for N/2 the “light off” state. Let us consider the former type

of trajectories for illustration purpose. The “light on” state begins at t = 0 and ends

at t = τ1, at which time the “light off” state begins, ending at time t = τ1 + τ2, and

so on. This is the two-state model (TSM) of Masoliver, Lindenberg and Weiss [78].

The waiting time distribution of the TSM can be identified with the experimental

distribution, which is assumed to have the form of Eq. (6.1). With this numerical

method we produce a set of fluctuations ξ(t). Then, we create a set of diffusion

trajectories
∫ t
t′ ξ(t

′)dt′, and hence the set of exponentials ei
∫ t

t′ ξ(t”)dt”. The mean value

of this set of exponentials is denoted by the symbol 〈ei
∫ τ

t′ ξ(t”)dt”〉t′ . The subscript is a

warning for the theoretical treatment, that the corresponding characteristic function

is t′-old. The numerical treatment, on the contrary, is done along the earlier lines

with no special caution necessary to carry out the integration of Eq. (6.6). We limit

ourselves to noticing that the number of photons emitted at time t is determined by

N(t) = 〈µ(t)µ∗(t)〉. It is straightforward to prove that the rate of photon emitted,

namely, R(t) ≡ dN/dt, obeys the relation

R(t) = 2kRe〈µ(t)〉. (6.8)

Thus, we conclude that the real part of µ(t) can be used to denote either emission

or absorption at time t. We note that the approximation ensuring the equivalence

between our picture and Ref. [40], for large photon count, has also the effect of

making the absorption identical to the emission spectrum.

Fig. 6.1 illustrates the rate of absorption changing upon change of time, when ν =

2.5. We see that the spectrum changes from a Lorentzian shape centered at ω = ω0

to a bi-modal shape at later time. This is expected on the basis of the earlier work.
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The non-stationary condition of Ref. [38] yields for the diffusion process generated

by ξ(t) a Lévy distribution, and, thus, an exponential characteristic function, which,

in turn, generates a Lorentzian lineshape. Upon change of time the distribution of

first sojourn times tends to the infinitely aged distribution ψ∞(t). The characteristic

function corresponding to this condition has been discussed in detail in Ref. [79],

which predicts the change of the Lorentzian lineshape into two ballistic peaks. We

see that Fig. 6.1 shows how the spectrum moves from the condition predicted by the

theory of Ref. [38] to that predicted by [79], in agreement with the earlier work of

Klafter and Zumofen [47]. Remarkably, we evaluate numerically also the spectrum

time evolution in the case ν < 2, where the process of aging keeps going on forever

without ever reaching the stationary condition, which does not exist, in this case (see

Fig. 6.2).

6.3 Theoretical Treatment

Let us show now how to reproduce these numerical results with a proper theoretical

treatment. Let us consider as an example a single trajectory starting a time t′ with

ξ = +W and ending at time t with the same positive value after n switches of the

variable ξ between its two values ±W . In this case the integrand of (6.6), has the

following form:

e(α+(t1−t′)+α−(t2−t1)+.....+α+(t−tn)) (6.9)

where α± = i(δ ±W ) and n can only be even.

To determine the contribution to 〈µ(t)〉 of Eq. (6.7) stemming from this kind of

trajectories, we have to average the term (6.9) on the set of all possible sequences

of the variable ξ(t) running from t′ to t with n switches, to sum over n and then to

carry out the integration on t′.

To this purpose, besides the probability density ψ(τ) of having an interval τ between
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two generic consecutive switching events, it is necessary to introduce the conditional

probability density f(τ, t′) that, fixed a time t′, the first next switching event of the

variable ξ(t) occurs at time t′+ τ . The result of this procedure turns the contribution

to (6.7) into:

k

2

∫ t

0
dt′

(
F (t− t′, t′)eα+(t−t′) +

∞∑

n=1

∫ t

t′
dt1f(t1 − t′, t′)eα+(t1−t′) (6.10)

·
∫ t

t1
dt2ψ(t2 − t1)e

α−(t2−t1) ·
∫ t

t2
dt3ψ(t3 − t2)e

α+(t3−t2)

...
∫ t

t2n−1

dt2nψ(t2n − t2n−1)e
α−(t2n−t2n−1)Ψ(t− t2n)eα+(t−t2n)

)
,

where, in addition to the crucial probability density f(τ, t′), we have used

Ψ(τ) = 1−
∫ τ

0
ψ(τ ′)dτ ′, (6.11)

which is the conventional probability that no switch occurs for a generic interval of

time τ , and

F (τ, t′) = 1−
∫ τ

0
f(τ ′, t′)dτ ′, (6.12)

which is the corresponding aging property, depending on f(τ, t′), and indicating there-

fore the conditional probability that, fixed t′, no switch occurs between t = t′ and

t = t′ + τ . The overall factor of 1/2 of the contribution (6.10) is a consequence of

the fact that at time t′ the fluctuation ξ(t), supposed to be positive, can get with the

same probability the negative value.

We see that, compared to the pioneer work of Montroll and Weiss [26], on which

the recent work of Refs. [69, 66] heavily rests, there exists a new crucial property,

this being f(τ, t′). The exact expression for f(τ, t′), is

f(τ, t′) =
∫ t′

0
dτ ′G(t′ − τ ′)ψ(τ + τ ′), (6.13)
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where

G(t) ≡ δ(t) + ψ(t) +
∞∑

n=2

∫ t

0
dt1ψ(t1) (6.14)

·
∫ t

t1
dt2ψ(t2 − t1)...

∫ t

tn−2

dtn−1ψ(t− tn−1).

It is straightforward to find the Laplace transform of G(t). This is given by

Ĝ(s) =
∞∑

n=0

ψ̂(s)n =
1

1− ψ̂(s)
, (6.15)

where ψ̂(s) denotes the Laplace transform of ψ(t). Thus, the Laplace transform of

(6.13) with respect to t′ reads:

f̂(τ, s′) =
1

1− ψ̂(s′)
es′τ

[
ψ̂(s′)−

∫ τ

0
e−s′yψ(y)dy

]
, (6.16)

thereby yielding:

f(τ, t′) = L−1[f̂(τ, s′)]. (6.17)

With this expression the prescription necessary to evaluate the contribution to 〈µ(t)〉
of Eq. (6.7) of the trajectories beginning in the “light on” state at t′ and ending in

the same state at t, is completed.

As a last step, we calculate the Laplace transform of (6.10), and of the equivalent

expressions for all the other possible conditions of motion from t′ to t, namely, with

the noise ξ(t) moving from +W to −W , from −W to +W and, finally, from −W to

−W , as well.

We have a convolution so we calculate the Laplace transform respect to t. Let us

define:

F̂±(s) = L
(∫ t

0
dt′F (t− t′, t′)eiα±(t−t′)

)
(6.18)
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f̂±(s) =
L

(∫ t
0 dt′

∫ t
t′ dt1f(t1 − t′, t′)eiα±(t1−t′)P±j(t− t1)

)

P̂±j(s)
(6.19)

and:

P±j(t− t1) =
∞∑

n=1

∫ t

t1
dt2ψ(t2 − t1)e

α∓(t2−t1) ·
∫ t

t2
dt3ψ(t3 − t2)e

α±(t3−t2) (6.20)

. . .
∫ t

t2n+j̃−1

dt2n+j̃ψ(t2ñ − t2n+j̃−1)e
α−j(t2n+j̃−t2n+j̃−1)Ψ(t− t2n+j̃)e

αj(t−t2n+j̃)

Where ± refers to the sign that ξ(t) has at time t′ and j can be + or − referring to

the sign that the alternating dichotomous variable ξ takes at time t, so that we are

considering now all possible types of trajectories.

j̃ = (j + 1)/2 takes into account that for trajectories starting at t′ with ξ = ±W

and ending with the same value at time t there can be only an even number of jumps

in between, while, when these values have opposite sign, the number of jumps in

between can only be odd. This means:

P̂++(s) = Ψ̂(s− α+)
ψ̂(s− α−)

1− ψ̂(s− α+)ψ̂(s− α−)
(6.21)

For trajectories starting with −W and ending with +W the number of jumps in

between can only be odd, it follows:

P̂−+(s) = Ψ̂(s− α+)
1

1− ψ̂(s− α+)ψ̂(s− α−)
(6.22)

while it’s easy to check that:

P̂−−(s) = P̂++(s)|(α±→α∓)

P̂+−(s) = P̂−+(s)|(α±→α∓)
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This procedure yields, as a final result, the Laplace transform of R(t), denoted by

R̂(s), which is proved to have the following analytical expression:

R̂(s) = kL[〈µ(t) + µ∗(t)〉] =
k2

2
(A+(s) + A−(s) + C(s)). (6.23)

The explicit expression for A+(s), which is calculated taking into account the contri-

bution to 〈µ(t)〉 of those trajectories ending at time t with a positive value ξ(t) = +W

for the flucuating variable, is

A+(s) ≡ Ψ̂(s− α+)[f̂+(s)ψ̂(s− α−) + f̂−(s)]

1− ψ̂(s− α+)ψ̂(s− α−)
+ F̂+(s), (6.24)

with:

Ψ̂(s− α±) = L [Ψ(t)eα±t] =
1− ψ̂(s− α±)

s− α±
, (6.25)

f̂±(s) ≡ L [
∫ t

0
dt′f(t− t′, t′)eα±(t−t′)] =

ψ̂(s)− ψ̂(s− α±)

−α±(1− ψ̂(s))
(6.26)

and

F̂±(s) ≡ L [
∫ t

0
dt′F (t− t′, t′)eα±(t−t′)] =

1/u− f̂±(s)

(s− α±)
. (6.27)

A−(s) takes into account the contribution of all trajectories ending at time t with

the negative value ξ(t) = −W , for the fluctuating variable and is derived from the

expression for A+(s) by replacing everywhere α± with α∓ (sending f̂±, F̂± → f̂∓, F̂∓).

Thus, k(A+(s)+A−(s))/2 represents the laplace transform of 〈µ(t)〉. Finally kC(s)/2

is the Laplace transform of 〈µ∗(t)〉, and it is derived from the earlier expression for

k(A+(s) + A−(s))/2 by replacing everywhere α± with −α±.

To establish a comparison with the result of the numerical experiment we have

anti-Laplace transformed the analytical expression of Eq. (6.23) using a Talbot algo-

rithm implemented on Mathematica 5.0. The result of this procedure is illustrated by
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both Fig. 6.1 and Fig. 6.2, where the analytical predictions are compared to the cor-

responding numerical experiments. The overall qualitative agreement is remarkably

good.

To establish beyond any doubt also the quantitative agreement, in Fig. 6.3 we

compare the two predictions for specific values of the de-tuning parameter δ. This

shows that also the quantitative agreement is very satisfactory. Furthermore, when a

stationary condition exists (this corresponds to ψ(t) being a power law with µ > 2), it

is easy to derive the time asymptotic limit from (6.23) just by taking the corresponding

limit in Laplace Transform for s → 0. One can see that (5.69) is recovered. When the

stationarity condition is not fulfilled, the anti-Laplace transform of (6.23) provides

the expression for the spectrum at anytime, implying that the latter must age forever.
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Figure 6.1: The numerical (top) versus the theoretical (bottom) absorption spectrum
with ν = 2.5, T ·W = 0.4. The magnitude of the fluctuations of ξ(t) is chosen to be
W = 1.

116



δ/W
-1 -0.5 0 0.5 15

10
15

20
25

30
35

40

Wt

-5
0
5

10
15
20
25

2Re<µ(t,δ)>
k

δ/W
-1 -0.5 0 0.5 15

10
15

20
25

30
35

40

Wt

-5
0
5

10
15
20
25

2Re<µ(t,δ)>
k

Figure 6.2: The numerical (top) versus the theoretical (bottom) absorption spectrum
with ν = 1.5, T ·W = 0.4. The magnitude of the fluctuations of ξ(t) is chosen to be
W = 1.
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Figure 6.3: Comparison between numerical and theoretical absorption spectra for
different values of the de-tuning parameter δ and of the power index ν. Moving from
the top to the bottom in the right hand portion of the figure, δ = 1, ν = 1.5, δ = 1,
ν = 2.5, δ = 0.6, ν = 2.5, δ = 0.6, ν = 1.5. The numerical curves are denoted by
open circles, black circles, open triangles and black triangles, respectively. The full
lines denote the theoretical prediction.

6.4 Conclusion

In conclusion, this dissertation, as final result, shows how to extend to the non-

Poisson case the KA theory, so as to turn it into a theoretical tool adequate to describe

the time evolution of the absorption and emission spectra of blinking quantum dots.

The key ingredient adopted to reach this result has been a theoretical perspective

stemming from the pioneer work of Montroll and Weiss [26] and benefitting from the

important considerations on stationary and non-stationary state made by Klafter and

Zumofen [47] as well as from more recent work on aging [69, 66]. This allowed us
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to derive an analytical result taking into account that the external field forces the

variable µ to depend on a changing-in-time physical condition, rather than on the

initial condition alone, as it would happen in the case of a free diffusion. This is the

analytical solution of a problem left unsolved by the fundamental work of Ref. [6],

whose results are essentially confined to the aged condition, when ν > 2, and to the

beginning of the aging process in the case ν = 1.5, corresponding to the experimental

condition [76, 77]. In the regime fitting experimental data our result implies that the

spectrum of the blinking quantum dots must age forever.
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[35] U. Kleinekathöfer, I. Kondov, and M. Schreiber, Phys. Rev. E 66, 037701 (2002).

[36] I. M. Sokolov and R. Metzler, Phys. Rev. E 67, 010101 (R) (2003).

[37] R. Fox, J. Math. Phys. 18, 2331 (1977).

[38] G. Zumofen and J. Klafter, Phys. Rev. E, 47, 851 (1993).

[39] E. Barkai, Phys. Rev. Lett. 90, 104101 (2003).

[40] Y.Jung, E.Barkai, R. Silbey, Adv. in Chem. Phys 123 pp.199-266 (2002)

[41] L. Fronzoni, P. Grigolini, R. Mannella, and B. Zambon, Phys. Rev. A 34, 3293

(1986).

[42] M. Buiatti and M. Buiatti, Biol. Forum 94, 59 (2001).
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